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Abstract

In a recent work [DGT19b], Damiolini-Gibney-Tarasca showed that for a Cs-
cofinite rational vertex operator algebra V, sheaves of conformal blocks are locally
free and satisfy the factorization property. In this article, we prove that if V is Cs-
cofinite, the sewing of conformal blocks is convergent. This proves a conjecture pro-
posed by Zhu [Zhu94] and Huang [Hual6], generalizing previous results on the con-
vergence of products, iterates, and traces (but not pseudo-traces) of vertex operators
and intertwining operators in [Zhu96, Hua95, Hua05b, HLZ11] and on the conver-
gence of projective factors related to the central charge of the Virasoro algebra in
[Hua97].

Introduction

In conformal field theory (CFT), conformal blocks are linear functionals defined for N-
pointed compact Riemann surfaces, together with a vertex operator algebra (VOA) V and
V-modules Wy, ..., Wy. One can sew a (possibly disconnected) N-pointed compact Rie-
mann surface along pairs of points (with local coordinates) to obtain a new pointed com-
pact Riemann surface with possibly higher genus or more marked points. Correspond-
ing to this geometric sewing construction, one can also sew conformal blocks by tak-
ing contractions [Seg88, Vafa87, TK88, TUY89, BEM91, Zhu94, Hua97, Hua05a, Hua05b,
NTO05, Hual6, DGT19b]. In this article, we prove that for V satisfying natural conditions,
sewing conformal blocks is convergent, solving a conjecture proposed in [Zhu94, Conj.
8.1] and [Hual6, Problem 2.2]. Our result provides a necessary step for the construction
of higher genus rational (Euclidean) CFT in the sense of Segal [Seg88]. We hope it will
also benefit other approaches to Euclidean CFT, such as the functional analytic one in
[Ten17, Ten19a, Ten19b, Ten19¢].

Conformal blocks were first studied by physicists [BPZ84, FS87, MS89]. In mathe-
matics, conformal blocks were defined and explored by Tsuchiya-Kanie [TK88] for Weiss-
Zumino-Witten (WZW) models and genus 0 Riemann surfaces, and were generalized by
Tsuchiya-Ueno-Yamada to stable curves of all genera in [TUY89]. For minimal models,
conformal blocks over any stable curve was studied by Beilinson-Feigein-Mazur [BFM91].
In particular, factorization was proved for these models in [TUY89, BEM91]. A definition
of conformal blocks for quasi-primarily generated VOAs was given by Zhu in [Zhu94],
and was generalized to any (N-graded) VOA on families of compact Riemann surfaces by
Frenkel and Ben-Zvi in [FB04]. In [DGT19a, DGT19b], Damiolini-Gibney-Tarasca defined
conformal blocks for VOAs associated to (algebraic) families of stable curves, and showed
that when V is Cs-cofinite and rational, sheaves of conformal blocks are vector bundles
with projectively flat connections, and proved the factorization property and a (formal)
sewing theorem. Their results generalize those of Tsuchiya-Ueno-Yamada [TUY89] for
WZW models, those of Nagatomo-Tsuchiya [NT05] for genus 0 curves, and part of the
results of Huang for genus 0 and 1 curves [Hua95, Hua05a, Hua05b]. In [DGT19c], the
authors proved Chern characters of these bundles give cohomological field theories, and
called CFT-type Cs-cofinite rational VOAs of CohFT-type. In the conformal net approach
to CFT, conformal blocks were defined and investigated by Bartels-Douglas-Henriques
[BDH17].



Sewing conjecture

Conformal blocks are the chiral halves of correlation functions of full CFT. Assume
throughout this article that V is a positive-energy vertex operator algebra (VOA), i.e.
the Lo-grading on V is V. = @, V(n) where each V(n) is finite-dimensional. For
an N-pointed compact Riemann surface X = (C;x,...,2y) where z1,...,zy are dis-
tinct points of a compact Riemann surface C!, one associates to these points V-modules
W1, ..., Wy. Then a conformal block 1 is a linear functional on W, = W; ® - -- @ Wy
“invariant” under the actions of certain global sections related to V. If one has a family
of N-pointed compact Riemann surfaces parametrized by a base manifold B, then one al-
lows 1 to vary holomorphically over B. The vertex operator Y (-, z) can be regarded as a
conformal block associated to P! with distinct points 0, z, o0 and modules V, V, V' (where
V' is the contragredient module of V). More generally, if W;, Wy, W3 are V-modules,
an intertwining operator )(-, z) of type (WXX‘;’VQ) (as defined in [FHL93]) corresponds to a
conformal block associated to (P!, 0, z, 00) and W, Wo, W5.

A fundamental problem in rational CFT is to prove the convergence of sewing confor-
mal blocks. Suppose we have an (N + 2)-pointed compact Riemann surface

X=(C;x1,...,oN,2",2").

Then we can sew X along the pair of points 2/, 2" to obtain another Riemann surface
with possibly higher genus. More precisely, we choose &, w to be local coordinates of C
at /,2”. Namely, they are univalent (i.e. holomorphic and injective) functions defined
respectively in neighborhoods U’ 5 2/, U” 5 2" satisfying {(2’) = 0,w(z”) = 0. For each
r>0weletD, = {z € C: |z] <r}and D) = D, — {0}. We choose r,p > 0 so that
the neighborhoods U’, U” can be chosen to satisfy that £(U’) = D, and w(U") = D,), that
U nU" = (g, and that none of x1,...,zy is in U’ or U”". Then, for each ¢ € D;,, we

remove the closed subdiscs of U’, U” determined respectively by || < % and || < @,
and glue the remaining part using the relation {zw = ¢. Then we obtain an N-pointed
compact Riemann surface

xq = (Cq5331>---7$N)

which clearly depends on ¢ and w.

Now, if we associate finitely-generated V-modules W, ..., Wy, M, M’ (where M’ is
the contragredient (i.e. dual) module of M) to z1,...,zy,2’, 2", and choose a conformal
block { associated to X and these V-modules, then its sewing Sy is an W} = (W; ®
--- Wy )*-valued formal series of ¢ defined by sending each we = w1 ® - -- @ wy € W, to

Sh(we) = Y(we ® g™ »®<) € C{q}[logq]

where » ® « is the element of the “algebraic completion” of M ® 4 corresponding to
the identity element of Endc(M), and Ly is the zero mode of the Virasoro operators
{L, : n € Z}. (Cf. [Seg88, Vafa87, TUY89, Hua97, DGT19b].) The sewing conjecture,

'We do not assume C to be connected



as proposed in [Zhu94, Conj. 8.1] and [Hual6, Problem 2.2], says that if V satisfies nice
properties (such as the Cs-cofiniteness), then S\(w,) converges absolutely to a (possi-
bly) multivalued function on D;,. Moreover, for each g € Dy, SY(-, q) defines a confor-
mal block associated to X; and Wy, ..., Wy. If we sew c along n pairs of points, and if
we let 21,..., 2y and C and vary and be parametrized holomorphically by variables
Te = (71, ..., Tm), then sewing conformal blocks is also absolutely convergent with respect
toqi,...,qn and (locally) uniform with respect to 7.

In this article, we give a complete proof of the sewing conjecture (see Section 13 for the
main result), which complements the results of [DGT19b] on local freeness and factoriza-
tion of sheaves of conformal blocks, and provides a necessary step of constructing rational
conformal field theories on arbitrary (families of) compact Riemann surfaces. We remark
that a sewing theorem (Thm. 8.5.1) was proved in [DGT19b]. In that theorem, one treats
the (infinitesimal) formal disc SpecC[[q]] instead of the analytic disc D,,, which is suffi-
cient for application in the algebraic category. In particular, the convergence of sewing is
not needed and not proved in [DGT19b]. In the analytic category, which is the one we are
working in, the convergence is necessary. (Also, note that D,., is not well-defined in the
algebraic category.)

Historically, the sewing conjecture was proved in some special cases. Our result is
general in the following aspects:

(a) We consider any N-graded Ca-cofinite VOA V and any finitely-generated (admissi-
ble) V-module.

(b) We consider compact /N-pointed Riemann surfaces of all genera.

(c) We consider any (analytic) coordinates £, w at 2/, z”, and prove the convergence on
D,, whenever r, p satisfy the previously described conditions. (Namely, we prove
the convergence not only when ¢ is small.)

(d) We consider sewing along several pairs of points, and allow X and ¥ to be
parametrized holomorphically by some 7,.

To our knowledge, no previous results have covered all these aspects. Nevertheless, even
those partial results have played extremely important roles in the development of a rig-
orous mathematical theory of conformal field theory. For instance: convergence in the
genus 0 case is necessary for the statement of braiding and operator product expan-
sions (fusion) of intertwining operators [TK88, Hua05a]; convergence of self-sewing a
3-pointed P! (which leads to a 1-pointed elliptic curve) is necessary for the statement
of modular invariance of VOA characters [Zhu96]; convergence of sewing a general N-
pointed P! is necessary for the proof of Verlinde conjecture and the rigidity and modular-
ity of the tensor category of VOA modules [Hua05b, Hua08a, Hua08b].

History of the proof of convergence

In [TK88], Tsuchiya and Kanie proved for type A; WZW models the convergence of
the products of intertwining operators, i.e. the convergence of sewing conformal blocks
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of such VOAs from (possibly disconnected) genus 0 to genus 0 Riemann surfaces. Their
method applies directly to any WZW model. The local coordinates £, w in their result are
2,2~ at 0,00. Their method is to show that the formal series S\ satisfies a differential
equation (the Knizhnik—Zamolodchikov equation) with simple pole at ¢ = 0, and the
coefficients of the differential equation is a (matrix-valued) analytic function of ¢ and 7,
(parametrizing X and ). Any result about convergence proved after [TK88], including
ours, follows this pattern. The difficulty is, of course, to find such differential equations.

In [TUY89], Tsuchiya-Ueno-Yamada showed that for all WZW-models and all com-
pact Riemann surfaces, there exist local coordinates &, w at 2/, 2" (which are called z,w
and described in [TUY89, Lemma 6.1.2] and [Ueno97, Lemma 5.3.1]) such that such dif-
ferential equations exist for small gq. This leads immediately to the convergence of Sy
under those conditions, which was later explicitly claimed in [Ueno97, Thm. 5.3.4]. Gen-
eralizing their result to any ¢, w is not straightforward.

In [Zhu96], Zhu proved the convergence for any CFI-type C5-cofinite VOA and
ordinary V-modules, for self-sewing an (N + 2)-pointed P! along 0,00 with respect
to local coordinates z,27! to an N-pointed elliptic curve, assuming that the N V-
modules Wy, ..., Wy not associated 0,00 are the vacuum module V. Its generaliza-
tion to any V-modules Wy, ..., Wy is non-trivial and proved by Huang in [HuaO5b].
When Wy, ..., Wy are grading-restricted generalized V-modules (equivalently, finitely-
generated admissible V-modules [Hua09]), the convergence was proved by Fiordalisi
in [Fiol6] involving pseudo-traces. (Note that our results do not cover pseudo-traces.)
Meanwhile, for Cs-cofinite VOAs and ordinary V-modules, for sewing several pointed P!
to a pointed P!, and assuming the local coordinates at sewing points are z or 271, Huang
proved in [HuaO5a] the convergence of sewing conformal blocks for any V-modules.
This result, with the help of [Hua98], can be generalized to any local coordinates ¢, @
at sewing points. When Wy, ..., Wy are grading-restricted generalized V-modules, the
convergence is due to Huang-Lepowski-Zhang [HLZ11]. The solution of sewing conjec-
ture is more or less complete in genus 0. When V is holomorphic, the convergence of
sewing with respect to suitable local coordinates was proved by [Cod19].

Idea of the proof

Our proof of convergence is motivated by [DGT19b]. To explain the idea, we assume
for simplicity that the V-modules are semisimple. It was shown in [DGT19b] that by
sewing a conformal block 1, we get a formal conformal block S as a formal series of ¢
(Thm. 8.5.1) annihilated by V5, (Rem. 8.3.3) where V is a connection of the sheaf of con-
formal blocks on the infinitesimal disk Spec(C|[[¢]]) defined in [DGT19a]. The definition
of V is unique up to a projective term. In other words, if we choose V to be an (analytic)
connection defined on the analytic disc D;,,, then S is annihilated by V5, plus a pro-
jective term f which is a priori only a formal power series of q. A key step of proving
the convergence of S1 is to show that f converges. Then, using a finiteness theorem 7.4
analogous to [DGT19b, Thm. 8.4.2], we obtain the desired differential equation.

It turns out that the connection V is determined by a (relative) projective structure

P on X. Moreover, when ¢, @ belong to B, the projective term f equals 0. Thus, for a



chosen B and the corresponding V, if we assume &, @ belong to ‘B, then V5, S = 0,
which will provide the differential equation.? The vanishing of f is due to that of the
Schwarzian derivatives between local coordinates belonging to . In general, one cannot
expect that &, @ belong to the same projective structure. To resolve this issue, we fix a
projective structure °B3, and find an explicit formula of f in terms of °B, £, w, and the other
local coordinates. That formula (see (11.18)) shows that f is analytic.

Outline

To carry out the above ideas, we first define and study some basic properties of
sheaves of conformal blocks on complex curves and analytic families of curves. This is
achieved in Sections 3 and 6. To prepare for this task, we first review Huang’s change of
coordinate formulas [Hua97] in Section 1. This formula is used to define sheaves of VOAs
on curves and families of curves in Sections 2 and 5. In Section 4, we follow [TUY89, Sec.
6.1] and give a precise description of how to sew a compact Riemann surface and form
a family of curves over the disc D,,. In fact, we describe the simultaneous sewing for a
family of compact Riemann surfaces over a complex manifold 53, which yield a family of
complex curve over B := B x D;p.

In Section 7, we prove a finiteness theorem which will turn the relation (Vg5 + f)S =
0 into a differential equation with analytic coefficients (provided that f converges) and
simple poles at ¢ = 0. Section 8 recalls some basic facts about Schwarzian derivatives,
and Section 9 prepares for the calculation of the projective term f. In Section 10, we give
a proof that S is a formal conformal block using an argument similar to but slightly
different from the one in [DGT19b]. Then, in Section 11, we prove the convergence of
sewing conformal blocks associated to a family X of compact Riemann surfaces along a
pair of (families of) points. This result is generalized to sewing along several pairs of
points in Section 13. In particular, our convergence theorem in the most general form
is given in Theorem 13.1 of that section. In Section 12, we show that the sewing map
P — SY (defined in a suitable and natural way) is injective, assuming V is C-cofinite
and the modules for sewing are semisimple. If V is also CFI-type and rational, then this
map is also bijective due to the factorization property proved in [DGT19b]. Using these
results, we give an analytic version of the sewing theorem (Thm. 8.5.1) of [DGT19b].

We would like to point out that although many ideas are common in the analytical
and algebraic settings, there are some subtle differences that will lead to different proof
strategies. See Remark 7.5 for instance.
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1 Change of coordinates

Throughout this article, we let N = {0,1,2,...} and Z; = {1,2,3,...}. Also, C* =
C — {0}. If W is a vector space and z is a (formal) variable, we define

W[z]] = { > wnz" : each wy, € W},

neN

W[[=*Y] = { > wnz": each wy, € W},

neZ

W((z)) = {f(z) : 2 f(2) € W][[z]] for some k € Z},
W{z} = { Z wpz" : each wy, € W}

neC

Wlog z]{z} and W{z}[log z] are understood in the obvious way by treating z and log =
as two unrelated formal variables. In particular, they are subspaces of W{log z, z}. On
W {log z, 2}, we define a linear operator ¢, by (choosing w € W)

0.(w - 2F(log 2)') = w - (k2*"Y(log 2)! + 1zF "1 (log 2)!1). (1.1)

Clearly z0, preserves the subspaces Wlog z|{z} and W {z}[log z].

Let V be a vertex operator algebra (VOA for short) in the sense of [FHL93]. We let 1
and c be respectively the vacuum vector and the conformal vector of V. For each u € V,
we write the vertex operator as Y (v,2) = Y, _, Y (v),27""! where each Y (v),, € End(V).
Then {L,, = Y (c)n+1} are the Virasoro operators with a central charge ¢ € C. We write
V = @,z V(n) where V(n) is the eigenspace of Ly with eigenvalue n. We write wt(v) = n
if v € V(n). We assume L has no negative eigenvalues (i.e.,, V = @®,enV(n)), and each
V(n) is finite dimensional.

In this article, a V-module W (with vertex operators Yi(v,2) = >, Ya(v)nz ™"}
and Virasoro operators L, = Yj(c),+1) means a finitely-admissible V-module. This
means that W is a weak V-module in the sense of [DLM97], that W is equipped with a
diagonalizable operator Lo satisfying [Lo, Y (v)n] = Yw(Lov)n — (n + 1)Yiy(v)y, that the
eigenvalues of Ly are in N, and that each eigenspace W(n) is finite-dimensional. (Without
the last finite-dimension condition, W is an admissible (i.e. N-gradable) module in the
usual sense.) Let

W =P W(n)
neN
be the grading given by Lo, then
Y (v)mW(n) € W(n + wt(v) —m —1). (1.2)

In (1.2), by taking v = c, we see that each W(n) is Lo-invariant, or equivalently,
[Lo, Lo] = 0. We can decompose Lo|w(,) and hence Lo into mutually commuting the



semi-simple part and nilpotent part Lo = Lo + Lo n. Eo clearly commutes with Ly s and
Lon. We let

W=D W,
neC

be the L s-grading of W. Then we have (cf. [HLZ14, Prop. 2.19])
Yw(0)mWin) © W pwiw)—m—1]5 (1.3)

or equivalently, [Lo s, Yw(v)n] = Yw(Lov), — (n + 1)Yywy(v),. By Jacobi identity, the same
relation holds when L , is replaced by L. So both Lo— Losand Ly, = Lo— Lo commute
with the action of V on W. Thus, we see that if W is finitely generated, then thereis K € N
such that Lo,n’“w =0forallweW.

We say that W is finitely L (-semisimple if there exists a finite set &/ — C such that

W= P Wy, dimWp <+o.
neE+N

In this case, we can choose E such that any two elements of F do not differ by an integer.
Then for each a € E, Wy = @,,cq sy Wp is a submodule of W. Such W, is called Lo s-
simple. Thus, every finitely L s-semisimple V-module is a finite direct sum of L s-simple
ones. It is clear that W is L s-simple if and only if f/o — Lo is a constant.

A vector w € W is called Lo- (resp. Lys-) homogeneous with weight n if w € W(n)
(resp. w € Wp,)). In this case, we write wt(w) = n (resp. wt(w) = n). Note that the
Lo-weights are natural numbers but the Ly -weights are not necessarily.

Warning: For each finitely-admissible V-module W, the choice of f/O is not unique. We
fix EO for each W obeying the following rule:

Convention 1.1. For the vacuum module V, we choose Eo tobe Lo. SoV(n) = V(). [ W
is a V-module with simple Lo s-grading, we choose Ly such that it equals a constant plus

Los. If W is finitely Lo s-semisimple, we choose Zo such that for each o € E as above, EO
leaves W, invariant and equals L s plus a constant.

We now recall the formula for changing coordinates discovered by Huang [Hua97].
To begin with, we let Oc o be the stalk of the sheaf of holomorphic functions of C at 0.
Namely, an element in O¢ q is precisely a formal power series f(z) = >, .y anz" (ay € C)
converging absolutely in a neighborhood of 0. We consider the subset G of all p € 0¢
satisfying p(0) = 0 and p’(0) # 0. Then G becomes a group if we define the multiplication
of two elements p1, p2 to be their composition p; o ps. The identity element of G is the
standard coordinate z of C.

For each p € G, we can find ¢g, ¢1, ¢2, - - - € C such that

p(z) = co - exp ( 2 cnz”H@Z)z

n>0




For instance, if we write
p(z) = a1z + apz® + agz® + -, (1.4)
then one has

Co = ary,
C1Co = a2,

ca2Ccy + c%co = as.

In particular, one has

co = p'(0).

We define U(p) € End(W) to be

Ulp) = p' )% - exp (Y] enLn) (15)
n>0
Notice a,, = p(™(0)/n!, we have
_150)
T 2,00
_1p"0) 1/p"(0)y2

=50 " ilgm) (10

Remark 1.2. Considering the action of ¢/(p) on W might be inconvenient since W is not
finite-dimensional. On the other hand, W(n) might not be preserved by U(p). Thus, it
would be better to consider WS" = @, _, W(k) which is finite-dimensional and pre-
served by U(p).

Since L,, WS" = W<"~1 when m > 0, from (1.5) it is easy to see that for any w € W(n),

Up)w = p'(0)"w mod WL (1.7)
In other words, the action of U(p) on W<"/W<"~1 is p/(0)"1.
The following was (essentially) proved in [Hua97] section 4.2:

Theorem 1.3. For each V-module W, U is a representation of G on W. Namely, we have U(p; o
p2) = U(p1)U(p2) for each py, p2 € G.

Example 14. It is easy to see that (c;220,)"z = nlcfz"*l. Thus exp(c1220.)z =
> ez = 2/(1 — ¢12). For each € € C*, we sety, € G to be
1 1
= - —. 1.8
vel?) = e ¢ (1.8)



If we set a(z) = —£72z, then y¢(2) = /(1 — £a) = exp(c1a?d,)(a). Thus, by (1.5) and
that U/ preserves composition, we obtain

Ulye) = P (—¢2)lo, (1.9)

In particular,

U(yr) = el (=1)Fe. (1.10)

It is easy to see y¢(£2) = £y (z). Thus

Ulye)eho = ¢ o (yy). (1.11)

Remark 1.5. Let X be a complex manifold and p : X — G,z — p, a function. We say
that p is a holomorphic family of transformations if for any x € X, there exists an open
subset V' — X containing « and an open subset U < C containing 0 such that (z,y) €
U x V — py(2) is a holomorphic function on U x V. Then it is clear that the coefficients
ai,az, ... in (1.4) depend holomorphically on the parameter x € X. Hence the same is
true for co, ¢1, ¢z, . ... Thus, by the formula (1.5), for any w € WS™, 2 € X — U(p,)w is a
W<s"-valued holomorphic function on X. Thus (p) can be regarded as an isomorphism
of O'x-modules

Ulp) : WS" Q¢ Ox — W' ®c Ox (1.12)
sending each W<"-valued function w to the section z — U (p,)w(z). Its inverse is U (p~1).

If W is a V-module, then its contragredient module W’ can be describe using ().
As a vector space,

W = P W(n)*

neC

where W(n)* is the dual space of W(n). For each v € V, the vertex operator Yy (v, 2) is
defined such that if w € W, w’ € W/, then, using (,) to denote the natural pairing of W and
W, we have

Ny (v, 2)w’, w)y = (w', Y (U (v2)v, 27 Hw), (1.13)

recalling that U(y.) = e*F1(—272)Lo. That (W', Yyy) satisfies the definition of a V-module
follows from [FHL93]. We have

LY = Lo, (1.14)
ie., (Low,w'y = (w, Lyw') for each w € W, w' € W'. Also, by choosing the v in (1.13) to be

the conformal vector, we see L!, = L_,, and in particular L = Lg. So Los" = Los, Lon" =
Lony.
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2 Sheaves of VOAs on complex curves

In this article, for any complex manifold or complex space X, we let Ox denote the
sheaf (of germs) of holomorphic functions of X. So for each open subset U < X, O0x(U)
(written also as &'(U) for short) is the algebra of holomorphic functions on U. For every
(sheaf of) &x-modules &, recall the usual notation that &, is the stalk of & at z € X.
The dual &x-module of & is denoted by &*, or & 1 when & is a line bundle. For two
Ox-modules &,.7, we write their tensor product & ®¢, % as & ® .# for short. If Y is a
complex submanifold or complex subspace of X, we let &|Y (also written as &’|y’) denote
the restriction of & to X, namely, the pullback of & along the inclusion map Y <— X. The
restriction of a section s of & is denoted by s|.X or s|x. In the case Y is a single point
{x}, the restriction &'|x can be naturally identified with &, /m,&, where m,, the ideal of all
f € Ox 4 vanishing at z. If s is a section defined near x, we let s(z) be the restriction s|z.
If we consider s(z) as an element of &,/m, &, then s(z) equals s, + m, &, where s, € &,
is the germ of s at x.

By a complex curve C, we mean either a compact Riemann surface® or a (simple)
nodal curve. For simplicity, we assume throughout this article that a nodal curve has
only one (simple) node. We let wc denote the dualizing sheaf of C, which is the sheaf of
holomorphic 1-forms when C is smooth (i.e., a compact Riemann surface). Its dual sheaf
is denoted by ©¢ = w&l, which is the (holomorphic) tangent bundle when C' is smooth.
In the case that C' is nodal, ¢, wc, ©¢ are described as follows.

Assume C has only one simple node. Then C' can be obtained by gluing two distinct
points v/, y” of a compact Riemann surface C' (the normalization of C).* The gluing map
is denoted by v : C — C. We identify C'—{y,y"} with C — {2/} (where 2’ = v(y/) = v(y"))
via v. Then O¢c(U),wc(U),0¢(U) agree with 0x(U),ws(U),O0x(U) when o’ # U. If
2’ € U and U is small enough such that v~1(U) is a disjoint union of neighborhoods
V' 5y, V" 54", and that there exist univalent functions £ € &(V’),w € 0(V") satistying
£(y') = w(y") = 0, then Oc(U) consists of all f € Op(V' U V") satisfying f(y') = f(y");
Oc¢(U) is the (free) Oc(U)-submodule of ©x(V' U V") generated by the tangent fields
whose restrictions to V' u V" are

0k, resp. — W0y, (2.1)
we (U) is the (free) O¢(U)-submodule of wg (v~ (U — {2})) generated by
¢lde, resp. — w ldw.

We refer the reader to [ACG11, Chap.X] for basic facts about nodal curves.

Definition of 7,

Let V be a VOA. The sheaf of VOA 7 on a complex curve C is defined when C' is
smooth by [FB04] and generalized to (simple) nodal curves by [DGT19a]. Let us recall the

3Unless otherwise stated, compact Riemann surfaces are not assumed to be connected.
*To simplify the following discussions, when C' is smooth, we let C be C and v be the identity map.
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definition. ¥¢ is defined by the filtration

. <n
Yo = lim 15",
neN

where each “1/5” is a locally free Oc-module (i.e., a vector bundle) of rank dim V<™. We
need some preparation before we describe 75"

We first assume C' is a smooth curve or the smooth open subset of a nodal curve. Let
U,V be open subsets of C, equipped with univalent functionsn € &(U), u € (V). Define
a holomorphic family o(n|p) : U n'V — G as follows. Forany p €e U n'V, n — n(p) and
i — p(p) are local coordinates at p. We set o(n|u), € G satisfying

n—n(p) = o(n|pw)p(p — 1(p))- (2.2)

Let z € Oc be the standard coordinate. Then, by composing both sides of (2.2) with
(2 + p(p)), we find the equivalent formula

o(nlw)p(z) = nopu (= + up)) — np), (2.3)

which justifies that the family of transformation o(n|x) is holomorphic. It is also clear
that if 71, 72, n3 are three local coordinates, then on their common domain the following
cocycle condition holds:

o(n3lm) = e(nslnz)e(n2lm). (2.4)

By Remark 1.5, for each n € N we have an isomorphism of & ~y-modules

U(o(nlp)) : V" ®c Opny — V" Q¢ Opny.

The vector bundle “I/an is defined such that its transition functions are given by
U(o(n|w)). Thus, for any open subset U < C and a univalent n € &(U), we have a trivi-
lization, i.e., an isomorphism of &y -modules

Z/{Q(T]> : 7/;”|U = VSH ®(C ﬁU. (25)
If V < Cis also open and p € (V) is univalent, then on U n V' we have

Ug (MU (1)~ = U(o(nlp)). (2.6)

From (1.7), we can compute that for any section v of V<" ®¢ Oy vy,
Up(mMUy(p) ™ v = (0u)™ -v mod V="' ®c Oy (2.7)

By comparing the transition functions, we see that 75" /75" ! is naturally equivalent to
V(n) ®c OF" (cf. [FBO4, Sec. 6.5.9]).

We now assume C' has a node z’. We shall define ”//5” to be an Ox-submodule of
“//5_"{:6,} as follows. Let 75" be equal to 7/0@{35’} outside z’. To describe ¥5" near 2/,

we choose a neighborhood U of 2/, and choose v/, y", V', V", § € O(V'),w € O(V") as
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previously. Then U — {2’} can be identified with (V' — {¢/}) u (V" — {¢"}) via v. We let
Y5 (U) be the 0¢(U)-submodule of 7/511{1,} (U — {«'}) generated by

Uy (&)1 (E50) + Up(w) T (@™ U (1)) (VYo e V). (2.8)

To be more precise, (2.8) defines a section on (V' — {y'}) u (V" — {y"}) which equals
Up(§)71(1ov) on (V! — {y'}) and U,(w)* (@™U(v1)v) on V”. Also, £&0 is an element
of Ox(V' — {y'}) acting on the constant section v € V<" < V<" ®@c Ox(V' — {y}),
and w’®U(y1)v is understood in a similar way. It is easy to see that ¥5"(U) is 0¢(U)-
generated freely by (2.8) for all v € E where E is any basis of V<" whose elements are
homogenous. Since y; = y; ', 5" (U) is also generated freely by

Uy (&) (U (1)v) + Uy(w)H (wh00). (2.9)
forallv e E.

Proposition 2.1. Let C be a complex curve and n € N. Then we have the following isomorphism
of Oc-modules:

V")V~ V(n) @c 08", (2.10)

Under this isomorphism, if U < C'is open and smooth, and n € O'(U) is univalent, then for any
v e V(n), v® 0y is identified with the equivalence class of Uy (n) o,

Cf. [FB04, Sec.6.5.9] and [DGT19b].

Proof. By the transition function (2.7), we obtain a surjective 0 (,;j-module morphism
U 7/5\@,} - V(n)® @%{l{w,} sending Uy(n) 'vtov® ) if v € V(n), and to 0 if v € V<L,
U has kernel “//Cg\?;; Now let U be a neighborhood of 2’ as in the setting of (2.8). Then ¥
sends (2.8) to v®E" ¢ |vr () 0@ (—w)" % [y n g, whenever v € V(n)n E. (Recall that £
is a homogeneous basis of V<".) From this and (2.1) we see that W restricts to a surjective
Oc-module morphism ¥ : 75" — V(n) ® @Cé)" and that Ker¥(U) is 0¢(U)-generated by
(2.8) for all v € VS~ 1 E. Thus ¥ descends to an isomorphism (2.10). O

A vanishing theorem

In the remaining part of this section, we use Proposition 2.1 to prove a vanishing
theorem for chn ® we. By an (analytic) local coordinate n of C' at a smooth point z,
we mean a (holomorphic) univalent function 1 defined on a smooth neighborhood of =
satisfying n(x) = 0. By an N-pointed complex curve with local coordinates

X = (C§$17-~-7$N37717-~-777N)

we mean a complex curve C together with IV distinct smooth points z1,z2,..., 2y € C
such that each z; is associated with a local coordinate 7; at x;. If local coordinates are not
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specified, we simply say an N-pointed complex curve X = (C;z1,...,zn). Unless oth-
erwise stated, we assume that each irreducible component of C' (equivalently, each connected
component of (7) contains at least one of x1,...,TN.

We set

Sx=x1+22+ -+ 2N,

which can be considered as a divisor both of C and of C. Note that by Kodaira vanish-
ing theorem, if C' is smooth and connected with genus ¢, and .Z is a line bundle on C,
then H(C,.Z ® wc) = 0 and (by Serre duality) equivalently H°(C,.#~!) = 0 when-
ever deg.¥ > 0. Since degwc = 2g — 2, we conclude that H!(C,.#) = 0 whenever
deg & > 2g — 2.

Recall that C' is the normalization of the complex curve C. We let § be the largest
genus of the connected components of C. Let M € {0, 1} be the number of nodes. Notice
the following elementary fact:

Lemma 2.2. Choose any integer n > —1. Then H'(C,0%"(kSx)) = 0 whenever k > (n +
1)(29 — 2) + 2M.

Recall that for any locally free & (i.e., & is a vector bundle), &(kSx) ~ & ® O(kSx) is
the sheaf of meromorphic sections of & whose only possible poles are at z1,...,zy and
of orders at most k. Also, this lemma can be easily generalized to curves with more than
one node.

Proof. Assume first of all that C' is smooth. Then it suffices to assume C' is connected.
Then g is the genus g of C. Since deg ©¢c = 2 — 2g, the degree of @%”(ka) is no less than
n(2 — 2g) + k, which is greater than 2g — 2 if £ > (n + 1)(2g — 2). In that case, we have
HY(C,08"(kSx)) = 0 by the discussion before the lemma.

Next, assume C has onenode 2’ = v(y’) = v(y"). Choose any k > (n+1)(2g—2)+2. To
prove the vanishing of H!, it suffices, by Serre duality, to prove H°(C, w?(nﬂ) (—kSx)) =

0. Note that H°(C, wg("ﬂ) (—kSzx)) can be viewed as a subspace of H%(C, ) where £ =

w?(nﬂ)(—ka + 4 +y"). We shall prove that for each connected component Cy of C,

HO(Co, Z|&,) = 0. This is true since

deg(Z|p ) < (n+1)degwg,) —k+2<(n+1)(29-2) -k +2<0.

Theorem 2.3. Choose any n € N, and assume k > n - max{0,2g — 2} + 2M. Then
HY(C, & @ we(kSx)) = 0.

Proof. Since V<1 is trivial, we have 75° ~ 750/75 7" ~ V(0) ®c ¢ by Proposition 2.1.
Thus, the claim follows from Lemma 2.2. Now, suppose the claim is true for n — 1. We
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shall prove that it is also true for n. Assume k > n - max{0,2g — 2} + 2M. By Proposition
2.1, we have an exact sequence

HY(C, /5" @we(kSx)) — HY(C, 45" @ we (KSx))
— H'(C,V(n) ®c 05" (kSy)).

The first term vanishes by induction, and the last term vanishes by Lemma 2.2. Thus the
middle term vanishes. O

3 Conformal blocks associated to complex curves

We recall the definition of conformal blocks associated to complex curves in [FB04]
and [DGT19a, DGT19b], but rephrase it in the analytic language suitable for our purpose
in this article.

Action of H°(C, Y- @ wc(eSx)) on W,

LetX = (C;z1,...,zN;M1,...,nN) be an N-pointed complex curve with local coordi-
nates. If W is a V-module, then, by considering V as the subspace of constant sections of
V((z)), we can extend the linear map V®c W — W((2)),v ® w — Yy (v, z)w uniquely to
an C((z))-module homomorphism V((z2)) ®c W — W((z)).

Let Wi, Ws, ..., Wy be V-modules. Set Wy = W @ Wo ® - - - @ Wy

Convention 3.1. By w € W,, we mean a vector of W; ® - - - ® Wy. By w, € W,, we mean
a vector of the form wy @ wo ® - - - ® wy, where w; € Wy, ..., wy € Wy.

For each Oc-module &, we set

&(e5x) = lim &(kSx),
keN

whose sections are meromorphic sections of & whose only possible poles are at
Z1,...,xN. Foreach 1 < i < N, if v is a section of ¥ ® wc(eSy) defined near x;, we
define a linear action of v on W; as follows. Choose a neighborhood U; of x; on which 7;
is defined. By tensoring with the identity map of wy,, the map (2.5) induces naturally an
Oy,-module isomorphism (also denoted by U,(7;)):

Up(mi) = Velu, ® wu, (95x) = V ®c wu, (95%).

Identify U; and n;(U;) via ;. Then 7, as a variable equals the standard variable z of C.
The action of v on any w; € W; is then

v-w; = Res,—oYyy, (Up(1i)v, 2)w; (3.1)

(Here the n; in U,(n;) is understood as a coordinate but not a variable. So it is different
from z.)
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Define a linear action of H'(C, 7c ® wc(eSx)) on W, as follows. If v € H*(C, 7 ®
wo(eSx)) and we = w1 ® -+ - @ wy € W,, then

N
Vowe =) W Qua R (v|y,) W R Q. (3.2)
=1

Coordinate-independent definition

Let X = (C;z1,...,2N) be an N-pointed complex curve without specifying local co-
ordinates, and let Wy, ..., Wy be V-modules. Define a vector space #%(W,) isomorphic
to W, as follows. #%(W,) is a (possibly infinite rank) vector bundle on the 0-dimensional
manifold {C} (consider as the base manifold of the family C' — {C}). For any choice of
local coordinates 1o = (71, ...,nn) of 21, ...,z N respectively, we have a trivialization

Una) : #x(W.) = W, (3.3)
such that if u, is another set of local coordinates, then the transition function is

UM U (pa) ™ =U(ne 0 pig )
=Um o py ) U o i) @ @U(nN © piy')- (3.4)

If ve H(C, 7c @ wo(eSx)) and w € #x(W,), we set
vew=U(ne) v Un.) - w, (3.5)
where the action of v on U (7. )w (which depends on 7,) is defined by (3.1) and (3.2).

Theorem 3.2 (Cf. [FB04] Thm. 6.5.4). The action of H°(C, Vo Qwc(eSx)) on #x(W,) defined
by (3.5) is independent of the choice of 1.

Proof. We prove this theorem for the case NV = 1. The general cases can be proved in a
similar way. Choose local coordinates 7, 1 at + = ;1 defined on a neighborhood U. We
identify U with p(U) via p. So p as a coordinate is identified with the standard coordinate
1c of C, and n € G. As a variable, p is identified with the standard one z of C. Also,
identify #5%(W) (where W = W; = W,) with W via U (u1). SoU(p) = U(1c) = 1. Choose
any w € W, choose any section v of ¥¢ ® wc(eSx) defined on U. So

Uy (v = u(2)dz
for some u = u(z) € V®c Oc(0)(U). Then, by (2.6),
Up(n)v = U(e(nllc))ulz)dz = U(e(n|lc):)u(z)dz.
Set variable ¢ = n(z). Then

U)oU) - w = Resc_o Un) " Y (Uy(n)v, O)U(n)w
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where the ( in Yyy is due to the fact that 7 (as a variable) equals ( when U is identified with
n(U) via n. (Such identification is needed in the definition of the coordinate-dependent
action (3.1).) This expression equals

Res.—o U(n) Yoy (U(o(nl1c):)u(z), n(2))U(n)w - dz,
which by Theorem 3.3 (with o = 1) equals
Res.—o Y (u(2), 2)w - dz =U(p) ™" v - U(p) - w.
The proof is complete. O

In the above proof, we have used the following theorem of Huang [Hua97]; see also
[FBO4, Lemma 6.5.6].

Theorem 3.3. Let W be a V-module. Let U < C be a neighborhood of 0. Let o € &'(U) be a local
coordinate at 0 (so (0) = 0). Let 1¢ € G be the standard coordinate of C (i.e. the identity element
of G). Then for any v € V and w € W, we have the following equation of elements in W((z)):

U(a) Yy (v, 2)U ()L w = Yw (U(o(a|1c))v, a(2)) - w. (3.6)

Note that U(o(a|1c))v is in V ®@c O(U) and hence can be regarded as an element of V((z)). Of
course, (3.6) also holds in an obvious way for any v € V((z)).

For instance, take a(z) = Az where A € C*. Then p(a|1¢) is constantly A. It follows
that

AL Yo (0, 2)A"E0 = Yig(ALow, Az). (3.7)
We now define space of covacua

_ Wx(W,)
HO(C, Yo ®@we(eS%)) - #x (W)

Tx(W.) (3.8)

(we have omitted Spanc in the denominator), whose dual vector space is denoted by
7% (W,) and called the space of conformal blocks. Elements of .7;¥(W,) are called con-
formal blocks associated to W, and X. They are the linear functionals of #%(W,) vanish-
ing on the denominator of (3.8).

4 Sewing families of compact Riemann surfaces

By a (holomorphic) family of compact Riemann surfaces X = (7 : C — B) we mean
B,C are complex manifolds, B has finitely many connected components,® 7 is a proper
surjective holomorphic submersion, and each fiber C, := 7 !(b) (where b € B) is a com-
pact Riemann surface.

>This is assumed only for simplicity.
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Note that by Ehresmann’s theorem, when B is connected, as a family of differential
manifolds, X is trivial, i.e,, X is equivalent to the projection C;, x B — B onto the B-
component. In particular, all fibers are diffeomorphic.

We say that

X=(m:CoB;S1,.--,SN; M-y IN)
is a family of NV-pointed compact Riemann surfaces with local coordinates, if
(a) m:C — Bis a family of compact Riemann surfaces.

(b) Each g; is a section of the family, namely, each ¢; : B — C is a holomorphic map
satisfying m o ¢; = 1.

(c) Each 7; is a local coordinate at ¢;(53), which means that there is an open subset
U; c C containing ¢;(B) such that n; € &' (U;) is univalent on each fiber U; ,, = U; n Cy,
of U;. In that case, (7;, 7) is a biholomorphic map from U; to an open subset of C x .
Moreover, we assume the restriction of 7; to ¢;(B) is 0.

(d) <i(B) ng;(B) = & whenever i # j.

(e) For each b € B, every connected component of the fiber C, contains at lease one of
the marked points <1 (b), ..., sy (b).

In the case that the local coordinates 71, . .., ny are not assigned (and hence condition (c)
is not assumed), we say that X = (7 : C — B;<1,...,sy) is a family of N-pointed compact
Riemann surfaces. We set

N
Sx = > si(B)
=1

to be a divisor of C. Then for each b € B,

N
Sx(b) == > i(b)
i=1

is a divisor of C. The definitions of Sy and Sx(b) will also apply to the case that X is
formed by sewing a smooth family.

We say that X is a family of N-pointed complex curves (resp. with local coordi-
nates), if X is either a family of N-pointed compact Riemann surfaces (resp. with local
coordinates) (in that case we say X is a smooth family), or if X is formed by sewing a
smooth family X, whose meaning is explained below.

Sewing open discs

We first describe how to sew a pair of open discs D, D,,.
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Forany r > 0,1et D, = {z € C: |z| < r} and D) = D, — {0}. If r, p > 0, we define
Trp : Dy x Dy — Dy, (& w) — Ew. (4.1)

dm, , is surjective at (£, @) whenever £ # 0 or w # 0. Denote also by { and w the standard
coordinates of D, and D,, which can be extended constantly to { : D, x D, — D,,w :
D, x D, — D,. Set q = ., i.e,

q:D, xD, —C, q=¢w.

Then (¢, @), (§,9), (=, ¢) are coordinates of D, x D,, D) x D,, D, x D respectively. The
standard tangent vectors of the coordinates (¢, w), (£, q) are related by

agzag—fflw‘aw 8§:&£+§*1q-6q
{ o, = ¢lo, oL = €0, (4.2)

The formulae between (¢, w), (w, ¢) are similar.
It is easy to see that (¢, ¢)(D; x D,) (resp. (w, q)(D; x D)) is precisely the subset of
all ({0, o) € D, x Dy, (resp. (wo, qo) € D, x D,,) satisfying

Il <&l <r resp. 4ol < |wo| < p. (4.3)
P T

We choose closed subsets £, , D, x D, and E; , = D, x Dy, such that

(¢,q) : D) x Dy = Dy x Dyy — B/,

(w@,q) : Dy x DY = D, x Dy — EJ. (4.4)

are bijective.

Sewing a family of compact Riemann surfaces

We discuss how to simultaneously sew a family of compact Riemann surfaces. This
construction is also known as smoothing in the world of algebraic geometry. See [TUY89,
Sec. 6.1], [Ueno97, Sec. 5.3], or [ACG11, Sec. XI.3]. Its algebraic version is given in [Loo10,
Sec. 6] and [DGT19b, Sec. 8.1].

Consider a family of (/V+2)-pointed compact Riemann surfaces with local coordinates

~

X = (%:CN_)g;glv'”7§Na§/ag”;7717'"anng)' (45)

Assumption 4.1. We assume that for every b e B, each connected component of Cyp =
771(b) contains one of 1 (b), ..., sn(b).

Choose r, p > 0 and a neighborhood U’ (resp. U”) of ¢’ (B) (resp. <" (B)) on which ¢
(resp. w) is defined, such that

E7):U SD.xB  resp. (w,%):U" 5D, xB (4.6)
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is a biholomorphic map. We also assume that U’ and U” are disjoint and do not intersect

~. ~.

c1(B),...,sn(B). Identify
U'=D,xB  resp. U”:Dpxg

via the above maps. Then &, w (when restricted to the first components) become the
standard coordinates of D,., D, respectively, and 7 is the projection onto the B-component.
Setq = &w = 7, : Dy x D, — D;, as previously.

Set

B=D,,xB. 4.7)
We now sew the smooth family X to obtain a family
X=(m:C—Bist,.. -, SN, IN)

of N-pointed complex curves with local coordinates. We first explain how to obtain C and
7 : C — B. We shall freely switch the orders of Cartesian products. Note that

F = E;’p x B c Dy x Dy, x B (=U' x Dyp),
F”:zEfn”pxl? c D, x Dy x B (=U"xD,,)

are subsets of C x D,,. They are the subsets we should discard in the sewing process.
Then C is obtained by gluing C x D,, (with F’, F” all removed) with

W=D, x D, x B. (4.8)
To be more precise, we define
C=w||CxDy,—F - F”)/ ~ (4.9)
where the equivalence ~ is described as follows. Consider the following subsets of -
W' = DX x D, x B, (4.10)
W" =D, x Dy x B. (4.11)

Then the relation ~ identifies W' and W" respectively via (§,¢,15) and (w, ¢,15) to

D, xD,,x B—F  (cU xDy), (4.12)
D, x Dpyx B—F"  (cU" xD,,) (4.13)

(recall (4.4)), which are subsets of C x D,, — F' — F". (In particular, certain open subsets
of (4.12) and (4.13) are glued together and identified with W/ ~ W".)
We now define 7. It is easy to see that the projection

#x1:Cx D,y —BxD,py=5, (4.14)
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agrees with
TrpXx1:W =D, xD,x B—D,,xB=58 (4.15)

when restricted to W/, W”. Thus, we have a well-defined surjective holomorphic map
7 : C — B whose restrictions to C x Dy, —F' —F"and to Ware 7T®1 and 7, ® 1
respectively.

Finally, we extend each g; : B—C constantly to B x D,, — C x D,,, whose image is
disjoint from F’, F”. Thus g; can be regarded as a section ¢; : B — C. Likewise, we extend
7; constantly over B to a local coordinate at Gi(B). We say that the N-points ¢1, ...,y and
the local coordinates 7, . .., ny are constant with respect to sewing.

A short exact sequence

The goal of this subsection is to recall a short exact sequence (4.20) (cf. [Ueno97, Eq.
(4.2.3)] or [AUO7, Eq. (4.6)]) which plays an important role in defining a logarithmic
connection on sheaves of conformal blocks. In Section 11, we will use this exact sequence
to find the differential equations that sewn conformal blocks satisfy.

Consider the discriminant locus A and the critical locus X:

A={0}xB (cD,,xB=B),
¥ ={0} x {0} xB (cDrxDpr:W).
Then A is the set of all b € B such that the fiber C, = 7—!(b) is a nodal curve with one

node. Outside A, the fibers are compact Riemann surfaces. ¥ is the set of all points of C
at which dr is not surjective, and is also the set of all nodes of the fibers. Note that

S=W— W uWw".

Also, ¥ is the set of points of C not coming from C x D,, — F' — F". The union of nodal
fibers is therefore

Ca = 7T_1(A).

Let ©3(—log A) and ©¢(—logCa) be the sheaves of sections of O and O¢ tangent to
A and Cx respectively. Then the differential dr : ©¢ — 7*©g of the map 7 restricts to an
Oc-module homomorphism

dr: O¢(—logCa) — 7*Op(—log A) (4.16)

(the later is short for 7*(©p(—log A))), which is indeed surjective. To understand the
meaning and to see the claimed facts, let us describe the two sheaves and the morphism
dm using coordinates.

We assume B is small enough to admit a coordinate 7, = (71,...,7m) : B — C™. Then
(¢, 7e) is a coordinate of B if we let ¢ be the standard coordinate of D,,. Then ©3(—log A)
is an Op-module generated freely by

qaqvaﬁa"'uaT

m*
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Their pullback under 7 will also be denoted by the same symbols ¢d,, 0+, ..., 0r,, for
simplicity. Choose any z € C.

Casel. z ¢ . Then x can be regarded as a point (Z, go) of C x D,, disjoint from F’, F".
Choose a neighborhood U < C of & together with 1) € ¢(U) univalent on each fiber of U.
Choose a neighborhood V' of ¢ € D,, such that U := U xVis disjoint from F’, F”. Write
Te o T also as 7, for short. Then (7, 7., ¢) is a coordinate of U 5 z. Note that U n Cx is
described by ¢ = 0. The &y -module ©¢(—log A)|y is generated freely by

By @0qs Orys - -3 Ors (4.17)

and the morphism dr in (4.16) sends ¢, to 0 and keeps the other elements of (4.17).

Casell. z € ¥. Then W = D, x D, x Bisa neighborhood of z, and has coordinate
(&, @, 7.). Note that W n Ca is described by (& = 0. The Oy -module ©¢(—log A)|w is
generated freely by

£0¢, @0, 07y s - - ., Op,ps (4.18)
and the morphism dr satisfies
dn(£0¢) = dn(wix) = q0, (4.19)

(note that ¢d, is short for 7*(¢d,)) and keeps the other elements of (4.18).
It is clear that in both cases, dr (in (4.16)) is surjective. Thus, by letting ©¢ 5 be the
kernel of dr, we obtain an exact sequence of ¢-modules

0 — B¢/ — Oc(—1ogCa) L 7#05(—log A) — 0 (4.20)

In case I resp. case II, O¢ 5|y resp. O¢/p|w is generated (freely) by
Ons resp. §0¢ — W0 (4.21)

So O¢/p is locally free of rank 1, whose dual module is the relative dualizing sheaf we/z.
Using (4.2), we see that when restricted to W’ (resp. W”) and under the coordinate
(§,q,7.) (resp. (w, q, T.)), the section £0¢ — w0 in (4.21) equals

§0¢ resp. — W00g. (4.22)
Compare this with (2.1), we see that for each b € B, there are natural equivalences
Oc/BlCy ~ Oc,,  we/BlCh ~ wey-

Finally, we remark that when X is a smooth family, dr : ©¢ — 7*©p3 is surjective.
Thus, (4.20) becomes

0 — B¢z — Oc L5 7*05 — 0

where O 3 is the kernel of dr.
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A theorem of Grauert

Recall that if C' is a complex curve and & is a coherent Jc-module, then H?(C, &)
is always finite-dimensional by (for instance) the direct image theorem of Grauert. Also
HP(C, &) vanishes when p > 1, which follows for instance from the fact that C' can be
covered by two Stein open subsets. Thus, the character of & is x(C, &) = dim H°(C, &) —
dim HY(C, &).

Given a family X = (7 : C — B) of complex curves, recall that we have assumed 7
is proper when X is a smooth family. If X is formed by sewing X, then properness still
holds and is not hard to check. Finally, in both smooth and singular cases, the map 7 is
clearly open. So 7 is flat by [Fis76, Sec. 3.20] (see also [GPR94, Thm. I1.2.13] or [BS76,
Thm. V.2.13]). If & is locally free (of finite rank), then & is flat over B. Therefore, by a
theorem of Grauert [Gra60] (cf. [GPR94, Thm. 1I1.4.7] or [BS76, Thm. 111.4.12] or [EPP96,
Thm. 9.4.8]), we have

Theorem 4.2. Let X = (7 : C — B) be a family of complex curves. Let & be a locally free
Oc-module.
(a) The function

B—2Z, b x(Cy,&|C) = dim H(Cy, £|Cy) — dim H(Cy, £|Cy)

is locally constant.

(b) For any p € N, if the function b — dim HP(Cy, &|Cp) is locally constant, then the O-
module RPm..& is locally free of rank dim HP(Cy, &|Cp), and for any b € B, the linear map
(RPm.& )y — HP(Cy, &|Cp) defined by restricting the sections s — s|Cy, induces an isomorphism
of vector spaces

(RP.&)

o Y~ D
my - (RPT.E)y HP(Cy, £1Cr)-

Recall R°m, = 74, and the (higher) direct image sheaf RPr.& is an &z-module asso-
ciated to the presheaf V' — HP?(V,&|y) (for all open V' < B). As a consequence of this
theorem, we see RP7.& = 0 when & is locally free and p > 1.

5 Sheaves of VOAs on families of complex curves

Let X = (7 : C — B) be a family of complex curves. Recall that ¥ is the critical
locus, which is empty when the family is smooth. Let U, V' be open subsets of C — 3, and
letn e O(U),n € O(V) be univalent on each fiber of U and V respectively. Then (n, )
and (u, ) are biholomorphic maps from U resp. V' to open subsets of C x B. For each
pe U nV,we define o(n|un), € Oco by

o(nlp)p(z) =m0 (u,m) ™" (2 + ulp), 7(p)) —1(p)- (5.1)

Then o(n|u),, is a holomorphic function of z on u((U N V)x(,)) where (U 1 V), is the
fiber U n'V n w1 (x(p)). It is easy to check that for each n € N,

7z 0(nlp)p(0) = din(p), (5.2)
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where the partial derivative 0, is defined to be vertical to dn. From this, we see that
o(n|p)p(0) = 0 and 0,0(n|p)p(0) # 0. So p(n|p), is an element of G. We thus obtain a
family of transformations o(n|u) : UnV — G, p — o(n|p)p, which is clearly holomorphic.
According to Remark 1.5, we have an 0~y -module isomorphism

U(o(nlp)) : V" ®¢ Opny — V" Q¢ Opny-

As in Section 2, o(n|p) is also described by

N =10 vy, = 0= 1@y, ) (5.3)
To see this, one composes both sides of (5.3) with (i, )~ (2+p(p), 7(p)). Thus, we can get
o(n|u), by restricting 1, pu to the fiber (UnV)(,) and then using Definition (2.2). Therefore,
the cocycle relation (2.4) still holds for holomorphic functions 71, 72, 73 univalent on each
fiber.

Definition of 75

Sheaves of VOAs were introduced in [FB04] for algebraic families of smooth curves,
and were generalized in [DGT19a] to algebraic families of stable curves. Similar to their
construction, we now define the sheaf of VOA 74 associated to a VOA V and the analytic
family X.

We set

. H <n
’7/1: = h_r)an
neN

where each 7,~" is a locally free O¢c-module of rank dim V<" defined as follows. Outside
5, =" is a vector bundle with transition function U (o(n|x)). Thus, for each open U <
C — XY and n € 0(U) univalent on each fiber, we have an isomorphism of &-modules (a
trivilization)

Up(n) : V" v = V" ®c Oy (5.4)

If V is another open subset of C — ¥ and p € (V') is also univalent on each fiber, then on
U nV we have

U (MU (1)~ = U(o(n]p)). (5.5)

Since (2.7) holds when restricting to each fiber, we again have that for any section v of
VS"®c Ounv,

Uy(MUy (1) v = (0um)" v mod V" '®c Opyny. (5.6)

We now assume X is formed by sewing a smooth family X as in section 4. Let
W, W', W" ¢, @,q be as in that section. (See the discussion near (4.8).) Then (¢,q,15)
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and (w, ¢, 15) are respectively biholomorphic maps from W’ and W” to complex man-
ifolds, and the projection 7 equals (g, 15) when restricted to W’ or W”. Thus, {, @ are
univalent on fibers of W’, W” respectively.

We shall define #;~"|w to be an Oyy-submodule of #;~" |y _x; generated (freely) by
some sections on W whose restrictions to W’ and W” are described under the triviliza-
tions U, (&) and U, (w) respectively. For that purpose, we need to first calculate the transi-
tion function

U(Q(w’é.)) AN ®c ﬁW/mW” = st Qc ﬁW’mW’“
Lemma 5.1. Choose any p e W' n W". Then we have
o(@|8)p(2) = 4(P)Ve(p) (2)
and hence

Uo(w[€)p) = a(p) U (ve())-

Proof. Choose any x € (W' n W"). . Then 7(x) = n(p) and hence g(z) = ¢(p). Since
w = £ g, we have

By (5.3), we have
@w(z) — w(p) = o(w|€)p(&(z) — £(p)).

If we compare these two equations and set z = £(z) — £(p), we obtain

0(w@|€)p(2) = o(@|€)p(&(x) — £(p)) = a(p)(E(x) ™ — &)™)
=q(p) () +2) 7" =€) 7") = aP)veq) (2)-

O

We define 7;=" |y to be the Oy -submodule of 7= i _x; generated by any section on
W — ¥ whose restrictions to W’ and W” are

Uy(6)™t (fLov) resp. Uy(w) ™ (wLOL{(yl)v) (5.7)

where v € VS, Since y; = yl_l and hence U(y1) = U(y1) ™}, this definition is symmetric
with respect to £ and w. To check that (5.7) is well-defined, we need:

Lemma 5.2. The two sections defined in (5.7) agree on W' n W".
Proof. Using (1.11) and Lemma 5.1, we check that

Uy (@) Uy (§) 716500 = U(o(w]€))6 0w = g™ U(ye)e 0w
:qLOS*LOU(yl)v = wLOU(yl)v.
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It is easy to see that, if we take v € E where F is a basis of V<" consisting of homoge-
neous vectors, then ¥,~"|y is generated freely by sections defined by (5.7) for all v € E.
We have completed the definition of the locally free &¢c-module 7,=".

Remark 5.3. Since the vacuum vector 1 is annihilated by L,, (n > 0), we see that 1 is fixed
by any transition function U (o(n|x)). Thus, we can define unambiguously an element
1 € 72(C — ¥) (the vacuum section) such that for any open U < C — X and any n € 0(U)
univalent on each fiber, /,(n)1 is the vaccum vector 1 (considered as a constant function).
Also, by (5.7), it is clear that

1e "Vx(C)

Restriction to fibers

By comparing the transition functions and looking at the generating sections near the
nodes, it is easy to see:

Proposition 5.4. For any n € N and b € BB, we have a natural isomorphism of O¢,-modules
V" C = T
Letnow X = (7 : C — B;<1,...,sn) be a family of N-pointed complex curves.

Theorem 5.5. Let n € N. Then there exists ko € N such that for any k > ko, the Op-module
7o (V=" @ wep(kSx)) is locally free, and for any b € B there is a natural isomorphism of vector
spaces

77*(7/36@ ®WC/B(kS3€))b
my - Ty (szn @ wc/B(k‘Sx))b

~ H(Cy, V55" @ we, (kSx(b))) (5.8)

defined by restriction of sections. In particular, dim HO(Cy, V=" ® we, (kSx (b)) is locally con-
stant over b.

Recall that the left hand side of (5.8) is the fiber 7, (#~" ® we/p(kSx))|b, which, by
Cartan’s Theorem A, is formed by the restrictions of global sections if B is Stein.

Proof. By Theorem 2.3, we can find ko € N such that for any k& > ko, H'(Cp, ”//cf" ®
we, (kSx(b))) vanishes for any b € B. Since the restriction of we/z to Cy is we,, by
Proposition 5.4, the restriction of =" ® we/p(kSx) to Cy is naturally equivalent to
”i/cf” ® we, (kSx(b)). Thus, our theorem follows easily from Grauert’s Theorem 4.2. O

For any 0¢-module &, we set

&(eS5x) = lim &(kSx),
keN

whose sections are meromorphic sections of & with the only possible poles being
c1(B),...,sn(B).
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Corollary 5.6. If B is a Stein manifold, then for any n € N and any b € B, the restrictions to Cy,
of the elements of H° (C, V;=" ® wep(eSx)) form the vector space H° (Cy, 455" @ we, (95% (b))

Proof. Choose kg as in Theorem 5.5. Then by that theorem and Cartan’s Theorem A, we
see the claim holds if ¢Sy is replaced by kSx for all & > ky. The original claim thus
follows. O

The subsheaf Vir,

If we compare (5.6) with the transition functions of ©¢/3, and compare (5.7) with
(4.22), we immediately see the following result:

Proposition 5.7. For any n € N, we have an isomorphism of Oc-modules
VSV~ V(n) ®c O (5.9)

such that under this isomorphism, if U < C— X is open and smooth, and n € O'(U) is univalent on
each fiber of U, then for any v € V(n), v ® 0y is identified with the equivalence class of Uy(n) .

We now assume for simplicity that X is a smooth family, and define an important c-
submodule Vir. of ng related to the conformal vector ¢ € V(2). See [FB04, Sec. 8.2].
If U is an open subset of C equipped with n € ¢(U) univalent on each fiber, then Vir.|y
is the Op-submodule of ¥x|y generated (freely) by U,(n) 'c and the vacuum section 1,
which is locally free of rank 2. This definition is independent of the choice of 7. Indeed,
if u : U — C is also univalent on each fiber, then U, (1)U, (n)*c = U(o(u|n))c, which can
be calculated using the actions of L,, (n > 0) on ¢, is an Oy -linear combination of c and 1.
Thus, by gluing all such U, we get Vir..

By Proposition 5.7, we have a short exact sequence
0 75 = 152 5 V(2) @c 695 — 0

where A is described locally by sending ¢4, *()v (where v € V(2)) to v - 8% and sending the
submodule 7;=! to 0. Using this description of }, it is easy to see that the restriction of A

to the subsheaf Vir. has image c ®c @E@/ZB ~ @?/28, and that its kernel is the & -submodule

generated by 1. Thus, we obtain an exact sequence

0 — O — Vire > OF%; — 0. (5.10)

where 0¢ ~ O¢ -1 < Vir.. If we choose U < C and n € &(U) holomorphic on each fiber,
then

A U(n) e 83], 1—0.
By tensoring with wc /5, we get an exact sequence
0—’WC/B_’Vi7"c®wC/BA’@C/B_’O (5.11)
whose local expression is

A Uy(n)tedn — oy, 1dn— 0. (5.12)
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6 Conformal blocks associated to families of complex curves

Let X = (7 : C — B;si1,...,sn) be a family of N-pointed complex curves. For each
be B,

Xp = (Cr;51(D), ..., n (b))

is an N-pointed complex curve. If X is equipped with local coordinates 7,...,ny at
c1(B),...,sn(B), then, by restricting to C, X3 also has local coordinates.

Let Wy,..., Wy be V-modules. Then for each b € B, 7 (W,) is the space of confor-
mal blocks associated to W, and X;. In this section, we shall define conformal blocks ¢
associated to the family X. ¢ is a function on B whose value ¢(b) at each b € B is an
element of 7;% (W,). Moreover, we require that ¢ is a holomorphic function in a certain
sense. Since this property is local, we assume that B is small enough such that X admits
local coordinates. This assumption will be dropped in the later half of this section.

Definition of conformal blocks

We need to explain how the vector spaces #%,(W,) (for all b € B) form an (infinite
rank) holomorphic vector bundle #%(W,).

Define #%(W,) to be an infinite rank locally free &z-module as follows. For any local
coordinates 1, ...,ny of X at ¢1(B), ..., sy (B) respectively, we have a trivialization

Une) =UM) ® - ®U(NN) : #x(We) = W, Qc Op (6.1)
such that if u, is another set of local coordinates, then the transition function
U U (pe) ™" : We ®c O = W, ®c Op

is defined such that for any constant section we = w1 ® - - @ wy € W, U(ne)U(1e)  tws,
as a W,-valued holomorphic function, satisfies

(U0t (1) 02 ) 0) = (U (el 20) a0 ) 0)
=U ((m|p1)p) w1 @U((n2lp2)p) w2 @ - - - @U((n | )s) Wi (6.2)

for any b € B. Here, for each 1 < i < N, (n;|pi)p is the element in G satisfying

(mil )b (2) = mi © (pi, ™)~ (2, ). (6.3)

If we compare the transition functions (3.4) and (6.2), we see that there is a natural and
coordinate-independent isomorphism of vector spaces

Wx(Wo)[b ~ Wy, (W)

where #%,(W,) is defined near (3.3). We shall identify these two spaces in the following.
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Definition 6.1. A conformal block ¢ associated to W,, X (and defined over B) is an 0z-
module homomorphism ¢ : #x(W,) — Op whose restriction to each fiber #%,(W,) is
an element of 7% (W, ), i.e., vanishes on H°(Cy, ¥¢, ® we, (#5x(b))) - #x,(W.). The vector
space of all such ¢ is denoted by .7;¥ (W,)(B).

Remark 6.2. The holomorphicity of a conformal block ¢ as a function on B would be
easier to understand by shrinking B and choosing local coordinates 7, . .., 7y, and iden-
tifying #x(W,) with W, ®c Op via U(n.). That ¢ is a morphism #%(W,) — O3 means
precisely that ¢ is an (W, )*-valued function on B whose evaluation with any vector of W,
is a holomorphic function on B; also, ¢ is determined by and can be reconstructed from
the corresponding ¢ (B)-module homomorphism #%(W,)(B) — ¢(B). Moreover, ¢ is in
T (W,)(B) if and only if for each b € B, ¢(b) as a linear functional on W, ~ #%, (W,) is
in 73 (W,).

Action of HY (C, n//x &® wC/B<.S}j)> on Wx(W.)(B)

The above definition of conformal blocks is fiberwise, i.e., the restriction of ¢ to each
tiber of the family is a conformal block defined in Section 3. We now give a global de-
scription which relates conformal blocks to the sheaf of VOA 7%.

Recall there are natural equivalences #%|C, ~ 7¢, and we /BlCy ~ we,. Thus, we can
define a linear action of H(C, #x ® we/(#S%)) on #%(W,)(B) whose restriction to each
fiber H%(Cp, ¢, ® we, (¢Sx(b))) acts on #4,(W,). To see that the image of this action is
holomorphic on B, let us write down the action more explicitly.

Let z be the standard variable of C. If W is a V-module, we have a linear map

Y : (V®c 0(B)((2))) ®o(5) (W®c 0(B)) — W &c 0(B)((2)),
v(b, z) @ w(b) — Yy (v(b, ), z)w(b) (6.4)

which is clearly an ¢ (B)((z))-module homomorphism. Note that a section of V®c¢ Ocxp
on a neighborhood of {0} x B can be regarded as an element of V®c &'(5)((z)) by taking
series expansion.

Now, choose local coordinates 7, of X. For each 1 < i < N, choose a neighborhood U;
of ;(B) on which ; is defined. Identify #%(W.,) with W, ®c 5 via U(n.). By tensoring
with the identity map of w¢/3, the map (5.4) induces naturally an 0p,-module isomor-
phism (also denoted by U, (n;)):

Ug(m) . "f/x ® wC/B(OS}j”Ui = V@(C wc/B(OSx)|Ui.

Identify U; with (n;, 7)(U;) via (n;, 7). Then »; as a variable equals the standard variable
z. If v is a section of 7z ® w¢/z(eS%) defined near ¢;(B) and w; € W; ®c O(B), then again
we have

v-w; = Res,—oYw, Uy (mi)v, 2)w;, (6.5)

which is clearly also an element of W; ®c ¢'(B). If v € H?(C, 3 ® we/5(#S%)), then as in
(3.2), v acts on W, ®c &(B) by summing up the actions on the tensor components.
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Another description of conformal blocks

We now give a global description of conformal blocks, followed by an application. We
shall not assume X admits local coordinates. Then #5%(W,) is still an infinite-rank locally
free O-module whose local trivializations are given by (6.1). Again, we define conformal
blocks using Definition 6.1.

Theorem 6.3. Let V' < B be an open subset of B, and let & : #%,, (W) — Oy be an Oy -module
homomorphism. Assume that B is Stein. Then § is in 735 (W.)(V) if and only if the evaluation
of & with the restriction of any element of

J(B) = H°(C, 7x @wecp(2Sx)) - #x(W.)(B) (6.6)
to V' is the zero function.
Note that we have omitted Span¢ in (6.6).

Proof. The “only if” part is obvious by the definition of conformal blocks and does not
require B to be Stein. The “if” part follows from Corollary 5.6. O

For any open subset V < B, let Cy = 7 !(V). Then X restricts to
:{v = (71’ . CV i V;q’\/, N 7§N|V)-

Any set of local coordinates 7, of X restricts to one of Xy. We also write 75 (W,)(V) as
T¥(W,)(V). The reason for this notation will be explained shortly.

Proposition 6.4. Let ¢ : #x(W.) — Op be an Op-module homomorphism. Assume that B
is connected and contains a non-empty open subset V' such that ¢y @ #x(We)|y — Oy is an
element of 73X (W,)(V'). Then ¢ is an element of 7F (W, )(B).

Proof. We first assume B is also Stein. The evaluation of ¢ with any element of ¢ (B)
is a holomorphic function on B vanishing on V. So it must be constantly 0. So ¢ is a
conformal block by Theorem 6.3.

Now, we do not assume B is Stein. Let A be the set of all b € B such that b has a
neighborhood U satisfying that the restriction ¢|y is a conformal block. Then A is open
and non-empty. For any b € B— A, let U be a connected Stein neighborhood of b. Then, by
the first paragraph, ¢| is a conformal block if U has a non-zero open subset V' such that
¢|v is a conformal block. Therefore U must be disjoint from A. This shows that B — A is
open. So B = A. O

Remark 6.5. It is clear that all .7¥(W,)(V) (where V' < B) form a sheaf of &3-modules,
which we denote by .7;¥(W,) and call the sheaf of conformal blocks associated to W,
and X. Let 7% (W,) be the sheaf of &z-modules associated to the presheaf

Pe(Wa)(V)
HO(Cy, Yz, ®wey v (oSx,)) - #x(W)(V)

V-
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and call it the sheaf of covacua. Then, by Theorem 6.3, .7;¥(W,) is the dual &z-module
of 7x(W,). Moreover, using Theorem 5.5 or Corollary 5.6, it is easy to see that for each
b € B, the clearly surjective linear map

Tx(Wa)p

defined by the restriction #%(W,), — #x(W.,)|b is injective. Thus, the above two vector
spaces have the same dimension, and are clearly equal to that of .7 (W,).

If V is Ca-cofinite, rational, and V(0) = C1, then by the main results of [DGT19b],
the function b +— dim J%,(W,) has finite values and is locally constant.® By Theorem
7.4 (applied to any subfamily Xy, where V is Stein), the Oz-module 73(W,) is finitely-
generated. Thus, 9% (W,) is locally free by an easy consequence of Nakayama’s Lemma.
(Cf. for instance [BS76, Lemma IIL.1.6].) Thus, .7¥ (W,) is also locally free, and by (6.7), its
fibers are naturally equivalent to the spaces of conformal blocks. As a consequence, any
conformal block associated to a fiber X; can be extended to a conformal block associated
to a family Xy whenever V is Stein.

If V is only Cs-cofinite and V(0) = C1, but X is a smooth family, then our claims
about 7%(W,) and .7;¥(W,) and their fibers in the last paragraph are still true since, by
[DGT19b], the above result about dimensions still holds.

7 A finiteness theorem

Recall that V is called Ca-cofinite if the subspace of V spanned by C5(V) := {Y (u)_qv :
u,v € V} has finite codimension. V is called rational if every admissible V-module is
completely reducible. (An admissible V-module W satisfies all the requirements in the
definition of finitely-admissible V-modules, expect that each W(n) is not assumed to be

finite-dimensional.) The following important result is due to Miyamoto [Miy04, Lemma
2.4]; see also [GNO03] or [Buhl02, Thm. 1].

Theorem 7.1. Assume V is Ca-cofinite. Then there exists a finite set E of homogeneous vectors
of V such that any weak V-module W generated by a vector wy is spanned by

Y (Vk) —ny, Yw (Vk—1) —ny_y -+ - Y (v1) —ny wo (7.1)
where ke N, vy, ...,vp e E,andn; <ng < --- < ng.

Note that by the lower-truncation property (i.e., for each v, w, Yy (v),w = 0 for suffi-
ciently large n) and that E is finite, we can assume in the above theorem that n; > —L for
some constant L € N depending only on V, W, E, wy.

Remark 7.2. It follows that if V is Cy-cofinite, a V-module W is finitely-generated if and
only if it is finitely Lg s-semisimple. Indeed, if W is finitely L s-semisimple, then [Hua09,

®Since each fiber C; is a projective variety, and since each #,=" is locally free and (by comparing the two
constructions) equivalent to the analytification of the corresponding one in [DGT19a, DGT19b], the algebraic
results of Jx, (W,) also hold in the analytic setting.
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Cor. 3.16] shows that it has finite length, and hence is finitely-generated. In particular,
since Lo ,, € Endy (W), we see that Lo,nk vanishes on M for sufficiently large k since it van-
ishes on those generating vectors. Conversely, if W is finitely generated, then it is finitely
generated by L s-eigenvectors. Then the above theorem proves the L s-semisimplicity.

We will fix this E in this section. Theorem 7.1 will be used in the following form.

Corollary 7.3. Assume that V is Ca-cofinite. Let W be a finitely-generated V-module. Then for
any n € N, there exists v(n) € N such that any Lo-homogeneous vector w € W whose weight
wt(w) > v(n) is a sum of vectors in Yyy(v)_;W(wt(w) — wt(v) — [ + 1) where v e Eand [ > n.

Proof. Assume without loss of generality that W is generated by a single zo-homogeneous
vector wy. Let T be the set of all vectors of the form (7.1) where n; < n. Then, by
the above theorem, T is a finite subset of W. Set v(n) = max{wt(wi) : wy € T}. If
w e Wis zg—homogeneous with weight wt(w) > v(n), then we can also write w as a
sum of Eo—homogeneous vectors (with weight wt(w)) of the form (7.1), but now the nj,
must be greater than v since such vector is not in 7. This proves that w is a sum of
Eo-homogeneous vectors of the form Yy (v)_jws where v € E, I > n, and wy € W is Eo—
homogeneous. The same is true if W is finitely-generated. By (1.2), we have wt(wq) =
wh(w) — wt(v) — 1 + 1. O

LetX = (7 : C — B;<1,...,5n;M1, .. .,nn) be a family of N-pointed complex curves
with local coordinates, and let Wy, ..., Wy be finitely-generated V-modules. Notice The-
orem 6.3 and recall the definition of # (B) in (6.6).

Theorem 7.4. Let V be Cy-cofinite, and assume that B is a Stein manifold. — Then
Wx(Wo)(B)/ 7 (B) is a finitely-generated O'(BB)-module.

Proof. Since local coordinates are chosen, we identify #5%(W,) with W, ®c 0. Let £ =
max{wt(v) : v € E}. By Theorem 2.3, there exists kg € N such that

H'(Cy, 7557 @ we, (kSx)) = 0 (72)

forany b € Band k > ko. We fix an arbitrary k € N satisfying k > E + ko.

Introduce a weight wt on W, such that wt(w.) = wt(w;) + wt(wz) + - - + wt(wy)
when wy, ..., wy are Eo—homogeneous. For each n € N, W™ (resp. W,(n)) denotes the
(finite-dimensional) subspace spanned by all Lo-homogeneous vectors w € W, satisfying
wt(w) < n (resp. wt(w) = n). We shall prove by induction that for any n > Nv(k),
any vector of W,(n) (considered as constant sections of W, ®c ¢'(B)) is a (finite) sum of
elements of W™~ ®@c €¢(B) mod _# (B). Then the claim of our theorem follows.

Choose any w, = w1 ® - - - @ wy € W,(n) such that wy, ..., wy are Eo—homogeneous.
Then one of wy,...,wy must have Eg—weight greater than v(k). Assume, without loss
of generality, that v?t(wl) > v(k). Then, by Corollary 7.3, w; is a sum of non-zero EO-
homogeneous vectors of the form Yyy, (u)_;w; where u € E, [ > k, w} € Wy, and vAv/t(w‘f) =
wt(wy) — wt(u) — [ + 1. Thus wt(wy) — wt(w$) =1 —1>k > E + ko.
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It suffices to show that each Yyy, (u)_jw] ® w2 ® --- ® wy is a sum of elements of
W 1®c 0(B) mod _# (B). Thus, we assume for simplicity that wy = Yyy, (u)_jw;. Then
we = Yy, (u) jw] Qw2 ® - - @ wn.

Set also
wy =W QU2 @ @ wWN.
Then n — wt(w?) = wt(w.) — wt(wl) = E + ko. Thus
wt(w?) < n — E — k. (7.3)
Consider the short exact sequence of &¢c-modules
0 — 75F @uep(koSx) — 1= @wep(1Sx) = 4 — 0

where ¢ is the quotient of the previous two sheaves. By (7.2), Proposition 5.4, and
Grauert’s Theorem 4.2, we see that R'm. (7" ® we/p(koSx)) = 0, and m (7" @
we/B(koSx)) is locally free. Thus, we obtain an exact sequence of &5-modules

0 — me (V57 @ue/p(koSx)) = me (VP @ weyp(1Sx)) — md — 0.

Since B is Stein, by Cartan’s Theorem B, H' (B, m.(7~F ® we /8(koSx))) = 0. Thus, there
is an exact sequence

0— H(B, m(V=F @ueys(koSy))) — HO (B, me (V=P @ we 5(15%)))
— H(B,7.9) — 0. (7.4)

Note that H°(B,7.¥) is exactly ¢(C). Choose mutually disjoint neighborhoods
Wi,...,Wn of(B),...,sn(B) respectively. For each 1 < i < N, identify ”//fE ® weBlw;
with VS¥ ®c we /8lw; viaUy(n;), and identify n; with the standard coordinate z by identi-
fying W; with (n;, 7)(W;). Define an element v € ¢(C) as follows. v|y, is the equivalence
class represented by uz~'dz, and v|c_, 5y = 0. Since the second map in the above ex-
act sequence is surjective, v lifts to an element U of H%(B, . (”//fE ® wep(1S%))), ie., of
(7 ®we5(1Sx) ) (C). Moreover, by the definition of ¢ as a quotient, for each 1 <i < N
we have an element v; of VSE ®¢ 0 (ko Sx)(W;) (and hence of VS @¢ Oy, (kos;(B))(W;))
such that

Blw, = uz"ldz + vidz,
GIWz = v;dz (2<i<N).

Notice that Res._oY (+,2)z"dz = Y(-),. It follows that the element ¥ - wg, which is in
J (B), equals we + wa where

N
wa = (V1d2) W} W @+ QWi ®+ - @y + ) W Rur® -+ ® (vid2) - Wi ® -+ Q.
1=2

Thus w, equals —wa mod # (B). For each 1 < i < N, v; has pole at z = 0 with order

at most ko. Thus, by (1.2), the action of v;dz on W; increases the Eo-weight by at most
E + ko — 1. It follows from (7.3) that wa € W1 ®@¢ €(B). The proof is complete. O
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Remark 7.5. Theorem 7.4 is the complex-analytic analogue of [DGT19b] Thm. 8.4.2,
which says that for an algebraic family of complex curves, the sheaf of covacua is co-
herent (assuming that V is C>-cofinite and V(0) = C1). The key ideas in our proof are
similar to theirs.

It is clear that Theorem 7.4 implies 73 (W,) is a finitely-generated ¢z-module. How-
ever, Theorem 7.4 does not seem to imply that .7x(W,) is analytically coherent. This
is different from the algebraic setting in which the sheaves of covacua are algebraically
coherent since they are quasi-coherent. Nevertheless, one can show that .73(W,) is lo-
cally free (if V is also rational) by combining the algebraic results with Theorem 7.4, as
explained in Remark 6.5.

We remark that certain forms of Theorem 7.4 are well-known in the low genus cases:
see [Zhu96, Lemma 4.4.1], [Hua05a, Cor. 1.2], [Hua05b, Cor. 3.4].

8 Schwarzian derivatives

Let X = (7 : C — B) be a family of compact Riemann surfaces. Choose an open subset
U < C and holomorphic functions 1, it : U — C univalent on each fiber. If f € 0(U) and
O f is nowhere zero, we define the (partial) Schwarzian derivative of f over 1 to be
Wi 300f\?
72 )

5 T 2\ay

where the partial derivative 0, is defined with respect to (7, 7), i.e., it is annihilated by d=
and restricts to d/dn on each fiber. Similarly, one can define S, f.

We refer the reader to [Ahl, Gun] for the basic facts about Schwarzian derivatives. The
change of variable formula is easy to calculate:

(8.1)

Suf = (5u77)25nf + S/ﬂ]a (8.2)
Take f = p and notice S,,;u = 0, we have
Sun = —(%77)257;#- (8.3)
Assuming f is also univalent on each fiber, we obtain the cocycle relation.
Sun - dp* = =Sy - dn?, Suf - du® +Sym-df* + Spp - dn* = 0. (8.4)

The transition functions of Vir. (which is a subsheaf of ¥%) defined in Section 5 can
be expressed by Schwarzian derivatives. Note that Loc = 2¢, Lic = 0, Lac = 51,7 and
L,c = 0 for all n > 2. Thus, if p = p(z) € G, then using the formula (1.5), we have
U(p)c = p/(0)Foe2lze = p/(0)10(c + §eol) = p/(0)%c + §co1 where c is the central charge
of V, and ¢y, which is given by (1.6), is %Szp(()). Replace p by o(n|u) : U — G. Then p(™(0)
should be replaced by dj;n. Thus the transition function ¢(o(n|u)) is described by

S8 1. (8.5)

Ulelw)1 =1,  U(o(n|p))e = (dun)*c + B

We recall some well-known properties of Schwarzian derivatives. See [Hub81].

"Lac = LyL_51 = [La, L_5]1 = 4Lol + £1 = £1.

<
2
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Proposition 8.1. The following are true.

(1) If the restriction of n to each fiber Uy = U n—1(b) (where b € B) is a Mobius transformation

of u, i.e., of the form gﬁis where ad — be # 0, then S;n = 0.

(2) Let Q € O(U). Then, for each x € U, one can find a neighborhood V. < U of x and a
function f € O(V) univalent on each fiber Vi, = V.~ ©~1(b), such that S, f = Q.

(3) If f,g € O(U) are univalent on each fiber, then S, f = S, g if and only if Syg = 0.

We remark that the converse of (1) is also true: If f is univalent on each fiber, and if
Sy f = 0, then the restriction of f to each fiber is a Mobius transformation of 7.

Proof. (1) can be verified directly. To prove (2), we identify U with an open subset of C x B
via (n, ). So n is identified with the standard coordinate z. We choose a neighborhood
V < U of z of the form D x T where T' < B is open, and D is an open disc centered at
point p = n(x) € C. By basic theory of ODE, the differential equation

2h + Qh/2 = 0.

have solutions hy, hy € O(V) satistying the initial conditions h;(-,p) = 1,0.h1(-,p) = 0
and ha(-,p) = 0,0,ha(-,p) = 1. It is easy to check that f := ho/h satisfies S, f = @, and is
defined and satisfies 0. f # 0 near {p} x T

(3) follows from (8.2), which says S,,g = (9, f)*Ssg + S, f. O

Definition 8.2. An open cover (U, 1)a)aea 0f C, where each open set U, is equipped with
a function 7, € 0 (U,) holomorphic on each fiber, is called a (relative) projective chart of
X, if for any «a, 3 € 2, we have S;;n, = 0 on U, n Ug. Two projective charts are called
equivalent if their union is a projective chart. An equivalence class of projective charts is
called a (relative) projective structure. Equivalently, a projective structure is a maximal
projective chart.

If B is Stein, then X has a projective structure. See Section B.

Remark 8.3. Let °B be a projective chart on X. Choose an open subset U — C and a
fiberwisely univalent n € ¢(U). One can define an element

S,P e oU)

as follows. Choose any (Ui, 1) € B. Then S, B = S, uon U n U;. To check that S, 3 is well
defined, suppose there is another (U, () € B. Then S,,{ = 0 on Uy n Us. Thus S,,pp = S, ¢
on U n Uy n Uz by Proposition 8.1-(3).

9 Actions of H%(C,O¢/5(eS%))

In this section, we fix X = (7 : C — B;<1,...,SN;M,...,1n) to be a family of N-
pointed compact Riemann surfaces with local coordinates. We assume for simplicity that
B is a Stein manifold with coordinates 7o = (71,...,7n). Let Wy, ..., Wy be V-modules.
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By Lemma 2.2, there exists ky € N such that for any £k > ky and b € B, we have
H'(Cy,we, (kSx)) = 0. Thus R'mywep(kSx) = 0 (and also m.we/5(kSx) is locally free) due
to Grauert’s Theorem 4.2. Therefore, (5.11) implies an exact sequence

0 — muwep(kSx) — m (Vire ® we (kSz)) 2> m0¢5(kSx) — 0.

By Cartan’s Theorem B, H' (B, mywc/p(kS%)) = 0. So we have an exact sequence
0 — H (B, muwe5(kSx)) — H® (B, me (Vire ® wes(kSx))) 2> HO (B, m:0¢)5(kSx)) — 0.
Take the direct limit over all £ > ky, we get an exact sequence

0— H° (B, mewe/p(e5%)) — H° (B, (Vir. ® we/s(2S%))) 2 HO(B,W*@C/B(‘Sx)) — 0
(9.1)

According to Section 6, HY (B, (Vz’rc ®uwe /B(on))) acts on #4x(W,)(B) which clearly
descends to the trivial action on #%(W,)(B)/_# (B). We shall use the above exact sequence
to define an action of H°(B, F*@C/B(CS%)) HO(C, Oc/p(eSx)) on #x(W.)(B)/ 7 (B)
which turns out to be an &'(B)-scalar multiplication. This action depends on the local
coordinates 7,.

Choose mutually disjoint neighborhoods Uj,...,Un of i (B),...,sn(B) on which
M, ...,ny are defined respectively. Write each 7; o w as 7; for short, so that (1;,7.) is a
set of coordinates of U;. Set U = Uy U - - - U Uy. Choose any 6 € H°(C, ©¢/p(#S%)), which,
in each U;, is expressed as

0|Ui = ai(m,’l'.)am. (92)

Define

v(0) € (Vz’rc ® wC/B(OSx)) (U)

such that

Uy (i) v(0)|u, = ai(ni, 7e)c di;. (9.3)

The action of § on 73(W,) is defined to be the action of v(#) as in Section 6, namely, is
determined by

N
V(@)‘w.=Zw1®~-®y(9).wi®...®w]v (9.4)
i=1
for any we = w1 ® - - - @ wy € W,, where v(6) - w; is described by (6.5).

Lemma 9.1. Assume that (Uy,m1),...,(Un,nn) belong to a projective structure 3. Then the
action of v(0) on #x(W,)(B)/ 7 (B ) is zero.
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Proof. By (8.5), the transition function for ¢ ® w¢/s between two projective coordinates
is the same as that for ©¢/3, namely, when S,n = 0, 0, changes to d,n - d,, and cdu
changes to 0,7 - cdn, sharing the same transition function 0,n. Thus, as 6 is over C, v(0)
can be extended to a global section of Vir. ®we /B(‘SX) on C. Thus, v(#) acts trivially since
v(0) - #3(W.)(B) < 7 (B). 0

Proposition 9.2. Let P be a projective structure of X. Choose § € H°(C, ©¢ p(Sx)) whose local
expression is given by (9.2). Then the action of v(0) on #x(W.)(B)/_# (B) (defined by the local
coordinates n,) is the € (B)-scalar multiplication by

N
c
#(0) = 33 ; Resy,—o0 Sy, B - ai(n;, 7) dn. (9.5)
Note that each S,,*B (defined in Remark 8.3) is an element of &' (U;).

Proof. It suffices to prove that the claim is locally true. Thus, we may shrinking B and
Ui,...,Un so that for each 1 < i < N, there exists a coordinate p; € €(U;) at ¢;(B) such
that (U;, ;) € B. Then

9|Ui = ai(niﬂ—') : (auini)_laui'

Our strategy is to compare the action v(¢) of § defined by the coordinates p, (which is
trivial by Lemma 9.1) with the one v(#) defined by 7,. We have U, (11;)V(0)|v, = ai(ni, Te) -
(0u;mi) "Le dp; on each U;. Then

Uu (/Lz) ( )|U = az(%To) ' (aumi)_QC dni-

By Lemma 9.1, the action of ¥(6) on #x(W,)(B)/_# (B) is zero. Notice that the action of
v(0) is independent of the choice of local coordinates. (See Theorem 3.2.) By (8.5), we
have

Uy (i)Y (0) U, = U(o(nil i) Uy (11:)V(0) |,

C —
75 @i (i, 7o) - (Op;mi) 28##72’ -1dn;

=a;(n;, Te)C dn; + 12

By (9.3) and (8.3), we have

Uo (i) V(0)|u; =Uo (i) V(0)]u; —
=Uy(ni)v(0)|u; —

= ai(mi, ) St - 1 dn;

al(nlv T') Smm -1 dnl

12

12

Since the action of V(#) is zero, the action of v(#) equals the sum over i of the actions of
15ai (i, Te) - Sy, B - 1 dn;, which is exactly the scalar multiplication by (9.5). O
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10 Sewing conformal blocks

In this and the following sections, we let X = (7 : C — B;<1,...,s8:71,...,1N) be
a family of N-pointed complex curves with local coordinates obtained by sewing the
following smooth family

I~ ~ 5 3 !
X=(T:C—Bis1,...,sn,¢ <" s, ,nN, & @),

(See Section 4.) Recall that the N-points <y, ..., sy and the local coordinates 71, ..., ny of X
are constant with respect to sewing. Choose V-modules Wy, ..., Wy, M, which together
with the contragredient module M’ are associated to <1, ..., sy, <, s” respectively.

Assumption 10.1. In this section, we assume only that each connected component of each
fiber C, of X contains at least one of ¢;(b),...,sn(b),<'(b),s”"(b). This is slightly weaker
than Assumption 4.1.

Sewing conformal blocks

Note W @ MM’ is W; ® - - - @ Wy @ M® M'. Note also (M’ ® M)* can be regarded
as the algebraic completion of M ® M. Define

r@<e (M @M)*
such that for any m’ e M/, m € M,
OG@am' @m)y ={(m',m). (10.1)
Let A € End(M) whose transpose A' € End(M’) exists, i.e.,
(Am,m"y = (m, A'm") (10.2)
for any m’ € M, m € M. Then we have an element
Ar@a=r»@ A%« e (M M)* (10.3)

whose value at each m’ ® m is (10.2).

More explicitly, for each n € N we choose a basis {m(n,a)}, of the finite-dimensional
vector space M(n). Its dual basis {m(n,a)}, is a basis of M'(n) = M(n)* satisfying
{m(n,a),m(n,b)) = d4p. Then we have

rR e« = 2 Em(n,a)@)fh(n,a),
neN a
and

Ar @« = ZZA-m(n,a)@nﬁ(n,a)

neN a

—r @A« = Z Zm(n, a)® A" - m(n,a).

neN a
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For each n € N, let P(n) be the projection of M onto M(n). Its transpose, which is the
projection of M’ onto M’(n), is also denoted by P(n). Then we clearly have

Pn)»®«=»® P(n <—Zmn a) ® m(n,a) eM®M.

Recall L = L by (1.14). Define

¢ =Y Pn)g" e EndM)[[q]].

keN

Then we have
g @« =r@qloe e (MeM)[[q]]. (10.4)
We set
¢" @« e (M ®M)*[logql{q} (10.5)

sending each w’' ® w to (¢ w,w') = (w,q"w’). When M is finitely Lo s-semisimple,
Los — Lo is a scalar A € C. Notice

Loyw = Lo—Lo— A (10.6)

For each vector w in M(n), we set

qLOnw — elonlogay, Z LOn - (log q)" € M(n)[log q].

neN

Then

g~ » @« = ¢* - gFon .qEO PR = Z q>‘+"§:qLOn m(n,a) ® m(n,a) (10.7)

neN

is in ¢*(M ® M')[log ¢][[¢]]- Thus, when M is in general only finitely Lg s-semisimple, we
have

" » @<« e (M@ M)[log ql{q}- (10.8)
From (1.1), we have
q0(¢"° » ®+) = Log"* »® . (10.9)

Note that @(B) can be viewed as a subring of &(B)[[¢]] by taking power series expan-
sions. So O(B)[[¢]] and € (B)[log q|{q} are &(B)-modules. For any \} € ‘755* (We @ M ®

M')(B), we define its (normalized) sewing S which is an @(B)-module homomorphism

SU : #a(W.)(B) = W, ®@c 6(B) — 6(B)[[4]],
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and, in the case that M is finitely L s-semisimple, the (standard) sewing

~.

SY : #2 (W) (B) = W, ®c O(B) — 0(B)[log q]{q},

~. ~.

as follows. Regard { as an &'(B)-module homomorphism W, @MQM' ®¢ &'(B) — € (B).
S\ is defined such that for any w € W, ®c 0(B),

SPp(w) = b(w@q r@<). (10.10)

When M (and hence M) is finitely L s-semisimple, S is defined in the same way except
that Ly is replaced by Ly, i.e.,

Sh(w) = 1l)(w®qL° r@«). (10.11)

Formal conformal blocks

Our goal is to show that Sy (and hence S1) is a formal conformal block associated
to X and W,, which means S\ vanishes on _# (B) (defined by (6.6)).8 To prove this, we
first need:

Lemma 10.2. Let R be a unital commutative C-algebra. For any v € V and f € R[[§,w]], the
following two elements of (M ® M’ ® R)[[q]] (where the tensor products are over C) are equal:

i d
Rese-o Yia(¢%0u €0 > @<« 1(€.0/9)
i d

=Res—0 ¢ » @Yig (U1 )u, @) « -f(g/m, =) — (10.12)

When M is finitely L s-semisimple, the same relation holds on the level of ( M®M'® R)[log q]{q}
if Lo is replaced by Lo.

Remark 10.3. We explain the meaning of the left hand side; the other side can be un-

derstood in a similar way. In the case that M is finitely L s-semisimple, as ¢° » ®< is an

element of (MQ@M')[log g]{g}, Ya (0u, £) g™ »@« is an element of (M®M')((£))[log ql{g}-

Identify (M ® M')((£))[log¢]{q} ~ M &® M’ ® 1)((£))[log ¢]{q}, which is a subspace

of the R((£))[log ¢]{g}-module (M ® M’ ® R)((£))[log¢]{g}. On the other hand, write
f(& @) =2 nen fmn€" @™ where each f, ,, is in R. Then

f(§7Q/€) = Z Z fn+k,n€kqn7

n=0k>—n

which shows f(¢,¢/¢) € R((£))[[¢]]- Thus, the term in the residue on the left hand side is
an element in

(MM ® R)((£))[log ql{q},

8Due to Theorem 6.3, it would be proper to use this definition only when B and hence 3 are Stein.
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whose residue is in (M ® M’ ® R)((£))[log ¢]{¢}. In the case of Ly, the explanation is the
same if we replace [log ¢]{q} by [[¢]].

We note that once (10.12) has been proved for Ly, when M is L s-simple, we multiply
both sides of (10.12) by ¢Zo» and notice that ¢/>» commutes with the action of Yiy. So
(10.12) holds on the level of (M ® M’ ® R)[log q][[¢]] if Lo is replaced by Lo + Lo . So
(10.12) holds, for every L s-simple and hence finitely L s-semisimple M, if Eo is replaced
by Lo.

Proof of Lemma 10.2. Consider Yy (§L0u,§)qio as an element of End(M)[[¢%!,¢]]. Since
f/(t) — Lo, we have the following relations of elements of End(M')[[¢+!, ¢*1]]:

(Yan (650w, €)qP0)* = gPo (Vs (620w, €))* 224 qLovig (U (ye)€Lou, €7)
Yo (€ 2U Y, €71) 22 Vi ((a/€) U (v1 ), /€) g .

Thus, by (10.3), we have the following equations of elements in (M’ ® M)*[[¢£!, ¢*1]]:

(1.11)

Yin(€50u,€)g™ » @+ = » @ (Via(€0u, €)g™0)
- >®YM’((Q/S)LOU(Yl)U,q/é)qLO4 = glo >®YMI((q/€)L°U(y1)u, q/§) . (10.13)

Since for each n, P(n) » ®<« is in M ® M/, (10.13) is actually an element in (M ®

M)[[¢X, M)
Let

A(iaQ) = YM(§L0u7§)qio > X,
B(w,q) = qLO » ® Y (wLOL[(yl)u,w)<,

considered as elements of (M ® M')[[¢*!,¢*!]] and (M ® M)[[ewt!, ¢*!]] respectively.
Then (10.13) says A(£,q) = B(g/¢,q). Let C(&,@) € (M ® M')[[¢X}, wtl]] be A(¢, ¢w),
which also equals B(w,{w). Since A(,q) contains only non-negative powers of ¢, so
does A({,{w) for w. Similarly, since B(w, ¢) contains only non-negative powers of ¢,
so does B(w,{w) for &. Therefore C(€, w) is an element in (M ® M')[[£, @]], where the
latter can be identified with the subspace (M ® M’ ® 1)[[{, w]] of the R[[{, w]]-module
M@M ® R)[[{,w]]. Thus D(§,w) := f(§,w)C(&,w) is well-defined as an element in
(M®M ® R)[[§, w]]. Itis easy to check that

Rese_o <D<§, q/&)‘?) ~ Reswoo (D(q/w, w)ff) -

(Indeed, they both equal 3., Dnng" if we write D({, @) = 3, ey D™ @".) This
proves (10.12). O

Recall B = B x D,, = Dy X [§, and the order of Cartesian products will be switched
when necessary.
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Theorem 10.4. Let \ € ﬂg(W. Q@ M @ M/)(B). Then S vanishes on J(B). If ML is finitely
Ly s-semisimple, then S\ also vanishes on 7 (B).

Proof. Step 1. Note that we have divisors Sy = 3V | ¢;(B) and Sz = SN G(B) +<'(B) +
¢"(B) of C and C respectively. Choose any v in H°(C, #x ® we /5(#S%)). In this first step,
we would like to construct a formal power series expansion

v = vng" (10.14)

neN
where each v, is in H° (5, Y% ® wa/g(oS%)).

First, choose any precompact open subset U of C disjoint from the double points ¢’(5)
and ¢”(B). Then one can find small enough positive numbers ¢ < 7, A < p such that
U x D¢y is an open subset of C x D,, — F' — F” in (4.9), and hence an open subset of C.
Moreover, by (4.14), the projection 7 : C — Bequals 7 x 1 : C x D, — B x D,, when

restricted to U x De,. It follows that the section v|yxp,, of ¥x ®wc/(eSx) can be regarded

as a section of 7/3~€xDm ®Woyp, /BxD,, (S%), which, by taking power series expansions at

q = 0,is in turn an element of (¥4 ® wg/g(os%)) (U)[l¢]]- The coefficient before ¢™ defines
vn|u- This defines the section v, of 73 ® wg/g(OS%) on C —¢'(B) — ¢"(B) satisfying (10.14).

We now show that v, has poles of orders at most n + 1 at ¢/(B) and ¢”(B). Let
W, W', W" be as described near (4.8). By (5.7) and (4.22), v|y_x is a sum of those whose
restrictions to W', W” under the trivializations U, (¢),U,(w) are

fea/egi G v - flgmmmiue T (1019

where u € Vand f = f(¢,@,) € 6(W), and the coordinates of B are suppressed as the
dot. (Recall ¢ = {w.) In the above two terms, if we take power series expansions of ¢,
then it is obvious that the coefficients before ¢" have poles of orders at mostn +1at& =0
and w = 0 respectively. This proves the claim.

Step 2. Let us assume M is finitely L ¢-semisimple (or just Lo s-simple, for the sake
of simplicity) and prove that S\ vanishes on _#(B). A similar method proves that S
vanished on _# (B) in the general case.

By (4.8), we can regard f(&, w, -) as an element of ﬁ(g) [[¢, @]]. Thus, by Lemma 10.2

~.

(applied to R = &'(B)) and the fact that v|;_x is a (finite) sum of those of the form (10.15),

~.

we have the following equation of elements in (M ® M’ ® &'(B))[log ¢]{q}:

D (n g > @« +¢" > @y 4)g" =0 (10.16)

neN

where the actions of v,, on M and M’ are as in (6.5) using the local coordinates &, w of X
On the other hand, since 1V is conformal block, for each n and each w € W, (considered as

~.

a constant section of W, ®c 0'(B)), the element A,, € &(B)[log ¢q]{q} defined by

A, = lb(vn-w® (qLU »@4)) +1b(w®(vn-qL0 »@4)) —i—ll)(w@(qLO » Qs - 4))
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equals 0. Here, similarly, the action of v, on w is defined by summing up the componen-
twise actions described by (6.5) using the local coordinates 7,. By (10.16), we have

0= Z Ang" = Z IJr’(vn : w®(qL0 '®‘))qn’

neN neN

which is exactly S\{(v - w). This finishes the proof that S vanishes on ¢ (B). O

Remark 10.5. The algebraic version of Theorem 10.4 for Sy (ie. assuming Xisan alge-
braic family and replacing D,, with Spec(C[[¢]])) was proved in [DGT19b, Thm. 8.5.1]
and its proof can be easily adapted to the analytic setting. We have provided a complete
proof of Theorem 10.4 for the reader’s convenience. We remark that [DGT19b] proved a

version of Lemma 10.2 (for Zo). Their proof uses [NT05, Lemma 8.7.1] and is different
from ours.

In low genus cases, similar versions of Theorem 10.4 were proved in [Zhu96, Prop.
4.3.6], [Hua05a, Thm. 1.4], [Hua05b, Prop. 3.6].

11 Convergence of sewing

We continue our discussions and assume the setting in Section 10. Moreover, we as-
sume Assumption 4.1.

Recall that B equals D, x B. Then B is Stein if B is so. Set B* = Dy, x B. We identify
W (W,) with W, ®c 05 viaU(n.).

Absolute and locally uniform convergence

Definition 11.1. We say that S converges absolutely and locally uniformly (a.l.u.) if it
sends each element of #%(W,)(B) to an element of &'(B).

In the case that M and hence M’ are finitely L s-semisimple, since S is possibly
multivalued over g, we need to define its a.l.u. convergence in another way. For each
w € W,, considered as a constant section of #x(W,)(B), we write

Shw) = > Sh(w)n, - (logq)'q™

neC,leN

where SV (w),,; is a holomorphic function on B.

Definition 11.2. Assume Si(w) € (B){q}[log q] (namely, SY(w),; = 0 when [ > L for
some L and all n). We say that S\» converges a.l.u. if for any w € W,, any compact subsets

K c Band Qc Dﬁp, there exists C' > 0 such that

D SW (W) (b)] - lg" < € (11.1)

neC

foranybe K,qge Q,andl e N.
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When M is Lg ¢-simple, it is clear that §1|) converges a.l.u. if S does since g’ll) is, up
to multiplication by ¢? for some d € C, the part of S{ without log g. Also, if we can prove
the a.l.u. convergence of S\ (resp. S¢) whenever M is Lo s-simple, then we can prove
this for all finitely L s-semisimple M due to Convention 1.1.

Theorem 11.3. The following are true.

1. If S\ converges a.lu., then it is an element of TFEW,)(B). Similarly, if Ml is finitely
Lo s-semisimple and S\p converges a.l.u., then it is an element of ,ZE*BX (We)(B*).

2. Instead of Assumption 4.1, we assume only that for each b € B>, each connected component
of Cy contains at least one of 1 (b), . . . , s (b). If S converges a.Lu., then it is an element of
ﬂg‘gx (Wo)(B*). Similarly, if M is finitely Lo s-semisimple and S\ converges a.l.u., then
it is an element of ﬂggx (We)(BX).

For instance, case 2 includes the case of sewing a disjoint union C; u C5 of two con-
nected compact Riemann surfaces along marked points 2’ € C; and z” € Cy, where C
has no other marked points and C; has at least one more marked point.

Proof. We may shrink B so that B and hence B are Stein.

Case 1. Assume the a.l.u. convergence. Note that, since #x(W,) is generated freely
by some global sections, the &' (B3> )-module homomorphism S : #a(W,)(BX) — 0(B*)
(defined by taking the limit of the infinite series (10.11)) can be regarded as an Opx-
module homomorphism g’xb P W (W,) — Opgx. Now, the fact that §11) is a conformal
block follows from Theorems 10.4 and 6.3. The proof for S1 is similar.

Case 2. Foreachn € Nand k € N, m (75" @ we /5(kSx)) is coherent by Grauert
direct image theorem. Thus, for each b € B*, by Cartan’s theorem A, elements of
HO(C, 7" @ weyp(kSx)) generate the fiber 7, (V=" ® we/p(kSx))|b, and the later is iso-
morphic to H° (Cy, ¢~ ®we, (kSx(b))) for sufficiently large k by Thm. 5.5. Thus elements
of H(C, 7% ® we/s(eSx)) form the vector space H° (Cy, ¥¢, ® we, (S5x(b))). This fact and
Theorem 10.4 prove the claim. O

Convergence and differential equations

In the remaining part of this section, we assume V is Cy-cofinite, the V-modules
Wi,..., Wy are finitely-generated (equivalently, finitely Lo c-semisimple cf. Rem. 7.2), and
M and hence M are Ly g-simple. Since Lo,nk = 0 on M when £ is sufficiently large (cf. Rem.
7.2), the powers of log ¢ in the sewing S are uniformly bounded from above.

As in the proof of Theorem 7.4, for each k € N, Wk (resp. W,(k)) denotes the (fi-
nite dimensional) subspace spanned by all Ly-homogeneous vectors w € W, satisfying
wt(w) < k (resp. wt(w) = k). This gives a filtration (resp. grading) of W,. We define

SP=F e (Wh)* @c 0(B){q}[log q]

whose evaluation with each w € Ws* is SU(w).
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Theorem 11.4. Assume B is a Stein manifold. There exists ko € 7, such that for any k > ko,
there exists

Q € Endc (WsF)*) ®c 0(B)
not depending on M, such that
G0y (SHVSF) = Q - SY=k. (11.2)
Using this theorem, it is easy to prove:
Theorem 11.5. 3‘11) and S\ converge a.l.u..

Proof. It suffices to assume B is a Stein open subset of C™. Then by Theorem A.1, Sp<*
converges a.l.u.. O

It follows that 5’1]) isa conformal block associated to W, and X. Outside the discrimi-
nant locus A = {0} x B, S\ is also a conformal block.

Proof of Theorem 11.4

In this subsection, we assume B and hence B are Stein manifolds. By Theorem B.2,
we are allowed to fix a projective structure 8 of X. Recall Sy = YV ¢;(B); set Sz =
P i(B) + ¢'(B) + ¢"(B). As argued for (9.1), we may use (4.20) to obtain an exact
sequence

0 — H(B,m:0¢;5(95x)) — H°(B,m:0¢(—logCa + #5%))
LN H° (B, 7 (1*Op(—log A)(eSx))) — 0. (11.3)

n = qdg is a section of ©p(—log A) and hence of m, (7*©p(—log A)(eSx)) over B. Thus,
we have

He HO (C, Oc(—logCa + 053{))
satisfying dm(y) = ¢d,. We let
I =dJ(B)ud(B).

Our first step is to take the series expansion ), 91¢" (as in the proof of Theorem 10.4)
of the “vertical part” of §. Choose any precompact open subset U < C — I together
with a fiberwisely univalent 7 € &'(U). Then as in that proof, we may find a small subdisc
D = D) of D,, centered at 0 such that D x U ~ U x D is an open subset of C x D, ,— F' — F"

and hence of C. Extend 7 constantly (over D) to a fiberwise univalent function on D x U.
Then we may write

6|D><U = han + qaq (11.4)

for some h € O(eSx)(D x U). Write h = }, \ hng" where h, € 0(eS5)(U). For each
n € N, set an element i+ € @5/5(05%)(U) by

neN

Vi lo = haoy. (11.5)
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Lemma 11.6. The locally defined W;- is independent of the choice of n, and hence can be extended
to an element of HO(C — T, Oz /5(*5%))

Proof. Suppose we have another ;1 € ¢/(U) univalent on each fiber, which is extended
constantly to D x U. So 0,0 = 0 and hence §|pxy = h - Oyt - 0y + q04. Note that 0, p is
constant over q. Thus, if we define ;| using y, then §:|y = hy, - G, - 0, which agrees
with (11.5). O

We shall show that 3> has poles of finite orders at T'. For that purpose, we need
to describe explicitly 1) near the critical locus ¥. Recall the open subsets W, W', W” of

C described near (4.8) and U’,U” of C described near (4.6). Note also ¢ = ¢w. In the
following, we let 7, be any biholomorphic map from B to an open subset of a complex
manifold. If B is small enough, then 7, can be a set of coordinates of 5. The only purpose
of introducing 7, is to indicate the dependence of certain functions on the points of 5.
Thus, (¢,q,7.) and (w, g, 7. ) are respectively biholomorphic maps of

W' =D xD,xB, W'=D,xDS xB
to complex manifolds. By (4.18), we can find a,b € 0((&, w, 7.)(W)) such that
Blw = a6, @, 7)80 + b{E, @, 72) w0
Since dn(£0¢) = dm(wis) = q04 by (4.19), we must have
a+b=1 (11.6)

This relation, together with (4.2), shows that under the coordinates (¢, ¢, 7.) and (w, ¢, 7e)
respectively,

Olwr = a(§, q/& 7e)80 + 40g,  Blwr = bla/w, @, Te)w0e + q0g- (11.7)

Lemma 11.7. For each n € N, ﬁn has poles of orders at most n. — 1 at ¢'(B) and ¢"(B). Conse-
quently, - is an element of HO(C, GC/B(oS ))-

Proof. Let us write

a(§7w77-0): Z am,n(TO)gmwna §7WT0 = Z bmnTo Em

m,neN m,neN

where a1, by € O(7o(B)). Then
a(f,q/ﬁ,T.) = 2 al+n,n(7—0)§lqn7 b(q/w,w,T.) = 2 bm,l+m(7—0)wlqm'

n=0,l>—n m=0,l=>—m

(11.8)

Combine these two relations with (11.5) and (11.7), and take the coefficients before ¢™. We
obtain

b (7)€ 0, By = Y bagealr)won, (119
Dl l;nau (7)67 0, Wy v ) z;—:n 1n(Te)@ (11.9)
which finishes the proof. O
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The description (11.9) of - near I can be found in [Loo10, Lemma 33]. Next, we shall
apply the results of Section 9 to the smooth family X. In particular, Vir, is defined for X
and is an &s-module. We let v(¥;-) be a section of Vir.®w; /5(°S5e) defined on U'uU” (near

~

J(B),<"(B)) and near (B),...,sn(B) as in Section (9), which relies on the local coordinates
n,...,nN, &, w of X. Recall the correspondence ¢ — cdf, 0 — cdw. We calculate the
actions of v(§;) on M and on M’ to be respectively

Res§=0 Z al+n,nYM(C>§)€l+1d£a Resz=0 Z bn,l+nYM’(C’w)wl+ldw' (1110)

I=—n I=—n

In the following proofs, we will suppress the symbol 7, when necessary.
The next lemma is crucial to finding the differential equation (11.2), and was observed
in [DGT19b, Rem. 8.5.2] when there is no log g.

Lemma 11.8. The following equation of elements of (M ® M'){¢}[log q] is true.

Log™ » @+ = Y v @ <+ Y ¢ > @ V(i) (11.11)
neN neN

Proof. Tt is obvious that U(y1)c = ¢, éloc = €2¢, wloc = w?c. Notice Remark 10.3. We
have

Yu(€70¢, £)g" »® < -a(g, q/f)dﬁ5

=37 D Yu(e, )¢ » ® < apinnb e

n=0({>—n

~.

as elements of ( M@M'® '(B))((£)){q}[log q]d. Take Res¢—o and notice (11.10). Then, the
above expression becomes the first summand on the right hand side of (11.11). A similar
thing could be said about the second summand. Thus, the right hand side of (11.11)
equals

dg

§
I I dwo
+Resz—0¢° » @ Y (w U (v1)c, w) « -b(q/w,w);.

ReS§:0YM (fLOC, §)qL0 r® 'a(§7 Q/g)

By Lemma 10.2 and that a + b = 1, it equals

d
Resg—oYiu(£70¢,€)q" » @ « ; = Rese—oYa(c, £)g™ »® «-£d¢
=Yiu(e)1¢" »® <« = Log" »® <.
O

Lemma 11.9. For any w, € W.,, we have the following relation of elements of 0'(B){q}[log q].

1SV (we) = Y P(we @ V(H)g" 0 » @ «) + ) V(we @ ¢ > @ v(5;))).

neN neN
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Proof. By (10.9), we have
qﬁqSll)(w.) = qaql-l)(wo ® C_ILO > ® ‘) = Ib(wo ® LOQLO > ® ‘)-
By the Lemma 11.8, the desired equation is proved. O

As usual, we let v(; )w. denote Y, w1 ® - - - ® V(§;) )w; ® - - - ® wy. For any w. € W,,

~.

define Vo, we € W, ®c 0(B)[[q]] to be

Vaogws = — Y, ¢"V(Hiy)w.. (11.12)
neN

Proposition 11.10. There exists # (1) € 6/(B) for each n € N, such that for any we € W,, we
have the following equation of elements of €'(B){q}[log ¢q]:

10y SW(wa) = SH(Vga,wa) + O #(Fn)q" - Sb(wa).

neN
Proof. #(1;;) is defined by Proposition 9.2. Moreover, by that proposition, we have
we @V(H)q" > ® < +we ® " > @ V(H) « +Y () we @ 1 > @ «
=#(05) - we ® ¢ > ® <.
By Lemma 11.9 and relation (11.12), it is easy to prove the desired equation. O

To prove Theorem 11.4, it remains to check that (11.12) and the projective term
> #(9;)g" converge a.l.u.. To treat the first one, we choose mutually disjoint neighbor-

~

hoods Uy, ..., Uy of ¢i(B),..., gN(g) on which 7;,...,nn are defined respectively, and
assume they are disjoint from U’,U”. Then D,, x Ui,...,D;, x Un are neighborhoods
of 1(B),...,sn(B) disjoint from F’, F”. Write 7, o w and 7, o T as 7, for simplicity. Then
(14, 7o) is a set of coordinates of U;. Recall (11.4). We may write

where h;(q,ni,7e) € Oc(9Sx)(D,, x U;). Let v(i') be a section of 73 ® we/p(eSx) on
D,p x (Uy U -+ u Un) satisfying

Un) V) |p,,xv; = hi(g, mi, 7o) edn;. (11.14)
Write h; = Y, hing™. Then by (11.5),
Bivlu = hin (i, 7). (11.15)
So we have V5, w, € W, ®c O(D;, x B) = W, ®c 0(B) due to the obvious fact:
Lemma 11.11. We have

Vo, we = —V(HT)w.. (11.16)



We now prove the convergence of the projective term.
Proposition 11.12. Y.« #(D:t)q" is an element of 0(D,, x B) = 0(B).

Proof. Combine (11.9) and (11.15), and apply Proposition 9.2 to the family X. We obtain

N
#() = — (An + B+ Y, Cin)

C
12 i=1

where

Ap = D] Rese—o SeB - arenm(re)€ 1,

[=—n

B, = Z Resw=0 S&'B - bn,l+n(7'-)wl+1dw7

I=—n

Cin = Resp,—0 Sy, B - hin (1, 7o) di.

Notice that S, B = S, B(7:, 7)), SozP = SP(w, 7a), SePB = S¢P(€, 7)) are holomorphic
functions on U;, U’, U” which are identified with their images under (1;, 74), (£, 7e ), (w, 7o)
respectively.

We have

D And" = Y, D) Reseoo SEB - arpnn(re)€ g dE. (11.17)

n=0 n=01(>—n

We claim that (11.17) is an element of &'(D,,, x B). Note that a(¢, /¢, 7.) is defined when
lal/p < [§] < r. Choose any ¢ € (0,7p). Choose a circle 7’ surrounding D, /, and inside D,..
Then, when ¢ is on v, a(§, ¢/§, T.) can be defined whenever |g| < e. Thus,

A= 3[5 SeP(E, ) - al€, q/E, ) Ede

/

~

is a holomorphic function defined whenever |q| < e. Recall the first equation of (11.8),
and note that the series converges absolutely and uniformly when ¢ € 7’ and |¢| < ¢, by
the double Laurent series expansion of a(¢, ¢/, 7. ). Therefore, the above contour integral
equals

n=01>=-n",

Z Z %Sﬁm(gﬂ") : al+n,n(7'-)§l+1qndf7
v

~.

which clearly equals (11.17) as an element of &'(B)[[¢]]. Thus (11.17) is an element of
O (D, x B) whenever ¢ < rp, and hence when € = 7p.
A similar argument shows | B,,¢q" converges a.l.u. to

B := fl;Sw‘B(w,T.) - b(q/w, w, Te)wwdw

"

~
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where 4" is any circle in D, surrounding 0. Finally, we compute

Ci = Z Ci,nqn = Z ReSm:O Smm(niaﬂ) . hz,n("?z;'ro)qndnl

n=0 n=0

:ReSTh‘:O Sm{’p(nla T‘) ’ hl(Qa iy T‘)dni

which is clearly inside &(D,, x B). The proof is now complete. We summarize that the
projective term equals

N
DT #O)g" = I—CQ(A + B+ C). (11.18)

neN =1
O
We can now finish the

Proof of Theorem 11.4. By Theorem 7.4, we may find ky € N such that the vectors in
Wgho, considered as constant sections of Wk ®@c ¢'(B), generate the ¢(B)-module
Wx(W,)(B)/_Z (B). Fix any k > ko. We choose a basis s1, s2, ... of Ws*.

By propositions 11.10 and 11.12, for each s; of s1, s2, ..., we have the following equa-
tion of elements of &(B){q}[log q]:

q0,SUP(s;) = SP(Vga,si) + 9SW(si)

where g € 0(D,, x B) = 0(B) equals (11.18). Since we have Vyo,51 € We ®c O(B) =
#x(W.)(B) due to Lemma 11.11, we can find f; ; € (B) such that V5, s; equals 3 fi ;s;
mod elements of _# (B). Since, by Theorem 10.4, S vanish on ¢ (B), we must have

00gSW(si) = Y. fiiSW(s;) + gSU(s:).
J

The proof is completed by setting the matrix-valued holomorphic function Q to be (f; ; +
gdi, 7 )z’, ge O

Remark 11.13. Following [TUY89] or [BK01, Chapter 7] or [DGT19a], one can define lo-
cally a (logarithmic) connection V on #% (W, ) as follows. Assume first of all that X admits
local coordinates 11, . .., N, and B is a small enough Stein manifold such that O3(— log A)
is Op-generated freely by finitely many global sections 1,12, . ... Then each v lifts to an
element 1); € H°(C,O¢(—logCa + #S%)), i.e. dn(y;) = ;. Asin (11.14), one can define
a section Tjj of O¢/p(eSx) (near ¢ (B), ..., sn(B)) to be the vertical part of 1);, and define
V(ﬁj) as in Section 9 using the local coordinates 7,. Then V is determined by

Vy,we = —v(ﬁj)w.

for any constant section w, € W,. As argued in [DGT19a], V preserves ¢ (B). So V
descends to a connection of J%(W,). Its dual connection on .7;¥(W,) is also denoted
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by V. Thus, Proposition 11.10 says that for the X obtained by sewing X, and for any
Ve Tr (W @ M@ M')(B), its sewing S € 75 (W, )(B) satisfies

V4o, S = gS¢ (11.19)
where g € 0(B) is given by (11.18). This observation is the analytic analog of [DGT19b,
Rem. 8.5.2].

12 Injectivity of sewing for semisimple modules

We continue the study of sewing, but assume that X is formed by sewing a single
(N + 2)-pointed compact Riemann surface with local coordinates

X = (C;Sﬂl,...,LL’N,QL’,,‘T”;T]L...,T]N,é-,W)-

Namely, we assume B is a single point. As usual, each connected component of C' contains
one of x1,...,xN. SO

X=(m:C—Drp;T1,...,TN; M, -, IN)

where z1,...,2N,M,...,nN are extended from those of C and are constant over Dy

Assume V is Co-cofinite. Let £ be a complete list of mutually inequivalent irreducible
(ordinary) V-modules. “Complete” means that any simple ordinary V-module is equiva-
lent to an object of £. Wy,..., Wy are finitely-generated V-modules. Then by Theorems
11.3 and 11.5, for each ¢ € D;,, we can define a linear map

rp’
Sy (—B ﬂg(W. QMeM') — %g‘q(w.), (12.1)
Meé€
D v — > Sbulq)
M M
where X, = (C4;21,...,ZN; M1, ..., nn). Similarly, one can define éq by replacing S with

S. Notice that DM Stui(q) = S @ SUni(q) for some constants Ay depending only on
M. Thus &, is injective (resp. bijective) if and only if &, is. Also, &, depends on the
argument of ¢.

Theorem 12.1. Assume V is Ca-cofinite, and choose any q € Dy,. Then &, and éq are injective
linear maps. If V is also rational and V(0) = C1, then &, and éq are bijective.

Proof. Let us fix qo € Dy, and let ¢ denote a complex variable. Let us prove that &, is
injective. Suppose that the finite sum )}, S (go) equals 0. We shall prove by contradic-
tion that oy = 0 forany M € €.

Suppose this is not true. Let F be the (finite) subset of all M € & satisfying 1\ # 0.
Then F is not an empty set. We first show that ¢ := >, Sy (which is a multivalued
holomorphic function on D)) satisfies ¢(q) = 0 for each ¢ € Dy,. Choose any large
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enough k € N. Then, by Theorem 11.4, ¢=F satisfies a linear differential equation on Dy,
of the form J,¢<F = ¢71Q - $=F. Moreover, it satisfies the initial condition d=F(qo) = 0.
Thus, ¢=* is constantly 0. So is ¢.

Consider the V ® V-module X := @y;c M ® M. Define a linear map « : X — W7 as
follows. If m ® m’ € M ® M, then the evaluation of k(m ® m') with any w, € W, is

(k(m@m'),wey = Z Py(we @ m@m').
MeF

We claim that Ker(x) is a non-zero subspace of X invariant under the action of V® V.
If this can be proved, then ker(x) is a semi-simple V ® V-submodule of X, which must
contain M ® M’ for some M € F. Therefore, Ppg(we ® m ® m’) = 0 for any w, € W, and
m®m' e M®M'. Namely, Py = 0. So M ¢ F, which gives a contradiction.

For any n € C, let F,,) be the projection of M onto its Lo-weight n subspace. Then

b(we)(g) = D, > bui(we ® Py »®<)g"

MeF neC

Since this multivalued function is always 0, by [Hual7, Prop. 2.1], any coefficient before
q" is 0. Thus P, » ® « (which is an element of M,,) ® M ) is in ker(x) for any n. Thus

ker(x) must be non-empty.
Suppose now that >, m; ® m; € Ker(r) where each m; ® m; belongs to some M®M'.

We set Yy (we @ my @ m}) = 0 if M,M e F and M # M. Choose any n € N and [ € Z.
We shall show that >} Y (u);m; ® m; € Ker(x) for any u € VS". (Here Y denotes Yy for a
suitable M.) Thus Ker(x) is V ® 1-invariant. A similar argument will show that Ker(x) is
1 ® V-invariant, and hence V ® V-invariant.

Set divisors D1 = 21+ --+an and Dy = o' +2”. Choose a natural number ks > [ such
that Y (u)rm; = Y(u)ym = 0 for any j, any k > ks, and any u € V<". This is possible
by the lower truncation property. By Serre’s vanishing Theorem, we can find k; € N such
that H* (C 7/5” R wa (k1D1 koDs)) = 0. Thus, the short exact sequence

0= 73" Qup(kiD1 — kaDa) —» V3" @wp(kiDy —1D2) >4 — 0
(where ¢ is the quotient of the previous two sheaves) induces another one

0— H(C, 75" @uwe(kiDi — k2 D2)) — HO(C, 75" @ we (ki D1 — 1D2))
— HY(C,9) — 0.

Choose any u € V<™. Choose v € H*(C, %) to be U,(¢)*uld¢ near 2/ and 0 in C' — {2'}.
Then v has a lift v in H° (C “//f” ® wg(k1D1 — 1Ds)), which must be of the form

Uy(E)v|pr = uede + €72 (elements of VS" @c O(U"))dE,
Uy (w)v|yr = w2 (elements of V" @c 0(U"))dw,
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where U’ 5 2/, U" 5 2" are open subsets of C (see (4.6)). It is clear that v - mj =Y (u)ym;
and v - m3 = 0. Thus, as each {y vanishes on v - (W, ® M ® M'), we have
D) bm(we @Y (u)imy @mf) = = >° > (v - we) @ my; @ m)
MeF j MeF j
=— Z<H(mj ®m),v - we) = 0.

J

So >; Y (u)im; @ m); € Ker(k).

We have proved the injectivity when V is Cy-cofinite and V(0) = C1. If V is also
rational, the surjectivity follows by comparing the dimensions of both sides and using
the factorization property proved in [DGT19b]. O

As a consequence of this theorem, we obtain again the well-known fact [DLMO00] that
any Cy-cofinite V with V(0) = C1 has finitely many equivalence classes of simple mod-
ules. Indeed, we let X = (P';1,0,00;2 — 1,2, 2 1), and let W; = V. Then T (VM®M')
is nontrivial since Y}y defines a non-zero element of it. Thus, as the range of &, is finite-
dimensional, € is finite.

13 Convergence of multiple sewing

In this section, we prove the convergence of sewing conformal blocks along several
pairs of points, which generalizes Theorem 11.5. Let N, M € Z.. Let

o~ ~ A D / / " "
X=(T:C—>B;St, ey SNy e s SASTs v s SAZI My o e o s NG &Ly e v oy EM TO1y -+« TOM)

be a family of (N + 2M)-pointed compact Riemann surfaces with local coordinates. So

~. ~ ~

each 7;,¢;,w; are local coordinates at ¢;(B),<}(B),s; (B) respectively. We assume that

for every b € B, each connected component of the fiber ¢, = #~!(b) contains one of
(D), on (). X

For each 1 < j < M we choose 7;, p; > 0 and a neighborhood Uj (resp. UY) of ¢}(13)
(resp. <} (B)) such that

(&, %) : U} > D, x B resp. (), %) : Ul > Dy, xB (13.1)

is a biholomorphic map. We also assume that these r; and p; are small enough such
that the neighborhoods U7, ..., U}, U7, ..., U}, are mutually disjoint and are also disjoint
from ¢ (B), . .., <n(B).

Assume V is Cy-cofinite. Associate to i,...,sy finitely-generated (equivalently,
finitely Los-semisimple) V-modules Wi,..., Wy. Associate to ¢f,...,s}, finitely-
generated V-modules Mj, ..., M), whose contragredient modules M/, ..., M/, are asso-
ciated to ¢f,...,<},. Each M} is finitely L s-semisimple and hence, equivalently, finitely
generated. We understand W, ® M, ® M, as

Wi ® - @Wy@M; @M ® - ® My ® M),
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where the order has be changed so that each M} is next to M.
For any 1 € ﬂg (W, ® M, @ M,)(B) and w € W,, we define

Shw) = (w@ @ r @)@ B (aff v@ue)) € OB){allogal.  (132)
(Recall that the powers the log ¢; are bounded above since each M; and I\\/JI; are finitely-
generated; see the paragraph above Thm. 11.4.) Here, each quO » @i« € (M; ®
M’){g;}[log g;] is defined as in (10.5). SP(w) is defined similarly, except that L is re-

placed by L.
Let D,,p. = Dyip, X -+ X Dyyp,, and D,,X.p. = DJ, X X DTXMpM Let g; be the

standard coordinate of D;,,.. We say that S converges a.l.u. if Sp(w) € G(B x Dy, o)
for each w € W,. Write

Shw)= > Sh(w)n, g (logg)"
ne€CM [,eNM

where

M

¢ =qi"qy,  (logan) = (logq)" - (log qar)"™.

We say S\ converges a.l.u. if for each compact subsets K < Band Q D;,,. =D},
- x D) there exists C' > 0 such that

TMPM’
D [SU(W)n, 1 (0)] - g2

neeCM

<C

forany be K,qe = (q1,--.,qu) € Q, and l, € NM. Clearly, if Sy converges a.l.u. then so
does S.

Theorem 13.1. Assume that V is Cy-cofinite and all the V-modules W;,M; are finitely-
generated. Then S\ and S\ converge a.l.u..

Proof. The main idea is the same as single sewing. We sketch the proof below.

Since the convergence property is local with respect to B, we may identify B as an
open subset of C"™ and let 74 = (71, ..., Ty,) denote the set of m standard coordinates.

Similar to Sec. 4, we may define a new family of curves X with base manifold B =
Dyupo X B =Dy, X -+ X Dy, pys % B to be the simultaneous sewing of X along s; and ¢
using the relation §;w; = g; forall 1 < j < M. Let g; be the standard coordinate of D, ...
We let ¥ < C be the set of critical points of 7 : C — B, i.e., the set of all points at which 7 is
not submersive. Then A := 7(X) equals Ay U - - - U Ay where A; is the hypersurface of B
defined by ¢; = 0. We let Ca = 7 1(A). ©p(—log A) is defined to be the free &z-module
generated by

Q1aq17-'~7QMaqMaaT17'”7aTm'

The partial coordinates 7, o 7 of C and 7, o 7 of C are also denoted by 7, for simplicity.
To understand 7 locally at x € C, we consider the following two cases:
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1. z ¢ 3. The fiber C,(,) is either smooth or nodal, and z is a smooth point of C(,.
Then we may find 19 > 0 and 7, < r., p, < pe such that 7 on a neighborhood of x is
equivalent to part of the projection

Dyy X Dy pr, X B — Dy, % B.
The O¢-module O¢(—logCa) near x is generated freely by
02,q10q,+- - »qMOqps» Oy s - - - 5 Oryy
where z is the standard coordinate of D,,,. The morphism
dm : O¢(—logCa) — 1" Op(—log A) (13.3)

is defined by killing 0., and by keeping all the other generating elements.

2. x € 3. The fiber C,(,) isnodal, and x is anode of C,(,). Denote by D,_,,\; the product
of Dripys -+ Dryspyy €xcept Dy .. Then 7 at x is locally equivalent to the map
Dy; x Dy, X Dy p\j X B = Dyyp; X Dy, x B =B,
(&5 @) Qa\js To) = (£5TT5 Qa\jr To)-
Near z, the 0¢c-module O¢(—log A) is generated freely by
§j6§j,wj0wj,q16q1, cee ,qj‘_laqj_l,q]'+15qj+1, cee ,qMaqM, Tlsy--+yTm-
(13.3) is defined near x by setting
dﬂ(gjagj) = dﬂ'(w]'awj) = q]‘aqj (134)

and keeping the other generators.

We now obtain again an exact sequence (4.20) where O 5 is defined to be the kernal
of dm, and we again have a natural isomorphism O¢ z|c, >~ O¢, for each fiber C;, of X. So
we obtain the long exact sequence (11.3). Similar to the proof of Thm. 11.4, one may lift
qk0q, € Op(—log A) to a section

ne HO(C, Oc¢(—logCa + ¢Sy))

which has multi series expansion

~ f\/l .
H= D B e+ ardy,
neeNM

on C\X. Here, 0, should be understood as the tangent field 0,4, .~ of C which vanishes
when pullbacked to each fiber of C. And 5, € H°(C-T, @5/3) where ' = (J, ;< (H(B)u

~.

i (B))-
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Choose Vi,...,Vy to be neighborhoods of gl(g) ...,gN(g). Assume that they are
disjoint from U}, ..., U4, UV, ..., U%,. Then D,,,, x Vi,..., Dy, ,. x Vy are nelghborhoods
of ¢1(B),...,sn(B) in C. By the descriptions of dr in (13. 3) and (13.4), for each 1 <
N,1 <7< M, wecan write

G‘Dr.p.x‘z = hi(q°7ni77—0)a7h- + Qk-aqk7

ﬁ‘D,«j XDp; XDy pe\j <xB = 4 (gj’ Wijsde\5> T‘)ﬁjafj + bj (fja Wi, de\j» TO)wjaw]- + (1 - 5j,k>gk§qk-

where h;, a;, b; are holomorphic functions on suitable domains, and
a; + bj = 5j,k-

This shows in particular that ;5 € H° (C, Os /g(on)). Fix a projective structure 3 on X
Then we can define v(;,) and #(;,) as in Sec. 9.
For q].LO »®j<e M; ® M;{qj}[log ¢;), (11.11) can be generalized to

ik Lo’ »@k <= > V(i )al g v ®; <+ . qiq°»®; V(i) (135)
neeNM neeNM

by showing that the right hand side equals

d&;
Rese, o Yi, (£°¢,£)q1° »®; «-a;(&5,45/45, au; T-)?J
J
Lo Lo dw;
+Resw;—0 ¢ > ®; YM; (@ °U(v1)e, @;) < bj(qj /@, @}, ge\js Te) =
J
and using Lemma 10.2. Then, similar to Prop. 11.10, we can prove

G0 SP(w) = SY(Vga, we) + > #(By,)qe" - Sb(w.) (13.6)

neeNM

where Vg, o, we = = 3, e 42 V(B;,, )wa is indeed an element of W, ® &/(B).

Consider holomorphic functions S, B = S, B(n;,7.), Se, P = SeP(E, ),
Sw, B = S&;P(wj,7) on XN/,-,U]’-,U]’/ which are identified with their images under
(Mi,Te)s (&5, Te)s (0, Te) respectively Under these identifications, choose circles v} in the
¢j-plane D,; of U} and vj in the w;-plane D, of U} around the origins (see (13. 1)) Then

the pro]ectlve term Zn.eNM #(t)n.) e equals
<2A+ZB+ZC> (13.7)
1<j<M 1<j<M 1<i<N

where
Aj = fﬁsﬁj‘l‘(&'m) - (5, 5/85, 405 7o) - 545,
7j

13.8
Bj = fﬁswjm(wg‘m) 045/, @), Gajs o) - wjde, 19

Vi
C’i = ReSm:O Smm(ﬁz’ To) : hi(q.a iy To)dni
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whenever |g;|/p; and |g;|/r; are respectively less than the radii of 7} and ~7. This proves
that the projective term is an element of &'(3).

Thus, as in the last step of the proof of Thm. 11.4, we conclude that for all large enough
I, there are Qy, - -+ , Q) € Ende((WsH*) ®c ¢(B) independent on My, . . ., M, such that

G0g, (SVS') = Q. - SP™' (13.9)

for every 1 < k < M. This finishes the proof of that S converges a.l.u., thanks to Thm.
Al O

In the above proof, we give the formulas (13.7) (13.8) for the projective term since we
think it might be useful in the future.

A Differential equations with simple poles and parameters

Let V be a connected open subset of C" with coordinates 7, = (7i,..., 7). Let D,, =
Dy, % - -+ x Dy,,. We let g; be the standard variable of D,,. For each 1 < j < M, choose

Al e End(CY)® 0(D,, x V),
weCVN®o(D,, xV).

Recall D, is the open disc at 0 with radius r. Consider the following system of differential
equations

q;j0q, 00 = Alp + W (A1)
for all j, where

L
p= > > Ynalre)gi(log )™

l1,..lp =0 neeNM

L
= > D Caa(r)glt gy (log qr)" - (log gar)™ (A2)

l1,..,lpr=0 neeNM

is in CY ®@c 0(V)[[qs]][log ¢s] and is a formal solution of this system of equations. The fol-
lowing result is well-known although the reference is not easy to find. Thus, we provide
a proof for completeness purpose. (See also [McR21] Appendix A.)

Theorem A.1. Suppose that the formal series 1 satisfies (A.1) for all j. Then 1) converges a.l.u.,

namely, for each ly, ..., Iy and |q;j| < rj, and each compact subset K <V,
sup D ([ (o)1l ] < +o0. (A3)
Te€K neeNM

To prove this theorem, we first need:
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Lemma A.2. Suppose M = 1 and we suppress the subscript 1. Suppose that the formal series 1
does not contain log q and is a formal solution of (A.1), namely,

qQogy = AY + w.
Then <) is an element of CN ®c O(D, x V). Equivalently, 1) converges a.l.u..

Proof. It suffices to prove that ¢ is an C" -valued holomorphic function on a neighborhood
of {0} x V. < D, x V. Then, by basic theory of linear differential equations, there is a
(possibly multivalued) CV-valued holomorphic function on D x V whose “initial value”
is given by v. (See [Kna] the remark after Thm. B.1.) This function must be single-valued
since 1) is so. So 9 is holomorphic on D, x V.

Consider the series expansion of A and w:

Alg,m) = D, An(m)d", w(g ) = ) wa(ra)g"

neN neN

where each A, is in End(C") ®c €¢(V), and each w,, is in C¥ ®¢ (V). Then for each
neN,

Ny, = wn + Z An_jl/)j.
7=0

Choose any open subset U of V with compact closure, and choose B > 0 such that
|Ao(7e)||< B whenever 7, € U. (Here ||-|| is the operator norm.) Then for any n > B,
nl — Ag(r,) is invertible (with inverse n~" 3172 ;(Ao(7.)/n)’). Thus, whenever n > B,

n—1
Y= (0= A0) ™ (wa + Y An-sly). (A4)
5=0

Choose any r < r and set

a= sup  max{|[A(qg, 7|, [w(a,7e)ll}- (A.5)
(q,r.)eD,«1 xU

Using A,,(7.) = §6D,.1 A(g, 7'.)q*"*12di—2r and a similar relation for w,,, we have

[An (7o)l llon (7o)< ar ™ (A.6)

for all n and all 7, in U.

Choose 3 > 0 such that ||(n— Ay(7.)) 7||< Bn~! forany n > Band 7, € U. (Such 3 can
be found using the explicit formula of inverse matrix given above.) Set v > max{1, a3}.
Then, from (A.4) and (A.6), we see that for any n > Band 7, € U,

n—1

()< et (14 rlerll)- (A7)

7=0
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By induction, one can show that there exists ¢ > 0 such that

I {[Pn(Te)[|< "

forany n € Nand 7, € U. Indeed, if this is true for 0,1,2,...,n — 1 where n > B, and if
we assume c¢(y"~! — 1) > 1, then by (A.7),

n—1 n—1

()< ™ (14 X erf) = (L e+ 3 o)
j=0 j=1
n—1
<yn 1(07”_1 + cy" 1) = cy"
j=1

Thus ||t (7e)||< ¢y™r]" for all n and 7, € U. Therefore, if we choose any g € (0,7 1ry),
then the series Zn”TZ)\n (7e)]|-|g|™ is uniformly bounded by some positive number for all
lgl < roand 7o € U. Since each #,(7.) is holomorphic over 7,, the series (A.2) must
converge uniformly to a holomorphic function on D,,, x U. This proves 1 is holomorphic
on a neighborhood of {0} x U, and hence of {0} x V' by choosing arbitrary U. O

Lemma A.3. Thm. A.1 holds if 4 has no log terms.
Proof. We prove this by induction on M. The case M = 1 has been proved. Suppose the

case is proved for M — 1. In the case M, write n,; = (ng,...,nar). Set
g, am) = ), Pna, (@)ds? g (A.8)
e ENM-1

1 . .
and define A, e wl . ina similar way. Then

C_haqﬂ/)n.\l (Q1) = Z Anz—k‘g,...,nM—k‘]wwk‘g,...,kj\/l (Q1) + wam.\l (Q1)

ko\l <no\1

Therefore, for each n, 1, @k.\l <nen Vkyy € CN(m2+1)-(nm+1) gatisfies a differential equa-

tion of Jg, similar to that in Lemma A.2. So ¢, , € CN®o(D,, x V).

Now consider (A.8) as a formal series of g2, . . ., gnr Whose coefficients are holomorphic
over D, x V and which satisfies a system of M —1 differential equations as in (A.1). Thus,
by the case M — 1, (A.8) is the series expansion of an element of C¥ ® €'(D,, x V). This
finishes the proof. ]

Proof of Thm. A.1. Write
= Pni.qe(logg.) 2 . (log o)’

Ne,le

where 1y, = Y, ¥n, 1,42 Recall that we assume (A.1) holds. By looking at the (log )"
part of this equation, we see

qj0q by + (L + D)y, 541,00 = Abu,
when one of l1,...,[l); is non-zero; if il = -+ = [y = O, the right hand side is Ay, + W,
By induction on /; + - - - + {57 (from large to small), and by Lemma A.3, we see that each

. belongs to CY ® 0(D,, x V). So ¢ satisfies (A.3). O
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B Existence of projective structures

Let X = (7 : C — B) be a family of compact Riemann surfaces. In [Hub81, Lemma
5] Hubbard showed that X has a projective structure when B is Stein and the connected
components of the fibers have genera > 1. In this section, we cover the low genus cases.

Let 4l = {U,}ae be a Stein cover ? of C such that each member U,, admits 7, € &(U,)
univalent on each fiber of U,. Define a Cech 1-cochain o = (0a,8)a,pen € C Ly, w?/QB) such
that

Oap =Sptig - dily € wEp(Ua N Up).

By (8.4), o is a cocycle and hence can be viewed as an element of H!(C, wg)/QB). The proof

of the following Lemma is in [Hub81, Lemma 5]. We recall the proof for the reader’s
convenience.

Lemma B.1. X admits a projective structure if and only if o is the zero element of H'(C, w?ﬁB).

Note that H'(C,wg);) equals H' (¢, w?flg) by Leray’s theorem.

Proof. “If”: We have a 0-cochain s = (s4)aea € CO(44, w?/QB) such that s = o. By Proposi-
tion 8.1-(2) and by passing to a finer Stein cover (still denoted by &l for simplicity), we can
find f, € 0(U,) univalent on each fiber, such that

SnafOé ' dﬁi = Sa- (Bl)

Thus, on U, n Ug we have

Snang - dNf = Oap = Sa — 3 = Spofa - Nl — Sy f5 - dnj.
By (8.4), we have

Snanp - A = S, f3 - dni — Sy, f5 - dnj.

These two imply S, fo = S, f3. Thus, by Proposition 8.1-(3), St f3 = 0. So (Ua, fa)aex
is a projective chart.

“Only if”: Assume (U, fo)acu is a projective chart. Define s = (sq4)aey using (B.1).
Notice S, fo = S;,fs. One can reverse the argument in the first paragraph to show
ds = 0. O

Theorem B.2. Assume B is a Stein manifold. Then X admits a projective structure.

Proof. Assume without loss of generality that the fibers are connected and have genus g.
(Recall they are diffeomorphic by Ehresmann’s theorem.)

Assume g = 1. Each fiber C; is a complex torus and hence obviously has a pro-
jective structure (e.g. the one from the standard local coordinates of C). Thus, by

°An open cover { of a complex manifold X is called Stein if each open set U € il is a Stein manifold. Then
any finite intersection of open sets of il is also Stein (see [GR84, Sec. 1.4.4]).
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Lemma B.1, for each b € B the restriction o|C, is the zero element of H*(Cy, w?bz). Since
b — dim HY(Cp,w 2) is constantly 1 (because we, ~ 0Og,), by Grauert’s Theorem 4.2,
R! w*wc B is locally free and each fiber is equivalent to H* (Cb, ) So o is the zero sec-
tion of Rlﬂ*wc I over B. Thus, we may find a Stein cover ¥ = (V “Yiez of B such that the
restriction of o to Cyi = 7~ (V) is the zero element of H!(Cy/:, w?fb,).

Let W} = U, n Cyi which is Stein (cf. [GR84, Sec. 1.4.4]). Then for each i € Z, 2" =
(W{)aen is a Stein cover of Cyi. So o|Cy. is the zero element of H* (20", wg /B) Choose

t' = (t!)aeu (Where each t!, € wc/B(WZ)) such that 6t = o|Cyi. On U, N Us N Cyi 0 Cyy
we have !, — t% = 003 = th — té and hence #¢, — t = t}g — t] Therefore, we have a
well-defined element u = (u%7); jez of H' (7, TeWs /B) such that u*J, which is an element
of (7r>,<(,uc/8)(VZ NVI) = WC/B(CVI N Cy;), equals t?, — tJ, when restricted to Cyi N Cys N Uy
for any a. Since B is Stein, by Cartan’s Theorem B, H'(7, TRWg /B) is trivial. So there
exists v = (v%);er (Where each v' € w?/%((fvi)) such that v* — v/ = u™ on Cy: N Cyy. So
vi— vl = ti —t), on Cyi N Cyry N U,. So there is a well-defined s, € w?fB(Ua) which equals
ty, —v"on U, NCyi for each i. Let s = (sq)aeu- One checks easily §s = o. Thus, by Lemma
B.1, X has a projective structure.

Assume g > 1. Then H 1(Cb,w22) is trivial (since degwe, = 29 — 2 > 0). A similar
argument shows that o is a coboundary. Assume g = 0. Then b > dim H*(Cy, w?f) is still

constant since any fiber C, is biholomorphic to P!. Moreover, C, clearly has a projective
structure. The above argument for g = 1 applies to this case. O
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X, 28
Y, Yw, 29

[[=11, (=11, ((2)): {23, 7
A, 21
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