











































































































Categorical extensions of Conformal Nets

are Haag Kastler nets of charged fields

for chiral CFT

Motivation Relate VoA and Conformal net

teaser categories This can be

done by relating charged fields on both side

Motivated by A Wassermann 98 computing

fusion rules

Categorical extensions give a unified descriptio

of Vaa and conformal net charged fields



Wightman axioms Haas Kastler Nets

44 Ot Aco

2d chiral CFT Carpi KawaHigashi Longo Weiner

Vertex operator algebra Conformal Net A

41.2 E9nZ IC s ALINEZ 4
open connected nondense interval
of S

Iman

4 f f 417 ft dZ f C CECI

then A I N 41ft HEV f C CECI

Locality If f CCECI GE CT J Int d
4 HEV then Mf Tcg e I I

Also 41ft E for some 4 EV so

Ulf 4cg o



This is the adjoint commutativity of 441,41g

Strong Locality ALI A J o if In 1 01

or vNC4H VN 4cg a

lift

Categorical extension of A is the Haaf Kastler
net of charged fields

A charged field is 9C't Wi Wj

where Wi Wj are representations of V

If Wi Wj are irreducible yczt nf.cz 4 2
0

for some OEIR



A acts on the vacuum rep Ho
NEH is the Vacuum vector

Cat Ext is modeled on Cannes fusion

of A rep Cannes Wassermann

Let Hi Hj Hk be rep of A

I interior S I Is

Hom
A CI Ho Hi

Bounded linear operators from Ho Hi

intertwing the actions of ACI

Hi I Hom H Hi N En Ai
uYg

2 8 1 N

2 9 I He Hi is uniquely determined by
State field correspondence

We say vectors in Hitt to be I bounded



If G G CHi I then

H
ZG

Hit 24nF H

Commutes with A Il So by Haag duality
it is in A LI

So 2 Gz I 2 Gi I acts on any rep Hj
mm

Assume G CHi I

We let 2 G I act not only on H

but on any Hj

2 G I Hi Hi I Hj Hi Hitt
described as follows

Hitt Hj Hilbert space generated by
v v

7 Inner product

G Mi Ga 727

2 Gz I 2cg I 7 I 727

Then 2 G I Hj Hitt Hj Hi Hitt



71 7 8 1
Hit Hj is naturally a rep of A
Bartels Douglas Henriques 17 G

Locality Assume IhJ II

Hitt Hk Hj J Hitt Hk Hid

written as Hitt Hk Hj J
u u u
Es 4 7

5 4 7 9 4 7

2Cn J
Hk Hk Hj J

2G I 215,1
2 n J

Hitt Hk 7 Hitt Hk Hit

Moreover this diagram commutes adjointly i.e

this diagram and the following both commute



2Cn J
Hk Hk Hj J
a a

2G I 215,1
2 n J

Hitt Hk 7 Hitt Hk Hit

We call this the adjoint commutativity of
2 9 I 2 M J Recall It

we new get rid of I J in Cannes fusion

must
Tents Hi Hi Hi Hi

H Hits't
Define Hi Hj Hi Sf Hi

identified with Ha Hj Sl

via 2 G S't t Za S

if SE Hics't 7 CHj Sl

Hitt Aj Hiltz Hr



How to relate Hitt Hi with Hils't Ha 7

Notice If II Iz are close TE7y

in the sense that I AIs is a hen empty
connected open interval

Hilt.mil H
These two example are not close

We have Hi Ii Hj Hi Iz Hj

G IxM H G 7
if G C Hi CI AIL

We have isomorphisms Hi I Hj Hi Sf H

no fi arts't 11
Hi Ha

J ee Ent rays't



no hi em

My ing f tha't
hug

these threemight be different isomorphisms

I I arge where arg is a continuous

function on I satisfying avg Z arg Z

I uniquely determines a path 2 from I

te s't s t arg changes continuously to 6 Tt

Ex Let I I LI arose
I

arge ITI E't

argI It Ix J
Arg1 Ext 2K IT 12K



argI f Ia 4Th It 4Th

2 Hitt Hj Hics't Hi
11

Hi Hj
determined by 25

Similar1 By the path from F to S

5 t arf changes continuously to C a o

G

Pj Hi Hits Hi Hj Sl

Hi Hi

Define for each t.tk G C Hilt 7EHj J
2 5 I

G I Hk Hi I Hk s Hi Hk

Rcn F Hk
Z

Hk HjCJ RT Hk Hi



We say 5 is clockwise to I

if I D arg za L arg cars

4 2 412 412
I I

Ix pry a'T.jo a F.j.ua j za
J J J

Hz Ea Ea

X V X x

Locality axiom
Rcn 5

Hk Hk Hj

LEI 1 Lcs.FI

Hi It
1217,5

v

Hi Hk Hj
11

Hits'd Hk Hj Sl

Commutes adjointly if GEHILI YEH J

and F is clockwise to I



Sf 712

The path P Ahhh s Tf quagga
St

reduces p Hils't Hk Hits Hi

Hi Hk Hk HiCst
11

His Hi

Braiding axiom Hk

LCS.IT RHI
J

u
pHi Hk Hk Hi

Theorem P satisfies Hexagon axioms

It is the braiding

Categorical extensions of A

Axioms of LCS I Rcn 5


