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Abstract

This is the first part in a two-part series of papers constructing a unitary structure
for the modular tensor category (MTC) associated to a unitary rational vertex operator
algebra (VOA). Given a rational VOA, we know that its MTC is constructed using the
(finite dimensional) vector spaces of intertwining operators of this VOA. Moreover,
the tensor-categorical structures can be described by the monodromy behaviors of the
intertwining operators. Thus, constructing a unitary structure for the MTC of a uni-
tary rational VOA amounts to defining an inner product on each (finite dimensional)
vector space of intertwining operators, and showing that the monodromy matrices of
the intertwining operators (e.g. braiding matrices, fusion matrices) are unitary under
these inner products.

In this paper, we develop necessary tools and techniques for constructing our
unitary structures. This includes giving a systematic treatment of one of the most
important functional analytic properties of the intertwining operators: the energy
bounds condition. On the one side, we give some useful criteria for proving the en-
ergy bounds condition of intertwining operators. On the other side, we show that
energy bounded intertwining operators can be smeared to give rise to (unbounded)
closed operators. We prove that the (well-known) braid relations and adjoint relations
for unsmeared intertwining operators have the corresponding smeared versions. We
also give criteria on the strong commutativity between smeared intertwining opera-
tors and smeared vertex operators localized in disjoint open intervals of S 1 (the strong
intertwining property). Besides investigating the energy bounds condition, we also
study certain genus 0 geometric properties of intertwining operators. Most impor-
tantly, we prove the convergence of certain mixed products-iterations of intertwining
operators. Many useful braid and fusion relations will also be discussed.
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0 Introduction

Vertex operator algebras: unitarity and reflection positivity, intertwining operators,
and modular tensor categories

Wightman axioms and algebraic quantum field theories (AQFTs) are two major ways
to formulate quantum field theories (QFTs) in the rigorous language of mathematics.
Roughly speaking, the main difference between these two approaches is that the first
one focuses on field operators localized at points, whereas the latter one studies bounded
or unbounded but (pre)closed field operators (as well as the von Neumann algebras they
generate) localized on open subsets of the space-time. For 2d conformal field theories
(CFTs), the AQFT approach goes under the name “conformal net”. Many fruitful results
have been achieved in this functional analytic approach. We refer the reader to [Kaw15]
for a brief survey on this topic.

In many senses, the theory of vertex operator algebras (VOAs) can be regarded as
the Wightman axiomatization of CFT. In fact, given a VOA we have a vertex operator
Y, which associates to each state vector v and each point z € C a field operator Y (v, z)
localized at z. However, one has to be careful when regarding VOAs as Wightman CFTs



for the following reasons.

1. Wightman QFTs are defined on the Minkowski space-time, while VOAs actually
correspond to CFTs in the Euclidean picture. It is well known that one can do Wick rota-
tion to pass from Minkowskian QFTs to Euclidean ones. However, it is not true that any
Euclidean QFT can arise from a Minkowskian one. One has to ensure that the Euclidean
QFT satisfies reflection positivity [OS73]. A VOA satisfying reflection positivity is called
unitary [DL14].

2. In most cases, a VOA does not give all field operators of a (closed-string) CFT. In
fact, a VOA V' is the chiral part of a CFT, consisting only of meromorphic fields, and the
anti-chiral part corresponds to the complex conjugate of another VOA V. However, in a
CFT there are field operators which are locally neither holomorphic nor anti-holomorphic.
The typical way of studying these general field operators is through conformal blocks,
or equivalently, through intertwining operators. An intertwining operator ) of a VOA
V is a generalization of the vertex operator Y, which intertwines the actions of V' on
three V-modules (the charge space, the source space, and the target space), and which is
locally holomorphic but globally multi-valued field.! Then a field operator ®(z, z) should
look like ©(z,%) = >, s Vo(w?, 2)Vs(w”, ), where each Y, (resp. }p) is an intertwining
operator of V% (resp. V), and w® (resp. w”) is a vector inside the source space of Y,
(resp. Vg).? This means that intertwining operators are indeed the “chiral halves” of the
tull field operators.

Since full field operators satisfy commutativity (locality), associativity (existence of
operator product expansions), and modular invariance,” one may expect that their chiral
halves should also satisfy similar properties. But since intertwining operators are multi-
valued functions, monodromy behaviors will appear when considering these properties.
Thus, for intertwining operators, one should expect braiding and fusion instead of com-
mutativity and associativity, and, rather than thinking of the modular invariance of (the
trace of) one single intertwining operator, one should consider the modular invariance
of the vector space of intertwining operators [MS88].* Hence one will have braid, fusion
and modular (S and T') matrices, and, written in a coordinate-independent way, one has
a modular tensor category (MTC) [MS89, MS90].

3. The reason why we have commutativity, associativity, and modular invariance
in CFTs is not quite obvious from the Wightman axioms. These properties have highly
geometric nature, and can more easily be seen in the Euclidean picture, where the CFTs
are defined, not only on the flat complex plane (or punctured Riemann spheres), but on

!See section 1.3 for the precise definition of intertwining operators.

2cf. [MS88]. Intertwining operators are called chiral vertex operators in that paper.

3cf. [MS88]. In [HK07, HK10] the reader can find the precise statement of these properties in the language
of vertex operator algebras.

“See section 2 for the statement of braid and fusion relations. Modular invariance in its most general
form can be found in [Hua05b].

> A mathematically rigorous and complete construction is due to Y.Z.Huang and J.Lepowsky. See [HL13]
for a brief review of their theory.



any compact Riemann surface. Indeed, these properties are among the most important
examples of the sewing property®, which is clear from a (highly geometric) axiomatization
of CFT not yet mentioned: G.Segal’s definition of CFTs [Seg88].

Motivations

Thus, VOAs are deeply rooted in the geometric nature of CFT, but can be formulated
without assuming unitarity (or reflection positivity). On the other hand, conformal nets,
the Wightman axiomatization of CFT, are not so geometric but manifestly unitary. The
goal of this paper (as well as the forthcoming second part of this series) is to develop
a unitary theory for the MTCs of unitary rational VOAs. We explain some motivations
behind this theory.

First, we have seen that MTCs are important for the construction of full CFTs. Having
constructed MTCs from rational VOAs, one can use Frobenius algebras over MTCs to
classify full rational CFTs [Kong06, Kong08] (the word “rational” means that the sum
® = > ),Ys mentioned earlier is always finite). However, in order to classify unitary full
CFTs, i.e., full CFTs with reflection positivity, one needs the unitarity of these MTCs, and
then one studies unitary Frobenius algebras (i.e., Q-systems) over these unitary MTCs.
Besides full (closed-string) CFTs, the unitarity of MTCs is also necessary for studying the
unitary extensions of unitary rational VOAs, and unitary open-string CFTs, just as MTCs
are important for studying general VOA extensions [HKL15, CKM17] and general open-
string CFTs [Kong08].

The second motivation is to prepare for the investigation of the relations between con-
formal nets and unitary VOAs. Just like unitary VOAs, conformal nets also describe
the chiral parts of unitary CFTs, and one can construct MTCs from rational conformal
nets [DHR71, FRS89, KLMO01], which are automatically unitary. It is important to know
whether the MTCs constructed from conformal nets and from unitary VOAs are equiv-
alent. Clearly, if one can show the equivalence, then the unitarizability of the MTCs of
conformal nets will imply that of the MTCs of unitary VOAs. It turns out, however, that
in order to prove this equivalence, one has to first equip the MTCs of unitary VOAs with
a unitary structure.

A glance at the theory

Now we briefly explain what we shall do in this series of papers in order to find a
unitary structure on the MTCs. For simplicity, we assume that V' is a unitary “rational”’
VOA whose representations are always unitarizable. (For example, V' can be a unitary

®Sewing property says that if a punctured Riemann surfaces M is obtained by attaching another two
M, and Mo, then the correlation function on M can always be obtained by taking the composition of two
correlation functions defined on M; and M, respectively. Note that intertwining operators are nothing but
the chiral halves of the correlation functions on the Riemann sphere with three holes.

"The exact meaning of rationality in this paper will be made clear later. See conditions (0.4)-(0.6).



Virasoro VOA (minimal model), or a unitary affine VOA (WZW model).) If W;, W, W, are
unitary representations of V, then a type (ij) intertwining operator ), linearly associates

to each w® € W; a multivalued holomorphic operator-valued function
Va(w? 2) : W; — Wi,

where W, is the algebraic completion of W, (see section 1.2). Moreover, one requires that
Y “intertwines” the actions of V on W;, W;, W}, (Jacobi identity), and that )/, is conformal
covariant (translation property).® The V-modules W;, W;, W}, are called, respectively, the
charge space, the source space, and the target space of ). We denote by V(ikj) the vector
space of type (zk]) intertwining operators. Note that if we set W, = V, then the vertex
operator Y is a type () intertwining operator.

Now, for each equivalence class of irreducible unitary V-module, we choose a repre-
senting element to form a set {W}, : k € £}. With abuse of notation, we also let £ denote
this set. For any unitary V-modules W;, W, their tensor product W; [x] W} is a V-module
defined by

*
WKW, = @v(,k.) ® W.

kee  \!
? By rationality of V, £ is a finite set (i.e., there are only finitely many equivalence classes of
irreducible V-modules), and V (ikj), as well as its dual space V(ikj) ® is finite-dimensional.
Note that although W; [x] W} is unitarizable, we don’t know how to choose a canonical
unitary structure on W; [x] W;, because we don’t know how to choose a meaningful inner

product on the vector space V(ikj) *. But this is exactly the goal of our theory. In part II of

this series, we will define a sesquilinear form A on V(ikj) * for each W;, W, and irreducible
W. After choosing a basis of V (Zk), A will be defined using certain fusion or braid matrix
under this basis. The most difficult part of our theory is to prove that these sesquilinear
forms (or equivalently, the corresponding fusion or braid matrices) are positive definite,
i.e., they are inner products. Once this is proved, then it is not hard to show the unitarity
of all braid and fusion matrices under any orthonormal basis with respect to this inner

product, and hence the unitarity of the MTC.

Smeared intertwining operators

The non-degeneracy of A will follow from the rigidity of the MTC. So what we actu-
ally need to prove is the positivity of A. Although this problem is purely vertex-operator-
algebraic, it seems very difficult to solve it using only VOA methods. We tackle this prob-
lem by investigating some analytic and algebraic properties of the smeared intertwining
operators of V/, so that many results in conformal nets (most importantly, the Haag dual-
ity) can be used in our theory. Here, for any type ( kj) intertwining operator ), w® e W;,

)

8Rigorous definition can be found in definition 1.11.
°This definition is due to Y.Z.Huang and J.Lepowsky, cf. [HL.95a].
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I an open interval in S*, and f € C®(I), the smeared intertwining operator is defined to
be

. , dz

0 f) . (i) az

Valwh, ) 1= § a0 2)f(2) 5
S1

This generalizes the smeared vertex operators considered in [CKLW15]. Similar to
[CKLW15], we require that V. (w®,.) satisfies the following energy bounds condition:
there exist M, r,t > 0, such that for any open interval I € St, f € C*(I), w9 e W,

1Va(w®, o< M| £l (1 + Lo) ),

where |f|; is the t-th order Sobolev norm of f. Then Y, (w®, f) will be a (pre)closed
unbounded operator mapping H,; — Hj.

One of the main purposes of the present paper is to prove the algebraic and analytic
properties of smeared intertwining operators that are necessary for showing the positivity
of A. First we discuss braiding of smeared intertwining operators. As we mentioned
above, braiding, fusion, and modular invariance are among the most important geometric
properties of intertwining operators. However, only braid relation can be translated onto
smeared intertwining operators. More specifically, if I, J are disjoint open intervals in S*
with chosen continuous arg functions, and we have intertwining operators V,, Vs, Vo', Vs
such that the braid relation

V(" QValw?, 2) = Yor (', 2) Ve (w, )

holds for any vectors w, w(), and any z € I,{ € J, and if these four intertwining op-
erators are energy bounded, then we will show that the corresponding braid relation for
smeared intertwining operators

Vs(w?, ) Vo (w?, f) = Vor (0D, £)Ve (0D, g)

hold for any vectors w®, w9, and any f € C*(I),g € C*(J). Note that these two braid
relations are understood in different ways. The second one is a completely algebraic re-
lation, where products of smeared intertwining operators just mean compositions. How-
ever, as compositions of (non-smeared) intertwining operators, the two sides of the first
braid relation cannot be defined on the same region. Braiding of intertwining operators,
unlike its smeared version, should be understood in the sense of analytic continuation.
Braid relations tell us what we shall get if we exchange the product of two smeared in-
tertwining operators localized in disjoint open intervals. With the help of adjoint relation,
we can obtain the result of exchanging the product of an intertwining operator with the
adjoint of another one, say Vs(w?, )V, (w®, f)T, which is also very important in our the-
ory. Given a type (fj) intertwining operator ), one can define in a canonical way a type
(zjk) intertwining operator ),x, called the adjoint intertwining operator of ). (Here W;
is the contragredient module (the dual) of ¥;.) For any eigenvector w® e W; of L, (with



eigenvalue A) satisfying L;w® = 0 (i.e.,, w'¥ is a quasi-primary vector), Y, (w®, ) can be
related to V.= (w(®, z) by the following very simple relation

Vol 2)T = 72228 o (w), 271).

We shall prove a similar relation for smeared intertwining operators, so that the result of
exchanging V(w9 g)V,(w®, )T will follow from the braiding of YVs(w), g)Vas (w®, f)

Braiding and adjoint relations are algebraic properties of smeared intertwining oper-
ators. To be able to use the powerful machinery of conformal nets, we need an analytic
property of smeared intertwining operators: the strong intertwining property. It says
that for any disjoint open intervals I, J € S, and f € CX(I),g € C*(J), the commuting
relation

Yi(v, 9)Va(w®, f) = Ya(w?, f)Y;(v,g)

(as a special case of braiding) not only holds when acting on W;, but also holds in a strong
sense, which means that )/, (w(i), f), when extended to an unbounded operator on H;®H,,
mapping H;, to zero, commutes with the von Neumann algebra generated by Y;(v, g) @
Yi(v,g)."° The strong intertwining property could be understood as a generalization of
the strong locality property (i.e., the strong commutativity of smeared vertex operators)
discussed in [CKLW15].1!

Generalized (smeared) intertwining operators

The above discussion is based on the assumption that the intertwining operators are
energy-bounded. However, in practice it might be not easy to show the energy bounds
condition for all intertwining operators of a given unitary rational VOA. Let us choose V'
to be the unitary level-/ affine su,, VOA for instance. Then the energy bounds condition for
type (lk]) intertwining operators is established only when the charge space W; is a direct
sum of V-modules equivalent to W, = V or W, = L, (9,1) [Was98]. Here IV, corresponds
to the irreducible level [ integrable highest weight representation of the affine Lie algebra
su,, whose highest weight o is the one of the vector representation su,, — C". So when W
is a general I/-module, it might not be helpful to consider smeared intertwining operators
of type (zkg)

To overcome this difficulty, we consider generalized intertwining operators and their
smeared versions. The key observation is that IV is a generating object inside the ten-
sor category of V. Let us assume, without loss of generality, that W, is irreducible. Then
from the well-known fusion rules of V, one can easily find n = 1,2,... such that W, is

19That the commutativity of two unbounded operators acting on a common invariant core does not imply
the strong commutativity of these two operators is well known due to Nelson’s counterexample [Nel59].

1 A natural question is whether one can generalize the strong intertwining property one step further to
the strong braiding between smeared intertwining operators. Strong braiding is very important for showing
the equivalence between the fusion categories of a unitary VOA and the corresponding conformal net. But
since it will not be used in our present theory, we leave the discussion of this interesting topic to future
work.



equivalent to a V-submodule of W, [x]---x]W,. It follows that there exist intertwining
N e’

operators V,,, ..., Y,, with charge spaces equaling V., such that the source space of ),
is W, the target space of ), is W;, and for any 3 < m < n the source space of ), equals
the target space of ),,, ,. (Any sequence of intertwining operators satisfying the last
condition is called a chain of intertwining operators.) Now, for any type (") intertwin-
ing operator ),, we define a generalized intertwining operator ), ..., o which linearly

associates to any wgu), . ,wy(f) € W, a Hom(W}, I//I\/k)—valued multi-valued holomorphic
function yon...%a(wﬁf), Zng e w(”), z1) of the complex variables zy, ..., z, by setting

VoneoaaW, 25087, 20) = Vo (Vo (0, 20 = 21) - Vo (w0, 20 — 20)w™ 21). (0.1)

Then for any mutually disjoint open intervals I1,...,1, < S'and f; € CX(L1),..., fa €
C%(1,), the corresponding smeared generalized intertwining operator is defined to be

ycrn---ag,a(ng)v fn7 ce ;wg‘j)’ fl)

. o dz dz
N § o %ygn'nm,a(wv(m )7 Zny - ;wg )7 Zl)fn(zn) T fl(ZI)% o ﬁ
st st
Thanks to fusion relations, there exist a chain of intertwining operators ),,, . .., V., with

charge spaces equaling W, (hence these intertwining operators are energy-bounded!),
such that

Voo (W 2w 2)) = Vo (0, 2,) -+ Yy (™ 21). 0.2)

So the smeared generalized intertwining operator will be a product of smeared intertwin-
ing operators. This shows that ygn...gw(w,(f), v, f1) has similar analytic proper-
ties as smeared intertwining operators: it is a (pre)closed unbounded operator mapping
H,; — Hy, and it satisfies the strong intertwining property.

Braiding and adjoint of smeared generalized intertwining operators are much harder
to prove than those analytic properties. The difficulty is mainly on the unsmeared side:

we want to determine the braid relation

mi...TQ,g(@Sb), G+ - -wl“), cl)y(,n...%a(w,(ﬁ, 2 -w(n), 21)

:yann-ag,?(w?(f)a Zpy wj(LD)a Zl)mi"~TQ,?(1b7(’rj)7 Cma e ﬁjgn)7 Cl) (03)

and the adjoint relation (when the vectors are quasi-primary)

Vi oorga(W) ;- wt ) = () Vo200 (W, 27T wl® 2.
These problems will be treated in part II of this series. However, certain preparatory re-
sults, including general fusion relations (that generalized intertwining operators can be
written as the products of several intertwining operators), general braid relations (braid-
ing of the products of more than two intertwining operators), and the well-definedness
(convergence) of the products of generalized intertwining operators (the convergence of
both sides of (0.3) for instance), will be proved in this paper.
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Outline of this paper

Part I is organized as follows. In chapter 1 we review the basic definitions of (unitary)
VOA:s, their (unitary) representations, and intertwining operators. We define unitary rep-
resentations of unitary VOAs, adjoint intertwining operators, creation and annihilation
operators, and prove some basic properties.

Chapter 3 is devoted to the study of energy bounds condition and smeared inter-
twining operators. In section 3.1 we define the energy bounds condition for intertwining
operators, and give some useful criteria. In section 3.2 we define, for energy-bounded
intertwining operators, the corresponding smeared intertwining operators. We prove the
braid relations, the adjoint relation, and the strong intertwining property of smeared in-
tertwining operators. We also prove the rotation covariance of smeared intertwining op-
erators'?, which will be used in part II to prove some density results.

The purpose of chapter 2 needs more explanations. One of the main goals of this chap-
ter is to give a brief and self-contained introduction to Huang-Lepowsky’s tensor product
theory of rational VOAs based on the braid and fusion relations of intertwining opera-
tors. So, unlike chapter 1, before reading which we suggest that the reader has some basic
knowledge on VOAs, this chapter does not require any previous knowledge on Huang-
Lepowsky’s theory. Moreover, the results that we shall cite but not prove again in our
papers will be kept to a minimum. Such results include: (1) The absolute convergence
of the products of intertwining operators (theorem 2.2). (2) The analytic continuation
principle of (chiral) correlation functions due to the existence of holomorphic differential
equations (theorem 2.4.) (3) The existence of the fusion relation for two intertwining op-
erators. (Theorem 2.5 in the special case when n = 2. The proof of the general case in
section A.3 relies on this special case.) (4) The rigidity of the braided tensor category of
rational VOAs. (It will only be used in part II to prove the non-degeneracy of A.)

All the other results used in our theory are proved in chapter 2 or A. These results
are either known in Huang-Lepowsky’s theory explicitly or implicitly, or can be easily
derived using the machinery they have developed. Such results include the description
of a linear basis of the vector space of correlation functions (proposition 2.3), the braid-
ing of two or more than two intertwining operators (theorem 2.8), the relation between
the braiding of intertwining operators and the maps B; : V(ikj) — V(jkl.) introduced in
section 1.3 (proposition 2.12), and the fusion and braiding of intertwining operators with
vertex operators or creation operators (section 2.3). We give complete proofs of these
results in this paper, since the language and notations used in Huang and Lepowsky’s
papers are very different from ours, and also because there are many analytic subtleties
in the proofs of these results.”> Readers with a background in functional analysis or con-

121n fact, the more general conformal covariance can be proved for smeared intertwining operators using
the similar argument for proving the conformal covariance of smeared vertex operators (cf. [CKLW15]
proposition 6.4).

13As an examples of these analytic subtleties, let us assume that we have a braid relation of intertwining
operators looking like AB = B’A’. If we have another intertwining operator C, then the braid relation
of three intertwining operators CAB = C'B’A’ does not follow directly from “multiplying” both sides of



formal net might especially care about these subtleties.

What’s new in chapter 2 is the convergence of the products of generalized intertwining
operators (theorem 2.6). Another type of convergence property (corollary 2.7), which
will be used in part II to prove the braid and adjoint relations of generalized (smeared)
intertwining operators, is also given. The conditions on the complex variables under
which the absolute convergence holds are especially important for our theory.

Acknowledgment

The author would like to thank Professor Vaughan Jones. This paper, as well as the
second half of the series, cannot be finished without his constant support, guidance, and
encouragement. The author was supported by NSF grant DMS-1362138.

Notations.

In this paper, we assume that V' is a vertex operator algebra of CFT type. Except in
chapter 1, we assume that V" also satisfies the following conditions:

(1) V is isomorphic to V' (0.4)
(2) Every N-gradable weak V-module is completely reducible. (0.5)
(3) V is Cs-cofinite. (0.6)

(See [HuaO5b] for the definitions of these terminologies.) The following notations are
used throughout this paper.

A": the transpose of the linear operator A.

AT: the formal adjoint of the linear operator A.

A*: the ajoint of the possibly unbounded linear operator A.

A: the closure of the pre-closed linear operator A.

C;: the antiunitary map W; — W;.

C* ={zeC:z#0}

Conf, (C*): the n-th configuration space of C*.

Contf, (C*): the universal covering space of Conf, (C*).

Z(A): the domain of the possibly unbounded operator A.

o = <.dg.

er(e?) =€ (—m <0 <)

&: a complete list of mutually inequivalent irreducible VV-modules.
&": the set of unitary V-modules in €.

Homy (W;, W;): the vector space of VV-module homomorphisms from W; to W;.

the original braid relation by C. As we have emphasized before, the braiding of intertwining operators
is understood using analytic continuation, and not as the direct composition of operators. Therefore, the
braiding of several intertwining operators does not follow from that of two intertwining operators through
a direct algebraic argument.
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H;: the norm completion of the vector space WV;.
H:: the vectors of H, that are inside Z((1 + Lo)").
H = ﬂr>0 H.
I¢: the complement of the open interval .
ILcc Iy I, I, e Jand I; < .
id;, = idw,: the identity operator of WV;.
J: the set of (non-empty, non-dense) open intervals of S*.
J(U): the set of open intervals of S! contained in the open set U.
P;: the projection operator of W; onto W;(s).
t(t) 1 ST — St t(t)(e?) = 0+,
t(t) : C*(SY) - C®(SY): e(t)h = hov(—t).
Rep(V): the modular tensor category of the representations of V.
Rep"(V): the category of the unitary representations of V.
Repg(V): When G is additively closed, it is the subcategory of Rep"(V') whose objects
are unitary V-modules in G. When G is multiplicatively closed, then it is furthermore
equipped with the structure of a ribbon tensor category.
St={zeC:|z| =1}
V() the vector space of type (") intertwining operators.
Wy =V, the vacuum module of V.
Wi: a V-module.
W;: the algebraic completion of V.
W; = W/: the contragredient module of V.
W;; = W; ] W;: the tensor product of W;, W.
w_(i): a vector in W;.
w® = Ciw®.,
x: a formal variable.
Y;: the vertex operator of W;.
Y,: an intertwining operator of V.
Vs = V. the conjugate intertwining operator of ,,.
Vo = y;: the adjoint intertwining operator of ),,.
YVBia = B1Y,: the braided intertwining operators of ).
Yoo = CY,: the contragredient intertwining operator of ).
'.: the creation operator of W.
)2: the annihilation operator of W¥;.
A;: the conformal weight of W;.
A, the conformal weight (the energy) of the homogeneous vector w.
©};: a linear basis of V(/",).
@f* = Hje€ 657 ®]ij = Hz’eg @?j? @fj = ]_[keé? ij
¢: the PCT operator of V, or a real variable.
¥;: the twist of W;.
v: the conformal vector of V.
0, j: the braid operator o; ; : W, X W; — W; I W;.

11



Q: the vacuum vector of V.

1 Intertwining operators of unitary vertex operator alge-
bras (VOAs)

We refer the reader to [FHL93] for the general theory of VOAs, their representations,
and intertwining operators. Other standard references on VOAs include [FB04, FLM89,
Kac98, LL12]. Unitary VOAs were defined by Dong, Lin in [DL14]. Our approach in this
article follows [CKLW15].

1.1 Unitary VOAs

Let x be a formal variable. For a complex vector space U, we set

Ul[z]] = { e; UnZ™ 2wy € U}, (1.1)
U((z)) = { D" uy €U, ;n = 0 for sufficiently small n} (1.2)
nel,
Ul[z*]] = { ;Zunx” Ly, € U}, (1.3)
U{x} = {Z Ut Uy € U}. (1.4)
e

We define the formal derivative - to be

£(gee) g

neR neR

Let V be a complex vector space with grading V = @, _,V(n). Assume that
dimV(n) < oo for each n € Z, and dimV'(n) = 0 for n sufficiently small. We say that
V is a vertex operator algebra (VOA), if the following conditions are satisfied:

(a) There is a linear map

V — (End V)[[z™!]]
u—Y(u,x) = Z Y (u,n)z "

neZ

(where Y (u,n) eEnd V),

such that for any v € V, Y (u, n)v = 0 for n sufficiently large.
(b) (Jacobi identity) For any u,v € V and m,n, h € Z, we have

2 (T)Y(Y(u, n+ Do,m+h—1)

lEZ?O
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= 3 (-1 (7) Y(um+n—DY(0,h+1)— D (1) (TZ‘)Y(U, n+h =Y (u,m+1).

ZEZ>0

P>

(1.6)

(c) There exists a vector 2 € V/(0) (the vacuum vector) such that Y (2, z) = idy.

(d) For any v € V and n € Zs, we have Y (v,n)Q2 = 0, and Y (v, —1)Q2 = v. This condition
is simply written as lim,_,o Y (v, 2)Q2 = v.

(e) There exists a vector v € V(2) (the conformal vector) such that the operators L, =
Y (v,n+1) (n € Z) satisfy the Virasoro relation: [L,, L,] = (m—n)Lyn+ 15(m* —=m)dy, _nc.
Here the number c € C is called the central charge of V.

(f) If v € V(n) then Lyv = nv. n is called the conformal weight (or the energy) of v and
will be denoted by A,,. Ly is called the energy operator.

() (Translation property) LY (v,z) = Y (L_v, z).

Convention 1.1. In this article, we always assume that V' is a VOA of CFT type, i.e.,
V(0) = CQ, and dim V(n) = 0 when n < 0.

Given a (anti)linear bijective map ¢ : V' — V, we say that ¢ is an (antilinear) automor-
phism of V' if the following conditions are satisfied:

(a)pQd = Q, ov = . (1.7)
(b)Forany v e V, ¢Y(v,x) =Y (¢v,z)¢. (1.8)

It is easy to deduce from these two conditions that ¢L,, = L,,¢ (for any n € Z). In particu-
lar, since ¢ commutes with L, we have ¢V (n) = V(n) for each n € Z.

Definition 1.2. Suppose that V' is equipped with an inner product (:|-) (antilinear on the
second variable) satisfying (Q|(2) = 1. Then we call V' a unitary vertex operator algebra,
if there exists an antilinear automorphism 6, such that for any v € V we have

Y (v, 2)" = Y (el (—a72)logu, 27, (1.9)

where f is the formal adjoint operation. More precisely, this equation means that for any
v, 1,02 € V we have

Y (v, 2)vr|vg) = (o1 |Y (e (= 2) 0 0u, 2 uy). (1.10)

Remark 1.3. Such 6, if exists, must be unique. Moreover, ¢ is anti-unitary (i.e. (fv;|0vs) =
(va|v1) for any vy, vy € V), and 62 = idy (i.e. 0 is an involution). We call 6 the PCT operator
of V. (cf. [CKLW15] proposition 5.1.) In this article, # denotes either the PCT operator
of V, or a real variable. These two meanings will be used in different situations. So no
confusion will arise.

13



We say that a vector v € V is homogeneous if v € V' (n) for some n € Z. If moreover,
Liv = 0, we say that v is quasi-primary. It is clear that the vacuum vector (2 is quasi-
primary. By translation property, we have L_;{) = 0. Therefore, L;v = LY (v,—1)2 =
LL Q2 = [Ly, L5]2 = 3L_1§2 = 0. We conclude that the conformal vector is quasi-primary.

Now suppose that V' is unitary and v € V' is quasi-primary, then equation (1.9) can be
simplified to

Y(v,2)t = (2 )Y (Qv, 2 ). (1.11)
If we take v = 1, then we obtain
Ll =L_, (neZ). (1.12)

In particular, we have L{ = L. This shows that different energy subspaces are orthogo-
nal, i.e., the grading V' = @, ., V(n) is orthogonal under the inner product (:|-) .

1.2 Unitary representations of unitary VOAs

Definition 1.4. Let WW; be a complex vector space with grading W, = @@, Wi(s). Assume
dim W;(s) < oo for each s € R, and dim W;(s) = 0 for s sufficiently small. We say that W;
is a representation of V' (or V-module), if the following conditions are satisfied:

(a) There is a linear map

V — (End W;)[[z*1]]
v Yi(v,x) = Z Y;(v,n)z "

nez

(where Y (v,n) eEnd W),

such that for any w® e W, Yi(v, n)w(i) = 0 for n sufficiently large. Y; is called the vertex
operator of ;.
(b) (Jacobi identity) For any u,v € V and m,n, h € Z, we have

) (77)55(3”(16,71 + Do, m+h —1)

ZEZZO
- 3 (- (7)Y(u mAn—DYi(o,h+1)— ) (~1)H (7)3@(0, n+ h—DY(u,m + 1),
I€Z>0 l€Zxo
(1.13)

(C) E(Q, 513') = ldWZ

(d) The operators L,, = Y;(v,n + 1) (n € Z) satisfy the Virasoro relation: [L,,, L, | = (m —
1) Ly + %( 3 — m)d,, —nc, where c is the central charge of V.

(e) If w® e W;(s) then Low® = sw. s is called the conformal weight (or the energy) of
w9 and will be denoted by A, and Ly is called the energy operator.

(f) (Translation property) -LY;(v,z) = Y;(L_v,z).
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Clearly V itself is a representation of . We call it the vacuum module of V. Modules
of V' are denoted by W;, W;, Wy, ..., or simply ¢, 7, k,.... The vacuum module is some-
times denoted by 0. We let id; = idy, and idy = idy be the identity operators on W; and V'
respectively.

A V-module homomorphism is, by definition, a linear map ¢ : W; — W;, such that for
any v € V we have ¢Y;(v, z) = Y;(v, z)¢. Itis clear that ¢ preserves the gradings of W;, W,
for ¢ intertwines the actions of L, on these spaces. The vector space of homomorphisms
W; — W; is denoted by Homy (W;, W;).

Remark 1.5. If the V-module W; has a subspace IV that is invariant under the action of
V, then the restricted action of I on W produces a submodule of W;. In fact, the only
non-trivial thing to check is that W inherits the grading of IV;. But this follows from the
fact that Ly, when restriced to I, is diagonalizable on V. (In general, if a linear operator
of a complex vector space is diagonalizable, then by polynomial interpolations, it must
also be diagonalizable on any invariant subspace.)

From the remark above, we see that a module W is irreducible if and only if the vector
space W; has no V-invariant subspace. If I¥; is irreducible, we call

A; = inf{s : dim W;(s) > 0}

the conformal weight of IV;. It is easy to show that W; = @, ., Wi(n + Ay).

We now review the definition of contragredient modules introduced in [FHL93]. Let
again WW; be a V-module. First we note that the dual space W;* of W, has the grading
W = Tl Wi(s)*. Here W;(s)* is the dual space of the finite dimensional vector space
W (s), and if s # t, the evaluations of W;(s)* on W;(¢) are set to be zero. Now we consider
the subspace W; = W/ = @, W (s)* of W*. We define the action of V' on W; as follows:

Yi(v,2) = Yi(e™ (=272 00, 271" (1.14)

llt/l

where the superscript stands for the transpose operation. In other words, for any
w® e W; < W and w® € W;, we have

Vv, 2)w?D, w®y = (D, Y;(e"br (—z= ) Loy, 27 w®). (1.15)

We refer the reader to [FHL93] section 5.2 for a proof that (17, Y;) is a representation of V.
This representation is called the contragredient module of V.

In general, for each V-module W;, the vector space I//I\/z = [ g Wi(s) is called the
algebraic completion of ;. The action Y; of V on W; can be clearly extended onto Wl It

is clear that WZ can be identified with W,
Equation (1.14) can be written in terms of modes: if v € V is a quasi-primary vector
with conformal weight A, then

(1) 6
Yi(v,n) = > ——Yi(L'"v,—n —m — 2+ 2A,)". (1.16)

¢ m/!
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In particular, by letting v = v, we obtain L}, = L_,,. More precisely, if w® e Wy, w® e W,
we have (L,w® w®y = (w® L ,w").
The contragredient operation is an involution: W; is the contragredient module of W;.

In particular, we have
Yi(v,2) = Yy(e"™ (—a %) 00,27 1)" (1.17)

Hence we identify ¢ with i, the contragredient module of i.

Now we turn to the definition of unitary VOA modules.

Definition 1.6. Suppose that V' is unitary and W; is a V-module equipped with an inner
product {:|-). We call W; unitary if for any v € V we have

Yi(v,2)! = Yi(e™ (—a %) 60,2 ). (1.18)

In the remaining part of this section, we assume that V' is unitary. Let WW; be a uni-
tary V-module. Then formula (1.18), with v = v, implies that the action of the Virasoro
subalgebras {L,} on W; satisfies Ll =L, In particular, L, is symmetric, and hence the
decompsition W; = @, W;(s) is orthogonal. If we let P, be the projection operator of IV;
onto W;(s) (this operator can be defined whether W is unitary or not), we have P/ = P..

Proposition 1.7 (Positive energy). If W; is unitary, then we have the grading W, =
D=0 Wils). In particular, if W; is irreducible, then A; = 0.

Proof. We choose an arbitrary non-zero homogeneous vector w® € W; and show that
A, = 0. First, assume that w® is quasi-primary (i.e., Lyw® = 0). Then we have

wli
2Aw(i)<w(i)|w(i)> = 2<L0w(i)|w(i)> ={[Ly, L_l]w(i)|w(i)> — ||L_1w(i)||2> 0,

which implies that A ) > 0. In general, we may find m € Z, such that L7w® # 0, and
L’ln“w(i) =0. So Aylnw(i) > 0, and hence A i) = Aylnw(i) +m = 0. O]

Proposition 1.8. If W; is unitary, then its contragredient module W5 is unitarizable.

Proof. Assume that W; has inner product (:|-) . Define an anti-linear bijective map
C; + W; — W; such that <Ciw§i), wgi)> = <w§i)|w§i)> for any w@, wgi) e W. We simply
write C;w® = w®. Now we may define the inner product on W; such that C; becomes
antiunitary.

For any v € V, we show that Y;(v, z) satisfies equation (1.18). Note that for any A €
End(W;), if A has a transpose A® € End(¥;), then A also has a formal adjoint A" € End(WW),
and it satisfies AT = C; ' A*C;. Thus we have

Vi(v,2) = Yi(er (=2 2)bou, 2!

=CYi (e (=B loy, YO = CYi(v, 2)C Y, (1.19)

)

which implies that Y; satisfies (1.18). O]
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From now on, if IV; is a unitary V-module, we fix an inner product on W5 to be the one
constructed in the proof of proposition 1.8. We view I; as a unitary V-module under this
inner product.

Note that if we let v = v, then (1.19) implies that L,,C; = C;L,, (n € Z).

Since we use W, (or simply 0) to denote the vacuum module V, it is natural to let
C)y represent the conjugation map from V' onto its contragredient module W5 = V'. By
equation (1.19) (with ¢ = 0) and (1.8), we have:

Corollary 1.9. Cyf : V' — V' is a unitary V-module isomorphism.

Therefore, we identify the vacuum module V' with its contragredient module V. This
fact can be simply written as 0 = 0. The operators 6 and Cj are also identified. The
evaluation map V ® V' — C is equivalent to the symmetric bilinear form V@ V" — C
defined by (v, v2) = (v1|60vs), where vy, vy € V.

Recall that we also identify W; with W=. It is easy to see that the anti-unitary map
C; - Wy — W; = W satisfies C; = C;.

We now give a criterion for unitary VV-modules. First, we say that V' is generated
by a subset £ if V is spanned by vectors of the form Y (vy,ny)---Y (vg, n,)Q2 where
U1,02,...,Uy, € Eand nq,...,n, € Z. By the Jacoby identity (1.13) (with m = 0), any
vertex operator Y; is determined by its values on F.

Now we have a useful criterion for unitarity of VV-modules.

Proposition 1.10. If V is unitary, W; is a V-module equipped with an inner product {-|-), E is
a generating subset of V, and equation (1.18) holds under the inner product {-|-) forany v € E,
then W is a unitary V-module.

Proof. For any v € V we define Y;(v,z) = Yi(e"™(—z2)L0fv, z71)!. As in the proof of
proposition 1.8, we have Y;(v,z) = C;'Y:(0v, z)C;. It follows that Y; satisfies the Jacobi
identity. Since Y; also satisfies the Jacobi identity, and since Y;(v,z) = Y;(v,z) for any

~

v € B, we must have Y;(v, ) = Y;(v, x) for all v € V, which proves that W, is unitary. [

1.3 Intertwining operators of unitary VOAs
Definition 1.11. Let W;, W;, W, be V-modules. A type (WVIVV’“V]) (or type (ikj)) intertwining
operator ), is a linear map
Wi — (Hom(W;, Wi)){z},
w® - Y, (w z) = Z Va(w®, s)z 1

seR

(where Y, (w?, s) € Hom(W;, W),

such that:
(a) For any w) € W;, Y, (w®, s)w') = 0 for s sufficiently large.
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(b) (Jacobi identity) For any u € V,w® € W;,m,n € Z, s € R, we have

Z <Z)ya( ((w,n+ Dw® m+ s —1)

l€Z>0
_Z ()quern—l)ya( ,5+1)
leZx0
_ Z (—1)l+”( ) VoW n + s —D)Yj(u,m +1). (1.20)
leZ>0

(c) (Translation property) £V, (w®, 2) = Y, (L_1w®, z).

Intertwining operators will be denoted by V., Ys,Y,,...,orjust o, 8,7, .. ..
Note that if we let n = 0 and m = 0 respectively, (1.20) becomes:

> (”;) ValYi(u, Dw® m + s — 1) = Yi(u, m)Va(w®, 5) — Vo (w?, 5)Y;(u,m), (1.21)

=0

Vo Yilu, n)w®, s)

= (-1 () — DV, 5 +1) = (= )””( )ya( n+s—10Y;(u,l).

10 10
(1.22)
In particular, if we let v = v and m = 0, 1 respectively, the first equation implies that
[y, alw®, 2)] = a(Loru®,2) = -y, (0, ) (1.23)
T
[Lo, Yo(w?, 2)] = Vol Low®, z) + diya(w(i), ). (1.24)
T

The second equation is equivalent to that
[Lo, VoW 5)] = (=5 — 1 + Ap)Va(w®, s) if w'? is homogeneous. (1.25)
Hence ), (w(®, s) raises the energy by —s — 1 + A, ). Equation (1.25) implies the relation
Y (D x)z 7 = Y, (Low®, 2x) (1.26)

(cf. [FHL93] section 5.4), where z is either a non-zero complex number, or a formal vari-
able which commutes with and is independent of z. In the former case, we need to assign
to z an argument, i.e., a real number arg z such that z = |z]e’*®*. Then, for any s € R, we
let z° = |z|%¢"s*'8% j.e., we let the argument of z° be s arg z.

Convention 1.12. In this article, unless otherwise stated, we make the following assump-
tions:

(1) If t € R then arg e = ¢.

(2) If z € C* with argument arg z, then argZ = —arg 2. If s € R, then arg(z°*) = sarg 2.

(3) If 21, 2, € C* with arguments arg z; and arg 2, respectively, then arg(z;22) = argz; +
arg zo.
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Definition 1.13. Let U be an open subset of C and f : U — C* be a continuous function.
Suppose that z;, 2, € U, and for any t € [0,1], tz; + (1 — t)z2 € U. Then we say that the
argument arg f(zo) is close to arg f(z;) as z2 — 21, if there exists a (unique) continuous
function A : [0,1] — R, such that A(0) = argz;, A(1) = arg 2, and that for any ¢ € [0, 1],
A(t) is an argument of f(tz; + (1 —t)z2).

Let V(") be the vector space of type () intertwining operators. If Y, € V(/"), we
say that W;, W; and W}, are the charge space, the source space, and the target space of
Y., respectively. We say that ), is irreducible if W;, W;, W, are irreducible V-modules. If
Y, is irreducible, then by (1.25), it is easy to see that y(w(“, s) = 0 except possibly when
se A; + A; — Ay + Z. If V is unitary, and W;, W,, W, are unitary V-modules, then we say
that ), is unitary.

We have several ways to construct new intertwining operators from old ones. First,
for any Y, € V(ikj), we define its contragredient intertwining operator (cf. [FHL93])

CVa = Voo € V() by letting
Voaw?, z) = Yo(eF1 (e a2 o®@ 71 @ e W, (1.27)
In other words, if w@ € W; and w™ € W, then
Yoo, 2)w® w?y = w® Y, (e (e 7z 2)ow® 2w, (1.28)

We also define, for each ), € V(ikj), an intertwining operator C~'Y, = V-1, € V(Z.%)
such that

Veta(wD, ) = Vo1 (emz2)Lo® 271t @ e W (1.29)
One can show that C~'Ca = CC~'a = a. (To prove this, we first show that (vL;)x° =
24°(vxoLy) by checking this relation on any homogeneous vector. We then show that

xlq

Lo _ Lo _xzxol:
ey = xye : (1.30)

where 2,z are independent commuting formal variables. Finally, we may use (1.30) to
prove the desired relation.)
We now define, for any Y, € V(/), a pair of braided intertwining operators (cf.

[FHL93]) B+ Vo = Vp,a € V(") in the following way: If w® € W;, w") € W, then

yBW(w(j), a:)w(i) = e“”Lflya(w(i), emx)w(j), (1.31)
Vi_o(w?, 2)w® = =1y, (w® e™ ™ g)w). (1.32)

It's easy to see that B= is the inverse operation of B,. We refer the reader to [FHL93]
chapter 5 for a proof that contragredient intertwining operators and braided intertwining
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operators satisfy the Jacobi identity.

In the remaining part of this section, we assume that V' is unitary. Let W;, W,, W), be
unitary V-modules with conjugation maps C; : W; — W;,C; : W; — W5, Cy : Wy — Wg
respectively. Given ), € V(ikj), we define its conjugate intertwining operator ), = )5 €
V(") by setting

Va(w®, ) = CpYu(w?, 2)C5t, w® e W, (1.33)

It is clear that ) satisfies the Jacobi identity.
For any Y, € V(/"), it is easy to check that

Vora = Vs Verig = Vovia

We define V| = Vor = Ve € V(7)) and call it the adjoint intertwining operator of Y.

%

One can easily check, for any w® e W;, that
Vor (WD, 2) = Vo ("1 (e T 2) o =1, (1.34)

where the symbol 1 on the right hand side means the formal adjoint. In other words, for
any w) e W, j,w® € W, we have

Yo (WD, 2)w® Dy = (w® |V, (71 (e =2) Lo | 1)), (1.35)

If w® is homogeneous, we can write (1.34) in terms of modes:

- iwAw(i) A
Vor(w,s) = 3 € VL, s —m = 24 28,0) (1.36)

mEZ;O

forall s € R.

It is also obvious that the adjoint operation is an involution, i.e., Yo+« = ),. Hence
* V(ikj) — V(gjk) is an antiunitary map.

We define the cardinal number N to be the dimension of the vector space V(Z.kj). N,
is called a fusion rule of V. The above constructions of intertwining operators imply the
following:

k _ ard _ ntk Atk ATd
Njj = Nig = Nji = Ni5 = N (1.37)

We now construct several intertwining operators related to a given VV-module W;.
First, note that Y; € V(). It is obvious that B,Y; = B_Y; € V(.',). We define Vi, = B.Y;
and call it the creation operator of ;. Using the definition of B,, we have, for any
wW e W, veV,

(w2 = e F 1Y (v, —2)w®. (1.38)
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In particular, we have A
i (w®, 2)Q = L1, (1.39)
We define )% := C'YVi, = C7'B,Y; € V(). Thus for any wi? e W, and wl’ € W5, we
may use (1.39) and (1.30) to compute that
DR, wyw?, Q) =, V(e (a7 w2 71)0)
=<w2 e —1L,1€xL1(einx—2)L0wgi)>
:<€x’1L1wg) exLl (eiﬂ'fo)Lowgi)>
:<ez_lL1w§z), (emx=2)loe™ 1w§i)>. (1.40)
Note that by (1.14), Y; = C¥'Y; € V(/5). Y2 = C7'B.Y; is called the annihilation
operator of ;.
Define 9; € Endy (W;) by setting ¢; = e*™". That ¢, is a V-module homomorphism

follows from (1.26). ¥; is called the twist of ;. Then the intertwining operators yg and
Y2 can be related in the following way:

Proposition 1.14.
Vi(w,2) = (By V) (Wi, z) = (B V) (0w, ), (1.41)
V2w, z) = (BLY2) (w, 2)9; = (B_Y2) (w™, 2)9; . (1.42)
Proof. Using equations (1.30), (1.40), and that L,{2 = 0, we see that for any wgi) e W, wg) €
w5,
(B0 wy” )y, )

_<y2 (,w2 ’ +z7rx)€_217rL0w(l) Q>

:<e—x 1, +217rL0 ( z7r+2z7r 2)L0 T~ (7)>
_<e+217rLoefx L1 (ewr+2m 2)L0€ 1L1 )>
:<( i )Lo —x*lLlwgl)7 1L1w( )>

= (wi”, 2)wld, Q). (1.43)

Since V is of CFT type and isomorphic to V' as a V-module, V is a simple VOA, i.e., V is
an irreducible V-module (cf., for example, [CKLW15] proposmon 4.6- (1V)) Hence 2 is a

cyclic vector in V. By (1.21), we have {(B yo)(ﬁﬂw(z) 2w, vy = PO (w?, 2w, v) for
any v € V, which proves (1.41). (1.42) can be proved in a similar way. O

When W, is unitary, we also have
V9 = (Vi)' (1.44)
Indeed, by (1.19), Y5 = Y;. Hence
Vi = C'ByY; = CBzY; = (BzY)" = (V)"
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2 Braiding and fusion of intertwining operators

Starting from this chapter, we assume that V' satisfies conditions (0.4), (0.5), and (0.6).
Recall that, by corollary 1.9, a unitary VOA automatically satisfies condition (0.4).

By [Hua05a] theorem 3.5, the fusion rules of V' are finite numbers, and there are only finitely
many equivalence classes of irreducible V-modules. Let us choose, for each equivalence class
[Wy] of irreducible V-module, a representing element W}, and let these modules form a
finite set {W}, : k € £}. (With abuse of notations, we also let £ denote this finite set.) In
other words, £ is a complete list of mutually inequivalent irreducible V-modules. We also
require that V' is inside £. If, moreover, V' is unitary, then for any unitarizable W, (k € £),
we fix a unitary structure on Wj. The unitary structure on V' is the standard one. We let
E" be the set of all unitary V-modules in £.

Let W;, W;, W), be V-modules. Then @fj will always denote (the index set of) a basis
{Va : @ € B} of the vector space V(/"). If bases of the vector spaces of intertwining
operators are chosen, then for any W;, Wy, we set ©F, = || ie ©F,. The notations ©F;, O,
are understood in a similar way.

2.1 Genus 0 correlation functions

In this section, we review the construction of genus 0 correlation functions from inter-
twining operators. We first give a complex analytic point of view of intertwining opera-
tors. Let ), € V(ikj). For any w® € W;, w) e W;, w*) € W,

@a(w®, 2)w, w®) = o, 2w w®)],_ = 3 @ulw®, sju®, w®@)mt @21

seR

is a finite sum of powers of z. (Indeed, if all the vectors are homogeneous then, by (1.25),
the coefficient before each z7*7! is zero, except when s = A i) + A ;) — A, —1.) Since the
powers of z are not necessarily integers, (2.1) is a multivalued holomorphic function defined
for z € C* = C\{0}: the exact value of (2.1) depends not only on z, but also on arg z. We
can also regard ), as a multivalued (W; ® W; ® W%)*-valued holomorphic function on
C*. Note that by proposition A.1, the transition from the formal series viewpoint to the

complex analytic one is faithful.

Convention 2.1. At this point, the notations Y, (v, x), Y, (w®, 2), and Y, (w®, s) seem
confusing. We clarify their meanings as follows.

Unless otherwise stated, )V, (w”, z) is a formal series of the formal variable z. If z # 0 is
a complex number, or if 2 is a complex variable (possibly taking real values), Y, (w®, 2) is
defined by (2.1). If s is a real number, Vo (w® | 5)is amode of Y, (w®, ), i.e., the coefficient
before 757 in Y, (w®, x).

Intertwining operators are also called 3-point (correlation) functions. In [Hua05a], Y.
Z. Huang constructed general n-point functions by taking the products of intertwining
operators. His approach can be sketched as follows:
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Foranyn = 1,2,3,..., we define the configuration space Conf, (C*) to be the complex
sub-manifold of (C*)™ whose points are (21, 22, . . ., 2,) € Conf, (C*) satisfying that z,, # z
whenever 1 < m <[ < n. Welet G&Tfn(@) be the universal covering space of Conf,(C*).

Let Vo, Vo, - - -, Vo, be intertwining operators V. We say that they form a chain of
intertwining operators, if for each 1 < m < n — 1, the target space of ),,, equals the
source space of )V, ,,. The following theorem was proved by Huang.

Theorem 2.2 (cf. [Hua0O5a] theorem 3.5). Suppose that V.., ..., Va, form a chain of inter-
twining operators. For each 1 < m < n, we let W, be the charge space of Y,,,. We let W, be
the source space of Va,, and let Wy, be the target space of Y.,,. Then for any w'™ e Wi, w™ e

Wiy, owt) e W w® e W, and 21, 20, ..., 2, € Csuch that 0 < |z1] < |2] < -+ < |z4],
the expression

Ve, (w(in), 20)Va (w(in,l)’ Zne1) - Vay (w(i1)7 zl)w("O), w(k)> (2.2)

converges absolutely, which means that the series

2 Kyan (w(in)7 2n) Ps, 1 Vs (w(in—1)7 Zn-1)Ps, s

81,82;...,Sn—1€R

e P81ya1 (w(il)a Zl)w(i0)7 w(E)>‘ (23)

converges, where each P, (1 < m < n — 1) is the projection of the target space of Y, onto its
weight-s,, component.

Note that (2.2) also converges absolutely and locally uniformly, which means that
there exists a neighborhood U < Conf,(C*) of (21, 29, . .., 2,), and a finite number M > 0,
such that for any (¢, (2, ..., () € U, (2.3) is bounded by M if we replace each zy, 29, . ..
with (i, (o, ... in that expression.

To see this, we assume, without loss of generality, that all the vectors in (2.2) are homo-
geneous, and that all the intertwining operators are irreducible. Consider a new set of co-
ordinates wy, ws, . .., w, such that z,, = w,, w11 - w, (1 < m < n). Then the condition that
0 < |z1] < |22| <--- < |z,|is equivalent to that 0 < |w;| < 1,...,0 < |wp—1] < 1,0 < |wy].
By (1.26), expression (2.2) as a formal series also equals

(D (00, 0) Vo (09, 1000 -+ Vg (@0, oyt -+~ ) ), 0P
=W Va, (w;LOw(i"), Dwr® 1 Vo ((wn,lwn)’LOw(i”‘l), 1)--
cwhoy,, ((wiws -~ cwy) R, 1) (wiws - - ) o), w®>
=(wky,, (w(in)7 1)w531y%71 (w(in—l)7 1) - cwhy, (w(il)’ 1)w(io)’ w®>
_ 1—[ W;L(Aw(io)+Aw(il)+~~-+Aw(im))’ (2.4)
1<m<n

where Y, (w0 1) = Y, (wl), ) ‘le . Since the target space of each })),,, is irreducible,
(2.4) is a quasi power series of wy, ..., w, (i.e.,, a power series of wy, ... ,w, multiplied by
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a monomial w;' - - - w;", where sy, . .., s, € C), and the convergence of (2.3) is equivalent to
the absolute convergence of the quasi power series (2.4). Therefore, pointwise absolute
convergence implies locally uniform absolute convergence.

We see that (2.2) is a multi-valued holomorphic function defined when 0 < || <
-+ < |z,|. We let ¢ be the multi-valued (W;, @ W;, ® - - - @ W;, ® W) *-valued holomorphic
functionon {0 < |z1| < -+ < |2,|} defined by (2.2). ¢ is called an (n+2)-point (correlation)
function!* of V, and is denoted by V., V., _, - Va,- We define V(l.n . kl io) to be the

vector space of (W;, @ W, ® --- ® W, ® Wy)*-valued n + 2-point functions of V. The
following proposition can be used to find a basis of V(; | F Z,0).

n tn—1

Proposition 2.3. Define a linear map @ :

k i e '
D (V( . )@V(. In-t )@V(. In=2 )@---@V(.ﬁ.)>
G1yerjn_1€E n Jn—1 tn—1 Jn—2 in—2 Jn—3 11 19
)
I bp—1 *** 10

yan ®yan_1 ®yan_2 ® s ®ya1 = yanyan_lyan_g o 'yal-

Then @ is an isomorphism.

Therefore, if elements in {V,,},...,{Va,} are linearly independent respectively, then
the correlation functions {Va, Va, , - - Va,} are also linearly independent. The proof of
this proposition is postponed to section A.2.

It was also shown in [Hua05a] that correlations functions satisfy a system of linear
differential equations, the coefficients of which are holomorphic functions defined on
Conf, (C*). More precisely, we have the following;:

Theorem 2.4 (cf. [Hua05a], especially theorem 1.6). For any w'™ e W, w® e

Wi, ..,wt) e W, w®) e Wy, there exist hy, ..., h, € Z=o, and single-valued holomorphic
functions ay (21, ..., 2n)s G2m (21, -y 2n)s -« oy Qhyy m(21, - - -, 2) o1 Conf,(C*), such that for
any (Wi, @ Wi, ® -+ @ W;, ® Wy)*-valued (n + 2)-point correlation function o defined on
{0 < |z1] < -++ < |zn|}, the function p(w() w) o wl) wk) 2 200 20) of (21, - - -, 20)
satisfies the following system of differential equations:

ah’”(p ahmflsp ahm72g0

+a1m——+taom———+---+a =0 m=1,...,n). 2.5
Oz T T 2kt T T gk e ( ) 22)

Hence, due to elementary ODE theory, ¢ can be analytically continued to a multival-
ued holomorphic function on Conf,(C*) (or equivalently, a single-valued holomorphic

function on Conf,,(C*)), which satisfies system (2.5) globally.

1430 far our definition of genus 0 correlation functions is local. We will give a global definition at the end
of next section.
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Note that (global) correlation functions are determined by their values at any fixed point in
Conf, (C*). Indeed, since ¢ satisfies (2.5), the function ¢ is determined by the values of

%gp :1<m<n,0<!<h, — 1} at any fixed point. On the other hand, by translation

property and the locally uniform absolute convergence of (2.2), we have

0 . . . -
ggo(w(m), w o w ) w gz 2)

—p(wl L) ) w@); 21,29, -y Zn)- (2.6)

Hence ¢ is determined by its value at a point.

2.2 General braiding and fusion relations for intertwining operators

The braid and the fusion relations for two intertwining operators were proved by
Huang and Lepowsky in [HL95a, HL95b, HL95¢c, Hua95, Hua05a]. In this section, we
generalize these relations to more than two intertwining operators. We also state some
useful convergence theorems. The proofs are technical, so we leave them to section A.3.

General fusion relations and convergence properties

Theorem 2.5 (Fusion of a chain of intertwining operators). Let V,,, Vs, . . ., V5, bea chain of
intertwining operators of V with charge spaces W;,, W, ..., W, respectively. Let Y., be another
intertwining operator of V, whose charge space is the same as the target space of V,,. Let W;, be
the source space of ), W, be the source space of V,,, and W, be the target space of ). Then for
any w) e Wi, wi) e W, ... wl) e W; - w® e We, and any (21, 2y, . . ., 2,) € Conf,(C*)
satisfying

0<lzo— 2| <|zm— 2| < <z — 2| < |2, (2.7)
the expression

<y7 (yan (w(ln)7 Zn Zl)yanfl (w(in71)7 Zn—1— Zl)
Vs, (w(”), 2y — zl)w(il), zl)w(io), w(E)> (2.8)
converges absolutely and locally uniformly, which means that there exists a neighbor-

hood U < Conf,(C*) of (21,22,...,2,), and a finite number M > 0, such that for any
(21,22,...72’”)6(],

D P Y, (W) Gy = G Pay Yoy (w0 Gy — 1)

o P82y02 (w(i2)7 CQ - Cl)w(il)v Cl)w(i0)7 w(E)>‘ < M (29)
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Moreover, if (21, z2, . . ., 2, satisfies (2.7) and
0 < | < [22] < -+ < |2, 2.10)

then (2.8) as a (W;,@W;, ®- - -QW,; @Wr)*-valued holomorphic function defined near (zy, . .., zy)
is an element in V(in infl ) ) and any element in V(Zn i kl Z.O) defined near (21, ..., z,) can be
written as (2.8).

The following convergence theorem for products of generalized intertwining opera-
tors is necessary for our theory. (See the discussion in the introduction.)

Theorem 2.6. Let m be a positive integer. For each a = 1,..., m, we choose a positive integer
ng. Let Wi, ..., W;m be V-modules, and let Y1, ..., Y,m be a chain of intertwining operators
with charge spaces Wi, ..., W;m respectively. We let W, be the source space of V.1, and let W,
be the target space of Yom. For each a = 1,...,m we choose a chain of intertwining operators
Vog, - > Vaa, with charge spaces Wig, ..., Wia respectively. We let Wia be the source space of
Vg, and assume that the target space of ya%a is Wia.

Foranya =1,..., mand b = 1,...,n,, we choose a non-zero complex number z;. Choose
wy € Wia. We also choose vectors w' € Wi, w* € Wy. Suppose that the complex numbers {2}
satisfy the following conditions:

(1) Foreacha = 1,...,m, 0 < |2§ — 2f| < |2§ — 27| <--- < |28 —2f| < |2});
(2) Foreacha =1,...,m — 1, 2| + |28 — 2] < [} +1| |zatl — 20,

then the expression

(LT e TT ot ) )

mzaz=1 ng=b=2

E<yozm (yocm ( Wy, Z;,nm - 271%) e ya?(w;n7 Z;n - ZT)UJT7 Zln)

Y (yal (w} w,, 7111 — ) N (w3, 23 — 21 )wi, z%)wi,wﬁ> (2.11)

converges absolutely and locally uniformly, i.e., there exists M > 0 and a neighborhood Uy
of each z;', such that for any ¢ € U (1 < a < m,1 < b < n,) we have:

Z <[ H Ps(llyaa(( H se Vo (wy, G — Cl))wlvgl)]w w>‘<M (2.12)

sT,5p€R mz=zaz=1

Ng=b>=2

Assume, moreover, that {z} : 1 < a < m,1 < b < n,} satisfies the following condition:
(3) Forany 1 < a,a’ < m,1 <b < ng, 1 <V < ny, the inequality 0 < |2 < |2 | holds when
a<d,ora=dandb < V.
Then (2.11) defined near {z{ : 1 < a <m,1 < b < n,} is an element in V(im,, i K i, il -
We need another type of convergence property. The notion of absolute and locally
uniform convergence is understood as usual.
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Corollary 2.7. Let V,,, Vo, - - -, Vo,, be a chain of intertwining operators of V with charge spaces
Wiy, Wiy, ..., W, respectively. Let W;, be the source space of Y, and W; be the target space of
Vo, Similarly we let Y,,, V,,, ..., Y,, be a chain of intertwining operators of V with charge
spaces W;,, Wi, , ..., W, respectively. Let W;, be the source space of Y,, and W; be the target
space of V,,,. Moreover we choose V-modules Wy, , Wy,, Wy, a type (f;) intertwining operator

Vo and a type (72 ) intertwining operator Y. Choose w™ € Wi, w(@ e W,,,... wlin) e

Wi, wl) e Wi, wi2) e Wy, ... ,wlm) e W, w®) e Wi, w®) e Wi_. Then for any non-zero
complex numbers z1, za, . . ., Zm, C1,Coy - - ., G, SALISAYING 0 < |G — (1| < |3 — G| < -+ < |G —
C1| < |21—C1|—|zm—21|and0 < |22—21| < |Z3—Zl| < -0 < |Zm—21| < |21—C1| < |C1|—|Zm—21|,
the expression

<y,3 (ya (yam (w(im)7 Zm — Zl) e yG'Q (w(iQ)v Z9 — Zl)w(il)a 21 — Cl)
) yﬂn (w(jn)7 Cn - Cl) T yﬂ2 (w(j2)7 €2 - Cl)w(j1)7 C1> w(kO)a w(kg)> (213)
exists and converges absolutely and locally uniformly.

General braid relations

Let 21, 29, . . ., 2, be distinct complex values in C*. Assume that 0 < |z;| = |z| = -+ =
|2,|, and choose arguments arg z;, arg zs, . . ., arg z,,. We define the expression
Yo (W), 20) Vo, (0O, 2 4) o Vo (w2 ), 0 ®) (2.14)

in the following way: Choose 0 < r; < ry < --- < r,. Then the expression

<yan (w(ln)7 Tnzn)yan_1 (w(in_l)a Tnflznfl) e ya1 (w(il)a 70121)'“}(1'0)7 w(E)> (215)

converges absolutely. We define (2.14) to be the limit of (2.15) as ry,r9,...,7, — 1. The
existence of this limit is guaranteed by theorem 2.4.

Let S,, be the symmetric group of degree n, and choose any ¢ € S,,. The general braid
relations can be stated in the following way:

Theorem 2.8 (Braiding of intertwining operators). Choose distinct zy, . .., z, € C* satisfying
0 < |za] = -+ = |2a]l. Let Vai 1)) Vauays - -+ s Yooy be a chain of intertwining operators of V.
Foreach 1 < m < n, we let W, be the charge space of V,,,. Let W,, be the source space of
Yoy, and let Wy be the target space of Vo, Then there exists a chain of intertwining operators
Vs,, Vsys - - - » Vs, with charge spaces Wy, , W, ..., W, respectively, such that the source space of
Vg, is Wi, that the target space of Vs, is Wy, and that for any w™ e W, w™ e W, .. w() e
Wi, , w*) e Wy, the following braid relation holds:

Qo (w(z’g(n))7 Zem)) ** Vauy (w(ig(l))7 zg(l))w(“), w(k)>
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:<y6n (w(in)’ Zn)y,3n—1 (w(in_1)7 anl) - Vay (w(i1)> Zl)w(iO)v w(E)>' (2.16)
We usually omit the vectors w(™) w®), and write the above equation as

Ve )( wlist)  Zo(m) "+ Va <(1) ( ) , Zo(1)) = yﬁn( 2 Zn) e Ve (w(il)v z1). (2.17)

When n = 2, the proof of braid relations is based on the following well-known prop-
erty. For the reader’s convenience, we include a proof in section A.3.

Proposition 2.9. Let )., Vs be intertwining operators of V, and assume Y., € V(ikj). Choose
2;, z; € C* satisfying 0 < |z] zi| < |zz| |z;|. Choose arg(z; — z;), and let arg z; be close to arg z;
as zj — 2. Then for any w € W;, w) € W,

Vs (J)Bﬂ(w(j), 2 — z)w®, zz) = Vs (yv(w(i), e (2 — z)) w9, zj). (2.18)

Remark 2.10. The braid relation (2.17) is unchanged if we scale the norm of the complex
variables zi, 25, ..., 2,, or rotate each variable without meeting the others, and change
its arg value continuously. The braid relation might change, however, if 21, 23, .. ., 2, are
tixed, but their arguments are changed by 27 multiplied by some integers.

The proof of theorem 2.8 (see section A.3) implies the following;:

Proposition 2.11. Let V.., ..., Vo, Yoy - -+ s Vaeiy s Yors - - Vs be a chain of intertwining op-

erator of V with charge spaces Wy, ... . Wy Wi 1, . Wi, qu, s W respectively Let Wj,
be the source space of V., and W, be the target space of Vs, Let 21, .. 2, 24y o2 20,000, 2]

'/

be distinct complex numbers in S* with fixed arguments. Choose vectors wi) e W, w® e
I/Vill, B ,w(ilm) € Wilm,’ w(illl) S Wz’l’a . ,w(ifl) S I/Vi;/, w(jQ) S WTQ Let

A= D (0, 1) 9 (0,2,
Xy = Vs, (w('i’ "y Vs (w @) )
Suppose that the braid relation (2.16) holds for all w() € W;,, w™ e W;,, ..., wi) e W, w® e
Wr. Then we also have the braid relation
<X2yag(n) (w(ic( )  Ze(n)) " yag(l)( (i) (1))‘)(110(]’1)7 w(]'?)>
=(XY5, (W), 2,) -+ Vs, (W), 20) Xy w0, 02, (2.19)

The braiding operators 5, and the braid relations of intertwining operators are related
in the following way:

Proposition 2.12. Let z;, z; € S and arg z; < arg z; < arg z; + m/3. Let arg(z; — z;) be close to
arg z; as z; — 0, and let arg(z; — z;) be close to arg z; as z; — 0.

Let Vg, Vo be a chain of intertwining operators with charge spaces W;, W, respectively, and let
Yo, Vg be a chain of intertwining operators with charge spaces W;, W) respectively. Assume that
the source spaces of Vg and Y, are Wy, and that the target spaces of YV, and Vs are Wy,.
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If there exist a V-module Wy, and Y, € ("), Vs € (%), such that for any w® e W;,w®) e
W;, we have the fusion relations:

Vo', 2)Vs(w, 2;) = V(P (w2 — z)w", z)), (2.20)
V(W 2)) Vor (WD, 23) = VsV, (W, 25 — 2)wD, 2;). (2.21)

Then the following braid relation holds:
ya (w(’), Zz)yﬁ(w(]), Z]) = yﬁ' (w(]), Z])ya’ (w(’), Zl) (222)

Proof. Clearly we have arg(z; — z;) = arg(z; — z;) + 7. So equation (2.22) follows directly
from proposition 2.9. O

Using braid relations, we can give a global description of correlation functions. Con-
sider the covering map m, : (ﬁlfn((cx) — Conf,(C*). Choose ¢ € S,, let U. =
{(21,-- -5 2) 1 0 < |zgy] < Jo@)] < -+ < |2m)|}, and choose a connected component U, of
7, ' (U). Thena (W;, ®W;_,, ®- - -®@W;_, ®W5)*-valued correlation function defined when

n

(2¢(1)s - - - » Ze(n)) € Us by the left hand side of equation (2.16) can be lifted through ,, : U. —

U, and analytically continued to a (single-valued) holomorphic function ¢ on 6&1?”(@* ).
We define the vector space V(, , * ) of (W;, @W;, ®---@W;, @ Wy)*-valued (genus 0)

in tn—1
correlation function to be the vector space of holomorphic functions on Conf,,(C*) of the
form . This definition does not depend on the choice of ¢ and U.: If ¢’ € S,, and U/, is a
connected component of m;,;*(Uy), then by theorem 2.8, for any ¢ € V(, § ) defined

in ino1 - i0
on Conf,(C*), itisnot hard to find a (W;, @ W, , ®---QW;,

</(1) s’(n)
function defined when (zy(1), ..., z/m)) € Us which can be lifted through 7, : U, — Uy
and analytically continued to the function .

® Wr)*-valued correlation

2.3 Braiding and fusion with vertex operators and creation operators

In this section, we prove some useful braid and fusion relations. These relations are
not only important for constructing a braided tensor category of representations of V, but
also necessary for studying generalized intertwining operators.

Braiding and fusion with vertex operators

The Jacobi identity (1.20) can be interpreted in terms of braid and fusion relations:

Proposition 2.13. Let ), be a type ( kj) intertwining operator of V. Choose z,( € C* satisfying

)

0 < |z — (| < |2| = [¢|. Choose an arqument arg z. Then for any u € V,w" € W;, we have

Vi (u, O)Va(w, 2) = Vo (w?, 2)Y;(u, ¢) = Va (Yil(u, ¢ — 2)w?, 2). (2.23)
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Proof. The above braid and fusion relations are equivalent to the following statement: for

any w9 € W;, w®) € W, and for any z € C*, the functions of (:

Va0, 2)Y;(u, Q) w, (2.24)
D (Yilu, ¢ — 2)w?, 2)w | w®y, (2.25)
Vi, O)Va(w?, 2) @ w® (2.26)

defined respectively near 0, near z, and near oo can be analytically continued to the same
(single-valued) meromorphic function on P! whose poles are inside {0, z,00}. This is
equivalent to that for any f(¢, z) € C[¢*, (¢ — 2)7Y],

Resc—o (Va(w®, 2)Y;(u, Quw?, w®y - £(¢, 2)dC)
+Resc—. (Y (Yilu, ¢ — 2)w®, z)w(j), w®y . f(c, z)d()
+Resc—oo (Vi (1, OV (w®, 2)w® w® - £(¢, 2)dC)

> Note that C[¢*!, ((—2) '] is spanned by functions of the form (" ({—z)", where m,n € Z.
If we let f(¢,z) = (™(¢ — 2)", then one can compute that the left hand side of (2.27)
becomes Y, ¢s2 %!, where each coefficient ¢, is the difference between the left hand side
and the right hand side of the Jacobi identity (1.20). This shows that (2.27) is equivalent
to the Jacobi identity (1.20). ]

0. (2.27)

The above intertwining property can be generalized to any correlation function.

Proposition 2.14. '© Let 2y = 0, choose (21,23, ...,2,) € Conf,(C*), and choose a correla-
tion function ¢ € V|, defined near (21,2, ...,2,). Then for any v € V,w() e

k
] ZnAin—l e 1] 7;0) _
Wiy, w'™ e Wy ... wln) e W, w®) e W, and any 0 < m < n, the following formal series in

C((¢ = 2m)):
@Z),-m(C, Z1y 225+« Zn)

—p(w® w0V (u, ¢ = 2w ) (i), w(E); 21,29,y 2n),  (2.28)
and the following formal series in C((¢™1)):
Ui(C, 21, 29, -+ Zn)

1>Here we use the following well-known Mittag-Leffler type theorem: Let M be a compact Riemann sur-
face, p1,...,pn are distinct points on M, (i, ..., ¢, are local coordinates at p1, ..., p, respectively. For any
j = 1,...,n we associate a locally defined formal meromorphic function ¢; € C(({;)) near p;. Then the
following two conditions are equivalent. (a) There exists a global meromorphic function ¢ on M with no
poles outside p;, ..., py,, such that the series expansion of ¢ near each p; is ;. (b) For any global mero-
morphic 1-form w on M with no poles outside py, ..., p,, the relation ) ; Resppiw =0 holds. (a)=(b) is
obvious from residue theorem. (b)=>(a) is not hard to prove using Serre duality. See [Ueno08] theorem 1.22,
or [Muk10] theorem 1.

1®One can use proposition 2.14 and the translation property to define correlation functions (parallel sec-
tions of conformal blocks). cf. [FB04] chapter 10.
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= (w0 ) ) ) Y (u, C)tw@; 21329,y vy Zn) (2.29)

are expansions of the same (single-valued) holomorphic function on P\{zy, z1, 22, . . ., 2, 00} near
the poles ¢ = 2, (0 < m < n) and = oo respectively.

Proof. When 0 < |z1| < |22| < -+ < |2,|, we can prove this property easily using proposi-
tion 2.11, proposition 2.13, and theorem 2.6. Note that this property is equivalent to that
fOI' any f(ga FARIE 7ZTL) € C[Cila (C - Zl)_17 CI) (C - Zn)_l]/

3T Rescou, (Ui, (1, 2) (G2 20)dC)

osm<n

= — Resc—oo (@bk((’, 21y 2a) f(C 21, ,zn)d(’). (2.30)

If we write down the above equations explicitly, we will find that condition (2.30) is equiv-
alent to a set of linear equations of ¢, the coefficients of which are End((VVi0 QW;, -+ ®
W, ® Wr)*)-valued single-valued holomorphic functions on Conf,,(C*). Since ¢ satisfies
these equations locally, it must satisfy them globally. Therefore ¢ satisfies the desired
property at any point in Conf, (C*). O

As an application of this intertwining property, we prove a very useful uniqueness
property for correlation functions.

Corollary 2.15. Fix (21,2, ...,2,) € Conf,(C*). Let ¢ € V(, MF i, i,) be a correlation
function defined near (21, 2, . . ., z,). Choosel € {0,1,2, ... ,n+1}. Foranym e {0,1,2,... ,n+
1} such that m # [, we assume that W;_ is irreducible, and choose a nonzero vector wé“”) eWw, .

Suppose that for any w®™ e W,
o(wi ... ,wg“l), w( w(()il“), w2 2) =0, (2.31)
then ¢ = 0.

Proof. We assume that [ < n. The case that [ = n + 1 can be proved in a similar way.
Suppose that (2.31) holds. Then for any u € V, the formal series in C((¢ — z)):

go(w((f()), o ,w((fl’l), Y, (u, ¢ — z)w ™, w((]il“), o ,w(()i”“); 21,29,y Zn) (2.32)
equals zero. By proposition 2.14, (2.32) is the expansion of a global holomorphic function
(which must be zero) on P\{zo, 21, ..., 2,, 0}, and when ( is near z, = 0, this function
becomes

o(Y;, (u, C)wéio), w((fl) . ,w(()i”l), wt™) w(()il“), e ,w((f"“); 21,29,y Zn), (2.33)

which is zero. Therefore, for each mode Y}, (u, s) (s € Z), we have

oY, (u, s)w((fO), w((fl) . ,w(()il’l), w™, w(()il“), . ,wg"“); 21,29,y 2n) = 0. (2.34)

31



Since W, is irreducible, for any w(®) € W, we have
gp(w(m), w(()il) . ,w(()i"l), w®, w(()il“), . ,w(()i”“); 21,29,y 2n) = 0. (2.35)

If we repeat this argument several times, we see that for any wlo) ¢ Wio,w(il) €
Wi, ... ,wlint) e W,

n+17/
gp(w(iO), w® U)o Zn) = 0. (2.36)
Hence ¢ equals zero at (z1, . . ., z,). By theorem 2.4 and the translation property, the value
of ¢ equals zero at any point. O

Braiding and fusion with creation operators

Lemma 2.16. Let Y, be a type () intertwining operator. Then for any w® e Wi, wl) e

W, w® e W, 2z € C* and 2 € C:
(1) If 0 < |20] < |2|, and arg(z — zo) is close to arg z as zy — 0, then

Z<w®’ ya(w(“, z)PseZOL‘lw(j)> (2.37)

seR

converges absolutely and equals
w01y (w2 — 2)wD). (2.38)

We simply write ‘ A
GZ()L_lyoz(w(Z), Z — ZO) = ya(w(l)a Z)GZOL_l' (239)

(2) If 0 < |z0| < |2|7" and arg(1 — 2zq) is close to arg 1 = 0 as zy — 0, then

S w®, el Y, (0, 2)wly (2.40)
seR
converges absolutely and equals
<w®, Va (ezo(l*zzO)Ll(l — 229) " How® 2/(1 — zzo))eZOLlw(j)>. (2.41)
We simply write
eZOLlya(w(i), 2) =Y, (ezo(l_zzO)Ll(l — zzo)_uow(i), z/(1 — zzo))ezOLl. (2.42)

Proof. Assume without loss of generality that all the vectors are homogeneous.
(1) Let z, g, 1 be commuting independent formal variables. Note first of all that (2.39)
holds in the formal sense:

<w®, exOL‘lya(w(i), T — xo)w(j)> = <w®, )}a(w(i), :L’)exOL‘lw(j)% (2.43)
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where

Vol 2 —20) =3 3 Va(w®, < T 1>x_5_1_r(_$0)r.

seR re€Zxo

Equation (2.43) can be proved using the relation [L_1, Y, (w®,z)] = LY, (w® z). (See

[FHL93] section 5.4 for more details.) Write

< (k erol- A ( l)w(3)> — Z megnxil m (244)

mEZ>0

where d € R and ¢, € C. Clearly c,, = 0 for all but finitely many m. Then the left hand
side of (2.43) equals

d—
Z megn . ( l m) xd—m—l(_xo)l‘

m,lEZ;o

We now substitute z and z, for z and z, in equation (2.43). For any z, satisfying
0 < |20] < |2|, let arg(z — 2o) be close to arg z as zy — 0. Then
<w(k’) w0l-1y) ( Z— zo)w(j)>
=<w(k) rol1y) ( $1)
= Z em2d (2 — 20)T ™

m€Z>o

— Z C 2T - (d _z m) 247 ), (2.45)

m,lEZ;o

])>‘
T0=20,T1=2—20

which converges absolutely and equals

® (0 ) p20L1,,()
<w 7ya(w 7‘73)60 fw >‘x=z,xo=zo

=(w®, Y, (w®, 2)e?ol-1pD, (2.46)
This proves part (1).
(2) Since o = C~'Ca, we have

Z<w®7 e Py (w?, 2w

SeER

= Y (P, Yomiga(w?, 2)w'?)
seR

B Z <y le i —Q)ng( )’ z—l)PSGZOLflw(E)’w(j)>’
seR

33



which, according to part (1), converges absolutely and equals

<€zoL71yCa (eZLl (6 WZ—Q)LO (i )7 1 Zo)w(k), w(j)>7 (247)

where arg(z' — z) is close to arg(z™') = —argz as zp — 0. This is equivalent to saying
that arg(1 — zz) is close to 0 as zy — 0.
By the definition of C'ey, (2.47) equals

<yCa (ezL1 (e”zfz)LOw(i), 271 . Zo)’w@), ezoLlw(j)>
=(w® | Y, (e TE0 b (emim (7L )2y
P (e Row, (27— ) e ), (2.48)

Note that (1.30) also holds when z € C,z, € C*. Therefore, by applying relation (1.30),
expression (2.48) equals (2.41). This finishes the proof of part (2). O]

Proposition 2.17. Let zy,...,z, € C* satisfy |z1| < |z2| < -+ < |z,| and |zo — 21| < -+ <
|z, — 21| < |2z1|. Choose arquments arg z;,arg zs, ..., arg z,. For each 2 < m < n, we let
arg(z,, — z1) be close to arg z,, as zy — 0. Let Y,,, ..., V5, be a chain of intertwining operators of
V with charge spaces W,,, ..., W, respectively. Let W, be the source space of Y,,, and let W; be
the target space of Y, . Then for any w™) e W, w(2) e W,,, ... wC) e W, , we have the fusion
relation

yiio(yﬁn(w(in)vzn - Zl) yﬁz( 22 - zl)w(i1)7zl)
=V, (w(in)7 Zn) Vo (w(m) )yzlll ( ,21)- (2.49)
Proof. We assume that z1, 25, . . ., 2, are on the same ray emitting from the origin (e.g. on

R.p). (We don’t assume, however, that these complex values have the same argument.)
Then for each 2 < m < n, these complex numbers satisfy

|21] + |2m — 21| < |2ma1]- (2.50)

If (2.49) is proved at these points, then by theorem 2.4 and analytic continuation, (2.49)
holds in general.
Choose any w" € W5. Using equations (1.39) and (2.39) several times, we have

”yO'S( (23) )yO'Q( (22) ) zlo(w(il)azl)Qaw(z)>
..ygg( (i3) 23) ( (2) )21L71 (il) (E)>

Vs ( (3) ) 21 L_ 1y, ( Zz _Zl)w(il)’w@)>

e Y, (W) 2y — 20) Vo (W), 25 — 21) ) 0@

=Y, (w0, 2 = 21) -+ Yoy (W), 25 — 20) Vo (w0, 290 — 20) ™), @)
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< (yan zn)’ Zn 21) yag( (i2) )22 T Zl) () Zl)Q w(z)> (251)

Note that in order to make the above argument valid, we have to check that the expression
in each step converges absolutely. To see this, we choose any m = 1,...,n,and let W}, be
the target space of ),,,. Then

2670 i ()5 ) D, 2= 2.
= Z <y0n( s 2n) P,y - 'P51€Z1L_1Psmyam (w(zm)’ Zm — 21) Py,

S1seees Sn—1€R

Psgyag( 22 - Zl) Zl Z)>
= Z <y‘7n w(ln)7 Zn Sp—1 " Psl Jmo( Smya'm (w(lM)7 Zm — Zl)Psm—l

S1yees sp—1€R

Py, (w(i2)7 29 — zl)w(“), zl)Q, w@>, (2.52)

which, by (2.50) and theorem 2.6, converges absolutely. Therefore, equation (2.49) holds
when both sides act on the vacuum vector 2. By (the proof of) corollary 2.15, equation
(2.49) holds when acting on any vector v e V. O
Corollary 2.18. Let ), € V(ikj). Let z;, z; € S* with arquments satisfying arg z; < argz; <
arg z; + 2m. Then for any w9 € W; and w') € W;, we have the braid relation

Va(w®, 2)Vip(w, ;) = Vi, oW, 2) Vi (w?, 2). (2.53)

Proof. By analytic continuation, we may assume, without loss of generality, that 0 < |z; —
z;| < 1. Let arg(z; — z;) be close to arg z; as z; — 0, and let arg(z; — z;) be close to arg z; as
z; — 0. Then by propositions 2.17 and 2.12,

Va(w®, 2)Vip(w, 2,)
:ylfo (ya( (i)7 _ zj)w(j),zj)
_ka (yB+a( ZJ —Zi )w(i)a Zz’)
=Yg, a(w, )V (w?, z).

2.4 The ribbon categories associated to VOAs

We refer the reader to [Tur16] for the general theory of ribbon categories and modular
tensor categories. See also [BK01, EGNOO4]. In this section, we review the construction of
the ribbon category Rep(V') for V by Huang and Lepowspky. (cf. [HL94] and [Hua08b].)
As an additive categoy, Rep(V/) is the representation category of V: Objects of Rep(V') are
V-modules, and the vector space of morphisms from W; to W; is Homy (W;, ;). We now
equip with Rep(V/) a structure of a ribbon category.
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The tensor product of two V-modules ;, W, is defined to be

k *
kee \!
Yij(v,2) = Pid @ Vi (v, z) (veV), (2.54)
ke&

where V(Z.kj)* is the dual space of V(Z.kj). (Recall our notations at the beginning of this

chapter.) Thus for any k € £, we can define an isomorphism

k
V(Z j) — HomV(Wij, Wk), y [ Ry,
such thatif Y e V(Z.kj) * and w® ¢ W,, then

Ry(Y @ w®) = (P, Y w®. (2.55)

Ry is called the homomorphism represented by ).

The tensor product of two morphisms are defined as follows: If F €
Homy (W;,, W,), G € Homy (W;,, W;,), then for each k € £ we have a linear map (F®G)" :
V(") = V() such thatif ¥ € V(" ), then (F® G)'Y € V(" ), and for any

w(ll) c Wiww(jl) c le’
(Fe&)'Y) (0w, 2)w = Y(Fw® 2)Guwi. (2.56)
Then F® G : V(ilkjl)* — V(. * )" is defined to be the transpose of (F ® G)', and can be

12 J2

extended to a homomorphism

FRG=PFQG)®idy : W, IW;, — Wi, &I W),.
ke&E

Hence we’ve define the tensor product F'® G of F and G.

Let Wy = V be the unit object of Rep(V'). The functorial isomorphisms \; : W, x] W; —
W; and p; : W; X Wy — W, are defined as follows: If i € &£, then ), is represented by the
intertwining operator Y;, and p; is represented by V. In general, ); (resp. p;) is defined
to be the unique isomorphism satisfying that for any & € £ and any R € Homy (W;, Wy),
R\, = M\ (ido ® R) (resp. Rp; = pr(R ®idy)).

We now define the associator. First of all, to simplify our notations, we assume the
following;:

Convention 2.19. Let W;, W;, Wy, Wy, W, W), be V-modules. Let Y, € V(i,k;.,). If either

Wi # Wy, W; # Wy, or W, # Wy, then for any w® € W;, w) € W;,w® € Wr, z € C*, we
let

Yaw?, 2)w?, w® = 0.
Therefore, Vs(w®, 2,) V. (wl), z;) = 0 if the target space of ), does not equal the source
space of Vg; Y, (Vs(w, 2z — 20)w), 2) = 0 if the target space of Vs does not equal the
charge space of ).
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Given three V-modules W;, W;, W), we have

t * ES
(W, @ W,) R W, = @v( ) ®V(.S.) W, (2.57)
s,te€ Sk [
Wi & (W, ® W) = @v( ) (Tk) QW,. (2.58)
rte€

Choose basis 0, 0;;, 0}, ©7; of these spaces of intertwining operators. Choose z;, z; €

C* satisfying 0 < |z; — z;| < |zj] < |2|- Choose argz;. Let argz; be close to argz; as
zj — z; — 0, and let arg(z; — z;) be close to arg z; as z; — 0. Forany t € £,a € ©},, 8 € O},

there exist complex numbers Ff s independent of the choice of z;, z;, such that for any
w® e W;, w) e W;, we have the fusion relation

Yaw®, 2) V5w, 2) = Y F Yy (Var(w®, 2 — 2w, z)). (2.59)

& t
a’e@ij,ﬁ’e(a

If the source space of ), does not equal the target space of Vs, or if the target space
of YV, does not equal the charge space of Vs, we set Ffl;a' = 0. Then, by the proof of

proposition 2.3, the numbers Fﬁ 2 are uniquely determined by the basis chosen. The

o * 3/
matrix {Fﬁ }aeG) P

aco!. 3 e@* " is called a fusion matrix. Define an isomorphism

@)y - @) e ()

Va®Vs—> >, Fi Ve @V (2.60)

/ * g t
«@ e@ij,ﬁ e@*k

Clearly A" is independent of the basis chosen. Define

v@v() o) @) () e

to be the transpose of A, and extend it to

A=Y A®idy: (Wi RW;) KW, — Wi R (W; K W), (2.62)

te€

which is an associator of Rep(V'). One can prove the pentagon axiom using theorem 2.6
and corollary 2.7, and prove the triangle axiom using propositions 2.13 and 2.9.
Recall the linear isomorphisms

ji i ]
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Welet oy ;- V(") . V(") " be the transpose of B, and extend it to a morphism
Tij ZZUz’,j@idt Wik W, — W )W, (2.63)
te&

This gives the braid operator. The hexagon axiom can be proved using propositions 2.11,
2.12, and theorem 2.6.

For each object i, the twist is just the operator ¥J; = ¥y, defined in section 1.3.

With these structural maps, Huang proved in [Hua05b, Hua08a, Hua08b] that Rep(V')
is rigid and in fact a modular tensor category. From his proof, it is clear that i is the right
dual of i: there exist homomorphisms coev; : V. — W; X W; and ev; : W; X W; — V
satisfying

(ldl X ev,-) 9 (COGVZ' & ldl) = ldl, (264)
(ev; ®1d;) o (id; ® coev;) = id:. (2.65)

Since i = i, is also the left dual of i.

Now assume that V' is unitary. The additive category Rep"(V) is defined to be the
representation category of unitary V-modules. We show that Rep"(V) is a C*-category.
First, we need the following easy consequence of Schur’s lemma.

Lemma 2.20. Choose for each k € £ a number ny, € Zs. Define the unitary V-module

L N
W= WeC*=P W, W,d" - W,.
kegn kegn ~ g

N

Then we have

Endy (W) = @ id, ® End(C™). (2.66)

ke&n
Theorem 2.21. Rep" (V') is a C*-category, i.e., Rep" (V') is equipped with an involutive antilinear
contravariant endofunctor = which is the identity on objects; The positivity condition is satisfied:
IfW;, W; are unitary and F' € Homy (W,;, W,), then there exists R € Endy (W;) such that F*F =
R*R; The hom-spaces Homy (W;, W) are normed spaces and the norms satisfy

IGF| < |GIIF], |F*F| = |F|? (2.67)
forall F € Hom(i, j),G € Hom(y, k).

Proof. For any F' € Homy (W;, W;), we let F'* be the formal adjoint of F', i.e. the unique
homomorphism F* € Homy (W;, W;) satisfying (Fuw®|w)) = (w®|F*wW) for all w® e
Wi, w9 e W;. The existence of F'* follows from lemma 2.20 applied to W =~ W; &+ W.
Let | F'| be the operator norm of F, i.e., |[F| = sup,mew o) (|Fw®|/|w?]). Using lemma
2.20, it is easy to check that Rep" (V') satisfies all the conditions to be a C*-category. O
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It is not clear whether unitarizable V'-modules are closed under tensor product. So it
may not be a good idea to define a structure of a ribbon category on Rep" (V). We consider
instead certain subcategories. Let G be a collection of unitary V-modules. We say that G
is additively closed, if the following conditions are satisfied:

(1) If € G and W} is isomorphic to a submodule of IV, then j € G.

(2) If iy, ig,...,i, € G, then W, @ W, &+ --- @t W, €G.

If G is additively closed, we define the additive category Repg(1’) to be the subcategory
of Rep" (V') whose objects are elements in G.

We say that G is multiplicatively closed, if G is additively closed, and the following

conditions are satisfied:

(a)0eg.

(b)Ifie G, theniecG.

(c)Ifi,j € G, then W;; = W, ] W, is unitarizable, and any unitarization of IV, is inside G.

Suppose that G is multiplicatively closed. A unitary structure on G assigns to each

triplet (¢, j, k) € G x G x £ an inner product on V (ij) *. For each unitary structure on G, we
define Repg (V') to be a ribbon category in the following way: If i, j € G, then W;; asa V-
module is defined, as before, to be P, . V(ikj) * ® Wy. Since G is multiplicatively closed,
each W in & satisfying N/© > 0 must be equipped with a unitary structure. Hence the
inner products on all V(Z.kj) *’s give rise to a unitary structure on IW;;. W;; now becomes a
unitary V-module. The other functors and structural maps are defined in the same way
as we did for Rep(V'). Clearly Repg (V') is a ribbon fusion category and is equivalent to a
ribbon fusion subcategory of Rep(V').

Our main goal in this two-part series is to define a unitary structure on G, under which
Repg (V') becomes a unitary ribbon fusion category. More explicitly, we want to show (cf.
[Gal12]) that for any iy, 2, j1, j2 € G and any F' € Homy (W;,, W,,), G € Homy (Wj,, W,),

(FRG)* = F*®G* (2.68)

that the associators, the operators \;, p; (i € G), and the braid operators of Repg (V) are
unitary; and that for each ¢ € G, ¥; is unitary, and ev; and coev; can be chosen in such a
way that the following equations hold:

(coevy)* = ev; 0 0,7 0 (¥ ®idy), (2.69)
(evy)* = (id; ®0; 1) o a{il o coev;. (2.70)

3 Analytic aspects of vertex operator algebras

3.1 Intertwining operators with energy bounds

The energy bounds conditions for vertex operators are important when one tries to
construct conformal nets/loop groups representations from unitary VOAs/infinite di-
mensional Lie algebras. This can be seen, for instance, in [GW84], [BS90], and [CKLW15].
In this section, we generalize this notion to intertwining operators of VOAs.
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We assume in this chapter that V' is unitary. If W is a unitary VV-module, we let the
Hilbert space H; be the norm completion of W;, and view W, as a norm-dense subspace
of H;. It is clear that the unbounded operator L, on #H; (with domain ;) is essentially
self-adjoint, and its closure L, is positive.

Now for any r € R, we let 1! be the domain 2((1 + Lg)") of (1 + Lo)". If £ € HI, we
define the r-th order Sobolev norm to be

l€ll=11(1 + Lo)"¢]l-

Note that the 0-th Sobolev norm is just the vector norm. We let

=(H.

r=0
Clearly H contains W;. Vectors inside H;° are said to be smooth.

Definition 3.1. Let W;, W,, W}, be unitary V-modules, ), € V(ikj), and w® e W, be ho-

mogeneous. Choose r > 0. We say that V), (w”, z) satisfies r-th order energy bounds, if
there exist M > 0,¢ > 0, such that for any s € R and w' € ¥,

1Va(w®, s)w?||< M1+ |s) 0] (3.1)

Here Y, (w®, 5) is the s-th mode of the intertwining operator Y, (w, x). It is clear that if
r1 < 1o and Y, (w®, z) satisfies r,-th order energy bounds, then Y, (w¥, z) also satisfies
ro-th order energy bounds.

1-st order energy bounds are called linear energy bounds. We say that V), (w(®, z) is
energy-bounded if it satisfies energy bounds of some positive order. If for every w® € W,
Vo(w®, z) is energy-bounded, we say that ), is energy-bounded. A unitary V-module
W; is called energy-bounded if Y; is energy-bounded. The unitary VOA V is called
energy-bounded if the vacuum module V' = W} is energy-bounded. We now prove some
useful properties concerning energy-boundedness.

Proposition 3.2. If w®) € W, is homogeneous and inequality (3.1) holds, then for any p € R,
there exists M, > 0 such that for any w") € W,

V(w0 S)w(j)Hp< M, (1 + |S|)|p‘+t‘|w(j)||p+r- (32)
Proof. (cf. [TLO4] chapter II proposition 1.2.1) We want to show that

1Va (w, s)w < ML+ |03 (3.3)

p+r:

Since

1Va(w®, $)wD 2= Y 1Pysria, g Valw, ) 2= [|Va(w?, 5) P,

qeR qeR
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[P = DN Pw;

p+T p+r?
qeR

it suffices to assume that w) is homogeneous. We also assume that Y, (w®, s)w # 0.

Then by proposition 1.7, A
By (3.1) we have

y+ Ay —1—s5=0.

w(

Vo (', s)wD|P< ML+ [ (1 + Ay)* [ .

Hence
||ya(w(i)7 s)w(j)Hf,

=(Ay + Api) — 8[| Va(w®, s)w?)||?

<(Aym + A

w(l w(j
Ay +A N — 8\ 2p '
=M2< w(i + Awij-j ) (14 [s)*(1+ Ay P w2
wlJ
Ay =5+ By \? 4
=M2( L+ A0 J ) (L+ s w3,
w\J

If p = 0 then

Ay — s+ Aym\ 2P
( 1+ Aw(j) )

1+ Aw(i) + |8| + Aw(j) 2p
( 1+ Aw(j) )

N

<1+ Ay + )P < (1 + Ayw)?(1 + |s))?.

Ifp<Oand 1< A, s — s, then

(Awm — S+ Aw(j)>2p
1+ Aw(j)

:( 14+ Aym )le <1
Aw(i) — S+ Aw(j)

Ifp<Oand 1> A, — s, thensince A,y — s+ A, =1,

( 14+ A, )2|P
Aoy — s+ Aym

14+s—A,m 2|p|
—(1+ )
Aw(i) — S+ Aw(j)
(2 — Aw(i) + 8)2|p‘
(2 + 2A,0) + 2|S|)2‘p‘
22‘10‘(1 + Aw(i))2|p|(1 + |S|)2|p‘.

NN N

Therefore, if we let M, = 2lpl (1+ Aw@)‘p', then (3.3) is always true.
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The next property is obvious.

Proposition 3.3. If ¥ € V(") is unitary, w®) e W, is homogeneous, and Y, (w%, x) satisfies
r-th order energy bounds, then Y(w(®, x) satisfies r-th order energy bounds.

Proposition 3.4. Suppose that Y, € V( ) is unitary, w9 e W; is homogeneous r =0,

and for any m € Z=o, Vo (LTw, x) satisfies r-th order energy bounds. Then Y.« (w®, x) and
Vorio (WD, ) satisfy r-th order energy bounds.

Proof. First we note that L7*w(® = 0 for m large enough. Now suppose that (3.1) holds for
all m if we replace w® by L7w®. Then by (1.36), for any w'?) € W;, w®) € W, and s € R,

(D (0, )0 )|

< Z —‘<w D)a Lm (1 S—k’—2+2Aw(z)) >‘

mz=0

= —‘< 14 Lo) w|(1 + Lo) " Va(L7w®, —s — k — 2 + 2 0w >>‘
mz=0

<2 un(’)H 1V (Liw®, —s — k = 2+ 28,0)w®]|_.
m>0

By proposition 3.2, we can find positive numbers C;, C, independent of w®, w®), such
that

Hya(LTw(i), —s—m — 24 270w H_T
<O (14 [s+m+2-28,0])"

<Co(1+ 1) ™.

[l

Thus there exists C5 > 0 independent of w@, w®, such that

(Dar (0, 5P| < G (1 + [s])" [ ]

This proves that

[ Vo (w®, )| < C5(1 + ]s])""[[w?]) . (3.9)
Therefore Y,«(w®,x) satisfies r-th order energy bounds. Since Ca = ao* and
Ve ra(w® 2) = 2™ Yo, (w, x), by proposition 3.3, Vei1,(w®, x) also satisfy r-th
order energy bounds. O

Proposition 3.5. Let W;, W;, W), be unitary V-modules, Y, € V( ) and choose homogeneous

vectors w® € W, ue V. Suppose that Yo (w®, ), Y;(u, x), Yy (u, x) are energy-bounded. Then
forany n € Z, Yo (Yi(u, n)w®, ) is energy-bounded.
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Proof. By Jacobi Identity, for any s € R we have
Va(Yi(u, n)w®, s)
— 2 (—1)" (7) Yi(u,n — D)V (w®, s + 1) — Z (—1)tn (7) VoW n + s —1)Yj(u,1).
I€Z0 l€Z30

(3.10)

It can be shown by induction on |n| that

lim sup
>

(TZ) ‘l”' < +oo.

Choose any homogeneous vector w") e W, with energy A,u;. Then by energy-
boundedness of Y, (w?, x), Y;(u, z), Yy (u, z) and proposition 3.2, there exist positive con-
stants C, Cy, ..., Cg and 7y, t1, 7, ta, 73, t3 independent of w?) and s, such that

Z(—l)”" (7) ya(w(i), n+s—1)Y;(u, l)w(j)

=0

< Gl [V, 45— DY, Dt
=0
< ZC&Z'"' (1+n+s— l|)t1 Y (u, l)w(j)Hm
=0
< Y Gl D Q)

0<ISAL+A () —1

N Gyl s D D

0<ISAu+A (j—1
<Ci(L+ s (14 Ay) e D,

Cy(1 + |5|)t1||w(j)Hl+|n\+t1+t2+2r1+r2- (3.11)

N

Here the inequality [ < A, + A, — 1 comes from the fact that every nonzero Y;(u, {)w?
must have non-negative energy. Similarly we have

Z(—l)l <7Z> Yi(u,n — l)ya(w(i), s+ l)w(j)

=0

< G|Vl — DY (w®, s + Du||

=0
<DL G+ [ = 1) | Va(w, s + D]
=0
< 2 Crll" (14 1) (14 | + 1) [0y 1.

OéléAw(i) -‘rAw(j) —s—1

43



N

Y, G s )
o<iI<A w(@) +Aw(j) —s—1

SCs(L+ s (L4 Ay + [s) T R D],

<Cs(1+ s |)27‘3+2t2+1+|n|+t3(1 + Aw(j))1+|n‘+t3+r3+t2||w(j)||r3+rz

=Cy(1 + |s])2re 2 s 0D o)yt it (3.12)
The energy-boundedness of Y, (Y;(u, n)w®, x) follows from these two inequalities. O

The following proposition is also very useful. One can prove it using the argument in
[BS90] section 2.

Proposition 3.6. If v = v or v € V(1), then for any unitary V-module W;, Y;(v, z) satisfies
linear energy bounds.

We summarize the results in this section as follows:

Corollary 3.7. Let W;, W;, Wy, be unitary V-modules, and Y, € V(ikj).

(a) Suppose that V' is generated by a set E of homogeneous vectors. If for each v € E, Y;(v,x) is
energy-bounded, then Y; is energy-bounded.

(b) If W; is irreducible, Y;, Yy, are energy-bounded, and there exists a nonzero homogeneous vector
w € W; such that Y, (w, z) is energy-bounded, then Y, is energy-bounded.

(c) If u w e W; is homogeneous, and YV, (w' x) is energqy-bounded, then Youi,(w', x),
Va(w®, x), and Yos (wD, z) are energy- bounded

d) If w9 e W; is s quasi-primary, and Vo(w® z) satisfies r-th order energy bounds. Then
Veria(w®, z), Ve(w®, z), and Vor (wD, x) satisfy r-th order energy bounds.

Proof. (a) and (b) follow from proposition 3.5. (c) follows from propositions 3.3, 3.4, 3.5,
and 3.6. (d) follows from propositions 3.3 and 3.4. O

3.2 Smeared intertwining operators

In this section, we construct smeared intertwining operators for energy-bounded in-
tertwining operators, and prove the adjoint relation, the braid relations, the rotation co-
variance, and the intertwining property for these operators. The proof of the last property
requires some knowledge of the strong commutativity of unbounded closed operators on
a Hilbert space. We give a brief exposition of this theory in chapter B.

The unbounded operator Y, (v, f)

For any open subset I of S!, we denote by C*([) the set of all complex smooth func-
tions on S' whose supportsliein I. If I = {e" : a <t < b} (a,b € R,a < b < a+27), we say
that I is an open interval of S*. We let J be the set of all open intervals of S'. In general,
if U is an open subset of S', we let J(U) be the set of open intervals of S* contained in U.
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If I € J, then its complement /¢ is defined to be 51\7. If I, I, € J, we write I, cc I, if
I_l c [2.

Let Y, € V() be unitary. (Recall that this means that W;, W;, W}, are unitary V-
modules.) For any w® e W; 2z € C*, V,(w", 2) is a linear map W, — W,.. There-
fore we can regard V,(w®,z) as a sesquilinear form W; x W, — C,(w% w®)
D (w®, )@ |y, |

We now define the smeared intertwining operators. Let 40 = %d& For any f €
C*(S"\{—-1}), we define a sesquilinear form

ya(w(i), f):W; x Wy, - C, (w(j)7w(k)) — <37a(w(i), f)w(j)|w(k)>

satisfying
Qa(w®, HuDw®y = | (Va(w®, e)yw [w® f(e)do. (3.13)

Va(w® f) can be regarded as a linear map W; — Wy. In the following, we show that
when Y, (w®, z) is energy-bounded, V,,(w¥, f) is a preclosed unbounded operator.
To begin with, we note that for any f € C®(S"\{—1}) and any s € R, the s-th mode of

fis

For= | fene 2 (3.14)
Then we have
Valw, f) = Valw, 5)(s). (3.15)

seR

Define

Dy = {A;+ A; — Ay« W;, W;, W), are irreducible V-modules},
Zy =7 + Dy.

Then Y, (w®, 5) = 0 except possibly when s € Zy.. Since V has finitely many equivalence
classes of irreducible representations, the set Dy is finite. Now for any ¢ € R we define a
norm | - |y, on C2(S'\{—1}) to be

[flve = > 1+ [sD'IF(s)], (3.16)

SELy,
which is easily seen to be finite. For each r € R, we define e, : S'\{—1} — C to be
er(e?) =€ (—m <0 <7). (3.17)

When r € Z, we regard e, as a continuous function on 5.
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Lemma 3.8. Suppose that w9 € W; is homogeneous, and Y,(w®, z) is energy-bounded and

satisfies condition (3.1).

(a) Let p € R. Then there exists M, > 0, such that for any f € C*(S"\{—1}),w") € W;, we have

Yao(w®, fluV) e Hy, and
Hya 2 f J)” P‘f‘v,\p|+t”w(j)Hp+r'

(b) For any w) € W;, w*) € W), we have

e—mrA (3)

WY (w®, )y = Z

mz0 m

Proof. (a) We have
Volw®, fud = Z F($)Valw®, s)w
SELy

Choose M,, > 0 such that (3.2) always holds. Then

> Hf<s>ya<w“%s>w<”»lp

SEZV

< 0 M|+ [P

SEZV

:Mp‘f‘v,‘]ﬂ—i-tHw(j)H

p+r’
In particular, Y, (w®, f)w') e H.
(b) For any w") € W;, w*) € W}, and z € C* with argument arg z, we have
<w(k)|ya( @), z)w(j)>
=7, 2 )
w('” .
oA () Z <ya*(me(1) Z Hw (k)|w(3)>_

m=0

Note also that % = e 2940 Therefore we have
<w(k)|y (w (@) f)w(j)>
<w Vo (w®, YD) f (i) d6

7’LTI'A (1 ' '
_ Z J <ya*([,mw(z) ) (k)|w(J)>e*z(m+272Aw(i))e—f(ew)dg
m=0
7’L’7TA (,L - |
— Z ———— Y (LT w0 ) (m+2—2Aw(i))f)w(k)|w(3)>,
m=0
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By lemma 3.8, if w® is homogeneous and Y,(w'”,z) is energy-bounded, then
Va(w®, f) can be viewed as an unbounded operator from #; to H; with domain W;.
Moreover, the domain of Y, (w @ f ) contains a dense subspace of Hy. (which is W). So

Vo (w®, f) is preclosed. We let Y, (w®, f) be its closure . By inequality (3.18), H7 is inside
2 (Valw®, f)), the domain of YV, (w®, f), and Y, (w®, [IHF < HY. In the following, we
will always view Y, (w®, f) : HF — H as the restriction of Vo (w®, f) to HE. Vo (w®, f)
is called a smeared intertwining operator. The closed operator Y, (w®, f)* = YV, (w®, f )*
is the adjoint of V,(w®, f). The formal adjoint of ), (w®, f), which is denoted by
Vo (w', )1, is the restriction of Y, (w', f)* to Hj? — HF.

The following proposition follows directly from lemma 3.8.

Proposition 3.9. Suppose that w® e W; is homogeneous, Y, (w®, x) is energy-bounded and
satisfies condition (3.1). Then for any f € C.(S™\{—1}), the following statements are true:

(@) Yo(wD, fYHP < HP. Moreover, for any p € R, there exists M, > 0 independent of f, such
that for any £9) € HF, we have

||yo‘(w(i)’ f)g(])”p < Mp‘f‘V,\p|+tH€(j)Hp+r' (324)

(b) Vo(w®, f) : HE — HP has the formal adjoint Yo (w®, f)T: Hj® — HEF, which satisfies

—iTA (@)

Yalw®, f)f = Y

mz=0

m yoz* (Lm () e(m+2 2A (Z))f) (325)

In particular, if w'? is quasi-primary, then we have the adjoint relation

ya (w(l), f)T = e_iﬂ—Aw(i) yoz* (w(l)a 6(2—2Aw(¢) )f) (326)
Hence the adjoint relation (3.26) for smeared intertwining operators is established.

Remark 3.10. If )V, € V(ikj) is a unitary energy-bounded intertwining operator of V,

w® € W, is not necessarily homogeneous, and f € C*(S™\{—1}), then by linearity, we can
define a preclosed operator Vo (w”, f) : HE — H to be Yo (w'?, ) = ¥, 5 Va(Pw®, f).
Proposition 3.9-(a) still holds in this case.

Remark 3.11. If W, is a unitary V-module, then Y; € V(,). Choose any vector v € V.
Since the powers of x in Y (v, ) are integers, for each z € C*, Y;(v, z) does not depend on
arg z. Therefore, for any f € CX(S'), we can defined a smeared vertex operator Y;(v, f) :
HP — HP using (3.13).

Braiding of smeared intertwining operators

The relation between products of smeared intertwining operators and correlation
functions is indicated as follows.
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Proposition 3.12. Let V,,, Va,, - - - » Va,, be a chain of unitary energy-bounded intertwining op-
erators of V' with charge spaces W; , W,,, ..., W, respectively. Let W; be the source space of V.,
and let Wy, be the target space of V,,,,. Choose mutually disjoint Iy, I, ..., I, € J(S"\{—1}). For
each m = 1,2,...,n we choose w') € W; and f,, € C*(1,,). Then for any w9 e W, and
w(k) € Wk,

<yan (w(ln)7 fn) T yal (w(i1)7 fl)w(]) |w(k)>
:f oo | D, () €)Y (w0 ) BN F () - (e - 6y - - - 6,

(3.27)
Proof.
Z HPS”yO‘n (w(zn)’ fn)PSnflyOénfl (w(in71)> fn—l)Psnfz T PSI yoq (w(il)a fl)w(]) H
S1yeeey sn€R
- Z Hyan (w(ln)’ tn) e yoa (w(il)a tl)w(j) H ) ‘ﬁ(tl) T ﬁl(tn) ) (328)
t1yeetn€Zy

which, by proposition 3.2, is finite. Hence, for all ry,...,r,,71/re, ... ,17_1/mn € [1/2,1],
the following functions of sy, ..., s,:

‘<Psnyan (w(in)’ F)Ps - Py Va, (w(n)’ fl)w<j>|w(k)>

I R (T_l) .. (Tn—l)s”*lrﬁw““ (3.29)
T2 T'n
are bounded by a constant multiplied by
<P5nyan (w(in)’ fn)Pan U P81ya1 (w(h), fl)w(j)|w(k)>" (3-30)
the sum of which over sy, ..., s, is finite. Therefore, if we always assume that ry,...,r, >

Oand 0 < 7y/ry < -+ <rp_1/r, < 1, then by dominated convergence theorem and relation
(1.26),

<yan (w(ln)a fn) T yOél (w(il)7 fl)w(j) |w(k)>
— Z (Py, Vo (W) fVPy, - Py Vo, (W™, ) |w®

- Z lim (<Psnyan (w(in)a fn)Psnﬂ T Ps1ya1 (w(il)a fl)w(j)|w(k)>

—A =A i) (T1)%! Tn—1\*""1 A &
Lpy B w(m)(_) ( ) mw“)
) Tn

=m0 (<Psnyan(w<l‘"%fn)Psn,l---P51yal<w<“>,f1>w<j>|w<’“>>
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AN —A (in) (T1)51 Tn—1\°"1 A &
. 7,1 w(i1) ey w(in) (_) .. ( n ) n w( ))
) T'n

s

Sn—1
77777

T <Psn yo‘n (w(i”)7 eien)P

Py Vo, (0D, )@ g ® gy Sl Butin)
r S1 Ty Sn—1 A i i

()T ()T ™) fule ) - 6
) Tn

<+ Py Vo, (w(“), rlei(’l)w(j) |w(k)>f1 (ewl) e fn(ew")dﬁl - d0,,. (3.31)

By theorem 2.2 and the discussion below, the sum and the integrals in (3.31) commute.
Therefore (3.31) equals

T ™ . .
lim . J Z <P5nyan (w(m)7 Tn@len)Psn71

- T s1,..,5n€R

. .Pslyal(w(h), rle“’l)w(j>|w(k)>f1(e"91) o F(EPVO, - 8,

[~ iy
= lim X . <yan (w(in)’ rneie")
T1yeeyn—=1 o
N (w(“), rlewl)w(j) |w(k)>f1 (ewl) e fn(ew")del - d8,,. (3.32)

By continuity of correlation functions, the limit and the integrals in (3.32) commute. So
(3.32) equals the right hand side of equation (3.27). Thus the proof is completed. O

Corollary 3.13. Let V., Y. be unitary enerqy-bounded intertwining operators of V with common
charge space W;, and Vs, Y be unitary energy-bounded intertwining operators of V with common
charge space W;. Choose z;,z; € S* and assume that argz; < argz; < argz; + 2m. Choose
disjoint open intervals I, J € J(S™\{—1}) such that I is anticlockwise to .J. Suppose that for any
w e W;, w9 e W;, the following braid relation holds:

ya (w(2)7 zz)yﬁ(w<])7 Zj) = y,é” (w(j)v Zj)ya’ (w(l)v Zl) (333)
Then for any f e CX(I),g € CF(J), we have the braid relation for intertwining operators:
ya(w(i)> f)yﬁ(w(])> g) = y,é” (w(j)v g)ya’ (w(1)7 f) (334)

Note that if W, is the source space of V3, then both sides of equation (3.34) are under-
stood to be acting on H;’.

Remark 3.14. If J, and V., (resp. Vs and V) are the vertex operator Y}, then the above
corollary still holds if we assume that I € J (resp. J € J).
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Rotation covariance of smeared intertwining operators

For each t € R, we define an action

t(t) : St — S, e(t)(e?) = 0. (3.35)
For any g € C(Sh), we let
t(t)g = g o t(—t). (3.36)
Therefore, if J € 7, then t(¢t)C*(J) = C*(x(t).J). We also define ¢’ € C*(S') to be
I d %
g = Tg(e?) 3:37)

Rotation covariance is stated as follows.

Proposition 3.15. Suppose that ), € V(ikj) is unitary, w® e W, is homogeneous, Y(w¥, z)
is energy bounded, and J € J(S™\{—1}). Choose ¢ > 0 such that v(t)J < S"\{-1} for any
t € (—¢,¢). Then forany g € C(J) and t € (—¢, €), the following equations hold when both sides
act on H:

[Lo, Ya(w™, g)] = Vo (wD, (Ao — 1)g + ig'), (3.38)
Gy, (WD g)e 0 =y, (w("), e Auim—Diy(t) 9). (3.39)

Proof. By equation (1.24), for any z = ¢* € J we have

[Lo, Ya(w®, 2)]
=A ) Va (w(i), 2) 4 20,), (w(i), 2)
:Aw(i)ya(w(i)a eiG) — Z.aeya(w(i)a ei@)

when evaluated between vectors inside W; and W},. Thus we have
[Lo, Va(w, g)] = J [Lo, Valw®, e®)]g(e")do
N f (Aw(i’) ya (w(l)v 67;9) - iaOya(w(i)y eig))g(eie)de

o T 0
=8,0Ya(w®,g) ~i | BYa(uw?, e%9>g<e19>§—ﬁd9
d e
_H(Q(e )27T)d6

d
Ao Valw®, g) +i ya( ©), ) (g () + ig(e’ ));—Wde

—T

:(Aw(i) )ya( >g)+lya( 79/)'

=0 Va(w! )+Z y (w®, )
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This proves the first equation. To prove the second one, we first note that for any 7 > 0,
when h € R is small enough, the | - |y ,-norm of the function

ei(Aw(i)*l)(Hh)T(t + h)g _ ei(Aw(i)*l)tt(t)g
(i — DB Die(r)g — o Vee(r) )

is o(h). For any £U) € H?, we define a function Z(t) for |¢| < ¢ to be

[1]

(t) = e*itfoya(w@, ei(Aw(i)_1)tt(t)g)€itfog(j)'

Now we can apply relation (3.38) and proposition 3.9 to see that the vector norm of =(¢ +
h) —=(t) is o(h) for any [t| < e. (In fact this is true for any Sobolev norm.) This shows that
the derivative of =(t) exists and equals 0. So =(t) is a constant function. In particular, we
have Z(0) = =(¢), which implies (3.39). O

The strong intertwining property of smeared intertwining operators

Proposition 3.16. Let ), € V(ikj) be unitary, w® e W, be homogeneous, and v € V be quasi-
primary. Suppose that v = v, Y, (w2 is energy bounded, and Y; (v, x), Yy (v, z) satisfy linear
energy bounds. Let I € J,J € J(S'\{—1}) be disjoint. Choose f € C*(I),g € CX(J). Assume

that f satisfies
e A2, f = gimBuf2e, L f. (3.40)

Then Y;(v, f) and Yy (v, f) are essentially self-adjoint, and for any t € R, we have

eith(v,f)H;O MY, ARV Vil (3.41)
itYi(v.f) Va(wWD, g) = Volw®, g) .Y (o.f) (3.42)

Proof. Define the direct sum V-module W; = W; @+ W, of W; and Wj. Then H, is the
norm completion of W), H;° is the dense subspace of smooth vectors, and Y;(v, f) =
diag(Y;(v, f), Yi(v, f)). By equations (3.40) and (3.26), Y, (v, f) is symmetric (i.e., Y, (v, )" =
Yi(v, f)). Since Y,(v,z) satisfies linear energy bounds, by proposition 3.9-(a), relation
(3.38), and lemma B.8, Y;(v, f) is essentially self-adjoint, and eV 1("NH* < H*. This is
equivalent to saying that Y;(v, f) and Yj(v, f) are essentially self-adjoint, and relation
(3.41) holds.

Let A = Y(v, f). Regard B = Y, (w, g) as an unbounded operator on #;, being
the original one when acting on %, and zero when acting on H;. (So the domain of B
is H;’O S+ Hy.) By propositions 2.13, 3.13, and remark 3.14, AB = BA when both sides
of the equation act on H{°. By theorem B.9, A commutes strongly with B. Therefore
e*. B = B - ¢, which is equivalent to equation (3.42). O
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A Appendix for chapter 2

A.1 Uniqueness of formal series expansions

Using Cauchy’s integral formula, the coefficients of a Laurent series .\ a,2" are
determined by the values of this series when z is near 0. This uniqueness property can be
generalized to formal series, as we now see.

Let ¢, be a finite subset of R, and let ¥ = % + Z=o = {it + m : p € %, m € Zso}. Itis
clear that the series

flz1,.oy2n) = Z Cpt oy 24 2T (A1)
Hseoosin €Y
converges absolutely if and only if for any 1, .. ., i, € %, the power series
Z Coy tom /Ln+mnzit1+m1 .. ZZTLJ"mn
mi,..., Mmn€Zx0

converges absolutely. Hence, by root test, if f(z,...,z2,) converges absolutely for some
21,...,2n # 0, then f(Gy,...,(,) converges absolutely whenever 0 < |(;| < |z],...,0 <
|Gnl < [2al.

The uniqueness property is stated as follows:

Proposition A.1. Let ry,...,7, > 0. Forany 1 < | < n, we choose a sequence of complex
numbers {z(my) : 0 < |zi(my)| < 71}myez., Such that im,,, o z(m;) = 0. Suppose that (A.1)
converges absolutely when 0 < |z < r1,...,0 < |z,| < ry, and that for any my, ..., m,, we
have f(z1(my), ..., z.(my)) = 0. Then for any py, . .., i, € 4, the coefficient c,, ..., = 0.

Proof. (cf. [Hua95] section 15.4) By induction, it suffices to prove the case when n = 1.
Then the series can be written as f(z) = ZkeZ;l 2, where i1 > i, for any k, and
we have a sequence of complex values {z,,} converging to zero, on which the values of f
vanish. Define a series g(z) = },.;_, ¢, 2"* 2. Then the series g(z) converges absolutely
when 0 < |z| < 7, and limsup,_,, |g(2)| < 400 . Since f(z)z " = ¢,, + 2#> " g(z), we have
Cuy = limy, o0 f(2(m))z(m)~#* = 0. This proves that ¢,, = 0. Repeat the same argument,
we see that ¢,, = 0 for any k. O

A.2 Linear independence of products of intertwining operators

This section is devoted to the proof of proposition 2.3. First, we need the following
lemma, the proof of which is an easy exercise.

Lemma A.2. Let W; be an irreducible V-module. Let n = 1,2,.... Consider the V-module
W = W, @W;@---@W,. Then for any V-module homomorphism R : W; — WE, there
exist complex numbers Ay, ..., \, such that

Rw®) = M\w® \w®, . Aw®)  (w® e V). (A.2)
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Proof. For any 1 < m < n, let p,, be the projection of W" onto its m-th component. Then
pmR € Endy (W;). Since W; is irreducible, there exists A,, € C such that p,,R = \,,idy,.
(A.2) now follows immediately. O

Let W;, W; be two V-modules. For any k € £ we choose a basis {), : a € ©};} of

V(). Consider the V-module W, = @, (D ,cor Wi'), where each Wy is a V-module
equivalent to Wj. It's contragredient module is W; = @,cc ( Docor Wg), where W2 is
the contragredient module of W}*. Consider a type (ilj) intertwining operator ) defined

as follows: for any w® e W;, w) € W;, we let

V(w?, z)wt) = D ( D ya(w(i),x)wm), (A.3)

ke \ a6k,

i.e., the projection of Y (w® z)w¥) to W is Y, (w®, z)w).
The following property is due to Huang. See [Hua95] lemma 14.9. The notations and
terminologies in that article are different from ours, so we include a proof here.

Proposition A.3. Choose z € C* with arqument arg z. Let w® € W5. If for any w® € W;, w9 e
W;, we have

WO, Y(w?, 2)wy = 0, (A.4)
then w® = 0.

Proof. Let W, be the subspace of all w(") € W; satisfying (A.4). We show that I/; = 0.
Note that by relation (1.21), for any u € V, m € Z we have

Yi(u, m)P(w®, 2) = Y(w?, 2)Yi(u,m) = ) (f)y(wu,h)w“),z)zm‘h- (A.5)

hEZ;O

From this we see that WW; is a V-submodule of W;. If W; # 0, then W; contains an irre-
ducible submodule equivalent to W, for some k € £. This implies that we have a non-zero
V-module homomorphism R : Wy — @aeef. W2 < W, and that the image of R is inside
W ’

By lemma A.2, we can choose complex numbers {)\, : a € @fj}, not all of which
are zero, such that for any w*), Ruw®*) = (—Bae@?j Aow®. Hence for any w e W;,w") e

W;, w® € W,, we have

D7 Al Vo, 2)w)y = 0.

ae@fj
Since 3-point correlation functions are determined by their values at the point z, we have

Z Aalw® Vo (0D, 2)w?y = 0,

k
ae@ij
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where z is a formal variable. But we know that {), : a € ©};} are linearly independent,
which forces all the coefficients A\, to be zero. Hence we have a contradiction. O

Corollary A.4. Vectors of the form Y(w®, s)w) (w® e W;,wl) € W;, s € R) span the vector
space W,.

Proof. Choose any w(®) € W; satisfying that for any w® e W, w € W}, s € R,
<w(7), V(W s)wy = 0. (A.6)

Then for any z € C*, equation (A.4) holds. So w® must be zero. O

Proof of proposition 2.3. It is clear that ® is surjective. So we only need to prove that ¢ is
injective. By induction, it suffices to prove that the linear map W:

k ‘ k
@(V(. | | .)@V(.].)>—>V(. | | )
je€ plpn_ - 12] 1 %0 intp—1 """ 112

XQ Vo — X
is injective. To prove this, we choose, for any j € &, a linear basis {), : « € @{lio} of
V(iljio). If we can prove, forany j € £, a € O/, X, € V(. in_lkm . j), that
DD Xda=0 (A7)

Jee ae@{ X
10

always implies that X, = 0 for all ¢, then the injectivity of ¥ follows immediately.
Now suppose that (A.7) is true. Then for any w®) e W, ,w™ e W ,... ,wt) e W;  se

R, and 2, ..., 2, satisfying 0 < |z2| < --- < |z,|, we have, by proposition A.1,
Z Z Ao (w'™ w2, 2) Ve (0 s)wl) = 0. (A.8)
JEE e’

110

(i0) (i0)

7 ., there exist w;”, ... wy’ €

11107

By corollary A4, for any j € & wV) ¢ W;and a € ©
Wio,wgil), . ,wgl) € Wi, s1,...,5n € R, such that
ya(wgil), 31)w§i0) +oee gt ya(w(h)’ Sm)w(io) - w(j),

m m

and that for any 5 # «,
Vo™ s)wl™ + - + Yy, 5, )wlio) = 0.

Hence X, (w'™), ... w(®); 2, ... 2)wl) = 0. n

54



A.3 General braiding and fusion relations

In this section, we prove all the results claimed in section 2.2. In the following proofs
of absolute convergence, the idea of analytic continuation (lemma A.5) and induction is
due to [HLZ11] proposition 12.7. The trick in step 1 of the proof of theorem 2.5 using B
to transform certain types of absolute convergence to other types can be found in [Hua95]
proposition 14.1. What’s new in our proofs is the change-of-variable trick: we replace the
original complex variables 21, z;, ... with the moduli parameters wy, ws, ... which control
the shape of gluing together Riemann spheres with three holes (pants).

We first introduce some temporary notations. For any r > 0,let D(r) = {z e C: |z| <
r}, D*(r) = D(r)\{0}, and E(r) = D(r) n (0, +0). Then we have the following:

Lemma A.5. Given a power series

no .n n;
Z Croni..m 20 21" "+ 7 (A.9)
n0,n1,.-,n€ZL30
of the complex variables zy, z1, ..., z, where | € Z-q and each ¢y, . n, € C. Suppose that there
exist ro,r1,. .., > 0, such that for any ny, the power series
n n
Gno (21, 21) = Z Cront.m 21t 2 (A.10)

N yeeny ’anZ;()

converges absolutely on D(ry) x --- x D(r;); that for any z, € E(r1),..., 2z € E(r)),

f(zo0,21,. ., 21) = Z Gno (215 -+ 2n) 20, (A.11)

ner>0

converges absolutely as a power series of zy on D(ro); and that f can be analytically continued to
a multivalued holomorphic function on D*(rg) x D*(ry) x -+ x D*(r;). Then the power series
(A.9) converges absolutely on D(rg) x D(ry) x -+ x D(ry).

Proof. Consider the multivalued holomorphic function f. From (A.11), we know that for
any z; € E(r1),...,% € E(r), f is single-valued for z, € D*(ry). So f is single-valued on
2o for any z; € D*(r1),..., 2, € D*(r).

Now, for any ng € Z,

Gno (21, oy 2n) = ﬁf(zo, 21, .. ,zl)ZO’"’l— (A.12)

0

is a multivalued holomorphic function on D*(ry) x - - - x D*(r;). If ng = 0, then by (A.11),
we must have §,, = ¢,, on E(ry) x --- x E(r;). Since gy, is holomorphic, §,, = g», on
D*(ry) x -+ x D*(r;). Hence g,, is single-valued. Similarly, when n, < 0, we have
Gno (215 ..y 2n) = 0on E(ry) x -+ x E(r;), and hence on D*(ry) x --- x D*(r;). There-
fore, f(20,21, -, 2n) = Dipyez Ino (21, - - -, 2n) 2° is single-valued on D> (rg) x D*(ry) x - - - X
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D*(ry), and the Laurant series expansion of f near the origin has no negative powers of
20,21, - - - » Zn. SO f is a single-valued holomorphic function on D(r¢) x D(ry) x --- x D(r;)
with power series expansion (A.9). We can thus conclude that (A.9) converges absolutely
on D(rg) x D(ry) x -+ x D(r). O

Recall that a series f(z1,...,2,) = X, crCsis.?1 - "2, is called a quasi power
series of 21, ..., z,, if f equals a power series multiplied by a monomial of zi, ..., z,, i.e.,
if there exist t,...,t, € Csuch that f(z1,...,2,)2" --- zl» € C[[21, .. ., z]]-

Proof of theorem 2.5. Step 1. We first prove the convergence. Let IV; be the charge space of
Y,. Then for any w(®) e W;,, w®® e W;, we have
yv(w(i% x)w(io)

:yBJrB—"/(w(i)? aj)w

:exL_l yB_'y(w(iO) , eiﬂ'x)w(i) ,

(40)

where 7 is a formal variable. Then for any w® e Wr, we have
<y7(w(i)7 zl)w(iO), w(E)>
=V, (WD, z)w®), w(E)>‘x=Z1
:<emL71yB—"/(w(i0)7 emx)w(i)v w(E)>‘x=z1
:<y3—7(w(i0)7 eiﬂx)w(i)v exLlw(E)>‘x:z1

=<y3_7(’w(i°), ei”zl)w(i), €Z1L1w(E)>'
Therefore,

Yy (Po Yo, (W), 2, — 20) Py Vo (w1 2 1 — 2)
e PV (0, 2 — 2w, 2 )@, @
=<yB_7(w(i°), e"21) Py, Vs, (w(i”), z2n—21)Ps, _ Vo, _, (w(i""l), Zn-1— 21)
e PV, () 2y — 2w et L1y, (A.13)

Hence, by theorem 2.2 and the discussion below, the sum of (A.13) over s3, s3,...,5, € R
converges absolutely and locally uniformly.

Step 2. Assume that

0 < |z1| < z| <+ <zl

0<|zg—21| <|zm— 21| <|zm— 21| <, (A.14)
and choose arguments arg 21, arg zs, . . ., arg 2,, arg(zs — 1), . . . , arg(z, — 21). We prove, by
induction on n, that (2.8) defined near the point (21, 2, ..., 2,) is a correlation function,

56



i.e., it can be written as a product of a chain of intertwining operators. The case n = 2 was
proved in [Hua95] and [Hua05a]. Suppose this theorem holds for n — 1, we now prove it
for n. By analytic continuation, it suffices to assume also that

|21| + |ZQ — 21| < |23| (A15)

Let W;, be the target space of ),,. By induction, there exists a chain of intertwining
operators Vs, Vo, Yoy - - - » Ya,, With charge spaces W;,, Wi, , W,,, ..., W, respectively, such

in

that W, is the source space of );, that W is the target space of Va,, and that for any

wlo) e Wi, wb2) e Wj,,w®) e Wi, wl) e Wy, ..., wi) e W; , we have the fusion relation
y’y (yan (w(i"), Zn — Zl)yan_l(w(in_l)a Zp—1 — 21) o 'y0'3 (w(i3)> e Zl)w(j2)> Zl)w(io)

=Yoo (W, 2) Ve (0 2 1) - Vg (00, 23) Vs (w2, 27 )awi0) (A.16)

near the point (z1, 23, 24, - - . , 2n)-
There also exists a chain of intertwining operator ), , V., with charge spaces W;,, W,,,

i1

such that the source space of ), is W;,, that the target space of ), equals that of )5, and
that the fusion relation

Vs (3202( )2 21)w(i1), 21) = yozg( Z2)ya ( ,21) (A.17)

holds near the point (21, z,). Now we compute, omitting the evaluation under any w® e
WE’ that
Vo (Vo (WO 2 — 20) V(00 2y = 21) -+ Yoy (W1, 29 — 20)w ) 2y )0l
= Z y’y Vo (W (in) s 2n = 21) Vo, (W (in- 1), Zno1—21) - Py Vo, (w(iQ)y z2 — Zl)w(il)y Zl)w(io)

s1€ER

= Z ya (Zn Z?’L ya ,1( 7«n 1)7Zn—1) ot 'yag(w(i3)7Z3)

s1€ER

'yd(Pslyog( (i2) 29 — Zl)w(il) Zl)w(io)
- Z Z yan( Zn ) Sn— 1yan 1( (inil)vzn—l)PSn72

s1€R s2,..., Sn_1€ER

Pay Vo (W) 23) Py, Vs (P, Voo (0 25 — 21 )l 21 )™, (A.18)
If we can prove, for any w® € 1W;, and any 2y, 2, . . . , z, satisfying

0< |22 —21| < |Zl| < |Z3| < |Z4| < - < |Zn|,
|21] + |22 — 21| < [2s], (A.19)

that the expression

<yoz ( (Zn) Zn)yan 1(w(in71)7 Z’n—l) Tt yozg (w(ig)a Z3)
- Vs (ygg( ), 29 — 2w, zl)w(i‘)), w®> (A.20)
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converges absolutely, i.e., the sum of the absolute values of

<P5nyan (w(in)7 2n) Pay_y Ve, (W (znfl)a Zn-1) Py, _,
P33ya3 (w(i3)7 Z3) 52y§ (P81y0'2 (w(h), Z9 — Zl)w(il)a Zl)w(iO)a w(E)> (A21)

over si, ss,...,s, € R is a finite number, then the two sums on the right hand side of
(A.18) commute. Hence (A.18) equals

Z Z Psnyan (w(in)7 Zn)Psnflyanfl (w(in71)7 Zn_l)Psn72

S9yunny sn€ER s1€R

Py Yoy (W), 23) Py, Vs (P, Yoy (w2 20 — )™ 21 ) w0)
Z Z yan (ln)VZn) Sp— 1yan 1( (in— 1)7Zn—1)Psn72

S9yeuny sn€ER s1€R

SSyQS( (i) 23)P82y012( 22)P31ya1( Zl)w(iO)
:yan (w(in)7 Zn)yozn,1 (w( nil); Zn—l) T yoq (w( )7 Zl)w(iO)‘ (A22)

Therefore, if the series (A.20) converges absolutely, then (2.8) defines an (n + 2)-point
correlation function of V. The converse statement (every (n + 2)-point function can be
written in the form (A.20)) can be proved in a similar way.

Step 3. We show that when (A.19) holds, (A.20) converges absolutely. Assume, with-
out loss of generality, that all the intertwining operators in (A.20) are irreducible, and that
all the vectors in (A.20) are homogeneous. Define a new set of variables wy,ws, . .., w, by
setting

Zm = WmWm41 " Wn (3<m<n)’
21 = Walz - - Wp,

29 — 2] = Wiy * * - Wp.
Then condition (A.19) is equivalent to the condition

0<|wn| <1 (1<m<n—1),
0 < |wnl,
|wa| (1 + |wi]) < 1. (A.23)

It is clear that if &y, ws, . . . w, are complex numbers satisfying condition (A.23), then there
exist positive numbers ry > |wy|, 72 > |wal, ..., > |wy|, such that whenever 0 < |w,,| <
rm (1 < m < n), condition (A.23) is satistied. We now prove that the sum of (A.21) over
$1,..., S, converges absolutely on {0 < |wy| <71,...,0 < |w,| < ry}.

Let

Csys9...5,
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:<P5'nyan (w(in)v 1)Psnf1yan71(w(inil)v ]‘)P5n72 T
Py, Yy (W, 1) Py V5 (Pyy Yoy (w0, 10l 1)) 0By, (A.24)

where each Y.(-,1) = Y.(-,z)|__,. By relation (1.26), it is easy to see that (A.21) equals

<Psnw50yan (w(i”)7 ]‘)Psn—lwﬁgl An—1 (w(in_1)7 1)Psn—2 T
’ P53w?€0y043 (w(i3)7 1)P52w2Loy5 (Pslwf‘)y@ (w(iQ)ﬂ 1)w(i1)’ 1)w(i0)’ w(E)>
=Cqy 59,5, W] WaZ + Wi (A.25)
multiplied by a monomial wi'wy® - - - w;", where the powers ry,rs, ..., 7, € R are indepen-
dent of sq,s9,...,s,. Therefore, the absolute convergence of (A.20) is equivalent to the
absolute convergence of the series
Z Csysp.sn W] W2 = - W (A.26)
81,82,...,SnER
on {0 < |wi| < r,0 < |wa| < 79,...,0 < |w,| < r,}. Note that by irreducibility of
the intertwining operators, (A.26) is a quasi power series of wi,ws,...,w,. So we are

going to prove the absolute convergence of (A.26) by checking that (A.26) satisfies all the
conditions in lemma A.5.
Since (A.21) equals (A.25) multiplied by wj'wsy® - --wy*, for each s, € R, step 1 and
theorem 2.2 imply that the series
Z 0513253...571(*)1910‘-);3@}24 e wsn (A27)

n
81,53,84,...,SnER
converges absolutely on {0 < |wy| < 71,0 < |ws| < 75,0 < |ws| < 74,...,0 < |wy| < rp}. If
we assume moreover that 0 < w; < r, then 0 < |wy| < 7 clearly implies 0 < |z1| < |22] <
-+ < |z, and 0 < |29 — 21| < |21]|. Hence, the following quasi power series of ws

r1, T2 Tn
g (03

s1, 83 s S2
Csy15983...8n,W1 W3~ =« wnn>WQ )
s2€R N s1,53,...,5nER

= Z <yan (w(ln)a Zn)yan_l (w(in_l)a anl) o yag (w(iS)a 23)

s2€R
P Vs (Vo (w2 25 — 2 w2 Y@ p®)
- Z <y0‘n (w(ln)7 Zn)yan—1 (w(in_l)a anl) e yas (w(“), Zd)

s2€R

) PSanz (w(iQ)a Z2)ya1 (w(il)’ Zl)w(iO)a w(E)> (A28)

must converge absolutely on {0 < |wz| < r2}. By theorem 2.4, the function (A.28) defined
on {0 < wy; < 71,0 < |wa| < 79,...,0 < |wy| < r,} can be analytically continued to a
multivalued holomorphic function on {0 < |w;| < r1,0 < |we| < 72,...,0 < |w,| < ru}.
Hence by lemma A.5, the quasi power series (A.26) converges absolutely on {0 < |w;| <
Ty ey 0 < wn| <1} O
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Proof of theorem 2.6. The argument here is similar to step 3 of the proof of theorem 2.5.
Assume, without loss of generality, that all the intertwining operators in (2.11) are irre-
ducible, and all the vectors in it are homogeneous. We prove this theorem by induction
on m. The case that m = 1 is proved in theorem 2.5. Suppose that the theorem holds for
m — 1, we prove this for m.

Define a new set of variables {wf : 1 < a < m,1 < b < n,} in the following way: For
any 1 < a <m, we set

20 = Wit (A.29)
and if 2 < b < n,, we set

a, a+l1 m a, .a a
2y — 27 = wiwi Wit Wy W (A.30)

Na

Then the condition (1) and (2) on {z) : 1 < a < m,1 < b < n,} is equivalent to the
condition

0<|w|<1l (I<a<m,2<b<ny,),
0 < Jwr®|,
0<|wi[(1+ (1 =bp1)|ws]) <1—(1=0p1)|wit ] I<a<m-—1). (A.31)

Na+1

It is clear that if {&) : 1 < a < m,1 < b < n,} are complex numbers satisfying condition
(A.31), then there exist positive numbers {ry > |w|}, such that whenever 0 < |wf| < r{ for
all @ and b, then (A.31) is true. If, moreover, any wj except wi satisfies 0 < w < rg, then
condition (3) also also holds for {z{ : 1 <a <m,1 <b<n,}.

Let § be the sequence {si}, & be {w{}, 5\s] be {all s{ excepts}}, and &J\w; be
{all wy except wi}. We let & = [, <, 1<p<n, (Wh)*. For each 5, we define

e — <[ I1 Ps%yaa(( [T Pda(ui, ))wg,1)]wi,wﬁ>, (A.32)
mzazl na=b>2
where each Y.(-, 1) means ).(-, z)|,=1. Then by (1.26), the expression
<[ n Psrlz)/aa<( H ya (wy, 2y — zl))wl,zl>]w w > (A.33)
m=az=1 Ng=b>2

equals ¢z - & multiplied by a monomial of & whose power is mdependent of 5. By induc-
tion, we can show that for each sj € R, the series sl G5 - & - (wh)~*1 of @\wl converges

absolutely on {&\w] : 0 < |wf| < rg}; that for all &\w; satisfying 0 < w < 77,

D) e (A.34)

1 1
s1€R 3\sy

as a series of wj, converges absolutely on {w] : 0 < |w{| < r{}; and that as a function of &,
(A.34) can be analytically continued to a multivalued holomorphic function on {J : 0 <
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lwi| < r¢}. Hence, by lemma A.5, the quasi power series Y .cs - &° converges absolutely
on {& : 0 < |wf| < r¢}. If, moreover, {z} satisfy condition (3), then by induction and
the argument in step 2 of the proof of theorem 2.5, (2.11) can be written as a product of a
chain of intertwining operators. So it is a correlation function defined near {z;}. O

Proof of corollary 2.7. One can prove this corollary, either by theorem 2.6 and the argument
in step 1 of the proof of theorem 2.5, or by induction and the argument in step 3 of the
proof of theorem 2.5. We leave the details to the reader. O

Proof of proposition 2.9. Fix z; € C*. Let w; (resp. ws) be a vector in the source space
(resp. in the contragredient module of the target space) of V;. Let z;, z;;, 7;; be commuting
independent formal variables. It is easy to check that for any w*) € W},

(Ys(e Fjil— (k),xz‘)wl,w2> = (Vs (w(k),%‘ + Tji)wy, wa)
51
Z (YVs(w w1,w2>< Sl >:ch_5 il (A.35)

seR,l€Z>0

Put z; = z;, we have
<y5 (e%jiL‘lw(k), Zi)wla w2> = <y6 (w(k)a Zi + %ji)w1>w2>
—s—1
= Z <y5 )wl,w2>< Sl >zZ s—1= l%él (A.36)

seR,l€Z>0

Clearly

(Vs (y'y(w @ e 2w, 2 + Zji)wi, wa) (A.37)
is a multivalued holomorphic function of zj;, Z;; when 0 < |z, |Z;| < 1]z]|. Since the
series

Z (Vs (Psyv(w(’ e 2w 2+ Zji)wi, wa ) (A.38)

seR

converges absolutely and locally uniformly, the infinite sum commutes with Cauchy’s
integrals around the pole Z;; = 0. From this we see that (A.37) has the series expansion

<y5 (yv(w @ ei”xﬂ)w(j), 2 + fji)wl, w2> I (A.39)
which must be absolute convergent, and also equals
(Vs (eiﬂL‘lyv(w @ Ty wW), zi)wy, wa ) s (A.40)
Therefore, when 0 < |z; — z;| < 3|2/, the series
Z (Vs (Pre(zf_zi)LflPsyA,(w(i), e (2 — 2z))wY, zi)wi, wa) (A.41)

r,s€ER
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converges absolutely and equals (A.37) with z;;, = Zj; = z; — 2.
One the other hand,

(Vs (yBﬂ(w(j), z; — zj)w®, zi)wi, wa )
= Z <y5 (PryBJ_r’y(w(j)7 Rj — Zi)w(i)v Zi)wlv w2>

reR

= Vs pre(zj—Zv:)Lfly w(i)yeii7r Zi— 2 w(j),zi wy, wa ),
v j

reR

which is just (A.41). So it also equals (A.37) with z;; = Z;; = z; — z;. This proves relation
(2.18) when 0 < |z; — 2| < 3|2]|. The general case follows from analytic continuation. [J

Proof of theorem 2.8. The case n = 2 follows immediately from proposition 2.9 and the
tusion relations of two intertwining operators. We now prove the general case.

Since S, is generated by adjacent transpositions, we can assume that ¢ exchanges
m,m + 1 and fixes the other elements in {1,2,... n}. Write

Xl = yam_1 (w(im_l)a mel) Tt yal (w(il)a 21)7
Xy = Vo (W) 2,) o+ Vo, (w2 2 0),

To proof the braid relation in this case, it is equivalent to showing that if 0 < |z;| <

c < Nome1| < Emai| < lzm] < |Zma2| < -0 < |zn], and if we move z,,, 2,41 to satisfy
0 < |z1] < < |Zma1| < |Zm| < |Zms1| < |Zma2| < -+ < |2| by scaling the norms of
Zm, Zm+1, then we can find intertwining operators Vs, , V3,,,, independent of the choice of
vectors, such that

<X2yam (w(im)7 Zm)yam+1 (w(im+l)7 Zm-‘rl)Xlw(iO)a w(k)> (A42)
can be analytically continued to
<X2y,8m+l (w(im+1) ) Zm‘i’l)yﬁm (w(ZM)7 Zm)Xlw(iO)7 w(E)> (A'43)

By analytic continuation, we can also assume that during the process of moving z,,, z,,+1,
conditions 0 < |z1| < -+ < |Zm—1| < |2mls |#ms1| < |Zma2] <+ <|za|and 0 < |z, — 21| <
|2m+1| are always satisfied.

Let W}, be the source space of ),,,,, and W, be the target space of ), . By braiding
of two intertwining operators, there exists a chain of intertwining operators Vs,,, Vs,. .,
with charge spaces W; ,W; . respectively, such that the source space of Vs, is W;,
that the target space of Vs, ., is Wj,, and that for any w0 e Wj,,wl=) e W,  wlin+) e
W;

j? r .
s w2 € W5, the expression

<y04m (w(im)7 Zm)yam+1 (w(im+1)> Zm-‘rl)w(jl): w(j;)> (A44)
defined on 0 < |z,41| < |zm| can be analytically continued to

<y6'm+1 (w(i"”+1)7 Zm+1)yﬁm (w(lm)7 Zm)w(]1)7 w<]72)> (A'45)
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defined on 0 < |z,,| < |zp+1| by scaling the norms of z,, and z,1.
Now, by fusion of intertwining operators, there exist intertwining operators Vs, Y,
with suitable charge spaces, source spaces, and target spaces, such that (A.44) equals

<y6 (y'y (w(im)a Zm — Zm+l)w(im+1)7 Zm+1)w(j1)> w(E)> (A46)

when |z,11| < |z;]. Then (A.45) equals (A.46) when |z,,| < |2,+1|. By theorem 2.6, the
expression

<X2y5 (y'y (w(iM)7 Zm — Zm+1)w(im+1)> Zm+1)Xlw(iD)> w(E)> (A47)

converges absolutely and locally uniformly. Hence it is a locally defined holomorphic
function when 0 < |z1| < -+ < |zm_1] < |2Zm], |Zmi1] < |Zmi2] < -+ < |za|. Therefore (A.42)
can be analytically continued to (A.43) from {0 < |z4+1] < |2m|} t0 {0 < |21n| < |2m11]}. O

B Appendix for chapter 3

B.1 von Neumann algebras generated by closed operators

Let A be a (densely defined) unbounded operator on H with domain Z(A). Choose
x € B(H), i.e., let z be a bounded operator on #. Recall that the notation A < Az means
that 12(A) ¢ Z(A), and A = Az for any £ € Z(A). The following proposition is easy
to show.

Proposition B.1. Let A be a preclosed operator on H with closure A.

(1) If v € B(H) and xA = Ax, then we have x*A* = A*x* and v A = Ax.

(2) If A is closed, then the set of all x € B(H) satisfying tA < Ax form a strongly closed
subalgebra of B(H).

Proof. If tA < Ax then (Az)* < (zA)*. Recall that in general, if A, B are two densely
defined unbounded operators on #, and if AB has dense domain, then B*A* < (AB)*. If
A is bounded, then B*A* = (AB)*. Thus we have *A* c (Ax)* < (zA)* = A*z*. Apply
this relation to z*, A%, and note that A** = A, then we have rA < Ax. This proves part
(1). Part (2) is a routine check. ]

Definition B.2. Let A be a closed operator on a Hilbert space # with domain Z(A), and
let z € B(H). We say that A and z commute strongly'’, if the following relations hold:

xAc Az, x*Ac Az®. (B.1)

Corollary B.3. Suppose that & is a collection of closed operators on H. We define its commutant
&’ to be the set of all bounded operators on H which commute strongly with any element of &.
Then &' is a von Neumann algebra. 1t's double commutant &", which is the commutant of &', is
called the von Neumann algebra generated by S.

7Our definition follows [Neu16] chapter XIV, in which the strong commutativity of an unbounded op-
erator with a bounded one is called adjoint commutativity.
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Lemma B.4. Suppose that A is a closed operator on H, and v € B(H) is a unitary operator. Let
A = uH (resp. Hu) be the left (resp. right) polar decomposition of A, such that u the partial
isometry and H the self adjoint opertor. Then the following conditions are equivalent:

(a) v commutes strongly with A.
(b) vA = Av. (B.2)
(c) [u,v] = 0, and [e" v] = 0 for any t € R. (B.3)

Proof. We prove this for the left polar decomposition. The other case can be proved in the
same way.

(a)=(b): Since v commutes strongly with 4, we have vA < Av and v™'A < Av™h
Therefore, vZ(A) = 2(A) and v '2(A) ¢ Z(A). So we must have vZ(A) = Z(A), and
hence vA = Av.

(b)=(a): If vA = Av, then vAv™ = A. So Av™' = v~ A, which proves (a).

(b)=>(c): We have vAv™' = A. Thus by uniqueness of left polar decompositions, we
have vuv™ = wand vHv™! = H. Hence for any ¢ € R we have

veltH =1 — giv(tH)v™t _ JitH
This proves (c).

(c)=>(b): Suppose that we have (B.3). Then vuv™! = uand ve™v~! = ¢"# On the other
hand, we always have vey~! = ¢ in general. So vHv ' and H are both generators
of the one parameter unitary group vev~!. Hence we must have vHv™' = H. This
implies that vA = Av. Therefore (b) is true. O

Proposition B.5. Let & be a set of closed operators on H. Foreach A € &, we either let A = uaH
be the left polar decomposition of A, or let A = H su, be the right polar decomposition of A. Then
&" is the von Neumann algebra generated by the bounded operators {u, ¢4 : t e R, A € &}.

Proof. Let M be the von Neumann algebras generated by those u4 and e¢#4. We show
that M = &".

Let U(&’) be the set of unitary operators in &’. We know that /(&’) generates &'.
So &" = U(&'). By lemma B.4 (a)=(c) we see that M commutes with /(&’). Hence
McU@) =6"

Let U (M) be the set of unitary operators in M’, the commutant of M. Then by lemma
B.4 (c)=(a) we also have Y(M') = &'. Hence M’ < &', which implies that M > &". Thus
we’ve proved that M = &”. O

Corollary B.6. Assume that A is a closed operator on H and x € B(H). Let A = uH (resp. Hu)
be the left (resp. right) polar decomposition of A with u the partial isometry and H the self adjoint
opertor. Then x commutes strongly with A if and only if [u,z] = 0 and [ x] = 0 for any
teR.

Proof. Let & = {A}. Then by proposition B.5, &” is generated by u and all ¢*#. Thus
z € &' if and only if 2 commutes with u and all e, O
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Definition B.7. Let A and B be two closed operators on a Hilbert space #. We say that
A and B commute strongly, if the von Neumann algebra generated by A commutes with
the one generated by B.

If M is a von Neumann algebra on # and A is a closed operator on H. We say that
A is affiliated with M, if the von Neumann algebra generated by the single operator A
is inside M. Now suppose that AV is another von Neumann algebra on a Hilbert space
K, and 7 : M — N is a normal (i.e. o—weakly continuous) unital *-homomorphism.
We define 7(A) to be a closed operator on K affiliated with A/ in the following way: Let
A = uH be its left polar decomposition. Define w(H) to be the generator of the one
parameter unitary group 7(e?) acting on #, i.e., the unique self-adjoint operator on K
satisfying

) — () (t e R). (B.4)
We then define
m(A) = 7(u)m(H). (B.5)

We can also define m(A) using the right polar decomposition of A. It is easy to show that
these two definitions are the same.

B.2 A criterion for strong commutativity

A famous example of Nelson (cf. [Nel59]) shows that two unbounded self-adjoint
operators commuting on a common invariant core might not commute strongly. In this
section, we give a criterion on the strong commutativity of unbounded closed operators.
Our approach follows [TL99] and [TL04]. See also [G]12] section 19.4 for related materials.

Suppose that D is a self-adjoint positive operator on a Hilbert space H. For any r €
R, we let H" be the domain of (1 + D)". It is clear that H™ > #H"™ if r; < ry. We let
H* = (),20 " Define a norm ||-||, on H, to be |[{]|,= [|(1 + D)"¢||. Suppose that K is an
unbounded operator on H with invariant domain H* (“invariant” means that KH* <
H*), that K is symmetric, i.e., for any £, € H* we have

(K&|ny = &[Kmy, (B.6)

and that for any n € Z, there exist positive numbers |K|,+; and |K|p ,+1, such that for
any £ € H* we have

K€l K a1, (B.7)
ITD, K1Elln< 1K s [€llnsr (B.8)
Since K is symmetric, it is obviously preclosed. We let K denote the closure K. The

following lemma is due to Toledano-Laredo (cf. [TL99] proposition 2.1'® and corollary
2.2).

8Toledano-Laredo’s proof of this proposition was based on a trick in [FL74] theorem 2.

65



Lemma B.8. K is self-adjoint. Moreover, the following statements are true:
(1) For any n € Zso and t € R, the unitary operator e"X restricts to a bounded linear map
H" — H" with .
[ ellns P, € e A (B.9)
(2) Forany § e H*, he Rand k = 1,2, ..., we have
S - hk
ez(tJrh)Kg _ ethé} 4ot y

where all terms are in H*® and R(h) = o(h*) in each ||-||, norm, i.e., ||R(h)||.h % — 0as h — 0.

K*e"™ ¢ + R(h), (B.10)

This lemma may help us prove the following important criterion for strong commuta-
tivity of unbounded closed operators.

Theorem B.9. Let T' be another unbounded operator on ‘H with invariant domain H*. Suppose
that T satisfies the following conditions:

(1) There exists m € Zx, such that for any n € Z=,, we can find a positive number |T |, ., such
that

ITE[n< | Tl eml|€llnrm (€ € HT). (B.11)

(2) T is a preclosed operator on H.
(3) KT, = TKE forany £ € H™.
Then the self-adjoint operator K commutes strongly with T, the closure of T.

Proof. By lemma B.8, for each ¢t € R, ¢'K leaves H® invariant. We want to show that
KT~ K =T on H®. (B.12)
For any £ € H* we define a H*-valued function = on R by
2(t) = K Te K¢, (B.13)

If we can show that this function is constant, then we have Z(¢t) = Z(0), which proves
(B.12). To prove this, it suffices to show that the derivative of this function is always 0.
Foranyt e R,if 0 # h € R, then

=(t + h) :ei(t+h)FTefi(t+h)?€ (B.14)
:ei(t+h)FT((1 _ ihK)e*itfﬁ +o(h)) (B.15)
= TNET (1 —ihK)e ™ ¢ 4 o(h) (B.16)
—eitME it g _ ittt K =itk e 4 o(p) (B.17)

=[e"F(1 + ihK)Te "¢ + o(h)]
— ih[e"F(1 + ihK)KTe K¢ + o(h)] + o(h) (B.18)
:eitFTefitfg +o(h) = Z(t) + o(h), (B.19)
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where (B.15) and (B.18) follow from (B.10), and (B.17) follows from the relation KT = TK
on H*. We also used the fact that T'o(h) = o(h) (which follows from (B.11)) in (B.16). Here
the meaning of o(h) is same as that in lemma B.8.

Hence we have shown that =Z'(¢) = 0 for any ¢t € R, which proves (B.12). Now we
regard T as an unbounded operator on H. By passing to the closure, we have ¢ Te K =
T. This shows that T commutes strongly with K. O
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