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Abstract

Let V be one of the following unitary strongly-rational VOAs: unitary WZW mod-
els, discrete series W-algebras of type ADE, even lattice VOAs, parafermion VOAs,
their tensor products, and their strongly-rational cosets.

Let Ay be the conformal net associated to V' in the sense of Carpi-Kawahigashi-
Longo-Weiner (CKLW). According to [Gui20], the #-functor §V, : Rep"(V) —
Rep(Ay) of Carpi-Weiner-Xu (CWX) can be defined and extended to a braided -
functor (F¥w«, 2") implementing an isomorphism of braided C*-tensor categories
Rep"(V) ~ Rep'(Ay) where Rep"(V) is the category of unitary V-modules, and
Rep (Ay ) is the category of dualizable (i.e. finite-index) Ay -modules. The tensorator
20V, originally due to [Was98], is called the Wassermann tensorator.

In this paper, we show that if U is a (conformal) VOA extension of V' (which is
automatically unitary [CGGH23]), then the CKLW net A;; and the CWX functor 5,
can be defined. (Namely, U is strongly local, and all unitary U-modules are strongly
integrable.) Moreover, identifying Rep" (V') with Rep’ (Ay ) via (§%y«, 20Y), we prove
three comparison results:

1. If P is the C*-Frobenius algebra in Rep"(V') associated to U, and if B is the
conformal net extension of Ay defined by P, then B = Ay.

2. The inverse of the canonical braided #functor (Fyos,UZ) : Rep’(P) =
Rep"(U) (where Rep’(P) is the category of unitary dyslectic P-modules), com-
posed with the canonical one (Fex, M%) : Rep”(P) = Rep'(B), is equal to the
CWX functor FY, : Rep"(U) — Rep'(B) together with a tensorator.

3. This tensorator is equal to the Wassermann tensorator whenever the later can
be defined (e.g., when V' is one of the following VOAs: unitary WZW models
and discrete series W-algebras of type ADFE, even lattice VOAs, parafermions
VOAs of type ADE, their tensor products, their strongly-rational cosets, and
their VOA extensions).
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This article deals with two types of problems about the relationship between unitary
extensions of VOAs and conformal nets in a uniform framework:



* (Analytic problems) Strong locality and strong integrability.
* (Algebraic problems) Comparison of extensions and braided =-functors.

Let me introduce these two types of questions in turn.

0.1 Strong locality and strong integrability for unitary VOA extensions
0.1.1 Energy bounds and strong locality

Unitary vertex operator algebras (VOAs) and conformal nets are two seemingly dif-
ferent but conjecturally equivalent mathematical formulations of two-dimensional chiral
conformal field theories. A systematic study of the relationship between these two objects
was initiated by Carpi-Kawahigashi-Longo-Weiner [CKLW18]. In this work, the authors
showed that many familiar unitary VOAs V have an associated conformal net .4y defined
on the Hilbert space completion Hg of V.

The construction of the CKLW net Ay from a unitary VOA V belongs to the tradi-
tion of constructing a Haag-Kastler net from a Wightmann QFT. (See the Introduction of
[CKLW18] and the reference therein.) In this tradition, one of the biggest challenges in
constructing nets of algebras satisfying the Haag-Kastler axioms [Haag96] is to show that
two smeared operators localized in spacelike separated regions are strongly commuting.
In the present context, this means that if f € CX(I) and g € C(J) where I and J are
disjoint (nonempty non-dense open) intervals of the unit circle S!, and if u,v € V, then
Y (u, f) and Y (v, g) commute strongly in the sense that the smallest von Neumann al-
gebra to which Y (u, f) is affiliated commutes with the one for Y (v, g). Any unitary V'
satisfying this property is called strong locality.

In [CKLW18], the treatment of strong locality is aided and simplified by another use-
ful analytic property called (polynomial) energy bounds. It says roughly that smeared
operators Y (v, f) (and their products) are bounded by (1 + L)" for some r > 0 (depend-
ing on v but not on f), where Ly > 0 is the energy operator. (L is the restriction of L to
the subspace of vectors with finite Ly-spectra.)

One of the most remarkable properties of energy bounds is that many important dense
subspaces of H§® = (1),>q Z(1 + Lo') (called quasi-rotation invariant (QRI) spaces in our
paper, cf. Def. 2.6), including Hg’ itself, are cores for any linear combination of energy-
bounded smeared operators, cf. [CKLW18, Lem. 7.2]. This property plays a crucial role in
the proof of Thm. 8.1 of [CKLW18], which says that strong locality can be passed from a
generating set of (quasi-primary) field operators to all field operators. (See also [DSW86].)

Thanks to [CKLW18, Thm. 8.1] and the fact that field operators with linear en-
ergy bounds (i.e., they are “bounded by 1 + Ly”) satisfy strong locality (cf. e.g.
[G]87, DE77, BS90]), any unitary VOA generated by linearly energy-bounded (quasi-
primary) fields (e.g. unitary affine VOAs, unitary Virasoro VOAs, Moonshine VOA,
their tensor products) are strongly local. Consequently, all subalgebras of them (notably
those obtained by coset construction and orbifold construction) are (energy-bounded and)
strongly local. Recently, this technique has been generalized to unitary vertex operator
superalgebras [CGH23].



0.1.2 Strong locality for unitary VOA extensions

Unfortunately, the above technique does not apply to many important unitary VOAs.
To prove strong locality (and energy-bounds) for more examples, one has the following
two obvious options:

(1) Weaken the condition of linear energy bounds.

(2) Besides taking tensor products and taking subalgebras, show that other ways of
constructing new unitary VOAs from old ones also preserve (energy-boundedness
and) strong locality.

The first option was taken by Carpi-Tanimoto-Weiner: In [CTW22], the authors intro-
duced the notion of local energy bounds, and used it to prove that 15 algebras (which
are unitary by [CTW23]) are strongly local.

In this paper, we pursue the second direction: Starting from a unitary (energy-
bounded and) strongly local VOA V, let U be a unitary VOA extension of V. (In this
paper, we always assume that the extension has the same conformal vector as that of V)
We want to study the strong locality of U.

Given that proving strong locality for all unitary VOAs currently appears hopeless,
establishing a general theorem on the strong locality of unitary VOA extensions is equally
unattainable, since every unitary VOA can be viewed as a unitary extension of a Virasoro
VOA. Therefore, we must impose additional restrictions on V.

Recently, Carpi and Tomassini proved in [CT23] that if the field operators of V' acting
on U are energy-bounded, and if either (a) V = U% for a compact group G of unitary
automorphisms of U, or (b) V is Cy-cofinite, then U is energy-bounded. This powerful
result implies for instance that all unitary extensions of unitary affine VOAs are energy-
bounded. In view of [CT23], to study strong locality for a unitary energy-bounded ex-
tension U of V (where V is strongly local), it is natural to focus on the following two
cases:

(a) V = UY for a compact group G of unitary automorphisms of U.
(b) V is Cs-cofinite and rational.

In [Gui21a], we studied (a) in the special case that U is an even lattice VOA, and V'
is the Heisenberg subalgebra of U. The result is that every even lattice VOA is (energy
bounded [TL04, Guil9c] and) strongly local, and it was generalized to all integer lattice
VOSAs in [CGH23]. Though we believe that it is worthwhile to study case (a) more
thoroughly, in this paper we consider case (b).

0.1.3 Categorical extensions and strong locality

We assume that the VOA V' (which from now on is understood to be unitary and
of CFT-type) is strongly energy-bounded, i.e., the field operators of V are energy-
bounded when acting on any unitary V-module. We also assume that V is com-
pletely unitary, which means that V' is Cs-cofinite and rational, all V-modules are
unitarizable, and the canonical Hermitian structure on the category Rep"(V') of uni-
tary V-modules is positive-definite (i.e. unitary). So Rep"(V) is a unitary modular
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tensor category [Hua08b, Guil9b]. (For example, V' can be any unitary affine VOA
[Guil9a, Guil9b, Guil9c, Gui2la, Ten19a, Ten19b, Ten24, Gui20].) Let U be a VOA exten-
sion of V, which is automatically a unitary VOA extension in a unique way by [CGGH23,
Thm. 4.7]. It follows that U is strongly energy-bounded [CT23] and completely unitary
[Gui22]. Finally, assume that V' is strongly local.

Our strategy of studying the strong locality of U is the same as the treatment of even
lattice VOAs in [Gui21a]: we transform the problem about extensions to a problem about
subalgebras. As pointed out in the Introduction of [Gui2la], the complete unitarity of V'
implies that the intertwining operators (i.e. charged operators) of V' form the “universal”
extension of V' containing U as a subtheory. This universal extension is called categori-
cal extension. The relationship between the categorical extension and the unitary VOA
extension U is similar to that between a free group and a general group. A group is
isomorphic to a free group modulo some relations. In the context of VOAs, the role of
these relations is played by C*-Frobenius algebras (~ Q-systems) in Rep"(V), originally
introduced by Longo to understand type III subfactors [Lon94].

Thus, we view U as the categorical extension of V' modulo the relations defined by
a (haploid commutative) C*-Frobenius algebra P. Therefore, the strong locality of U
will follow from that of the categorical extensions V, where the latter means the “strong
braiding” of smeared intertwining operators. Thanks to [Gui20], under the assumption
that the intertwining operators involved are energy-bounded, the strong braiding follows
from the strong intertwining property, a special case of strong braiding much easier to

verify. It means roughly that if ) is an intertwining operator of V' of type (WVZVJ“V]) (where

Wi, W;, W}, are unitary V-modules), then for each (homogeneous) v € V, w® e W; and
each f = (f,arg;) where f € C®(I) and arg; is an arg-function of I, and g € C°(.J) where
InJ =, then “Y(w, f) intertwines Y (u, g) strongly”. (See Def. 4.11 for details.)

For example, if V' is a unitary affine VOA of type ADE, then all intertwining opera-
tors of V' are energy-bounded. Then, by the fact that V' is generated by linearly energy-
bounded fields, the intertwining operators of V' satisfy the strong intertwining property.
Thus, the categorical extension of V satisfies strong braiding. (See [Gui20, Sec. 2.7] for
details.) Therefore, all VOA extensions of V" are strongly local.

0.1.4 Conditions I and II, and results on strong locality

Recall that V' is always assumed to be completely unitary, strongly energy-bounded,
and strongly local. U is an (automatically unitary [CGGH23]) VOA extension of V.

Definition 0.1 (= Def. 4.15). We say that V' satisfies Condition I if every intertwining
operator is energy-bounded and satisfies the strong intertwining property. We say that V'
satisfies Condition II (= Condition B of [Gui20]) if there is a set ¥ of unitary V-modules
tensor-generating Rep"(V') such that every intertwining operator of type (W: .) (where

W; € FV) is energy-bounded and satisfies the strong intertwining property.

It is clear that Condition I implies Condition II. The primary reason for introducing
Condition I—despite not being able to verify it for all unitary affine VOAs—is that it is
preserved under (unitary) VOA extensions, unlike Condition II; see Thm. 0.8.



Example 0.2. The following examples satisfy Condition I: All unitary affine VOAs of type
ADE, all even lattice VOAs, all discrete series WW-algebras of type ADE (in the sense
of [ACL19]), all parafermion VOAs of type ADE (in the sense of [DR17]), their tensor
products, the Ca-cofinite rational cosets of their C>-cofinite rational unitary subalgebras,
their (unitary) VOA extensions.

Example 0.3. The following examples satisfy Condition II: All VOAs satisfying Condition
I, all unitary affine VOAs, all parafermion VOAs, their tensor products, the Ca-cofinite
rational cosets of their Cy-cofinite rational unitary subalgebras.

Proof. See Exp. 6.19 and Thm. 6.18. O

As explained above, if V' satisfies Condition I, then U is strongly local. With the help
of Thm. 2.15 (proved in [Gui20, Sec. 1.6]), the categorical extension version of [CKLW18,
Thm. 8.1], we can weaken Condition I to Condition II:

Theorem 0.4 (c Thm. 6.2). If V satisfies Condition 1I, then U is strongly local.

Corollary 0.5. Any VOA extension of a tensor product of unitary affine VOAs and even lattice
VOAEs is strongly local.

Among the examples covered in this corollary we have:

¢ All holomorphic VOAs with central charge ¢ = 24, except the moonshine VOA.!
The strong locality of such VOAs was first proved in [CGGH23, Thm. 5.5].

» The VOA V. associated to a compact connected Lie group G and k € H{ (BG,Z),
cf. [Henl17]. It is a simple current extension of a tensor product of unitary affine
VOAs and lattice VOAs, and they correspond almost bijectively to (connected but
non-necessarily simply-connected) chiral WZW models.

¢ The classification of extensions of unitary affine VOAs with small ranks is an im-
portant topic in the literature. See e.g. [CIZ87, Gan94, KO02, EP09, EM23, Gan23].

Corollary 0.6. Any unitary VOA with central charge ¢ < 1 is strongly local.

This is due to the fact that such VOA is a unitary extension of a unitary minimal model
Virasoro VOA, and that the latter is a type A discrete series W -algebra.

0.1.5 Strong intertwining property and strong integrability

Carpi-Weiner-Xu introduced the notion of strong integrability for any unitary mod-
ule (W;,Y;) (with energy-bounded Y;) of a strongly local VOA V' (not necessarily satis-
fying Condition II), which means that there is a (necessarily unique) A-module (#;, ;)
such that for every (homogeneous) v € V, every interval I, and every f € C(I), we
have m; (Y (v, f)) = Yi(v, f). If all unitary V-modules are strongly integrable, then the

!The strong locality of moonshine VOA was proved in [CKLW18].



construction W; — H; gives a fully-faithful *-functor from the C*-category of unitary V-
modules to that of Ay -modules. Cf. [CWX, Guil9b], or Thm. 4.24 for details. We call this
functor the CWX functor of V' and denote it by

S‘C/WX : Repu(V) - Rep(.Av)

The functor §Y, is a natural generalization of the construction of representations of loop
group conformal nets from (positive-energy highest weight) representations of affine Lie
algebras [GF93, Was98, TLO4].

It was proved in [Guil9b] that the strong integrability follows from the strong inter-
twining property of sufficiently many intertwining operators. Returning to the setting
that V' satisfies Condition II, we conclude that all unitary V-modules are strongly inte-
grable, and hence FY,,« can be defined. See [Gui20, Thm. 2.4.2] or Thm. 4.29 for details.

Recall that U is a (unitary) VOA extension of V. Recall that Y; is energy-bounded
for every W; € Obj(Rep"(V)) by (the proof of) [CT23]. Then, similar to the proof of
the strong locality of V, the strong locality of the categorical extension of V' implies that
sufficiently many intertwining operators of U satisfy the strong intertwining property,
and that all intertwining operators satisfy the strong intertwining property if they are
energy-bounded. (Note that an intertwining operator of U is also one of V'.) Thus, we
have:

Theorem 0.7 (¢ Thm. 6.2). Suppose that V satisfies Condition II. Then all unitary U-modules
are strongly integrable. Thus, we have the (fully-faithful) CWX functor §,y : Rep*(U) —
Rep(Ay) for U.

Theorem 0.8 (= Cor. 6.5). Suppose that V satisfies Condition 1. Then U also satisfies Condition
L

Unfortunately, we cannot show that U satisfies Condition II if V' does: The fact that
V has sufficiently many energy-bounded intertwining operators does not imply the same
property for U. (Thus, for example, we know that all extensions of type A, D, E unitary
affine VOAs satisfy Condition I and hence Condition II. But we do not know whether
all extensions of type B, C, F, G unitary affine VOAs satisfy Condition II.) However, the
above mentioned argument shows that the only obstacle lies in proving that sufficiently
many intertwining operators of U are energy-bounded. See Cor. 6.4 for details.

0.1.6 Equivalence of braided C'*-tensor categories

Assume that V satisfies Condition II, and let
Rep (Av) = Ftx (Rep" (V) (0.1)

which is a full replete subcategory of Rep(Ay ). Then we have an isomorphism of C*-
tensor categories

Fowx : Rep™(V) = Rep" (Ay) (0.2)



It was shown in [Gui20] that §V,y can be extended to a braided *-functor implementing
an isomorphism of braided C*-tensor categories

(T V) : (Rep"(V), &, 8) —> (Rep" (Av), X, B) (0.3)

where (3,8) = (@y,8Y) is the braided C*-tensor structure on Rep" (V) defined by
Huang-Lepowsky theory, and (X, B) = (X4, ,84v) is the braided C*-tensor structure
on Rep(Ay) (restricted to Rep” (Ay)) defined by Connes fusion. For each W;, W, €
Obj(Rep"(V)), set

gcwx( ) gcwx( j) Hi O HJ gcwx(Wi o Wj)

Then 28" is a natural unitary map associating to each W;, W; unitary .Ay-module mor-
phisms

QBX]-:HZ'E/Hji/Hi/Hj

intertwining the associators, unitors, and braiding operators of Rep" (V) and Rep" (Ay).
The tensorator 23" is defined using smeared intertwining operators in the same spirit
as Wassermann’s computation of Connes fusion for loop group conformal nets [Was98].
Thus, we call 25" the Wassermann tensorator for V.

Now, suppose that V satisfies Condition I. Then any VOA extension U also satisfies
Condition I and hence Condition II. Then we have a similar isomorphism of braided C*-
tensor categories

(3cwxv mU) (Rep (V)> Hu, BU) —> (RepU (*AU)a .AU ) BAU)

However, if V only satisfies Condition II, then U is not known to satisfy Condition II
in general. So the Wassermann tensorator 25V cannot be defined although we still have
3Yx by Thm. 0.7. Can Y« : Rep" (V) => RepY (Ay) be extended to a braided #-functor
implementing an isomorphism of braided C*-tensor categories? We will address this
question in the next subsection.

0.2 Comparison of extensions and braided *-functors
0.2.1 C*-Frobenius algebras

The notion of C*-Frobenius algebras (or Q-systems) in a (braided) C*-tensor category,
originally introduced by Longo in [Lon94], is a powerful tool for the study of unitary
extensions in 2d rational conformal field theory: If A is a conformal net, then haploid
commutatitive C*-Frobenius algebras © in Rep(.A) correspond bijectively to finite-index
conformal net extensions Bg of A, and we have a canonical isomorphism of braided C*-
tensor categories

(Fon, M) 1 (Rep®(0), Ko, B®) — (Rep(Bo), M5, , B®) (0.4)



where the source is the category of (unitary) dyslectic ©-modules (together with the
canonical braided C*-tensor structure), and the target is (as before) the category of Be-
modules whose braided C*-tensor structure is defined by Connes fusion/DHR supers-
election theory. Cf. for example [LR95, EP03, BKL15, BKLR15, Gui2lc]. (Our approach
here follows [Gui21c]. See Subsec. 3.1-3.3 for a detailed exposition.)

Similarly, if V' is completely unitary, then haploid commutative C*-Frobenius algebras
P in Rep" (V') correspond bijectively to (automatically unitary) VOA extensions of V, and
we have a canonical isomorphism of braided C*-tensor categories

(Fvoa, TP) : (Rep®(P), @p, 8) —> (Rep"(Up), @y, 87) (0.5)

where the source is (as in (0.4)) the braided C*-tensor category of (unitary) dyslectic P-
modules, and the target is (as in (0.3)) the Huang-Lepowsky braided C*-tensor category
of unitary Up-modules. Cf. [KO02, HKL15, CKM24, Gui22, CGGH23]. (Here, our ap-
proach follows [Gui22]. See Subsec. 5.1 and 5.2 for details.)

0.2.2 Comparison of conformal net extensions

Assume that V satisfies Condition II. Recall from Subsec. 0.1.6 that the braided -
functor (Fhx,20") implements an isomorphism (Rep(V),d,8) ~ (Rep” (Ay), X, B).
Thus, a haploid commutative C*-Frobenius algebra P in Rep" (V') corresponds to one ©
in Rep¥ (Ay). Through this correspondence, an extension Up of V corresponds to an
extension Bg of A := Ay,. Thus, it is natural to ask:

@D Is Be isomorphic to Ay, the CKLW net of Up? 2

Let us recall the data P = (W,, ,¢), where W, € Obj(Rep"(V)), u € Homy (W, @
Wa, Ws), and ¢« € Homy (V,W,) is assumed for simplicity to be an isometry. Viewing
He = SgWX(Wa) as a Hilbert space, both Bg and Ay, are conformal nets acting on #,
(since Up equals W, as vector space).

Here is a natural way to think about problem (D): The actions of Bg and Ay, on H,,
when restricted to Ay, are equal since they are given by the Ay-module H,. This means
that if we let ©' be the haploid commutative C*-Frobenius algebra such that Ay, = Bey,
then © and ©’ are equal as objects of Rep" (Ay). In many cases (e.g., V is a unitary ¢ < 1
Virasoro VOA, or a type A unitary affine VOA of small rank), the equality of © and ©’
as objects implies that they are equivalent (and hence unitarily equivalent [CGGH23]) as
C*-Frobenius algebras, cf. e.g. [Gan23] and the reference therein.

Unfortunately, at this moment, it is not known in general whether two C*-Frobenius
algebras are isomorphic as algebras if they are isomorphic as objects. Therefore, in this
paper, we do not use this approach for problem (D. Instead, we prove directly that Bg
equals Ay, as conformal nets acting on H,. We will explain the idea of the proof later.
For now, let me make two comments on this result:

Remark 0.9. Note that the braided C*-tensor structure on Rep(Ay) can be defined ei-
ther using Connes fusion or using DHR superselection theory [FRS89, FRS92]. These
two structures are equivalent, cf. [Gui2la, Sec. 6]. However, to prove that Bg is equal

*This question was communicated to me by Sebastiano Carpi.



to (but not just isomorphic to) Ay, we use Connes fusion. In fact, as suggested in
[Gui2la, Gui20], for the purpose of comparing the representation categories of VOAs
and conformal nets using smeared operators, it is more convenient to use Connes fusion
than DHR superselection theory.

Remark 0.10. The equality Bg = Ay, relies on our choice of ©, which is the pushforward
of P to Rep" (Ay) via the braided #-functor (F¥,«,20"). In particular, the Wassermann
tensorator 25" is essential for the equation Bg = Ay, to hold. Defining © by a different
tensorator will only give Bg ~ Ay, but not Bg = Ay,

0.2.3 Comparison of braided *-functors

In this subsubsection, we make the identification
(Rep"(V),@,8) = (Rep” (Av), X, B) (0.6)

via the braided #-functor (F¥x,2"). Then the haploid C*-Frobenius algebra P in
Rep"(V) is identified with its pushforward © = (Flyx, ") (P) in Rep” (Ay). There-
fore, we also have a canonical identification

(Rep’(P),@p,8”) = (Repp, v (4, () e, B) (0.7)

(Av)

The subscript Rep" (Ay) in RepORepV (Av) (©) emphasizes that RepORepV( ) (©) is the cate-

gory of dyslectic ©-modules in Rep (Ay) = §V .« (Rep(V)) (but not e.g. in Rep(Ay’)).
Now, by (0.4) and (0.5), the braided =-functors (Fox, 1) and (Fvoa, V) give an iso-
morphism of braided C*-tensor categories

(Repu(Up), Xup, BUP) — (RepRepV(.Av) (B@), X ; BB@) (0.8)

where Repg,v (4, (Bo) is the category of Bo-modules whose restrictions to Ay are ob-
jects in Rep (Ay).

Since we have Bg = Ay, (0.8) gives an isomorphism of braided C*-tensor categories
Rep"(Up) =~ Repge,v 4, (Auvp). Can we give this abstract isomorphism a more concrete
description? To understand the importance of this question, look at the following sce-
nario:

Example 0.11. According to [DMNO13, Appendix], we have a VOA extension V' < U
of unitary affine VOAs where V is G5 level 3 and U is Eg level 1. Note that both V' and
U satisty Condition II. By (0.8), the abstract machinery of C*-Frobenius algebras gives
a braided C*-equivalence Rep"(U) ~ Repge,v (4,)(Av) implemented by a braided x-
functor. Is this braided #-functor equal to (F%,y,20Y)? In particular, forgetting the ten-
sorator, this question asks whether this functor corresponds to the construction of loop
group representations through exponentiating the corresponding affine Lie algebra rep-
resentations (as in [GF93, Was98, TL99] for example).

Let us summarize our questions:
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2 Suppose that V satisfies Condition II. Forgetting the tensorators, is the functor in
(0.8) equal to Sg@x?

©) Suppose that both V' and U satisfy Condition II. Is the braided #-functor (0.8) equal
to ( CWX) mUP)

In this paper, we show that the answers to (D, ), (3 are all affirmative:

Theorem 0.12. Assume that V satisfies Condition II. Then, under the identifications (0.6) and
(0.7), we have Ay, = Be, and we have a commutative diagram of =-functors

Rep
3P
Rep"(

R Reppepv (ay) (Bo)

which can be extended to the following commutative diagram of braided *-functors when U also
satisfies Condition II:

Rep EP,BP
SVOV W‘ (0.10)
UWX’QBUP
(Repu(Up) EUP,BUP — RepRepv(Av)(B@) XBe, B 9)

This theorem is almost Thm. 6.11, the main comparison theorem of this article, with
the only difference being that the identifications (0.6) and (0.7) are not assumed in Thm.
6.11.

In fact, if V' is one of the VOAs in Exp. 0.3, the commutative diagram (0.9) becomes

Rep®(P
?/ \ ©11)
?UP
Rep"( SRS Rep'(Be)

where Repf(B@) is the category of dualizable (i.e. finite index) representations of Bg. If V/
is one of the VOAs in Exp. 0.2, then (0.10) becomes

Rep ), p,BP
(SVOV mm. (0.12)
Up
(Repu(Up) EUP,BUP Wi’ Rep (Bo), X5, B 9)

See Cor. 6.16.
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0.3 Structure the article

In this paper, we present several closely related but slightly different comparison re-
sults, each serving a different purpose. The most useful one is Cor. 6.16. Accordingly, the
reader may view the proof of Cor. 6.16 as the main objective of this paper. Exp. 0.2 and
0.3 provide explicit examples where Cor. 6.16 is applicable. A more formal presentation
of these examples is provided in Exp. 6.19 and Thm. 6.18.

Cor. 6.16 addresses both the analytic problems of strong locality and strong integra-
bility, as well as the algebraic problem of comparing extensions and braided #-functors.
These two types of problems are treated in a unified way by Thm. 5.11, which roughly
states that the smeared intertwining operators of Up are affiliated with the categorical
extension of Bg.

The notion of weak categorical extensions provides an abstract framework for the
smeared intertwining operators of VOAs. The relationship between weak categorical ex-
tensions and categorical extensions of conformal nets is similar to that between an algebra
of unbounded closed/closable operators and the von Neumann algebra generated by this
algebra. In this paper, to prove Them. 5.11, we first establish an abstract version, Thm.
3.22, formulated in terms of weak categorical extensions.

In Sections 1 and 2, we review the basic properties of categorical extensions and weak
categorical extensions. In Section 3, we describe the canonical braided #-functor from the
representation category of a haploid commutative C*-Frobenius algebra () in Rep(.A) (the
representation category of a conformal net A) to the representation category of the con-
formal net associated with (), and we prove Thm. 3.22 mentioned above. An analogous
braided #-functor in the VOA setting is recalled in Section 4. In Section 5, we prove Thm.
5.11 (and its enhancement, Theorem 5.13) based on Theorem 3.22. Finally, Section 6 is
devoted to the proof of Corollary 6.16.
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I would like to thank Sebastiano Carpi and André Henriques for many helpful dis-
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1 Categorical extensions

1.1 Preliminaries

In the notation of a (densely defined) unbounded linear operator 7" : H; — Ha, H1 and
H are Hilbert spaces, and the domain 7" is denoted by Z(T) (which is a dense subspace
of Hl).

An interval in the unit circle S' means a nonempty nondense connected open subset
of St If I € J, we let I' be the interior of S'\I.

Let J be the set of intervals in S!. Let A be an irreducible local conformal covariant
net on S}, or a conformal net for short. The vacuum Hilbert space for A is denoted by H,.
The vacuum vector is noted by (2. All representations (i.e. modules) of A are understood
to be separable and normal. Let Rep(.A) be the C*-category of A-modules whose hom
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Spaces are

Homy(#H;,H;) = {bounded linear T : H; — H; such that
Trmir(x) =mj(x)T forall I e J,x e A1)}

Define the universal cover ¢4 = Diff* (S') where Diff ¥ (S!) is the group of the orientation
preserving diffeomorphisms of S'. For each I € J, let 4(I) = ¢ be the branch containing
1 of the inverse image of {g € Diff *(S!) : g has support in I'} under the covering map
¢ — Diff (S1).

Let ¢ be a full (C*-)subcategory of Rep(.A) containing H, and closed under taking
submodules and finite (orthogonal) direct sums. Choose a tensor #-bifunctor & on %,
together with unitary associators (#; @ H;) @ Hyr — H; @ (H; @ Hy) and unitary unitors
Ho O Hi — Hi, H; @ Ho — H; so that € becomes a C*-tensor category. We identify the
domain and the codomain of each of these maps so that the associators and the unitors are
identity maps. (In this paper, we are mainly interested in the case where ¥ = Rep" (Ay/),
cf. Def. 4.26.)

An arg-valued interval is of the form I = (I,arg;) where I € J and arg; is an arg
function on I, i.e. a continuous function arg; : I — R such that arg(e*) — t € 27Z where
el € I. The set of arg-valued intervals is denoted by J. T = (I,arg;) and J = (J,arg;)
are arg-valued functions, we write

IcJ < I c Jand arg;|; = arg;

We say that T and .J are disjoint if I, .J are disjoint; we say that I is anticlockwise to .J (or
equivalently, J is clockwise to I), if arg; < arg; < arg; +27 (in particular, I and J are
disjoint). We define the clockwise complement of I = (I, arg;) to be

I' = (I' arg;)  where I is clockwise to T (1.1)

Define the anticlockwise complement of I = (I, arg;) such that
(\

According to [Hen19], every A-module #; is conformal covariant, which means that
there is a (necessarily unique) strongly continuous unitary representation U; of ¢4 on H;

satisfying that for each I € J and each g € ¥4(I), noting that U(g) is defined according
to the definition of conformal nets and is in A(7), we have

Ui(g) = m:(U(g)) (1.3)

Here ¥4 is the canonical central extension of ¢ associated to A:

~e

Y =1 (1.2)

Ga={(9,V): ge¥,Visaunitary on H representing U(g)}
4 4(I) = the inverse image of ¢ () under ¥4 — ¢

Since the projectively unitary representations of PSU(1, 1) is lifted in a unique way to a
(strongly continuous) unitary representation of PSU(1, 1) [Bar54], PSU(1, 1) is naturally
a subgroup of ¥ 4. See [Gui2la, Sec. 2.1] for details.
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Remark 1.1. Note that by [Car04, Thm. A.1], A contains a Virasoro subnet Vir. for some
central charge ¢ > 0. It follows that we have a canonical equivalence of topological groups

Gy~ G, 2L g (1.4)

(See [Gui2lc, Sec. 1] for a detailed explanation.) We identify ¢4 with ¢, throughout this
article.

Remark 1.2. The action of Diff " (S!) on J can be lifted continuously to an action of ¢ of
J (by viewing each I € J as an interval of the universal cover R of S!), and hence is lifted
to an action

gc — jN
For each A-module H; and each I € 7, we let
Hi(1) = Hom g1y (Ho, Hi)Q (1.5)

where Hom 41y (Ho, H;) is the set of bounded linear operators T' : Hy — H; satisfying
Tx = m; ;(x)T for all z € A(I"). Thus Ho(I) = A(I)Q2 by Haag duality.

Recall that two closable operators A, B on a Hilbert space H are said to commute
strongly if {A}” commutes with {B}”, where {A}" is the smallest von Neumann algebra
that A (the closure of A) is affiliated with. (In other words, if we let A = U H be the polar
decomposition where H is self-adjoint and U is a partial isometry, then {A}” is the von
Neumann algebra generated by U and (1 + H)~!.) {B}” is understood in a similar way.
When A is closed and B is bounded (and everywhere defined), then A commutes strongly
with B iff BA ¢ AB and B*A c AB*, iff there is a core & for Asuchthat B- A|y c A- B
and B*-A|y < A-B*. Inparticular, if A, B are both bounded, then they commute strongly
iff they commute adjointly (i.e. AB = BA and AB* = B*A). See (for example) [Gui20,
Sec. 1.A] for more details.

Definition 1.3. Let Py, Qo, Ro, So be pre-Hilbert spaces with completions P, Q, R, S re-
spectively. Let A : P - R,B: Q - §,C : P - Q,D : R — S be closable operators
whose domains are subspaces of Py, Qo, Po, Ro respectively, and whose ranges are in-
side R, So, Qo, So respectively. We say that the diagram of closable operators commutes

strongly

Po —< Qp

Al lB (1.6)

ROLSO

if the following holds: Let H = P ® Q ® R ® S. Define unbounded closable operators
R, S on H with domains Z(R) = 2(A)® 2(B)®R® S, 2(5) = 2(C)® Q® Z2(D)® S,
such that

RE®NOX®s)=0000AE@® By (V&€ Z(A),ne Z(B),xeR,c€S),
SEDNOXxD®s)=00CED@0DDY (Ve 2(C),ne Q,xe Z(D),s€S).
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Then (the closures of) R and S commute strongly.

When the four pre-Hilbert spaces are complete and the four closable operators are
bounded, and when (1.6) commutes strongly, we also say that (1.6) commutes adjointly,
since we have DA = BC' and D*B = AC*.

Lemma 1.4. Let D be a self-adjoint positive (closed) operator on a Hilbert space H. Let H* =
(Mpen Z(D™). Let Ay, ..., Ay, and By, . .., By, be closable operators on H with common domain
H*®. Suppose that for every 1 < i < mand 1 < j < n we have that A;/H* < H® and
BjH* < H®, and that there exists e > 0 such that ei*P A;e 0 commutes strongly with B; for
all t € (—¢,¢e). Let A be a polynomial of A1, ..., A, let B be a polynomial of By, ...,B,, and
assume that A and B (with domain H*) are closable. Then A commutes strongly with B.

Proof. This is a standard technique in the literature. See for example [Gui2la, Lem. 4.17].
O

Strongly commuting operators are adjointly commuting:

Lemma 1.5. Let S,T be strongly commuting closed operators on a Hilbert space K. Let £ €
D(ST) N 2(S). Then £ € 2(TS), and STE = TSE.

It follows that if % is a common invariant domain of strongly commuting S, 7', then
STz, =TS|g,-

Proof. This is well-known and can be proved easily. See for example [Gui20, Prop. 1.A.5].
O

1.2 The tensorators associated to categorical extensions
Let us recall the definition of categorical extensions of A [Gui21a].

Definition 1.6. A closed and vector labeled categorical extension (or a categorical ex-
tension for short®) of A in % is a quintuple & = (A, ¢, [, 8, H) associating to each I € 7,
Hi, H € Obj(¥), and £ € H;(I), bounded linear operators

~ ~

L({, I) € HOIIl_A([/) (Hk, HZ (] Hk) R(f, I) € HomA(p) (Hk, Hk D Hz>
called the L operators and the R operators, satisfying the following conditions:

(a) (Isotony) If I} « I € 7, and ¢ € H;(I1), then L(¢,1,) = L(¢, 1), R(&, 1)) = R(¢, 1)
when acting on any H;, € Obj(¥%).

(b) (Naturality) If H;,H;, H;» € Obj(%), Ied Ge Hom(H;, Hjr), & € Hi(I), and
n € H;, then

~ ~ ~ ~

(LBG)L(E, I)n = L& 1)Gn,  (GBL)R(E, I)n =R, 1)Gn. (1.7)

*There are non-closed and non vector-labeled categorical extensions in [Gui21a]. In this paper, we only
consider closed and vector-labeled ones.
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(c) (State-field correspondence) For any H; € Obj(%’), under the identifications H; =
Hi @ Ho = Ho @ H; defined by the unitors, the relation

LD =REDQ=¢ (1.8)

holds for any I € J,¢ € H;(I). It follows immediately that when acting on #,,
L(&,1) equals R(¢, I) and is independent of arg;.

(d) (Density of fusion products) If #;, Hj, € Obj(%),I € J, then the set L(H;(I), )H;
spans a dense subspace of H; & H, and R(H; (1), I)Hy
Hi [ 7'[

% spans a dense subspace of

(e) (Locality) For any Hj, € Obj(%), disjoint I,.J € J with I anticlockwise to .J, and any
§eHi(I),n e H;(J), the following diagram commutes adjointly.

Hy R.J) Hi @ 'Hj

L(g,f)l i lL(g,i) (1.9)

HimHy — L mH B H,

(f) (Braiding) The operation 8 (called the braiding operator/operation) associates to
Hi, H; a unitary linear map 8; ; : H; @ H; — H,; & H,; such that

Bi i L(&, ) = R(&, I)n (1.10)

whenever I € 7, ¢ € Hi(I),n € H;.

When we want to stress that the left and right operators L, R depend on the choice of ¢
and [, we write them as L™, RH.

We say that & is conformal covariant if for every g € ¢, I e J,Hic Obj(Rep(A)),¢ e
H;(I), there exists a (necessarily unique) element denoted by g¢g~! € H;(gI) satisfying

L(gég~',gI) = gL(&,D)g™"  R(g¢g",gI) = gR(&,T)g™" (1.11)

when acting on any H; € Obj(Rep(.A)). (Recall Rem. 1.2 for the meaning of gl.) We say
that & is Mobius covariant if the above condition holds forall g € 13§I/J(1, 1). (In this case,
we write g€g~ ! as g¢ if g € PSU(1,1).) O

Remark 1.7. Though we will not use this fact in this paper, we note that the braiding
operator 8 is automatically a homomorphism of .A-modules and makes (¢, J, ) a braided
C*-tensor category. See [Gui2la, Thm. 3.9].

From the fact that L(¢, I), R(¢, I) intertwine the actions of A(I), it is easy to see that
if x € A(I), then
Lz, D|w, = R@, 1w, = mr(2) (1.12)

*Indeed, they are equal to the full space H; @ Hx and H; [ H,; respectively by the fact that A(7) is a type
III factor. See [Gui2la, Lem. 6.1].
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Theorem 1.8. There is a canonical (closed and vector labeled) conformal covariant categorical
extension

Sconnes = (A, Rep(A), K4, B, H)
defined by Connes fusion product. Econnes is called the Connes categorical extension. We
abbreviate [< 4 to X and B4 to B
when no confusion arises. Then
(Rep(A), X4, B) = (Rep(A), X, B)
is a braided C*-tensor category, called the Connes braided C*-tensor category.

Proof. This is [Gui2la, Thm. 3.4, 3.5]. See [Gui21la] for details, and [Gui21b, Sec. A, B] for
a sketch of the construction. O

Theorem 1.9. Let & = (A, ¢,3,8,H) be a categorical extension. Then & can be embedded
canonically into the Connes categorical extension Econnes = (A, Rep(A), X, B, H). More pre-
cisely, this means the following:

There is a natural ¥ (called the tensorator associated to &) associating to each H;, H; €
Obj(¥) a unitary isomorphism of A-modules

U = \I/i,j H; 7‘[]‘ — H; Hj (1.13)

(where “natural” means Vy (F 0 G) = (F X G)V;; for all F € Homu(H;i, Hy) and G €
Hom 4 (H;,H;)) such that

(id, ¥) : (€, 0,8) — (Rep(A), 5, B) (1.14)
is a braided «functor, i.e., for each H;, H;, Hi, € Obj(€) the following three statements are true:

(a) The following diagram commutes.

HiDH; BHy ——L s (H; 0 Hy) KH,
\Pi,kﬂjl l\yi’klj (115)
LiXY 5

Hi X (M @ H;j) Hi X Hi I H,

(b) The following two maps equal the identity map 1; : H; — H,;.

H; ~ Ho B H,; ﬂ Ho XIH; ~ H;, (1.16a)
i~ Hy 0 Ho —% H; 1 Ho ~ Hi. (1.16b)

(c) The following diagram commutes.

Bi,j
HiBH; —— H;jEBH;

\Iji’jl J/‘Ijj’i

B;
HiXH; — H;KH,;
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Moreover, for any TeJ, M, H; € Obj(¥),& € H;(I) we have

Ui L2, D, = L& D, (1.17a)
Ui RP(E, Dy, = RY(E, Dy, (1.17b)
Proof. This is [Gui2la, Thm. 3.10]. O

Remark 1.10. The braided #-functor (1.14) clearly restricts to an equivalence of braided
C*-tensor categories (¢, [, 8) — (¢,x, B) where € is the repletion of ¢, i.e., the full
C*-subcategory of all H; € Obj(Rep(.A)) unitarily equivalent to some object in €. (In
particular, % is closed under 1)

Remark 1.11. It is illuminating to write (1.17) as

Vo & = EConnes| ¢ (1.18)

Then Thm. 1.9 can be summarized by the elegant statement: for every categorical
extension & there is a natural unitary ¥ making (1.14) a braided #-functor such that
Vod = éaConnes"ﬁ-

It is easy to see that the converse is also true: Suppose that we have a braided -
functor (1.14) where ¥ is natural and unitary, then ¥*o&connes | i a categorical extension.
(Namely, (1.17) defines a categorical extension with L and R operators L*, R™.)

Remark 1.12. Since &tonnes is conformal covariant, by Thm. 1.9, we see that any (closed
and vector-labeled) categorical extension is conformal covariant.

1.3 Left and right operators

Definition 1.13. For each H; € Obj(Rep(A)) and I € J, we let H!"(I) be the set of all
¢ € H; such that the following densely defined linear map is closable (preclosed):

e ATNQ >zt (1.19)
Clearly H;(I) < HY' ().

Theorem 1.14. Let & = (A, %¢,1,8,H) be a categorical extension. Then there exist unique
operations L% and %% (or simply £, #) associating to each H; € Obj(€),1 € J,& € HY'(I),
and each Hj, € Obj(€), closable operators

LE D, My — HiBH  B(E D) |, Hy — Hi B H,

with common core H;(1") such that the following conditions are satisfied for all H;, H;, Hy, Hir €
Obj(¥):

(a) If € € Hi(I), then L (€, I) = L&, 1) and Z(¢,1) = R(&, 1) (when acting on any object of
%).

(b) (State-field correspondence) If T € J and € € HY"(I), then L (&, 1) = #(€, 1)1 = €.
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(c) (Isotony) If I, < Iy € J,and € € HP' (1), then £ (£, 1)) o L(¢, 1), Z(&, T) > Z(€, I)
when acting on Hy.

(d) (Naturality) If G € Homa(Hy, Hy), then for any T € J, € € HP'(I), the following dia-
grams of closed operators commute strongly.

Z(E,)

Hy — 9 U Hy —2 Hp @ H,;
f(ﬁf)i Lz(g,f) Gl N lc:mi
: (¢,

1o H, 22 1 E o TCU TS

(e) (Locality) For any disjoint I, J € J with .J clockwise to T, and any & € H(I),7 € HY (),
the following diagram commutes strongly.

H,j, % Hy 0 H,;
26D N |#en (1.20)
Z,J)

H,OH, ———— HiEHkEHj

() (Braiding) Forany I € J,& € H (I), we have
Bij L& D, = R(ET)|ny, (1.21)

(g) (Mobius covariance) For any g € PSU(1,1),1 € J,¢ € HP(I), we have g¢ € H (gI),
and

Z(gé.gl) = 92 (&g g€ 9]) = 9#(E g™ (1.22)
when acting on H,;.

Proof. 1t was proved in [Gui20, Sec. 2] that #™ and %™ exist for the Connes categorical
extension. Pulling back these operations using the unitary operation ¥ in Thm. 1.9, i.e,,
defining

LOED I, =V LDy, A2E Dy, = Vi A% D, (123)

we obtain the Z% and #" operations for &. (It is easy to see that they satisfy all the
axioms in the theorem. For example, the locality can be proved in the same way as in
[Gui20, Cor. 1.5.2].)

To prove the uniqueness, we only need the state-field correspondence and the locality
(among all the axioms): Choose any ¢ € H(I) and 1 € H;(I'). Recall that I’ is the
clockwise complement of I. By state-field correspondence and (1.20) (setting H;, = Ho),
we get

Z(&,1)m =R, T')¢ (1.24)

~ ~

Since H(I') is a core for Z(, I)|y,, we know that .Z(, I) is uniquely determined. The
same can be said about Z. O
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Remark 1.15. In Thm. 1.14, the following intertwining property is satisfied: For any
Hi € Obj(€),1 € T, € Hi(I),x € A(I'), the following diagrams commute strongly:

g () #(&,1)
—_—

Hi Hi Hy Hi O H;
z(g,f)l LZ({,IN) Wk,I/(x)l lﬂkmi,ﬂ (z)
™ /({L’) 74 ,N
H; O Hy, E'k—’l> H; O Hy, Hy &D He B H;

This is due to condition (a) and the locality in Thm. 1.14, together with (1.12).

Definition 1.16. Let & = (A, %,,8,H) be a categorical extension. Let #; € ObJ(%) A
left operator of & with charge space H; and localized in Tisan operation £(r, I) where ris
a formal element, I € 7, and for any Hj € Obj(%¢) we have a closed operator £(r, 1) 24,
Hi — H; @ Hg satisfying

£, Dlpg, = L2 D, (1.25a)

for some ¢ € HY'(I) independent of Hj.

Let ; € Obj(¥). Similarly, a right operator with charge space #; is an operation
R(y, J) where v is a formal element, J € .7, and for any Hjy € Obj(%) we have a closed
operator R(v, J) |y, : Hy — Hy B H; with core Hy,(J') satisfying

R, )|, = B2 (0, T, (1.25b)

for some n € H}' (J) independent of .

Remark 1.17. The £ resp. n making (1.25) true must be unique. Indeed, if we apply (1.25)
to the vacuum vector (2, by the state-field correspondence in Thm. 1.14, we have

E=LEDQ  n=9RET0 (1.26)

Remark 1.18. Thus, roughly speaking, left and right operators are almost the same as
those of the forms .#(¢,I) and #(n, J). The only difference is that general left and right

operators are not vector-labeled. Thus, we call operators of the forms .Z (¢, Iand %Z(n,J)
respectively vector-labeled left and right operators (or simply . and % operators) of &

The following noteworthy example was used in the proof of [Gui20, Prop. 2.3.8].

Example 1.19. Let I € J. Then the left operators of & = (A, ¢, @, 8, H) with charge space
Ho localized in I are also the right operators of the same type, and vice versa. They are
precisely of the form

£(x, Dla, = R, Dag, = mi1(X) (1.27)

for all H; € Obj(%¢) where X is a closed operator on H with core H(I’), and X is affiliated
with A(7).
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Remark 1.20. Recall that 7; ;(X) is defined as follows: Let X = U H be the polar decom-
position where U is the partial isometry and H is positive. Then 7; ;(X) = m; (U)m; 1(H)
where m; ;(H) is the unique positive operator on H; such that (1 + m; ;(H))™! = m /(1 +
H)™h.

Proof of Exp. 1.19. Suppose that £(x,1) = Z(&,1) is a left operator where ¢ e HE'(I).

~

Then by (1.12) and the locality of &, for each y§2 € A(I")Q = Ho(I') we have L (¢, 1)y2 =

yZ(€,1)Q = y&. This implies y.2(¢, 1) |y = £(& D)y for all y € A(I'), and hence

that X = Z(&,I)|y, is affiliated with A(I). By locality again, for every n € #;(I’), the
following diagram commutes strongly:

HO#HQ

R(nf’)l lR(nJN/)
L&D,
Hi ———— Hi

Since the same is true when Z(¢, )|y, is replaced by m; ;(X), by the density of fusion
product in & (or by choosing 1 such that R(n, I’) is unitary, cf. [Gui2la, Lem. 6.1]), we
conclude Z (&, I)|y, = mi 1(X).

Conversely, let X be as described in Exp. 1.19. Since yX < Xy for all y € A(l’), itis
clear that £ = XQ belongs to Hi' (I) (since y2 € Ho(I') — y& has closure X). Since X and

~ ~

Z(&,1) both have core H(I), and since Z(§, 1)yQ2 = y€ = yXQ = XyQ, we conclude

X = Z(&,1)|3,- By the first paragraph, we conclude .Z (&, I)|y, = m 1(X). This proves a
half of (1.27). The other half (about right operators) can be proved in a similar way. O

2 Weak categorical extensions

2.1 Preliminaries

Let o : R — PSU(1,1) be the one-parameter rotation group. For each H; €
Obj(Rep(A)), let Ly be the generator of the one-parameter unitary group U; o g, i.e.

U; o o(t) = éiLo. Then Ly > 0 by [Wei06, Thm. 3.8]. We let

He = 2(L") (2.1)

Definition 2.1. A densely defined linear operator 7" : H; — H; is called smooth if H* c
2(T),ifHP < 2(T*), f TH < H, and if T*H® < H;°. In particular, a smooth operator
is closable since 7* (whose domain is the set of all € #; such that £ € H; — (T¢,n) is
bounded) is densely defined.

Remark 2.2. By the general fact (A + B)* > A* + B* and (AB)* o B*A* for densely
defined linear operators, it is obvious that products of smooth operators are smooth, and
that linear combinations of smooth operators are smooth. Elements in Hom 4(#;, ;) are
smooth since they intertwine the actions of o by (1.3).
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Definition 2.3. For each H; € Obj(Rep(A)) and I € J, we let
HE(I) = {€ e Hi(I) - L€, D3, : Hj — Hi KM, is smooth VH; € Obj(Rep(A))}

Here L™ is the L operation of the Connes categorical extension connes- Then by the braid-

ing axiom (1.10), R¥(¢, I) is also smooth, since the braiding operator BB is smooth by Rem.
2.2. Define

A®(I) = {x € A(I) : m; 1 () is smooth for every H; € Obj(Rep(A))}
Then by (1.12), we clearly have
HF () = AC(D)Q

Remark 2.4. Suppose that & = (A,%,3,8,H) is a categorical extension, and H; €
Obj(%),¢ € HF(I). Then L¥(¢,I) and R¥(E, I) are smooth when acting on any object

of € because LX(¢, 1) and RY(E, T) are smooth, and because ¥ o & < &Econnes for some
tensorator V¥, cf. Thm. 1.9.

Proposition 2.5. Let & = (A, €, d, B, H) be a categorical extension. Let H; € Obj(%), I € J.
The following are true.

(a) For each §& € H;(I), there is a sequence (&n)nez, in H(I) converging to & such that

SUDpez, |L(&n, I)| < |L(&, )|, and that L(&y, I)|y, converges x-strongly to L(&,1)|y,
for any Hj, € Obj(F).

(b) For each € € H (I) and Hy, € Obj(€), the space HL(I') is a core for LP(€, T)|3, and

~

A& Dl
As a special case of part (a), A*(I) is strongly-+ dense in A(I).

Proof. When & is the Connes categorical extension, this was proved in Prop. 1.3.3 and
1.3.5 of [Gui20]. The general case can be proved by pulling back the left and right opera-
tors, cf. (1.23). O

Definition 2.6. Let ' : H; — H; be a closable smooth operator with dense domain
2(T) = H;°. Then T* sends H;° into H;°. A dense linear subspace 7 of H;° is called
quasi-rotation invariant (QRI) if there exit 6 > 0 and a dense linear subspace s < %
such that o(t)Zs < %, for all t € (—0,5). We say that T' is localizable if every dense and
QRI subspace of H;” is a core for T'. In particular, if 7" is localizable, then H;” is a core for
T since ‘H;” is QRI. Unless otherwise stated, we assume that

a smooth localizable T' : H; — H,; has domain 2(T") = H;°

Remark 2.7. Suppose that a closable operator T" : H; — H; (with domain #;°) is smooth
and localizable. Let 7}, € Obj(Rep(A)) and A € Hom 4(H;, Hj,). Then AT is also (closable
and) smooth and localizable: It is smooth since both A and T are smooth (cf. Rem. 2.2); it
is localizable since T is localizable and A is bounded.
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Definition 2.8. Consider the diagram

o C o0
H; *>7'[j

Al lB (2.2)

D
My —— AP

where A : H; — Hy, B:Hj — H;, C : Hy — Hj, D : H — H; are smooth closable oper-
ators with domains H;°, H}°, H;°, H;” respectively. We say that (2.2) commutes adjointly
if DA = BConH and CA* = B*D on H}".

2.2 Weak categorical extensions and their closures

Let (¢,) be as in Sec. 1. We recall the definition of weak categorical extensions
introduced in [Gui20]. The main example considered in this paper is given by Thm. 4.38.

Definition 2.9. Let $) assign, to each I € J and H; € Obj(%), a set $H;(I) such that
Hi(l1) < 9Hi(I2) whenever I} c I. A weak categorical extension & = (A, 7, 1, 8,9)
of A associates to any #;, Hy € Obj(¥¢),1 € J,a € $;(I), smooth and localizable opera-

tors
L(a,I): Hp — H; O Hy
R(a,I): Hi — Hp @ H,;

~
~

with common domain H}° such that for any H;, %, Hi, Hi € Obj(¢) and any I,J,I\, I, e
J, the following conditions are satisfied:

~ ~

(a) (Isotony)Iface ﬁi(fl) and I; I, then L(a, fl) = L(a,I3), R(a,I;) = R(a, I~2) when
acting on H}?.

(b) (Naturality) If G € Hom 4(Hy, Hy), the following diagrams commute® for any a €

$:(1).
He 9 oy e RN g )*
z:(a,f)l la(u,n cl ) leli
(H: @ Hi)™ L (H; & Hy)® W M (Hpr @ H;)®

(c) (Neutrality) Under the identifications H; = H; @ Ho = Ho & H,; through the unitors,

~

for any a € $;(I) we have

~ ~

L(a, I)’Hgo = R(a, I)’Hgo (2.3)

5Note that they also commute adjointly and hence strongly since we have (F' ® G)* = F* @ G* for any
morphisms F, G in a C*-tensor category.
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(d) (Reeh-Schlieder property) Under the identification H; = H; @ Ho, the set
L($H:(I), 1) spans a dense subspace of H;.

(e) (Density of fusion products) The set £(5;(1), 1 ~)’HOO spans a dense subspace of #; [
Hy., and R($; (1), )’Hk spans a dense subspace of Hj, [ H;.

(f) (Intertwining property) For any a € $;(I) and z € A®(I’), the following diagrams
commute adjointly:

™ /(1’ 7~
e 0 e e BN g @ )*
£(a,1~)l lﬁ(a,f) T, 1/ J»’)l lﬂ—kmi,l’(l‘) (2'4)
Tk, () R(a I)

(H; @ Hy)*® ———— (H; @ Hy)® ——— (Hp @ H;)™®

(g) (Weak locality) Assume that J is clockwise to I. Then for any a € .?)Z(f ),be 53j(j ),
the following diagram commutes adjointly.

RGN (Hk L] Hj)oo

(a I)l ~ lﬁ(a,f) (25)
HimH)* — D m My, B H)

(h) (Braiding) There is a unitary linear map B;; : H; @ Hi — Hi & H; (the braiding
operator) such that for any a € §;( ) I)and n e H,

Bk L(a, I)n = R(a, 1) (2.6)

(i) (Rotation covariance) For any a € $);(/ ) and g = o(t) where t € R, there exists an
element ga inside ), (g]), ¢ such that for any H; € Obj(%¢) and n € H}", the following
two equivalent equations are true.

L(ga,gD)n = gL(a,I)g~ (2.7a)

R(ga,gI)n = gR(a,I)g~ (2.7b)
If for each Hj, € Obj(%) and g € §§IJJ(1, 1) we have gH® < gH[, and if the statements in
(i) are true for any g € f’gﬁ(l, 1), we say that & is Mobius covariant.

Remark 2.10. In the above definition, for each a € $;(I), the vector £(a, I)Q2 (which equals
R(a, I)Q by neutrality) is an element of HP'(I). See [Gui20, Prop. 1.4.5].

We let £(a, I) denote the operation associating to each H;, € Obj(¥’) the closed opera-

~

tor L(a, I~)|Hk : Hy — H; [ Hy, which is the closure of £(a, IN)\Hk R(a, I) is understood in
a similar way.

®(Recall Rem. 1.2 for the meaning of gI~ )
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Remark 2.11. Since A®(I) generates the von Neumann algebra A(I) (cf. Prop. 2.5), in the
intertwining property in Def. 2.9, each of the two diagrams in (2.4) commutes strongly
for all x € A(I’), not just for x € A% (I").

Theorem 2.12. Let & = (A, %, 1, B, $) be a weak categorical extension. Then there is a unique
(closed and vector labeled) categorical extension & = (A, €, 0,8, H) (called the closure of &)
satisfying that for every Hy, Hy € Obj(%€),I € J,a € $:(I), by setting &€ = L(a, 1)Q (which
equals R(a, 1) and is in HP" (1), cf. Rem. 2.10), we have for each Hy, € Obj() that

L@@ Dy, =2E&D], R, =2, (2.8)

Thus, the closure of & is the unique categorical extension & such that the closure of
every L resp. R operator is a left resp. right operator of & (Def. 1.16). The relationship
between &* and its closure is similar to that between a set of closed operators and the
von Neumann algebra generated by them.

Proof. Uniqueness: Choose any I, and choose .J clockwise to I. Let 7, H; € Obj(%). Let

~ ~

n e H;(J). Chooseany a € $;(1), and let § = L(a, I)Q. By the locality in Thm. 1.14 and the

~ ~ ~ ~ ~

boundedness of Z(n,J) = R(n,J), we have that R(n, J) (L (£, 1)|n,) = 2(L (&, 1)|n;),
and that

~ ~ ~ ~ ~ ~ ~

R(nv J)[,(Cl, I)Q = R(U: J)g(éa I)Q = g(éa I)R(% '])Q = ﬁ(av 1)77
Therefore, R(1, J)|3, is uniquely determined by vectors of the form £(a, I)Q2. By the Reeh-
Schlieder property in Def. 2.9, such vectors span a dense subset of H;. So the R-operators
are unique. Similarly, the L-operators are unique.
Existence: By [Gui20, Thm. 1.5.1], there exists a natural unitary V¥ satisfying all the
descriptions in Thm. 1.9, except that (1.17) is replaced by

Ui L(a,)lp, = LB D, (2.92)

~ ~

U;R(a, )|y, = ZE T |n, (2.9b)

~ ~

for all a € $;(I) and ¢ is set to be L(a, ). Then similar to the proof of Thm. 1.14 (cf.
also Rem. 1.11), the closure & can be defined by setting L(&, )|y, = \IJ;le(ﬁ, I)|y; and

R(&, D)lpy, = U5 RO(E, )|y, for each My, M € Obj(€), I € J, and & € Hy(I). O

2.3 Weak left and right operators

In the following, we fix a Mdobius covariant weak categorical extension &% =

(A, %,0,8,9).

Definition 2.13. A weak left operator of & with charge space H; € Obj(%) is an op-
eration A(r,I), where ¢ is a formal element, I € J, and for any H;, € Obj(%), there is

a smooth and localizable operator A(y,I) : H;? — (H; @ Hi)™ such that the following
conditions are satisfied:
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(@) If Hy, Hir € Obj(€), G € Hom 4 (Hy, Hy), then the following diagram commutes.

G
He — G

A(x,fﬂ lA(;,f) (2.10)

(Hs B M) —2 (M @ H)™

(b) For any H;, H;, € Obj(%), J € J clockwise to I, and any b € £;(J), the following
diagram commutes (non-necessarily adjointly).

ZO R(b,J) (Hk El’Hj)OO

A(;J)l lA(;, 7 (2.11)

('HZ’ ] Hk)oc % ('HZ BH,E Hj)oo

Definition 2.14. A weak right operator of & with charge space #; € Obj(%¥) is an op-
eration B(v, J), where 1 is a formal element, J € 7, and for any Hj € Obj(%¢), there is
a smooth and localizable operator B(y, J DE HE — (Hir @ H,;)®, such that the following
conditions are satisfied:

(@) If Hy, Hyr € Obj(€), G € Hom A(Hy, Hy), then the following diagram commutes.

He LOD L g m,)e
Gl lGIIIlj (212)
»  BO.J)

~ ~

(b) For any H;, Hj, € Obj(%), I € J anticlockwise to J, and any a € $;(I), the following
diagram commutes.

%B(U’J) (Hk ] Hj)oo

c(aj)l lﬁ(aj) (2.13)

(Hi ] er)oo % (7‘[@ OH, O Hj)oo

Recall Def. 1.16 for the meaning of left and right operators of &'
Theorem 2.15. Let & be the closure of &". Assume that € is rigid, i.e., any object of € has a
dual object in €. If A(x,I) is a weak left operator of & with charge space H,;, then its closure is
a left operator of &, i.e., the operation A(x, f)|Hk : "y, — Hi @ Hy, defines a left operator of &.
Similarly, the closure of a weak right operator of & is a right operator of &.

Proof. This is [Gui20, Thm. 1.6.2], generalizing [CKLW18, Thm. 8.1] to the setting of
categorical extensions. [
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3 (C*-Frobenius algebras and (weak) categorical extensions

Recall ¢ described in Sec. 1. We fix a (closed and vector-labeled) categorical extension
& = (A, %, 3,8, H) with braiding operation 8 and with L and R operators L™, R™, abbre-
viated to L, R when no confusion arises. (Recall from Rem. 1.12 that & is automatically
conformal covariant.) Then (¥, [, 8) is braided C*-tensor category, and is canonically
isomorphic to a braided C*-tensor subcategory of (Rep(A),x],B), the Connes braided
C*-category for A. (Recall Thm. 1.9.)

3.1 Haploid commutative C*-Frobenius algebras () and their representation
categories

Recall the following definition:

Definition 3.1. A C*-Frobenius algebrain ¢ is a triple Q = (H,, i1, t) where H, € Obj(%¥),
e Homy(Hy @ Ha, Ha), ¢ € Hom 4(Ho, He) satisfy the following conditions:

e (Unit) p(t @ 1y) =1 = u(1g @ 0).
* (Associativity+Frobenius relation) The following diagram commutes adjointly.

1aGp

Ha B Ha EI Ha %a B Ha
/J‘E‘lal l# (31)
Ha B Ha % Ha

Q is called
e normalized if .*¢ = 1y,;
¢ commutative if po8,, = 1;
¢ haploid (or irreducible) if dim Hom 4(Ho, Hs) = 1.

Unless otherwise stated, all C*-Frobenius algebras considered in this article are assumed
to be normalized

In the following, we fix a haploid commutative C*-Frobenius algebra @ = (Ha, pt,¢)
in¥.

Definition 3.2. A dyslectic (unitary) Q-module (in %) denotes a pair (H;, u') where H; €
Obj(%), u* € Hom4(Ha @ H;, H;), and the following are satisfied:

e (Unit) pf(t @ 1;) = 1;.

¢ (Associativity+Frobenius relation) The following diagram commutes adjointly.

N, O Hy @ H — " 3 5,

Ho@OH, — 5 H,
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* (Dyslectic condition) pf o 8;, = p o Bgzl

If H; and H; are dyslectic Q-modules, a (homo)morphism of dyslectic )-modules « :
H; — H; means that « € Hom 4(#;, H;), and that

1 (1, B a) = o’
We let
Homg(Hi, H;) = {morphisms of dyslectic Q-modules H; — H;}

The class of all dyslectic Q-modules, together with the morphisms defined above, is a
C*-category (cf. [NY16, Sec. 6.1] or [Gui22, Prop. 2.24]). We let

Rep%(Q) = the C*-category of dyslectic Q-modules in ¢

Definition 3.3. Let #;, H; € Obj(%). A (unitary) fusion product of #;, 7, over () denotes
a pair (H; Dq H;, jui,j) where H; g H; (abbreviated to H;; or simply ;) together with
W = 1 e (H, @ Hij, Hij) is a dyslectic @Q-module in €. Moreover, we have

i € Hom4(H; @ Hj, Hi B H;) (3.3)
and the following conditions are satisfied:
¢ (Intertwining property) The actions of @ on H;, H;, H;; are invariant, i.e.,
P9 (L © pig) = g (' © 1) = pij(1; 0 47 ) (Bay 0 1)

* (Universal property) If (Hy, 1*) € Obj(Rep%(Q)), and if v € Hom 4(H; @ H;, Hy) is

a type (Zk]) intertwining operator of () in the sense that

pr(1aBa) =a(u' B1;) = a(l; 8 4)(Ba; 0 15)
then there exists a unique & € Homg(#H; Bg H;, Hi) such that o = ap; ;.

¢ (Unitarity) The following diagram commutes adjointly:

1,009
/HiEI/HaBHj _ HiBHj

(/J‘ioﬁi,a)mljl J/#i,j (3.4)

HiEHj L HiEQHj

(Note that the commutativity follows from the intertwining property of 1%.)

Remark 3.4. Fusion products over () always exist and are unique up unitaries: if (#; Fg
Hr, i ;) and (”H,-EIQ’H;C, L; j) are both fusion products of H;, H; over  in €, there there is
a (necessarily unique) unitary ®; ; € Homg(H; Elg Hi, HiloHy) (called the linking map
between the two systems) such that

fij = Pijo (3.5
See [Gui22, Sec. 3.1] for details.
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Theorem 3.5. Suppose that for each H;, H; € Obj(Rep%(Q)) a fusion product H; o H; = Hi
(with p; ;) is assigned. (We call such an assignment ([q, fte ) (or simply call ©1) a system of
fusion products in Repl,(Q).) Then

(Rep%(Q), Bg, 89)

defined in the following way is a braided C*-tensor category (called the braided C*-tensor cat-
egory associated to (1, fte +)):

* If F € Homq(Mi, ;) and G € Homq(H;, H5), then F B¢ G is the unique element in
Homq (H; B M, H; Bq H;) satisfying
w3 (FBG) = (F 3o G)uiy (3-6a)

* The (unitary) associator A; j € Homg ((H; Bg H;) Bg Hi, Hi Bg (Hj Bo Hi)) is
determined by

ti gk (Li B ) = Ak © pijge(pij © k) (3.6b)

* The (unitary) unitors 1, ; € Homg(H, Do Hi, Hi) and v 3 o: Homg(H; Og Ha, Hi) are
determined by

:U’i = [i,ua,i ,U'iﬁi,a = Yillia (36C)

¢ The (unitary) braiding operator BZQJ e Homg(H; Gg H;, H; Bg H;) is determined by
wiiBig = B i (3.6d)
Proof. This is well-known. See e.g. Thm. 3.13 and 3.23 of [Gui22]. O

Remark 3.6. Given a system of fusion products of dyslectic )-modules, we identify
(H; Bg Hj) B Hi with H; B (H; g Hi) using the associator, and identify H;, H, g
Hi, H; Bg H; using the unitors. Then we have

p=pai fBia = fia- (3.7)
Moreover, given the above identifications, we have:
Theorem 3.7. For any H;, H;, Hj. € Obj(Rep%(Q)), the following diagram commutes adjointly:

1;0pk,j
HiBHyOH; ——————— H; (Hk EQ/Hj)

/»"i,kmljl J/Hi,kj (38)
(Hi B Hi) B H,; RN Bg Hi B H;
Proof. This follows from (3.10) and Thm. 3.14 of [Gui22]. O

Remark 3.8. Suppose that we choose two systems of fusion products associating to each
H;, H; € Obj(Rep%(Q)) the fusion products (H; Big H;, ;) and (H;EoH;, i ;) respec-
tively. Then the unitary linking map ® in Rem. 3.4 is natural, and (idRepgg @) D) is a
braided #-functor implementing an isomorphism of the braided C*-tensor categories

(idrept @) @)  (Repl(Q), B, BY) = (Repy(Q), Elo, BY) (39)
See Thm. 3.16 and 3.24 of [Gui22] for the proof and the details.
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3.2 The functor oy : Rep%(Q) — Repy(Bg)

Definition 3.9. A (normalized and irreducible) conformal net extension of A is a triple
(B, Ha, ) (or simply B), where (B,H,) is an (irreducible local) conformal net, the Hilbert
space H, is associated with an .A-module structure (#,,7,), ¢ € Hom4(Ho, H,) satisfies
t*1 = 14,, and the following conditions are satisfied:

(1) Foreach I € J we have 7, 1(A(l)) < B(I).
(2) If Q2 4 and Q5 denote the vacuum vectors of A, B respectively, then Q5 = 10 4.

(3) The projective representation of Diff " (S') on H, (defined by the conformal net
B) commutes with «.* and is pulled back by ¢ to the projective representation of
Diff " (S!) on H,.

We say that B is a conformal net extension of A in € if H, € Obj(%¢). We say that the
extension has finite index if [B(I) : 7, 1 (A([))] is finite for some (and hence for all) I € J.

Remark 3.10. Let (B, H,, ¢) be a conformal net extension of .A. We often identify #, with
its image in H, under ¢, identify A(I) with 7, ;(A(I)), and identify the vacuum vectors
of A and B via ¢ and denote both by (2. Then A becomes a conformal subnet of 3. In this
case, we simply write the extension as (B, H,).

Remark 3.11. Recall from Subsec. 1.1 that .4 has a Virasoro subnet Vir. determined by the
central charge c € R, and that ¥4 is identified with &, = %;;_ in a canonical way. Now
suppose that (B,H,) is a conformal net extension of .\A. Then ¥ consists of (g, V') where
g € ¢ and V is a unitary operator on H, representing the projective action of g on H,.
By the definition of conformal net extension, V|3, represents the projective action of g on
Ho. Thus, we have an isomorphism %5 — ¥4 defined by (g, V) > (g, V|#,)- Therefore,
we can make the identifications

G, = Gy = D

Definition 3.12. Let B be a conformal net extension of A in ¢. If (H;, ;) is a B-module
whose restriction to A gives an object in ¢, we say that #; is a B-module in €. We let

Repy(B) = the C*-category of B-modules in ¢

Note that if ¢ is full and replete, then Repy (B) is clearly also full and replete.

Theorem 3.13. There is a one-to-one correspondence between a haploid commutative C*-
Frobenius algebra Q = (Hq, pt,t) in € and a finite-index conformal net extension (Bg,Hq, )
of Ain €. B is determined by the fact that for every I € 7,

Bq(I) = {pL(&, I)la, : € € Ha(l)} (3.10)

The unitary representation of ¢4, on the A-module H, gives the projectively unitary representation
of Diff ™ (S*) associated to By,.

We call B the conformal net extension associated to Q.
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Proof. See Thm. 2.6, 2.12, 5.7 of [Gui21c]. O

Theorem 3.14. There is a =-functor e inducing an isomorphism of C*-categories

Son : Repl(Q) —> Repy(Bg)
(Hi, ') € Obj(Rep(Q)) = (Hi, m) € Obj(Repy (Bg)) (3.11a)
Fe HomQ(Hi,’Hj) — Fe HOHlBQ (Hi,Hj)

where T; is determined the fact that for each I € J and € € Ho(I),

T (LR D) = W L2 D, = i L2 (€ Do, (3.11b)
Thus, F' and Fon (F') are the same map of Hilbert spaces H; — H;.
Proof. See Main Theorem A in [Gui2lc, Sec. 2]. O

Definition 3.15. For each haploid commutative C*-Frobenius algebra @) in ¢ and a sys-
tem of fusion products (Elg, e «) in RepY, (Q) we define a braided C*-tensor structure on
Repg(Bg) to be the image of Rep%(Q) under (Fcn, id).

More precisely: Recall by Thm. 3.5 that (Rep%(Q), Bg,B?) is the braided C*-tensor
category associated to ([, fte,«). The pushforward of this braided C*-tensor structure to
Repy (Bg) gives the desired C*-tensor category

(Repe (Bg), Bq, 89)

Thus, the braided *-functor (Fcv, id) (Where Fcy is described in Thm. 3.14) gives an iso-
morphism of braided C*-tensor category

(Fon,id) 1 (Rep%(Q), Bg, BY) — (Repy(Bg), g, 89)

where the natural map id means that for each objects X = (H;,u') and Y = (H;, 1/) of
Rep% (Q) we have

Son(X) B Fon(Y) =Fen(X B0 Y)

Remark 3.16. Briefly speaking, if we identify the C*-tensor category Rep%(Q) with
Repy(Bg), then the braided C*-tensor structure on Repy(Bg) is the same as the one
Rep% (Q) defined by the system of fusion products Fg. By Thm. 3.5, a different system of
fusion products defines a different but isomorphic C*-tensor structure on Repy (Bg).

3.3 Categorical extension & associated to (); the tensorator " : X, &y H; —
Hi Xp, H;

In this subsection and the next one, we fix a haploid commutative C*-Frobenius alge-
bra Q = (Hq,p,t) in €.

Lemma 3.17. For each H; € Obj(Repy (Bg)) and I € J, we have
Hom 41y (Ho, Hi)2 = Homp,, (1) (Ha, Hi)S2

So H;i(I) can denote both sides unambiguously (recall (1.5)).
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Proof. [Gui2lc, Lem. 5.8]. O

Theorem 3.18. Let (Elg, ite ) be a system of fusion products in Rep%(Q) which determines a
braided C*-tensor category (Rep%(Q), Bg,B?) as in Thm. 3.5. Let (Repy(Bg), Bg, 8%9) be its
image under (Fon,1d), cf. Def. 3.15. Then there is a (closed vector-labeled) conformal covariant
categorical extension

éDQ = (BQ> Rep%(BQ)> EQa BQ7 H)

determined by the following fact: If we let L9, R% denote the (bounded) L and R operators of &5,
then for each H;, Hj, € Obj(Repy (Bg)), TeJ,and ¢ € H;(I), we have

L& Dl = i o L2 Dlpg, ROE Dy, = i © BZ(E, D)y (3.12)
which are bounded linear maps Hj, — H; O Hy and Hy, — Hy, Bg H; respectively.

One can write (3.12) as

@@Q = lleox O & (313)
Proof. See the proof of Main Theorem C in [Gui2lc, Sec. 5]. Note that the conformal
covariance of & is automatic by Rem. 1.12. O

Definition 3.19. The &g in Thm. 3.18 is called the categorical extension associated to
Q, &, and (Eg, fte +). Its vector-labeled left and right operators are written as .Z9(¢, I)
and #°(¢, 1) where ¢ € HP'(I) (cf. Rem. 1.18); when & € H;(I), we write them as
L9, 1), R, D).
Recall that L = L¥ and R = R" are the L and R operators of the categorical extension
= (A, ¢,3,8,H) fixed at the beginning of this chapter. In the next corollary, we let

1¥5¢ and R™5¢ be the L and R operators of the Connes categorical extension 3, Connes =
(Bg, Rep(BQ),BQ,BBQ,”H) for Bg (cf. Thm. 1.8).

Corollary 3.20. Let (g, pte +) be a system of fusion products in Rep%(Q) giving a braided C*-
tensor category (Repy (Bg), B, 89) (cf. Thm. 3.5 and Def. 3.15). Let Fcon : Repd(Q) —
Repy (Bg) be the «-functor in Thm. 3.14. Let

mm :H. BQ H* i H. BQ H*

be the tensorator associated to &g = (Bg, Repy(Bg), B, B2, H) (cf. Thm. 1.9), i.e., for each
Hi, H; € Obj(Repy(Bg)), ‘)’IEJ» € Homp, (H; Bg H;, Hi Xls, H;) and mle’Ii € Homp, (H; Bq
Hi, H;j KIs, Hi) are the unique unitary maps satisfying

N 0 i LE Dlg, = L (€, Dy, (3.14a)
N, 0 14 R7(E, D)y, = R (€, )]y, (3.14b)

Let % be the repletion of € (Rem. 1.10). Then (Fon, N®) is a braided =-functor, and

(Fox, NT) = (Rep(Q), Do, BY) — (Rep(Bg), Ksg, B?) (3.15)

is an equivalence of braided C*-tensor categories, which is also an isomorphism of braided C*-
tensor categories when € = €.
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Proof. This is immediate from Thm. 3.14, 3.18, and 1.9. ]

Remark 3.21. Let &5, connes be the Connes categorical extension for By. Then one can
write (3.14) as

mE! O e x © & = mE‘ o éaQ = éaBQ,Connes (316)

’Rep%ﬂ (Bq)

Suppose that (G, fle «) is another system of fusion products in Rep%(Q) which together
with Q, & give a categorical extension &y = (Bg, Repy(Bg), Bg, 8¢, H). Then, similarly,
we have

mE! ° ﬁ.’* o0& = m\z‘ 1) éaQ = gBQ7ConneS|Repcg(BQ)

and hence N2 o pie , = NZ 0 s . Thus, since fia » = P 0 1a » Where ® is the unitary linking
map from (Hg, fte +) to (g, fie ) (Rem. 3.4), we have

N0 d =N (3.17a)
E9 = pos? (3.17b)

In the case that ¢ is replete (and hence (3.15) is an isomorphism), if we identify the
C*-categories Rep%(Q) and Repg(Bg) via §en, we can choose @Q = X, and jie . =
MY 0 g . Then ® becomes N, and hence NI = id. We conclude that there exists a
system (G, fle +) of fusion products in Rep%(Q) such that N = id and Hg = XI5,

3.4 Weak categorical extensions associated to ()

Fix a haploid commutative C*-Frobenius algebra @ = (H,, zt,¢) in €. Recall Thm.
2.12 for the meaning of the closure of a weak categorical extension. Recall that the cate-
gorical extension & = (A, ¢, [, 8,H) is fixed at the beginning of Sec. 3. The following
theorem is the key result that ensures the comparison theorems for VOA and conformal
net extensions.

Theorem 3.22. Let (g, e «) be a system of fusion products in Rep%(Q) giving a braided C*-
tensor category (Repy(Bg), Bg,BY) (as described in Thm. 3.5 and Def. 3.15). Let & =
(A, €,0,8,9) be a weak categorical extension whose closure equals & = (A, €, 3,8, H). Then
there is a (necessarily unique) weak categorical extension

&5 = (B, Repy(Bg), Hg, 89, 9) (3.18)
associating to each H;, H; € Obj(Repy(Bg)), Ie J,ae$;(I)smooth and localizable operators
£2(a, 1) : Hyp — Hi Do H
RO(a, 1) : Hy, — My, B Hs

(with domains H}°) defined by
£2%a, Dl = pino L(a, Dl RUa,Dlyz = prioR(a, Dz (319)
Moreover, the closure of é”é” equals &g = [tex © &, the categorical extension associated to Q, &,

and (Eq, ftex) (cf. Def. 3.19).
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Note that £ and & have the same label set $;(I) for each H; € Obj(Rep(Bg)) and
leJg.

In the following proof, symbols such as #;°(I) are defined as in Def. 2.3 using A, not
using Bg. (There is no such ambiguity for the notation #;°.)

Proof. Step 1. The L@ and R¥ operations defined by (3.19) are smooth and localizable (cf.
Rem. 2.7). In particular, they are closable. Let us prove that &7 satisfies the axioms of a
weak categorical extension (cf. Def. 2.9). Choose H;, Hj, Hi € Obj(Repy(Bg)). We leave
the verification of the intertwining property and the weak locality to the later steps.
Isotony: This is obvious.
Naturality: Let a € $;(/) and G € Homg(H, Hj) We have a commutativity diagram

ne —9 5 ou

L(a,f)l lﬁ(a,f)

(Hi @ Hy)® ———— (H; @ Hp)™ (3.20)

Hi,kl lﬂiyk/

(" Do Hi)® 1—> (Hi B Hw )™

where the first diagram commutes by the naturality of £, and the second one commutes
due to (3.6a). Their composition gives the naturality of the L9 operators. Similarly, RQ
satisfies the naturality.

Braiding: For each n € H;°, by (3.6d) we have

R (a, )y = i R(a, D) = g i8i e L0, Ty = B2 i i L(a, Iy = 87,L%(a, T)ny

Neutrality: This is due to the above braiding and the fact that BQ is the identity map
if we identify H; B¢ H, and H, Bg H; with H; through the unitors in (3.6¢):

(3.6d) (3.60) (3.60)
S Ma,iﬁi,a ,Ullﬁi,a Hia

Bz alisa

Reeh-Schlieder + density of fusion products: These follow from the corresponding
properties of & and the fact that y; o, ;. are surjective. (It is well-known that p; 11 is
a scalar, cf. for example [Gui22, Prop. 3.3].) ’

Rotation covariance: This follows from the corresponding property of & and the fact
that p; . intertwines the actions of the rotation group.

Sep 2. We now check that &' satisfies the intertwining property. By Thm. 3.13, ele-
ments of Bg(I') are precisely of the form

X = pL(&,\Dlx, (3.21)

where ¢ € H,(I'), and recall that ‘T is the anticlockwise complement of I. By Thm. 3.14,
we have (recalling Rem. 3.6)

T, (L& D 30,) = ok L(E, D,
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Thegir (WL D) = takagil(€']) [Hae i

Thus, checking the intertwining property for R¥ means proving that for every a € (1)
and any X = (3.21), the following diagram of closable operators commutes strongly:

o F
He 20D (4, B0 Hy)
/La,kOL(&\'f)l lua,kEQioL(g,‘T) (3.22)
R (a,])

Hp —— ('Hk LlQ 'Hz)

~

By Prop. 2.5, there exists a sequence (£,)nez, in Hy (1) such that L(,,'T)|y, converges

~

strongly-* to L(&,'I )|y, for each H; € Obj(Repy(Bg)). It suffices to prove (3.22) when ¢
is replaced by each &,,. Thus, it suffices to prove that (3.22) commutes strongly for every

~

§ € Hy(I'). Note that in this case L(¢,"]) is bounded and smooth, and the same is true

for piq« o L(§,'I). Thus, it suffices to prove that (3.22) commutes adjointly.
Consider the diagrams

Gl (Hk ] 'Hi)oo # ('Hk LlQ 'HZ)OO

L(é,‘f)l lL(s,‘f) lL(&:b
Ha 0 H)® 0 o H mH)® 2 (o m (M mg He))® (3:23)

Na,kl l,ua’kﬂli lﬂa,kBQi

He Rla]) (Hp BH)® — "™ (M B Hi)™

Hy

~

By Thm. 2.12, the closure of R(a, I) is a right operator of &, and hence commutes strongly
with L(¢,'T) by the locality in Thm. 1.14. Thus, the upper left cell of (3.23) commutes
adjointly. The upper right and the lower left cells commute adjointly by the naturality
axioms in Def. 1.6 and 2.9, and by (par 8 1;)* = pf, 0 1;and (14 & pr)* = 1o B pff ;-
By Thm. 3.7, the lower right cell commutes adjointl}}. Thus, the largest rectangle (which
is just (3.22)) commutes adjointly.

We have finished proving that the RY operators satisfy the strong intertwining
property. Combining this fact with the braiding axiom proved in Step 1, we see that the
L operators also satisfy the strong intertwining property.

Step 3. We now show that the closure of £2(a, I) resp. R%(a,I) is a left resp. right
operator of . Then by Lem. 1.5 and the locality (satisfied by the left and right operators
of &) in Thm. 1.14, we immediately know that &7 satisties the axiom of weak locality
in Def. 2.9, and hence that 6"(5’ is a weak categorical extension. It also follows from Thm.
2.12 that &g is the unique closure of &7’

Let us study £9(a,I); the treatment of R?(a, ) is similar and hence omitted. Let
¢ = £9(a, 1), which is in . Let us show that £ € #9P"(I) in the sense of Def. 1.13, i.e.,
the linear map

YQeBo(INQY —  YéeH, (3.24)
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is closable. In fact, since we have proved in Step 2 that £%(a, I) satisfies the strong inter-
twining property, the closableness of (3.24) follows directly from [Gui20, Prop. 1.4.5]. We
present the proof below since it is short:

Choose any Y € Bg(I'). By the intertwining property proved in Step 2, we have

Y - LR(a,1)|n, © £2(a,I)Y|y,. In particular, Y is in the domain of £@(a,I). This

~ ~

proves that (3.24) < £9(a, I)|3,. So (3.24) is closable since L% (a, I)|4, is closed.
It remains to prove for each H; € Obj(Repy(Bg)) that

£9(a, Dlgy, = L D, (325)
For each #;, € Obj(Repy(Bg)) and n € H°(I'), consider

R(n,I") ik, j

'H,Of (Hk ] Hj)oo (Hk LlQ Hj)oc

£(a,f)l lﬁ(a,f) lﬁ(a,f)
o R(n,T 1iBpg,; o (3.26)
(H; @ Hy)*® ———— i i (H; & (Hy K] ’Hj)) .

,Ui,kl l‘ui’kmlj l“i,kEIQ]'

o0 R(%IN,) o0 MiBQk’j o0
(Hi BQ Hi)” ——— (HiBq Hi) BH;)*” ———— (Hir Bo H;)

where each of the four cells commutes adjointly by the same reasons for (3.23). Thus, the
largest rectangle commutes adjointly, i.e.,

Q T
He — 20Dy @ Hy)”

EQ(@ ycz@,f) (3.27)
Q T
(Hi B Hi)™ 0D, Hq Hj)”

commutes adjointly. Setting Hy = H,, we get L% (a, DRy, I = ROy, I L2 (a, )0,
ie.,

£9a, Iy = R9n, I')¢

By the locality of left and right operators in &5 (cf. Thm. 1.14), we have
RO, INZLR (¢, T) <« L9¢ DR, I'). Thus n = RP(n,I')Q is in the domain of

A~

£9(¢,1), and
29, T)n = R9n, I')¢ (3.28)

This proves that #?(¢, T )|#; equals L?(a, I )|#; when restricted to #;°(1’), a dense sub-
space of the domains of the two operators.

Note that #7°(1') is QRI (recall Def. 2.6). (Choose any J € J compactly supported
in I, then H°(J) is a dense subspa~ce of HX(I'), and o(t)H;(J) = H;(I') for any t such
that o(t).J < I1.) Thus, since £°(a, I )’Hf is smooth and localizable (by Rem. 2.7), HZ(I')
is a core for £°(a, ) ) ]H?:. This proves that “<” holds in (3.25).
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To finish proving (3.25), it remains to prove that H°(I’) is a core for £ Qe T) |%,- Note
that we cannot directly use Prop. 2.5-(b), since #;°(I') is defined using the smooth L and
R operators of A but not those of Bg. However, we can use Prop. 2.5-(a), which says in
part that for every 1 € H;(I’) there is a sequence (1) in H}°(I’) converging to 7 such that

~ ~

R(nn, I) converges strongly to R(n, I) when acting on every object of €. It follows that
RO (1, 1|3, = i, jR(nn, I)|3; converges strongly to R?(n, I)|y, = pijR(n,I)|x,. Thus,
by (3.28) (with 7 replaced by 7,,) we have

lim £9(&, T, = lim RO(n,, T')¢ = RO (n, I')¢

The existence of the limit on the LHS finishes the proof that H}°(I’) is a core for

L& D, 1) Therefore, HF(I') is a core for L2 (¢, I)|, since H;(I") is so (cf. Thm.
1.14). 0

4 (Weak) categorical extensions associated to unitary VOAs

Throughout this paper, we assume that any VOA V is of CFI-type (i.e., V has Lg-
grading V = @,y V(n) where the weight-0 subspace V'(0) is spanned by the vacuum
vector 2). Moreover, we assume that V(n) is finite-dimensional for each n € Z. All V-
modules are understood to be semisimple, i.e., they are finite direct sums of irreducible
(ordinary) V-modules. In particular, for any V-module W, the operator L is diagonaliz-
able. We assume that each Lg-eigenspace of W is finite-dimensional. (This is automatic
when V is Cy-cofinite, cf. [Buhl02].)

Recall that if a VOA V is self-dual (e.g. when V is unitary), Cs-cofinite, and ratio-
nal, then the category Rep(V') of (semisimple ordinary) V-modules is a modular tensor
category by [Hua08a, Hua08b]. See [DL14, CKLW18] for details about unitary VOAs.

4.1 Preliminaries

The goal of this subsection is to explain the concepts in Conditions I and II (cf. Def.
4.15).

Definition 4.1. We say that V' is complete unitarity if the following conditions hold:
¢ V is CFI-type, Ca-cofinite and rational.

¢ V is a unitary VOA. Moreover, every irreducible V-module (and hence every V-
module) is unitarizable, i.e., admits a unitary structure. (See [DL14, Guil9a] for the
definition of unitary V-modules.)

¢ The canonical non-degenerate sesquilinear forms on the spaces of unitary intertwin-
ing operators (defined in [Guil9b, Sec. 6]) are positive definite.

The most important property about complete unitarity is the following fact proved
in [Guil9b, Thm. 7.9] based on Huang-Lepowsky’s theory of vertex tensor categories
[HL95a, HL.95b, HL.95¢, Hua95, Hua05a, Hua05b, Hua08a, Hua08b].
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Theorem 4.2. Let V' be completely unitary. Let
Rep" (V') = the C*-category of unitary V-modules
whose hom space is

Homy (W;, W;) = {linear map T : W; — W; such that
TY;(v)y = Yj(v),T forallve V,neZ}

and whose #-structure is the adjoint. Then Rep"(V'), together with the tensor and braiding struc-
tures

Oy =& gV =8

defined by Huang-Lepowsky’s vertex tensor category theory and the canonical inner products in
Def. 4.1, is a unitary modular tensor category. (In particular, Rep" (V') is a braided C*-tensor
category, called the Huang-Lepowsky braided C*-tensor category of V'.)

Note that for each W;, W; € Obj(Rep"(V)), every T' € Homy (W;, W;) is bounded
and T* € Homy (W;, W;) can be defined. (To see this, restrict 7" to the (finitely many)
irreducible components of W; and W.)

Unless otherwise stated, we identify (W; @ W;) @ Wy, with W; @ (W; @ W) via the
associator, and identify V' 1 W; and W; @ V with W; via the unitors.

Definition 4.3. Assume that V' is completely unitary. Given a set of unitary V-modules
FV, we say that Rep"(V) is [I-generated by FV if each irreducible unitary V-module is
(unitarily) equivalent to a submodule of Wi @ - - - @ W, for some Wy, ..., W, e F v,

For each (semisimple) unitary V-module W;, we let

YWi(U7 Z) = Y;(U? Z) = Z }/i(v)nzinil
neZ
denote the vertex operation of ;. We refer the readers to [CKLW18] for the meaning of
energy-bounds.

The Virasoro operators {L,} act on each unitary VOA module W; and satisfies
(Lywi|we)y = {wi|L_pwe). In particular, the closure of Ly is a self-adjoint positive op-
erator. Note also that Lo gives the grading W; = @ _, Wi(s) where each weight-s
eigenspace Wj(s) is finite-dimensional. Eigenvectors of Ly are called homogeneous vec-
tors.

Definition 4.4. If I; is a unitary V-module, we let #; be the Hilbert space completion of
the inner product space W;. We let

HE = () 2(L") 4.1)

More generally, a type (W‘iVIj“VJ) intertwining operator ) of V' (where W;, W;, W, are

V-modules) is defined as in [FHL93], and is written as

V(wi,z) = Y V(w)ez™!

seR

where w; € Wj, and each Y(w;), is a linear map W; — W.
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Convention 4.5. If Yisa e W’“ ) intertwining operator and T' € Homy (W, W;), then
typ W, W g op j

TY denotes the type (WYV‘}V]) intertwining operator defined by

TV, 2)w® = 31T 0 Y(w®) w51
seR

for all w® e W;, wW) e W;.

Definition 4.6. Given a type (WVZV&VJ) intertwining operator Y, we call W;, W;, W}, respec-
tively the charge space, the source space, and the target space of ). We say that ) is
unitary resp. irreducible if W;, W, W, are unitary resp. irreducible V-modules.

The condition of energy bounds for unitary intertwining operators was defined in
[Guil9a, Sec. 3.1] in the same spirit as that of [CKLW18]:

Definition 4.7. Let ) be a type (W%“VJ) unitary intertwining operator. Let w() e W; be

homogeneous. We say that YV(w®, 2) is energy-bounded if there exist M, a,b > 0 such
that for every s € R, wl/) e W; we have

|¥(w) 5w < ML+ s’ (L + Lo)*w!|

We say that the intertwining operator ) is energy-bounded if J(w®,z) is energy-
bounded for every homogeneous vector w(®) of the charge space.

Definition 4.8. We say that V' is energy-bounded if the vertex operator Y for the vacuum
module V is energy-bounded. We say that V' is strongly energy-bounded if for every uni-

tary V-module W; (equivalently, for every unitary irreducible V-module W;), the vertex

operator Yy, = Y}, as a unitary intertwining operator of type (V%Z_), is energy-bounded.

Definition 4.9. Let I = (I,arg;) € J. A (smooth) arg-valued function supported in Tis
a pair f = (f,arg;) where f € CX(I). We let

C®(I) = {smooth arg-valued functions supported in I
c g pp

If Y is an energy-bounded type (W%“VJ) intertwining operator of V, for each homogeneous
w e W;and f € CF(I), we define the smeared intertwining operator
Y(w, f) =J y(w(i)aeie)f(eie)iwd9
gearg, (I) 2m 4.2)
7(V(w. f)) = Hf
viewed a (densely-defined) unbounded smooth linear maps H; — H;, with dense domain

7-[;’0 (Cf. [Gui21a, Sec. 4.4] and [Guil9a, Ch. 3] for details.) For the vertex operator Y; for
a unitary V-module W;, we write

)/i(vaf) = Y;(U,f)

~

since Y;(v, f) is independent of the arg-values.

39



Remark 4.10. Let Yy (w1, f1), ..., Yn(wn, f,) be smeared intertwining operators. Assume
that IW; is the source space of V,, and W}, is the target space of );. We understand the
product

Vi(wi, f1) - Vo (wn, fn) (4.3)

as a densely defined unbounded linear map H; — H;, with domain . It is the product
defined in the usual way if the target space of ); equals the source space of V; 1 (if 1 <
i < n); otherwise, it is zero. Moreover,

the product (4.3) is smooth and localizable

(recall Def. 2.6). The smoothness is obvious because each factor Y;(w;, ﬁ) is smooth. The
localizablity of (4.3) follows from that of Lo" (ICKLW18, Lem. 7.2]); see [Gui20, Prop.
2.1.2] for more explanation.

Definition 4.11. Let ) be a type (WVZV‘?VJ) intertwining operator. We say that ) satisfies

the strong intertwining property if for every homogeneous w € Wj,v € V, every TeJ,
and every f € C¥(I),g € CL(I'), the following diagram of closable smooth operators
commutes strongly:

HE Yitg) HE
Y, f l ly (w.]) (44)
HOO
Definition 4.12. We say that V is strongly local ([CKLW18]) if the vacuum vertex operator

Y (-, 2) (viewed as a type (VVV) intertwining operator) satisfies the strong intertwining

property.
Remark 4.13. Let IV; be a unitary module of a unitary VOA V. If we let U; denote the uni-

tary representation of f’gﬁ(l, 1) on H; integrated from L, L+ 1, then foreach g € 13§I/J(1, 1)
we have U;(g)H = H. Therefore, U;(g) is smooth.

Proof. This is due to the fact that PSU(1, 1) is generated by the ¢iflo ¢it(iti-1) ¢t(hi—l-1)
(where [y, l+; are the standard generators of the Lie algebra of ﬁgﬁ(l, 1)) and that
eitlo ¢it(Litl1) otL1—L-1) preserve H¥ by [TL99, Prop. 2.1]. In fact, U;(g) is smooth
for every g € Diff 7 (S1); see [Gui20, Sec. 2.2] for more explanation. O

Proposition 4.14. Let V be a unitary VOA. Let ) be an energy-bounded type (WV}/‘ﬂ‘VJ) intertwin-
ing operator. Let w) e W be quasi—primary (resp. homogeneous) with Low® = dw (d € R).
Then for every I € J and f e C2(I), and for every g € PSU(1,1) (resp. every g = eitlo where
t € R), there is fg 4 € COO(gI) depending only on f g, d such that

Uk(@)Y (™, ))U;(9)* = Y, fy.a) (4.5)
where Uj and Uy, are the unitary representations of PSU(1,1) on H;, Hy, integrated from Lo, L+1.
Proof. See [Gui20, Prop. 2.2.2] for details and the explicit formula of fg,d. O
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4.2 Conditions I and II
Definition 4.15. We say that V satisfies Condition I if the following hold:
(a) V is completely unitary.

(b) Every irreducible unitary intertwining operator of V' is energy-bounded and satis-
fies the strong intertwining property.

We say that V' satisfies Condition II if the following hold:
(1) V is completely unitary, strongly energy-bounded, and strongly local.
(2) A set FV of unitary V-modules [-generating Rep" (V) is chosen.

(3) If Y is a unitary intertwining operator of V whose charge space belongs to " and
whose source space and target space are irreducible, then ) is energy-bounded and
satisfies the strong intertwining property.

The irreducibilities assumed in I and II are redundant: see Rem. 4.17. Also, unlike in
[Gui20], we do not assume that the objects in F V' are irreducible. While this relaxation
does not lead to any essential differences, it simplifies certain aspects of our discussion in
this paper.

Remark 4.16. Note that if V' satisfies Condition I-(b), then V is automatically strongly
energy-bounded and strongly local. Thus,
Condition I — Condition I

Moreover, it is clear that

Condition] <= ConditionII

if every irreducible V-module is isomorphic to an object in F"

Remark 4.17. Let W; be a unitary V-module with (finite orthogonal) irreducible decom-
position W; = @, Wi .. Suppose that for every a, any irreducible unitary intertwining
operator with charge space W; , is energy-bounded resp. satisfies the strong intertwin-
ing property. Then any unitary intertwining operator with charge space W; is energy-
bounded resp. satisfies the strong intertwining property.

Therefore, if V' satisfies Condition II, then every unitary intertwining operator of V'
with charge space in FV is energy-bounded and satisfies the strong intertwining prop-
erty; if V satisfies Condition I, then every unitary intertwining operator of V' is energy-
bounded and satisfies the strong intertwining property.

Proof. The claim about energy bounds is obvious. The claim about the strong intertwining
property follows from Lem. 1.4. See [Gui20, Rem. 2.3.10] for details. O

Remark 4.18. We have

Condition IT in Def. 4.15 — Condition B in [Gui20, Sec. 2.4]
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Proof. 1t is clear that “=" is true. Condition B seems weaker than Condition II in the
following aspects. First, in Condition B we assumed that V' is E-strongly local where
E is a set of generating quasi-primary vectors. But this automatically implies that V' is
energy-bounded by [CKLW18, Thm. 8.1]. Second, in Condition B, the “strong unitarity”
was assumed instead of the “complete unitarity” in Condition II. But Condition B implies
the complete unitarity by [Gui20, Thm. 2.4.1]. Third, the assumptions in Condition B of
the energy bounds and the strong intertwining property on the intertwining operators
are seemly weaker than those in Condition II; but they are in fact equivalent under the
other assumptions of Condition B due to [Gui20, Prop. 2.5.10]. O

Proposition 4.19. Suppose that V satisfies Condition II, and that every irreducible unitary in-
tertwining operator of V' is energy-bounded. Then V satisfies Condition .

Proof. [Gui20, Cor. 2.5.11]. O

The following theorem gives many examples of VOAs satisfying Condition I or II. We
refer the readers to [CKLW18, Sec. 5.4] for the basic properties about unitary subalgebras
and (unitary) coset subalgebras. If V' is a unitary subalgebra of a unitary VOA U, we let
V¢ be the coset of V in U, and let V¢ be the coset of V¢in U.

Theorem 4.20. The following are true.

(1) V, V" are unitary VOAs satisfying Condition I (resp. 1) if and only if the tensor product
unitary VOA'V ® V' satisfies Condition I (resp. ).

(2) Assume that U is a unitary VOA satisfying Condition I (resp. II). Assume that V is a
unitary subalgebra of U such that both V and V¢ are Cy-cofinite and rational. Then V¢
satisfied Condition I (resp. II).

Proof. (1): “=" follows from [Gui20, Thm. 2.6.8]. “<" is a special case of the following
part (2) (by setting U = V ® V).

(2): Assume that U satisfies Condition II. By [CMSY24, Thm. 1.1], any (CFI-type)
unitary VOA extension of V' is C>-cofinite and rational. Therefore, both V¢ = V“* and
V¢ are Cy-cofinite and rational. Therefore, by [Gui20, Thm. 2.6.5], V¢ satisfies Condition
II.

The claim about Condition I also follows by slightly adapting the proof of [Gui20,
Thm. 2.6.5]: If U satisfies Condition I, then in view of Rem. 4.16, the set FU in the proof of
Thm. 2.6.5 can be chosen to contain all irreducible unitary U-modules up to equivalence.
Then the 7V defined as in that proof also contains all irreducible unitary V¢-modules up
to equivalence. Therefore, V¢ satisfies Condition I. O

4.3 The CKLW net Ay and the CWX functor FY,,, : Rep"(V) — Rep(Ay)
Definition 4.21. Suppose that V' is a unitary VOA. Let

Ho = the Hilbert space completion of V'

Let Ay be the unique conformal net acting on 7, whose vacuum vector €2 equals that of
V, whose projective representation of Diff ¥ (S!) is integrated from that of {L,,}, and which
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satisfies that for every I € 7, the von Neumann algebra Ay (/) is generated by all Y (v, f)
where v € V is homogeneous and f € C(I). (Cf. [CKLW18].) We call Ay the CKLW net
associated to V.
Definition 4.22. Let V' be a strongly local VOA. We say that a V-module W; is strongly
integrable ([CWX]) if the following are true:
e W, is unitary. Moreover, the vertex operator Y;(-, z), as a type (V%l) intertwining
operator, is energy-bounded.

¢ There is a (necessarily unique) Ay-module (#;, 7;) such that for any homogeneous
veVandany e J, fe CF(I),

i1 (Y (v, f)) = Yi(v, f) (4.6)

Recall Rem. 1.20 for the meaning of m; 1(Y (v, f)).

Remark 4.23. Suppose that V is strongly local with central charge ¢, and let W; be a
strongly integrable V-module. Let Ay be the CKLW net. Then the unitary representation
of 9. ~ 944, on H; (as described in Subsec. 1.1) is integrated from the unitary representa-
tions of the Virasoro subalgebra of V.

In particular, the action of §§'U(1, 1) on H; inherited from that of ¢, is integrated from

Ly, L+1, and the rotation group on #; acts as eltLo, Therefore, the definition of H as in
Def. 4.4 agrees with that in (2.1).

Proof. See [Gui20, Prop. 2.3.6] or [Gui2la, Prop. 4.9]. O

Theorem 4.24 ([(CWX], [Guil9b] Thm. 4.3). Let V be completely unitary and strongly local.
Assume that all unitary V-modules are strongly integrable. Then the =-functor

S"gwx : Rep"(V)) — Rep(Ay)
(Wi, Ys) — (Hi, i)
Te HomV(Wi, Wj) —Te HomAV(HZ’,Hj)

(where (H;, m;) is defined as in Def. 4.22), called the CWX functor, is a fully faithful =-functor.
Thus, Féwx implements an isomorphism of C*-tensor categories from Rep" (V') to

% = Fowx(Rep™(V)) (4.7)

a full replete C*-subcategory of Rep( Ay ) containing the identity object Ho and closed under
taking submodules and finite direct sums.

Thus we have
(Hi, mi) = SZWX(WD Yi) or simply Hi = S‘C/WX(WZ) (4.8)

Note that the repleteness of ¢ is obvious: if an Ay-module is unitary equivalent (via a
unitary U) to some Fi« (Wi, Vi), then it is equal to Fly (U 1W;, U~LY;U). Also, it makes
sense to set §uyx (1) = T since T € Homy (W;, W;) must be bounded (since it is clearly so
when restricted to each irreducible component of W;).
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Remark 4.25. The inverse functor
(ggwx)_l 1 C — Repu(V)

can be written down explicitly. Indeed, if (VV“ Y;) and (W;,Y;) are both sent by Fyx
to (H;, ), then by the full-faithfulness of FY, there is a unique 7' € Homy (W;, W;)
that extends to 13;,. So T is the identity map, which implies W; < W; and Yj|w, = Y.
Switching W; and W}, we obtain W; = W; and Y; = Y;. Thus, we can define (F¥wx)
by sending each §lx(W;,Yi) to (Wi, Y5). The def1n1t1on of (§¥wx) ' on Hom spaces is
obvious.

Definition 4.26. In the remaining part of this article, we always let

¢ = Rep (Av) : ‘S:CWX (Rep"(V)) (4.9)
(which is a full and replete C*-subcategory of Rep(.Ay)), and let (¢, [, 8) be the image
of the Huang-Lepowsky braided C*-tensor category (Rep"(V'), &, 8) under the braided
#-functor (FV, id), which is
(Rep” (Av), 0, 8) = (Rep” (Av), By, B) i= By, id)(Rep"(V), &, 8) | (4.10)
In other words, we have an isomorphism of braided C*-tensor categories:
(Fowx,id) : (Rep"(V), &, 8) — (Rep (Av), &, 8) (4.11)

where id is the identity tensorator. Thus, since H; = Fowx(Wi) and H; = Fowx(W;), we
have

SewxWi B W) = H; B H; (4.12)

In particular, we see that H; 0 H;, as a Hilbert space, is the completion of the inner
product space W; @ W;.

The strong intertwining property is closely related to the strong integrability due to
the following elementary fact:

Lemma 4.27. Let V' be an energy-bounded VOA. Let W; be a unitary V-module whose vertex
operator Y; is energy-bounded. Then the following are equivalent:

(1) W; is strongly integrable.
(2) Foreach I € J there is a set U of partial isometries Ho — H; such that \/ ..y Rug(T') is

dense in H;, and that for each T' € A, each homogeneous v € V, and each f € CL(I), we
have

TY (0, f) Yo, )T T*Yilv, f) « Y (o, )T* (4.13)

(3) For each I € J there is a set B of closable operators Ho — H; (with dense domains in
Ho) such that \/ 1., Rug(T') is dense in H;, and that for each T € B, each homogeneous
veV,andeach f € CF(I), the following diagram of closable operators commutes strongly:

n Y (v,f) o
@ lT (4.14)
Yi(v,f)

Hi ———— H;
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Here, Rng(T') is the range of T, i.e. T'(2(T)).

Proof. (1)=(2): Let 7; be the representation of Ay on H; as in Def. 4.22. By the basic
property of normal representations of von Neumann algebras, there is a set 2 of partial
isometries whose ranges spanning a dense subspace of #; and satisfying T'x = m; ;(x)T
and T*7; j(x) = «T* for all z € Ay (I). (Indeed, since Ay (I) is a type III factor, 2; can be
chosen to have only one element which is a unitary.) So (2) follows.

(2)=(3): Obvious.

(3)=(1): By replacing each T' € B; with the partial isometry in the polar decompo-
sition of T, it suffices to assume that each T' € B; is bounded (with domain ;). Then
by a standard argument using Zorn’s lemma (together will another application of po-
lar decomposition), one can find a set 2 satisfying the statements in (2), and satisfying
moreover that 717} - ToT5 = 0if T1,T» € s are distinct, and that ZTG% TT* = 1y,.
Then the pullback of the Ay (I)-representation (Dy, Ho, Dy, 7o,1) to H; via the isometry
EeH; — @TG% T*¢ gives a (normal) representation 7; ; of Ay (1) on #H;. The collection
(mi,1)1eg gives the desired representation of Ay on #H; making W; strongly integrable.
(See [Guil9b, Prop. 4.7] for more details.) O

Remark 4.28. From (2) and (3) of Lem. 4.27, it is clear that if I¥/; is an energy-bounded
module of a unitary VOA V, and if W; = @, W;, is an (orthogonal) decomposition of
W; into unitary submodules, then W; is strongly integrable if and only if every W;, is
strongly integrable.

Theorem 4.29. Suppose that V satisfies Condition II. Then all unitary V-modules are strongly
integrable. Thus Thm. 4.24 applies to V.

Proof. One checks that every unitary (and energy-bounded) V-module satisfies Lem.
4.27-(3) where B can be constructed using products of partial isometries in the polar
decompositions of smeared intertwining operators localized in I’ (with any arg;). See
[Gui20, Thm. 2.4.2] for details. (Alternatively, one can define B using (the closures of)
products of smeared intertwining operators localized in I’, and then invoke Lem. 1.4 to
check that B satisfies the assumption in Lem. 4.27-(3).) O

Remark 4.30. Suppose that V satisfies Condition II. Then in Condition II-(3), 7" can be
extended to 7V U {V'}. In other words, every intertwining operator ) with charge space V
satisfies the strong intertwining property. Indeed, we can write ) = TYyy, where Wy, Wy
are unitary V-modules, and 7' € Homy (W;, W3). By Thm. 4.29, W is strongly integrable.
Therefore, by [Gui20, Lem. 2.3.5], Yy, satisfies the strong intertwining property. There-
fore, by Lem. 1.4, ) satisfies the strong intertwining property.

Corollary 4.31. Assume that V satisfies Condition II. For each unitary type (WW‘Q,J) intertwining
operator Y where W; € FV U {V'}, each homogeneous w®) € W, each TeJ, fe Ccoo(f), and
each y € A(I'), the following diagram commutes strongly:

51 ()

My —

y<w<i>,f)l w ly(wmf)
Hy — 1y,

(4.15)
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Proof. By Thm. 4.29, all unitary V-modules are strongly integrable. Thus, by the strong
commutativity of (4.4) (and noting Rem. 4.30), we see that (4.15) commutes strongly if y
is replaced by Y (v, g) for each homogeneous v € V and g € CZ(I’). Since all such closed
operators generate A(I’), the claim of the corollary follows easily. O

4.4 Categorical extension & associated to V; the Wassermann tensorator 25" :
H; Eyv Hj — H,; AV Hj

Let V be a completely unitary VOA. We now recall the intertwining operators I'V and
AV, which are called £; and R; in [Gui21a, Sec. 4.2] and £V, RV in [Gui20, Sec. 2.5]. All
details can be found in [Gui2la, Ch. 4].

Recall that @y = @ is the tensor *-bifunctor and 8" = B is the braiding in Rep" (V). TV
associates to each W;, W; € Obj(Rep"(V)) a type (VVK}FJ{Z# ) intertwining I'V' (-, z) satisfying
that for every W} € Obj(Rep"(V')) and every type (j;%. ) intertwining operator ) there
is a unique 7' € Homy (W; @ W}, W},) such that ’

Y, 2w = T o TV (w, 2)w) (4.16)

for all w® e W;,w") e W;. Clearly, such 'V is unique up to multiplication by a unitary
endomorphism on the left. The actual expression of I'V is not important. What is more
important is its relationship with the braided C*-tensor structure of Rep"(V'), as described
below.

AV associates to each W;, W; a type (WJEW"

W, W, ) intertwining AY(, z) satisfying
Av(w(j)7 Z)w(l) = Bi,j o FV(’U}(Z), z)w(j) (4.17)

for all w® e W;,w\) e W;. Under the identification (W; @ W;) @ Wy, = W; @ (W; @ Wy)
via the unitary associator, I'" and A" satisfy the braiding relation

IV (w®, 2)- AV (W, O)w® = AV (w9, ) - TV (w®, 2)w® (4.18a)
) (@, 2) - AY (@, Qut = AY (@, () - (OV) T (w, 2)u (4.18b)

for each w® e Wi, w) e W;,w® e Wy, w*) e W; @ Wy and each z,( e S equipped
with arg z, arg ¢ such that arg z — 27 < arg { < arg z. Here,

()M, 2) = TV( (e m22) 0w, 27 1)

is the adjoint intertwining operator of I'V. See [Gui21la, Sec. 4.3] for details.
If F € Homy (W;, W},) and G € Homy (W, W}), then for each w( e W;, w\?) € W; we
have

(Fa)rV(w®, 2w =1V (Fu®, 2)Guw? (4.19a)
(Ga A (w?, 2) w9 = AV (Fw®, 2)Guwl) (4.19Db)

Under the identifications V @ W; = W; = W, @ V via the unitors, we have

IV (v, 2)w® = AV (v, 2)w® = Y;(v, 2)w® (4.20a)
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Y (w®, 2)0 = AV (w®, 2)v (4.20b)
forall w® e W;,ve V.

Remark 4.32. We have the following smeared version of (4.18): If J € 7 is clockwise to
IeJ,andif f € CF(I),g € CFL(J), then the following diagram commutes adjointly (cf.
[Gui2la, Thm. 4.8]):

V()
T G RN E YA R VR
IV (w®, f)l lpv(wm, f (4.21)
AV(w(j)y)
(Hi @ Hi)™ (H: @ Hy @ Hy)™

provided that the four intertwining operators appeared in (4.21) are energy-bounded.
Similarly, the smeared version of (4.17), (4.19), and (4.20) hold provided that the inter-
twining operators involved are energy-bounded: one simply replaces z by f e C*(I).

Recall the following definition:

Definition 4.33. Let IW; be a V-module. A vector w € Wj is called quasi-primary if w
is homogeneous (i.e. it is an eigenvector of L), and if Liyw = 0. We say that a subset
M < W; generates W; if the smallest subspace containing M and invariant under Y (v),,
(forallve V,neZ)is W,.

Example 4.34. The set of quasi-primary vectors of W; generate W;. In fact, this is true
when W; is irreducible, since the lowest weight vectors of W; are quasi-primary. So this
is also true in general since W; is semi-simple.

Lemma 4.35. Let V' be completely unitary. Let W;, W; be unitary V-modules. Assume that the

type (%15%7) intertwining operator w € W; — TV (-, 2)|w, is energy-bounded. Let M; = W;

be a subset of homogeneous vectors generating W;. Then for each I € J, the subspace
Span{T"V (w®, fHuw? : w e My, wl) e W; is homogeneous, fec®I) (4.22)
is dense in ‘H; [0 H; (the Hilbert space completion of W; @ W, cf. Def. 4.26).

In fact, we do not need complete unitarity in full power. Instead, one can only assume
that V is unitary, Ca-cofinite, rational, and that the type (V‘E/[}'_EVI{,V?') intertwining operator
i Wy

involved in Lem. 4.35 is (unitary and) energy-bounded.

Proof. When W; is irreducible, and especially when I'V satisfies the strong intertwining
property, this lemma was proved in [Gui2la, Prop. 4.12]. However, we shall argue that
the strong intertwining property is not necessary.

Our starting point is the standard fact that, for any fixed z € C\{0} with chosen arg z,
any vector w € W; @ W; satisfying

TV (w®, 2)wPD|w) = 0 for all w'® e W;, w\) e W; (4.23)

47



is zero. (See [Guil9a, Prop. A.3] for details.) Therefore, any w € W; @ W; satistying
OV (w? 2w |wy =0 forallw® e M, w") e W; (4.24)

is zero. (To see this, it suffices to show that for each fixed w € W; @ W;, the subspace
T of all w® e W; satisfying (T'V (w®, 2)w)|w) = 0 for all w¥) e W; is invariant under
all Y (v),. Indeed, the Jacobi-identity for intertwining operators implies that the formal
Laurent series (I'V (Y (v, ¢ — 2)w®, 2)w |w) (of ¢ — z) and <FV( ), 2)Y (v, OwD |w) (of
() are the expansions of the same rational function. Thus, if w (@) e T then the latter series
is zero, and hence the former is also zero, which implies Y (v),w® e T.) It follows (by
letting the test function fconverge to the J-function at any given point of S!) that for any
fixed I, any w € W; & W; orthogonal to (4.22) is zero.

Now, to show that (4.22) is dense, we let W be the subspace of all { € H; @ H; orthog-
onal to (4.22). If we can show that W is rotation invariant, i.e., invariant under ei*’© for
all £ € R, then for every £ € W, the image of £ under any spectral projection of Ly (which
must be an element of W; @ W) is inside W, and hence is 0 by the above paragraph. Then
we conclude W = 0.

We now show that )V is rotation invariant by a standard Reeh-Schlieder type argu-
ment. Choose any £ € W. By Prop. 4.14, for every 7 € (4.22), there is 6 > 0 such that
(eltPog|ny = 0 for all t € (—6,6). Since Lo = 0, the function f(z) = {e!*o¢|n) is holomor-
phicon H = {z € C : Imz > 0} and continuous on H. By the Schwarz reflection principle,
f can be extended to a holomorphic function on C\(R\(—4, ¢)), and hence f = 0 on that
domain since f = 0 on (—4,d). Thus f = 0 on H by the continuity, and hence {e*0¢|n) = 0
forallt e R. O

Lemma 4.36. Let V be energy-bounded. Let I € J. Then

Wr = Span{Y (vy, f1) - Y (vn, fn)Q :n€ Zy,and v, . .., v, € V are quasi-primary,

, (4.25)
L,..., I, € J are disjoint subintervals of I, f; € CZ(I;) for all i}

and
Vi = Span{Y (v, f)Q : v € V is homogeneous, f € CF(I)} (4.26)
are dense in Hyg.

Proof. We prove the density of (4.25); the second one is similar. Our proof is similar to that
of [CKLW18, Thm. 8.1]: As in the proof of Thm. 4.35, by the Schwarz reflection principle
and Prop. 4.14, it suffices to prove that any v € V orthogonal to (4.25) is zero. In fact,
instead of assuming v € V, it suffices to assume v € Hg’.

So let v € HE be orthogonal to (4.25). Choose any n € Z, and any quasi-
primary vi,...,v, € V. Another application of the Schwarz reflection principle (ap-
plied to (e¥* oY (v,_1, fn_1)* -+ Y (v1, f1)*v|Y (vn, f)Q)) shows that v is orthogonal to
Y (v1, f1) -+ - Y (vn, fn)Q where fi,..., fn—1 are supported in mutually disjoint subinter-
vals of I, and f,, is supported in any element of [J. By linearity, v is orthogonal to
Y(v1, f1) -+ Y (vn—1, fn=1)Y (vn )k, 2 where fi,..., fn_1 are supported in mutually disjoint
subintervals of I and k,, € Z. Applying the same argument repeatedly, we see that v is
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orthogonal to Y (v1)g, - - - Y (vn)g, 2 for all kq, ..., k, € Z. Since this is true for all n, and
since the vectors of the form Y (v1)g, - - - Y (v )k, span V (cf. [CKLW18, Prop. 6.6]), we
conclude that v is orthogonal to V, and hence v = 0. ]

Definition 4.37. Given arg-valued smooth functions f g, we say that f is anticlockwise
tog (equlvalently, g is clockwise to f) if there exist I J € J with J clockwise to I such
that f € C*(I),5e C*(J).

Recall from Def. 4.26 that the braided C*-tensor category (¢, 1, 8) is
(Repv (AV)a ) (SCWX? ld) (Repu(V), L, B)

Theorem 4.38. Suppose that V satisfies Condition Il in Def. 4.15. Let F be as in Condition II.
For each W; € Obj(Rep™(V)) and I € 7, let

ﬁi(f)il,...,in = HOIIIV(VVi1 - Win, WZ) X Wil X+ X Wzn X CCOO(IN)N (427&1)
9;(1) = |_| 9:(Diy i (4.27b)
TLEZ+
Wiy 5o Wi, eFV U{V'}
For each a € .ij(f)“zn where

a= (T, 0™, .. w™ fi ... f) (4.28)

we set for each W; € Obj(Rep"(V')) that

L(a, D], = (TE1;) 0TV (@ fi) - TV (), )], 0 (4.29a)
J J
R(a, D), = (L, @T) 0 AY (), fo) - AV (w™), f1)], ., (4.29D)
J J
if w® ... wln) are quasi-primary and fu41 is clockwise to fyfor eachv =1,...,n—1; oth-

erwise, we set L(a,1) = 0 and R(a,I) = 0. Then these data give a Mobius covariant weak
categorical extension

&Y = (Ay,Rep” (Av), By, 8", 9H) = (Ay,Rep” (Av), @, 8, ) (4.29¢)
Definition 4.39. The closure of & in Thm. 4.38 is denoted by
& = (Av,Rep” (Ay), @, B, H) (4.30)
and is called the (closed) categorical extension associated to V. The tensorator
WY =W H By Hy — HiKa, Hj

associated to &y (cf. Thm. 1.9) is called the Wassermann tensorator. So it is determined
by

Q;UV © g)V = gAV,Connes (431)

|Repv (Av)

where &4, Connes 15 the Connes categorical extension for Ay .
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& and 20V are independent of the choice of F". More precisely:

Theorem 4.40. Let V satisfy Condition II. Suppose that we have another set FV of unitary V-
modules satisfying the assumptions in Condition II (cf. Def. 4.15). Then the categorical extension
&y defined by FV is equal to the one defined by FV . Therefore, the Wassermann tensorator 25"
defined by FV is equal to the one defined by FV'.

Proof of Thm. 4.38. This theorem is similar to [Gui20, Thm. 2.5.4], except that the con-
struction of &" is slightly simplified. We need to check all the axioms in Def. 2.9. To
begin with, note that the £ and R operators are smooth and localizable by Rem. 4.10 (and
2.7). Isonoty is obvious. Naturality: By (4.19). Neutrality: By (4.20).

By the density Lem. 4.35, the rotation covariance of smeared intertwining operators
(cf. Prop. 4.14), and the fact that smeared intertwining operators are localizable (Rem.
4.10), one shows by induction on n that for any W;,, ..., W; e F v,

Span{T"Y (w™), f1) - TV (wlin), fN’n)H;’O cw ™ e W, wl) e W,
floeii fne c>(I), fo41 is clockwise to f,,}

is a QRI subspace of (H;, &+ - -EH,;, @H;)®. (In particular, it is dense.) A similar property
holds if TV is s replaced by AV This implies the den51ty of fusion products.

Choose .J, K — I such that K is clockwise to .J. We use the notation in Lem. 4.36.
Then by the rotation covariance, W is a QRI subspace of H’. Therefore, since products
of smeared intertwining operators are localizable (Rem. 4.10),

Span{lV (w®™), f1) - TV (W™, f) - Wik : w™ e Wy, ..., wl) e W,
Flociiifne CP(J), fo41 is clockwise to f,,}

is a dense subspace of H;, @ --- @ H;,. A similar property holds when I'V is replaced
by AV. Therefore, since the last few of W, , ..., W;, in (4.27a) can be chosen to be V, we
conclude the Reeh-Schlieder property.

Intertwining property: By Cor. 4.31 and Lem. 1.4.

Weak locality: This follows from Rem. 4.32 and (4.20). See the proof of [Gui20, Thm.
1.7.4] (especially the commutative diagrams therein) for details.

Braiding: This follows from the naturality of § (which implies 80 (T'm1) = (1@7T) oB)
and the following Lem. 4.41.

Mobius covariance: By Rem. 4.13 and Prop. 4.14. O

Proof of Thm. 4.40. Let GV = FV u FV. Let &y and &5 be the weak categorical exten-
sions defined by 7V and GV respectively as in (4.29c), and let &7v and ;v denote their
closures. Then &7, © &5y, i.e., every L resp. R operator of &7y is a L resp. R operator

of &5, and hence its closure is a left resp. right operator of &gv . Therefore, &gv is a (and

hence the) closure of &7, cf. Thm. 2.12. So &7v = &gv. Similarly, &, = &gv. O

Lemma 4.41. Let V and FV be as in Thm. 4.38. Let Wy,...,W;, € FV. Let w(“w) €
Wi, ...,wl) e W, be homogeneous. Let I € J and fi,...,f, € CP(I) such that f is
anticlockwise to fi, 11 foreach k = 1,...,n — 1. Then for each W; € Obj(Rep"(V')) we have

A (), fu) - AV @, o) = B T (0, fr) - TV (@), f)]e (432)
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Proof. This follows from (4.19), Rem. 4.32, and the Hexagon axiom for 8. See (the proof
of) [Gui20, Prop. 1.7.3] for details. O

When V satisfies Condition I, its categorical extension can be generated by a simpler
(though not Mdbius covariant) weak categorical extension:

Theorem 4.42. Suppose that V satisfies Condition I in Def. 4.15. For each W; € Obj(Rep"(V'))
and I € J, let

~

$i(I) =W; x V x CP(I) x CX(I) (4.33)

~

For each a € $,;(I) where

a= (w0, fg)
we set for each W; € Obj(Rep"(V)) that

(0, Dy =TV (@, )Y, 9)e Rl Dl = AV (', ))Y(0,9)]yy  (434)

if w9 v are homogeneous; otherwise, we set L(a,I) = 0and R(a,I) = 0. Then these data
give a weak categorical extension &". Moreover, the closure of &* is equal to &y, the categorical
extension associated to V' (cf. Def. 4.39).

Proof. That (4.34) defines a weak categorical extension &* can be proved in the same way
as Thm. 4.40, except that one uses the density of (4.26) instead of (4.25) to conclude the
Reeh-Schlieder property.

Let £ be the Mébius covariant weak categorical extension defined in Thm. 4.38 by
any FV. (For example, we let FV contain every irreducible module up to unitary isomor-
phisms.) By definition, its closure is &,. A similar algebraic computation shows that the
L(a, I ) and R (a, I ) in (4.34) are respectively weak left and right operators of &Y (cf. Def.

2.13 and 2.14). Thus, by Thm. 2.15, £(a, ) and R(a, I) left and right operators of &i,. So
8y is a (and hence the) closure of &*. This finishes the proof. O

Remark 4.43. Alternatively, one can show that &y is the closure of & in the following
way without using Thm. 2.15. It is easy to check that & u &v is a weak categorical
extension. So its closure is also a closure (and hence the closure) of both £* and Ev.
Thus, &* and &* have the same closure.

5 (Weak) categorical extensions associated to unitary VOA ex-
tensions

5.1 The unitary VOA extension Up associated to the Haploid commutative C*-
Frobenius algebra P

We fix a unitary VOA V with vertex operation Y =Y.
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Definition 5.1. A (normalized CFT-type) unitary VOA extension is a triple (U,YY, 1)
(or simply U), where (U, YY) is a (CFT-type) unitary VOA, the inner product space U is
equipped with a unitary V-module structure

U = W, where (W,,Y,) € Obj(Rep"(V))

Moreover, ¢ € Homy (V,W,) = Homy (V,U) satisfies t*. = 1y, and the following condi-
tions are satisfies:

(1) For each v € V, we have Y, (v),, = YY(w), forallne Z,, i.e.

Yo(v,2) =YY (w0, 2)

(2) ¢ sends the vacuum vector of V' to that of U.
(3) ¢ sends the conformal vector of V' to that of U.

Remark 5.2. In Def. 5.1, for each v1, v9 € V we have
YU(LU]_,Z)L’UQ =Y, (v1, 2)tvg = 1Y (v1, 2)vg

Therefore, identifying V with (V') via V, a unitary VOA extension is equivalently a uni-
tary VOA U whose underlying inner product space contains V', and whose vertex opera-
tion restricts to that of V, whose vacuum vectors and conformal vectors are equal to those
of V.

Theorem 5.3. Assume that V is completely unitary. Then there is a one-to-one correspondence
between a haploid commutative C*-Frobenius algebra P = (W, i1, ¢) in Rep" (V') and a unitary
VOA extension (Up, YUP 1) of V. YVP is determined by

YUP (ur, 2)ug = po TV (ug, 2)us (6.1)
forall uy,ug € Up.

Recall that 1 € Homy (W, Xy W,, W,) and T'V is a type (WV‘;,‘{/VV:“) intertwining operator
of V.

Proof. The (injective) map P — Up, where Up is a (not necessarily unitary) VOA exten-
sion of V' is due to [HKL15, Thm. 3.2]. That Up is of CFI-type is due to Li’s classification
of vacuum-like vectors [Li%4, Prop. 3.4]; see Thm. 4.5 or Prop. 11.2 of [Gui24] for a de-
tailed explanation. That Up is a unitary extension, as well as the surjectivity of P — Up,
is [Gui22, Thm. 2.21]. O

Remark 5.4. In fact, every haploid algebra in Rep"(V) has a unique unitary (i.e. C*)
structure. It follows that every (CFT-type) VOA extension of V is unitary in a unique
way. See [CGGH23, Thm. 4.7] for details.
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5.2 The functor §yo, : Rep’(P) — Rep"(Up) and the tensorator U= : W, &p
Wj — Wi By, W

Let V be completely unitary. Recall that
(Repu(V), L, B) = (Repu(V), Cv, Bv)

is the Huang-Lepowsky braided C*-tensor category (Thm. 4.2). Let P be a haploid C*-
Frobenius algebra in Rep"(V') and let Up be its associated unitary VOA extension. Then
Up is completely unitary [Gui22, Thm. 3.30]. Then we also have the Huang-Lepowsky
braided C*-tensor category of unitary Up-modules

(Rep"(Up), By, 8Y7) (5.2)
As in Subsec. 4.4, for each W;, W; € Rep"(Up) we have Up-intertwining operators rur
and AUP of Up of types (W;EU%EVJ') and (W{/VEZUVIF,JWZ) respectively related by

AYP (w® | 2)wl) = ngPI‘UP (w®, 2)wl)

for all w® e W;, w9 e W;.
Let

Rep”(P) = Reppepu vy (P)

be the braided C*-category of dyslectic unitary P-modules as in Def. 3.2. Recall from
Thm. 3.5 that any system (& p, jte ) of fusion products of dyslectic P-modules, where

Wi € HomV(Wi ] Wj, W; &p Wj)
for each dyslectic modules W;, W}, determines a braided C*-tensor structure on RepO(P).

Theorem 5.5. Let V be completely unitary. Let P be a haploid commutative C*-Frobenius algebra
in Rep" (V). Then Up is completely unitary.

Moreover, choose a system of fusion products (Ep, jte ) in Rep®(P) giving a braided C*-
tensor category

(RepO(P), Ep, BP)

as in Thm. 3.5 (satisfying the four conditions as in (3.6)). Then we have a braided =-functor
(Fvoa, TY) impletementing an isomorphism of braided C*-tensor categories

(%VOAaQ}E) : (RepO(P), E‘Pvﬁp) — (Repu(UP)7 E‘UpaﬁUP)
Here,

Svoa : RepO(P) - Repu(Up)
(Wi, 1) € Obj(Rep’(P)) = (W, Y;"%) € Obj(Rep"(Up)) (5.3)
Fe HOmP(Wi, Wj) — Fe HOInUP (Wi, VV])
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where YZ-UP is related to u' € Homy (Up @ Wy, W;) by the fact that for all u € Up, w® e W,
YZ-UP (u, 2)w® =y o TV (u, 2)w® (5.4)

and the natural map U associates to each objects W;, W; of Rep’(P) a unitary %Ej €
Homy, (W; @p W, W; By, W;) determined by

DU i TV (wD, 2)w) = TP (1@ 2)w) (5.5)
Note that in this theorem we also have
B, 0 A (0D, 2)w® = AP (0D, 2y (5.6)
since

AP (@ ) :B?JPFUP(w(i)’z) () = BUPSUB Mz,JFV( @ 2)wl)
=B i ;T (w, 2)wl) = B2 38, ;T (w (Z)7 2wt = P AV (w 2)wl)

where BEJJP QIZ-B %szﬁf ; is because U intertwines the braidings BP and BUP (as required

by braided #-functors), and Bi,j Wij = i85 is due to (3.6d). Thus, in this way, (5.5) and
(5.6) are parallel to (3.14).

Remark 5.6. In Thm. 5.5, Homy,(W; 0p W;,W; @y, W;) is the abbreviation of
HomUP (‘S{VOA(W \]P W ) 3:VOA( 1) EUP SVOA(W])). Alternatively, HomUP(m EP
W;, W; By, Wj) can be understood by viewing W;, W, W; @p W; as an objects

(Rep"(Up),Bp,B") := (Fvoa,id) (Rep’(P), @p, 87) (5.7)
This is similar to our perspective in Cor. 3.20.

Proof of Thm. 5.5. By [Gui22, Thm. 3.30], V' is completely unitary. By Sec. 2.5 and es-
pecially Thm. 2.30 of [Gui22], Fvoa implements an isomorphism of C*-categories. To
simplify the following discussion, we identify the C*-categories Rep®(P) and Rep"(Up)
via §voa. By (4.16), for each W;, W; € Obj(Rep"(Up)), there is a unique morphism
vi,; € Homy (W; @ Wy, W; By, W) such that

Vij o IV (w®, 2)wl) = 1P (@ 2)w")

for all w® e W;,wl) e W;. By [Gui22, Thm. 3.29], (Hu,, Ve ) is a system of fusion
products in Rep’(P). By [Gui22, Thm. 3.30], the braided C*-tensor structure on Rep"(Up)
associated to (Hy,, Ve ) (in the sense of Thm. 3.5) is equal to (Rep®(Up), Ay, BY7), the
Huang-Lepowsky braided C*-tensor category. Let

m.E!* . W. |Z|P W* g W. BUP W*

be the (unitary) linking map between the two systems, cf. Rem. 3.4. Namely, v, ., =
B 0 14 4. So (5.5) is satisfied. By Rem. 3.8, (id UY) implements an isomorphism of
braided C*-tensor categories (Rep’(P), @p, 87) — (Rep"(Up), Bu,, 87). O
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Remark 5.7. The non-unitary version of Thm. 5.5 is due to [HKL15] (without addressing
the isomorphism of braided tensor structures) and [CKM24].

The following two remarks are parallel to Rem. 3.21.

Remark 5.8. The following fact proved in [Gui22, Thm. 3.29] and used in the proof of
Thm. 5.5 is worth noting: Identifying the C*-categories Rep®(P) and Rep"(Up) via Fvoa,
there is a system of fusion products in RepO(P) such that @p = [y, and Y = id, i.e., the
one (Ey,, fte «) satisfying

qu.’j]jV(w(i)v 2)w?) = TUP (@ 2)w ) (5.8)
for all W;, W; € Obj’(P).

Remark 5.9. Suppose that (Gp, fi. +) is another system of fusion products in Rep’(P), and
that the natural unitary 0% : W,&pW, — W, By, W. is defined for this system similar
to YUY, i.e.

%Ej o ﬁi’jl—‘v (w(i)’ z)w(j) _ FUP (w(i)’ Z)w(j)
for all W;, W; € Obj(Rep®(P)). From the proof of Thm. 5.5, it is clear that
B o Big = 0, (5.9)

where ® : W, @p W, — W,HpW, is the connecting map between the two systems of
fusion products (Rem. 3.4).

5.3 Main theorem on smeared operators and (weak) categorical extensions as-
sociated to Q = (FV,,id)(P)
5.3.1 The setting

Let V satisfy Condition II in Def. 4.15. Let Ay be the CKLW net of V. Recall
that (Rep"(V), 3, B) is the Huang-Lepowsky braided C*-tensor category of unitary V-
modules (Thm. 4.2) where, as usual, we have abbreviated @y to @ and 8" to 8. Recall
from Def. 4.26 that (¢, [, 8) is chosen to be

(Rep¥ (Av), &,8) 1= (Flwx,id) (Rep"(V), &, B)

Recall from Thm. 4.24 that Rep" (Ay) is a full replete C*-subcategory of Rep(Ay). As
usual, for each W; € Obj(Rep"(V)) we write H; = Fly«(W;). Let

& = (Ay,Rep" (Ay),3,8,H)  with L, R operators L, R

be the categorical extension associated V' (Def. 4.39).
Let P = (W,, p,¢) be a C*-Frobenius algebra in Rep" (V). Let

Q= (g‘c/wxvid)(P) = (HQ,M, L)
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be the pushforward C*-Frobenius algebra in Rep" (Ay). Thus, by Thm. 3.13, Q gives a
conformal net extension B¢ of Ay determined by

Bo(I) = {uL®(&, D, : & € Ha(I)} (5.10)

Recall that Rep®(P) = Rep%epu(v)(P) and RepORepV ( Av)(Q) are respectively the C*-

categories of dyslectic (unitary) P-modules (in Rep"(V)) and Q-modules in Rep" (Ay).
Fix a system of fusion products (Ep,ite) in Rep’(P). Its pushforward system in
RepORepV(AV)(Q) via (Fhwx, id) is denoted by (Elg, e «), i-e.

(Sgwx, ld) (E‘P, ,Uo,*) = (E’Q, ,Uo,*)

Then these two systems give braided C*-tensor category structures on Rep®(P) and
RepORepV ( Av)(Q) (cf. Thm. 3.5) which are canonically isomorphic:

(Ftwx:id) : (Rep®(P), @p, 87) —> (RepRepv( Ay )(Q),EQ,BQ) (5.11)

Recall from Def. 3.12 that Repg,,v 4, (Bq) is the C*-category of By-modules whose
restrictions to A are objects in Rep" (Ay/). By Recall from Def. 3.15 that

(ReDRepv(ay) (Ba): D0, 8%) = (Fon, id) (Rep} v 4,1(Q), B, BY) (5.12)

where §qy is described in Thm. 3.14.
Let (Rep"(Up), By, BY7) be the Huang-Lepowsky braided C*-tensor category of uni-
tary Up-modules as in Thm. 4.2. Let

(Fvon, TP) : (Rep®(P), @p, 87) —> (Rep"(Up), @y, 87) (5.13)
be as in Thm. 5.5.

Convention 5.10. For each (W}, i*) € Obj(Rep®(P)), when talking about the correspond-
ing unitary Up-module (Wi, Y;"?) e Obj(Rep"(Up)), the corresponding dyslectic Q-
module (H;, ii') € Obj(Rep%epV ( AV)(Q))’ and the corresponding Bg-module (H;,7;) €
Obj(Repgepv (a,)(Bg)), we understand that they are related by the functors

FE . .
Repo( ) % Rep%epV(AV)(Q) (Wi, ') ——— (Hi, ")
slz {%N l l 5.14)
Rep®(Up) RePpepv (4 (Ba) (W;, Y,UP) (Hi, ;)

5.3.2 The main theorem

Assume the setting in Subsubsec. 5.3.1. Recall the intertwining operators I'V', AV of V/
and (similarly) TP, AUP of Up (cf. Subsec. 4.4).

56



Theorem 5.11 (Main Theorem). Assume that V' satisfies Condition II. Let
&g = (Bg, RepRepV(Av)(BQ)7 E‘QvBQvH) 1= [lox O &V

be the categorical extension associated to Q, &, and (Dq, fte «) with L, R operators L9, R? (cf.
Def. 3.19). Let W; € Obj(Rep®(Up)). Assume that every unitary intertwining operator of

Up with charge space W is energy-bounded. Let w'9) e W; be homogeneous. Let Je J,and
§ € C*(J). For each Wy, € Obj(Rep®(Up)), let

£, Ty, = (VL) o TP (w0, 9], (5.15a)
Ry, Iy, = (B~ 0 AV (), g, (5.15b)

which are closed operators with dense domains in Hy,. Then £2(v,J 7) and K9 (v, J) are respec-
tively left and right operators of &p.

Note that by (5.5) and (5.6), we can rewrite (5.15) as

2Q(U7 j)|’Hk = (Mj,krv)(w(j)>§)‘ﬂk ERQ(U? j)|’Hk = (Mk,jAV)(w(j)agj)"Hk (516)

the smeared intertwining operators defined by the energy-bounded Up-intertwining op-
erators p; 'V and p jAY.7

Remark 5.12. In Thm. 5.11, if W is the vacuum Up-module W, = Up, then under the
identifications Up By, Wy = W) = W}, By, Up via the unitors, we have %Ek = 1 (cf.
(1.16)). Thus, by (4.20), the two equations in (5.15) become

L9, Dy, =Y (w.9) = R, D), (5.17)

Proof of Thm. 5.11. Step 1. We prove only that R?(y, J)isa right operator the treatment
of £2(y, J) is similar. Let FV be as in Condition II. Let &* = (Ay,Rep (Av), 3,8, )
be the Mobius covariant weak categorical extension in Thm. 4.38. Let &) =

(BQ,RepRepv( AV)(BQ), EIQ,BQ,JE) be the weak categorical extension as in Thm. 3.22,

which is clearly also Mobius covariant. Thus, for each W;, Wy, € Obj(Rep®(P)) and IeJ,
and for each a = (T, w(), ... wln) fi, ... ,fn) in 9H;(1 ) as described in (4.27), we have

ﬁQ(a7 IN)"H? = MZ,k(T L 1j) © Fv(w(il)a f.I) e Fv(w(in)7 ﬁl)"ﬂkoo (5.18a)
R0, Dy = iii(1; B T) 0 AV () ) - AV (@), fi)]e0 (5.18b)

By Thm. 3.22, the closure of & is &g.
If V satisfies Condition I, then TV, AV are always energy-bounded. Comparing (5.16)

with (5.18b), we see that R (1, J) equals R%(a, J) for some a € .ij(j), and hence is a
right operator of £y. However, we are only assuming that V' satisfies Condition II. So we

7the that it is not assumed that T and A" are always energy bounded. So one cannot write fi;,5 ©
Y (w,§)|n, since it is not known whether the V-intertwining operator I'V (w?), 2) can be smeared.
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need more effort. In fact, we shall use the powerful Thm. 2.15.

Step 2. Let B9(y, J) be the operation associating to each W, € Obj(Rep’(P)) the
smooth and localizable operator

BQ(Wj)‘HZO = (Mk,jAVXw(j)a?])’H%o

By Thm. 2.15, it suffices to prove that B?(y,.J) is a weak right operator of &y To

check Def. 2.14-(a), we choose any Wy € Obj(Rep®(P)) and G' € Homp(Wy, Wy) =
Homp,, (H, Hir). Then for each x € H}® we have

(4.19)

B9y, N)Gx = (uw jAV) (D, §)Gx (5 (G @ 1) AY) (WD, §)x
((G E‘Q 1j):uk‘,jAV) (w(])ag)x = (G E‘Q 1j)B (Ua J)X

To check Def. 2.14-(b), we need to show that if J is clockwise to I then B2(y,.J)
commutes with £2(a, I'). Namly, for each W}, € Obj(Rep’(P)), we need to prove

(imor A ) (WD, §) - k(T @ 1)V (0™, fi) TV (w (i”),fn)b{?
= tti gy (T B Lo )TV (w), f1) - TV (wl)| f) - (g A )(w(j),ﬁ)iyzo

(3.6a)

(5.19)

By Cor. 3.13 (or Prop. 3.12) of [Guil9a], it suffices to prove the following braiding relation:
If 21,..., 2, € St are equipped with arg values such that arg z; > --- > argz, > arg( >
arg z1 — 27, and if w®) e W, then

MBQWAV(w(j), Quir(T B 1) (W™, z1) - TV (w0 2, )w®

. . | 5.20)
=i ko (T B Limg)TY (W™, 21) - TV (w0, 2) g ;A (0D, Q)™ (

holds where both sides are linear functionals on W; fg W; B Wj. (Note that these are
not ordinary products of linear operators. They should be understood in terms of analytic
continuation. We refer the readers to [Guil9a] Sec. 2.2 (especially the paragraph before
Thm. 2.8) for the precise meaning.)

Choose any w®) e Wy, In view of [Guil9a, Prop. 2.11] (which says, roughly, that if
one has the braid relation ), )> ~ Y34, then one also has the braid relation X112 Xy ~
X1)3Y1 X5 where X} and A5 are products of intertwining operators), we are able to do the
following calculations:

MiEle,jAV(w(j)v Opip(T @ 1)V (0™, 21) - TV (™), 2, )w®)
4.19)

MzIZIQk,] (Mz a 1 )(T . ]—k ¢ 1j)AV(w(j)a C)Fv(w(il)a Zl) e Fv(w(in)a Zn)w(k)
(4.18)

o5 1 k07 (L B ) (T B 1 @ )TV (wl™) 20) - TV (w0l 2,) AV (0, )™

Since (1; B ) (T B 1 B 1) = TE pk; = (T3 Lgpgs)(Limmi, 3 fk;), the above
expression equals

Bikmoi (T B Lrmoi) (1 8 e )TV (), 21) - TV (w) 2) AV (), Q)uw®)
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(4.19) ; i :
=i k) (T B Ly )TV (), 21) -+ TV (w2 ) s A (w0, Qo ®)

This finishes the proof. O
With a little more effort, we can prove a stronger version of Thm. 5.11:

Theorem 5.13. Assume that V satisfies Condition 1I, and let &g be as in Thm. 5.11. Choose
unitary Up-modules Wj,,...,W; W; and S € Homy, (W}, Qu, - Bup Wj,,, W;). As-

sume that every unitary intertwining operator of Up whose charge space is one of Wj,, ..., W,
is energy-bounded. Let wln) e Wi,... ,wlim) e W;,. be homogeneous. Let J € J and

~

91y gm € CL(J). For each Wy, € Rep"(Up), let
£, )y = (B35) 71 (S By, 1) o T (), ) - T () o) (5:21a)

2,

RO, Dy = (T2~ (L B, 8) 0 AT (W), go) - AT (WU 1) (5.21D)

~ ~

Then LR(x, J) and R9(y, J) are respectively left and right operators of &¢ with charge spaces H,;.

Remark 5.14. In Thm. 5.13, we do not assume that g, is clockwise to g,. Therefore,
unlike in Thm. 4.38, we do not necessarily have r = 1. So it is not necessarily true that

ROy, J)|ge = BF.L2(x, T) |y

Proof of Thm. 5.13. By (3.17b) and (5.9), instead of proving Thm. 5.13 for every system
of fusion products (&p, e +), it suffices to prove it for one system. So we assume that
(Ep, frex) = (DUp, fte+) is such that Y = id (cf. Rem. 5.8). Note that £ (¢, .J) is smooth
and localizable by Rem. 4.10. Let &)’ be as in Thm. 3.22. It is easy to check that a product
of weak left operators of & is again a weak left operator provided that it is smooth and
localizable. It is also easy to check that a weak left operator, multiplied by (S Hy, 1), is
again a weak left operator. Thus, by Thm. 5.11, £?(r, J) is a weak left operator of ;). By

~

Thm. 2.15, L9(y, J) is a left operator of the closure of & (which equals g by Thm. 3.22).
The treatment of right operators is similar. O

6 Applications of Thm. 5.11

6.1 Strong locality and strong integrability

Lemma 6.1. Let U be a unitary VOA extension of a unitary VOA V. Assume that U is Co-
cofinite. Assume that U, as a unitary V-module, is a finite direct sum of unitary irreducible
V-modules. Let (W;,Y,V) be an irreducible unitary U-module. Assume that YU (v, z) is energy-
bounded for each homogeneous v € V. Then YU is energy-bounded.

Proof. This is [CT23, Thm. 4.6] when W; = U. The general case can be proved in the same
way: Since U is C>-cofinite, by [Zhu96], the series Tr (Y;U(u)wt(u)_lq%o) of ¢ is absolutely
convergent on 0 < |¢| < 1 for all homogeneous u € U. As in the proof of [CT23, Prop.
3.17], for every homogenoues u € U and 0 < |g| < 1 one concludes that Y,V (u)wt,—14"° :
W; — W; is norm-bounded. Using the same proof as for [CT23, Thm. 4.5], one shows that
Y}V is energy-bounded. O
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Theorem 6.2. Assume that V satisfies Condition II. Then every unitary VOA extension U of V'
is strongly local, and every unitary U-module is strongly integrable.

Thus, we have the CKLW net A;; and CWX functor Y, : Rep”(U) — Rep(Ay).

Proof. By Thm. 5.3, we have U = Up for some haploid C*-Frobenius algebra P in
Rep" (V). We assume the setting in Subsubsec. 5.3.1, where (Ep, jte «) is chosen to sat-
isfy the requirement in Rem. 5.8 and hence U = id. Since V is strongly energy-bounded,
by Lem. 6.1, Up is strongly energy-bounded. Thus, for each homogeneous ui,us € Up

and each f € C¥(I),g € CX(I') (wWhere I € J), by Thm. 5.11 and Rem. 5.12, YUP (uy, f)
is a left operator of &y, and YIP (ug, g) is a right operator of &q- Thus, for each unitary

Up-module Wy, the closed operators YkUP (up, f) and YkUP (ug, g) commute strongly by the
Locality of &g (Thm. 1.14). This proves that Up is strongly local.

The locality of & also shows that for every right operator :R% (1, J) with charge space
Hy (where J € J is disjoint from I), the following diagram commutes strongly:

%, YUP (uy,f) i
T ON) | R b 1 ()
l YkUP (u1 7f) \L

Hi ——— Hy

Thus, by Lem. 4.27 and the density of fusion products (Def. 1.6), W}, is a strongly inte-
grable Up-module. O

6.2 Condition I is preserved by unitary extensions

Theorem 6.3. Assume that V satisfies Condition 1I. Let U be a unitary VOA extension of V.. Let
W; be a unitary U-module such that any unitary intertwining operator of U with charge space W
is energy-bounded. Then every unitary intertwining operator of U with charge space W; satisfies
the strong intertwining property.

Proof. As in the proof of Thm. 6.2, we let U = Up, and assume Ep = Hy, and Y = id.
By Thm. 5.11, for every homogeneous u € U, w(®) € W;, any I, J € J with J clockwise to 1,

and any f € C2(I),g € C*(J), we have that Y7 (u, g) and TUP (w(®, f) are respectively
left and right operators of &. Thus, the locality of &5 (Thm. 1.14) implies that for each
WiEUP W]‘
w; W;
the strong intertwining property. Thus, by (4.16) and Lem. 1.4, every unitary intertwin-
ing operator of U with charge space W; and source space W; (which is the product of a

homomorphism and I'V? (-, z)|y,) satisfies the strong intertwining property. O

W; € Obj(Rep"(Up)), the intertwining operator I'V? (-, z)|w, (of type ( )) satisfies

Corollary 6.4. Assume that V satisfies Condition 1l and U is a unitary VOA extension of V.
Suppose that FU is a set of unitary U-modules Ey-generating Rep” (U), and that every unitary
intertwining operator of U whose charge space is in FU is energy-bounded. Then U satisfies
Condition II.
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Proof. By Thm. 5.5, U is completely unitary. By Lem. 6.1, U is strongly energy-bounded.
By Thm. 6.2, U is strongly local. By Thm. 6.3, every unitary intertwining operator of U
with charge space in FU satisfies the strong intertwining property. So U satisfies Condi-
tion IL. O

Corollary 6.5. Suppose that V' satisfies Condition I. Then every unitary VOA extension of V
satisfies Condition 1.

Proof. If U is a unitary VOA extension of V, then every unitary intertwining operator of
U is also a unitary intertwining operator of V', which is energy-bounded. So the present
corollary follows immediately from Cor. 6.4. O

6.3 Some preliminary comparison theorems

We assume the setting described in Subsubsec. 5.3.1.

Theorem 6.6. Assume that V satisfies Condition II. Then we have
.AUP = BQ

as conformal nets acting on the Hilbert space H,. Moreover, the CWX functor ok
Rep"(Up) — Rep(Bq) has image in Repgv (4,,)(Auvp), and the following diagram commutes

S;V
Rep’(P) —— 2% Rep%epV(Av)(Q)

3\/0Al= :ngN (6.1)
Up

8
Rep(Up) — X, Repprepv (ay)(Ba)

where each of the four arrows is an isomorphism of C*-categories.
Note that by Thm. 6.2, Ay, and P can be defined.

Proof. Choose any ITeJ. By Thm. 5.11 and Rem. 5.12, for each homogeneous u € Up

and f e CP(I), YI? (u, f) is a right operator of &, with charge space #, localized in I.
By Exp. 1.19, there exists a closed operator X on H, with core H,(I’) such that for each

(Hk, mk) € Obj(Repge,v(a,)(Be)) we have my, 1(X) = YkUP (u, f). Taking k = a, we get
X =YUr(u, f) (and hence YV (u, f) is affiliated with Bg(I)) and

w1 (Y0P (u, f)) = Y (u, f) 6.2)

That YUP (u, f) is affiliated with Ay, (I) for all u, f shows that Ay, (1) < Bo(I). By
Haag duality, we get Ay, (I') © Bg(I'). By replacing I with I’, we get Ay, (I) 2 Bo(I).
This proves Ay, = Bg. To prove that (6.1) commutes, in view of (5.14), it suffices to prove
that gg@X(Wk, YkUP ) = (H, ™). But this follows directly from (6.2) O
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We now extend the identification of conformal net extensions in Thm. 6.6 to the iden-
tification of categorical extensions with the help of Thm. 5.13.

Setting 6.7. In addition to the setting in Subsubsec. 5.3.1, we let
&g = (Bg RePpeyv 4,)(Ba) B, B2, H) = pre v 0 &y (6.3)
be the categorical extension associated to ), &y, and ([, fte,«) (cf. Def. 3.19). Let
&vp = (Aup, RepU? (Ap,), Bup, 8Y7, H) (6.4)

be the categorical extension associated to Up (cf. Def. 4.39). Note that by Thm. 6.6, we
have AUp = BQ and

(4.9) u
Rep"? (Ap,) == Folix (Rep"(Up)) = Reppepv (4, (Be) (6.5)

Theorem 6.8. Assume that both V and Up satisfy Condition 1. Assume Setting 6.7. Then
Eup =YY 0 & (6.6)

Thus, by our notations (cf. Rem. 1.11), if £9(r, I)and R9(y, I) are respectively left and
right operators of &, with charge space H; localized in I, then £U7 (r, I) and RUP (p, I)
are respectively left and right operators of &7, with charge space #; localized in I, where
for each H, € Obj(Repge,v 4, (Bg)) we set

£ (¢, D), = B 0 L2, D), (6.72)
RP(9,1)],, =B, 0 %%, 1), (6.7b)

where
QIE* He Op Hi — He BDup Ha (6.8)

is the closure (i.e., the image under Sg{,‘i,x) of QYE* WeBp Wi — We Byp Wi

Proof. Let FUP be a [ly,-generating set of unitary Up-modules as described
in Condition II. Define a Mobius covariant categorical extension &, =

(Avp, RepY? (Ap,), Bup, 897, 9UP) as in Thm.  4.38 using L£UP(a,1),RVP(a,]) de-
fined in a similar way as in (4.29). So &y, is the closure of & . By Thm. 5.13,
(VD) ~1LUP (a,1) and (VZ)" RUP(a,]) are left and right operators of &y localized in

I with the charge space unchanged. Thus, £V (a, I) and RUP(a,I) are left and right
operators of &y, and hence U™y is the closure of &7, . This proves &y, = V&g, O

Finally, we give an equivalent formulation of Thm. 6.8 in terms of comparison of
tensorators.
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Setting 6.9. In addition to the settings in Subsubsec. 5.3.1 and Setting 6.7: We let
(Rep(Bg), Mg, , B"?)
be the Connes braided C*-tensor category for Bg (cf. Thm. 1.8). Let
N He B He — He KB, He (6.9a)

be the tensorator associated to &g (cf. Cor. 3.20), i.e., it is determined by

o] _
m o gQ - gBQ’COHHeS|Repchv<Av)(BQ) (69b)
where &5, Connes is the Connes categorical extension for Bg,. Let
QI]UP . Ho BUP H* - Ho BQ H* (610a)
be the Wassermann tensorator for Up (cf. Def. 4.39), i.e., it is determined by
U _
QI] P o @@UP - gBQ,COHHeS‘RepRCpV(Av)(BQ) (6.10b)

Theorem 6.10. Assume that both V and Up satisfy Condition II. Assume Setting 6.9. Then the
following diagram of braided »-functors commutes:

FEwxoid)

(Rep”(P), 17, 67) - (Rep v 1., (@) T, 89)
(EVOAmm)lZ Nl(SCNmB) (6.11)
u (B chyx-2UP)
(Rep"(Up), Burp, 877) ——= (RePrept (4, (Ba): Blsg, B*)
Proof. By Thm. 6.8, we have
Ur o8 o — ol (6105) 69 o
NMWVP oY= o éoQ =2J"P o (goUP gBQ,Connes|RepRepV(AV)(BQ) M- o (g)Q

Therefore 20Y7 o Y= = NZ. (More precisely, we have 237 o U (0F) = mB) O

6.4 The main comparison theorem

In this subsection, we reformulate the comparison Thm. 6.6 and 6.10 in a more acces-
sible way. For that purpose, we need a setting different from that in Subsubsec. 5.3.1. The
difference is mainly due to choosing a different braided C*-tensor structure on Rep" (Ay/)
(i.e. the one defined by Connes fusion).

In the following subsubsection, we lay out the assumptions required for our main
comparison Thm. 6.11. For the reader’s convenience in locating the relevant definitions,
the four categories involved in this theorem are highlighted in bold, and the four braided
#-functors are enclosed in boxes.
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6.4.1 The setting

Let V satisfy Condition II. Again, we let Ay be the CKLW net of V, and let
(Rep"(V),,8) be the Huang-Lepowsky braided C*-tensor category of unitary V-
modules (Thm. 4.2). Note that the C*-subcategory

Rep” (Av) 1= Ftayx (Rep" (V) (6.12)

of Rep(Ay) is clearly full and replete. Thus, by the tensorator H, & H. — He X H,,
Rep" (Ay) is clearly closed under Connes fusion X = [x|4,,. Thus, the Connes braided
C*-tensor category for Ay (Thm. 1.8) restricts to

(Rep" (Av), B, B) = (Rep" (Av), Bla,, BY)
By Thm. 1.9, we have an isomorphism of braided C*-tensor categories
(Bews W)« (Rep™(V), &1, 8) = (Rep” (Av), 5, B) (613)

where 20V : H, & H, — Ho X H, is the Wassermann tensorator for V (cf. Def. 4.39), i.e.,
it is determined by

QUV O gV = éoAv,Connes (614)

|Repv (Av)

where &4, Connes 1S the Connes categorical extension for Ay whose L and R operators are
denoted by L¥, R¥,
Let P = (W,, 11, ¢) be a haploid commutative C*-Frobenius algebra in Rep" (V). Let

0 = (sgwxvfmv)(P) = (Ha’m’ L)

be the pushforward of P in Rep" (Ay) (and hence in Rep(Ay)). Thus, H, is Fluyx (Wa) as
an Ay-module, and m : H,XH, — H, is related to i : W, @ W, — W, (or more precisely,
related to the continuous extension . : H, & H, — H,) by

m=po(Wy,)" (6.15)
Then (6.13) is lifted to an isomorphism of C*-categories

%‘C/WX : Rep’(P) — RepoRepv (©)

(Av)
where the target is the category of dyslectic ©-modules in Rep" (Ay/). 3Vx can be explic-
itly described as follows: For each (W}, u*) € Obj(Rep’(P)),

Slwx (Wi, ') = (Hi,m')  where m' = ' o (W) ™"+ Ha R H; — H, (6.16)

and action of F/y on the morphisms is the identity map.?
Let (Ep,ftes) and (Ko, M..) be systems of fusion products in Rep’(P) and

RepoRepv ( Av)(@> respectively. Our discussion of (unitary) linking map in ensures that

8Since 20" is natural, for each W;, W;; € Obj(Rep’(P)), an element T € Homy (W;, W) belongs to
Homp (W;, Wy/) if and only if its closure T' : H; — H; belongs to Home (Hs, Hi/).
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for each W;, W; € Obj(Rep’(P)), there is a unitary map Qﬁyj :H:Op H; — H;Xeo H;
intertwining the actions of P and © such that the following diagram commutes

Y
Hi O H; % Hi X H;

hy iy 6.17
12 ,]l Q"ﬁ\_/_ \Lm \j ( )
H;EOp H; % H; Xo H;

Then, similar to Rem. 3.8, we have an isomorphism of braided C*-tensor categories

(Fewsx: D) : (Rep”(P), @p, B7) = (Reph, v 4, (©) Heo,8°) (6.18)

where (Rep?(P),@p,8F) and (RepORpr ( AV)(G),,BG) are the braided C*-tensor cate-
gories associated to (Ep, fte ») and (Xlg, m. ) respectively (cf. Thm. 3.5).

Let Bg be the conformal net extension of Ay associated to © (cf. Thm. 3.13), i.e., for
each I € J we have

Bo(I) = {mL¥(¢, Iy, : € € Ha(I)} (6.19)

Let (Repgepv Av)(Be),e,]BBe) be the Connes braided C*-tensor category of Be-

modules whose restrictions to Ay are objects in RepY (Ay). By Cor. 3.20, we have an
isomorphism of braided C*-tensor categories

(%'CN’m) : (RepoRepV(Av)(@)’Q’ﬁe) — (RepRepV(Av)(Be)’BG’BBe) (6.20)

where Fcy is defined in a similar way as in Thm. 3.14, i.e.,

Fon(Hi,m') = (Hy, 7))

N . N . (6.21)
where 7} [(mL¥(¢, I)|y,) = m' L¥(E, D)y, (VI e J,VE e Ha(I))
? and the action of o on the morphism spaces is id; N is determined by
_
I o Me x © gAv,Connes|RepV(Av) = gB@,ConneS|RepRepV(Av)(BG)) (622)

where &3, Connes is the Connes categorical extension for Be.
Finally, we let (Rep®(Up), Ayp, BUP) be the Huang-Lepowsky braided C*-tensor cate-
gory for Up. Let

(Svoa, TP) : (Rep®(P), @p, 87) —> (Rep" (Up), By, 877) (6.23)

be as in Thm. 5.5.
"We will see in Thm. 6.11 that 7} equals the 7; in (5.14)
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6.4.2 The main comparison theorem

Assume the setting in Subsubsec. 6.4.1. If Up satisfies Condition II, let

QUUP 5 H. BUP H* i 7‘[. 'AUP H*

be the Wassermann tensorator for Up (cf. Def. 4.39). Then Thm. 6.6 and 6.10 can be
rewritten as follows.

Theorem 6.11 (Main comparison theorem). Assume that V satisfies Condition II. Then we
have

AUP = Bo

as conformal nets acting on the Hilbert space H,, and the following diagram commutes

3%

Rep?(P) —— % RepORepv(Av)(G)

sl: {%N (6:29)
Up

S
Rep"(Up) — 2% Repprepv (ay)(Bo)

Moreover, if Up also satisfies Condition 11, then (6.24) can be extended to a commutative diagram
of braided =-functors

Rep?(P) sr G W) Rep? (0),Xe, B®
( €p , P, ) ~ ( epRepV(.Av) ;Xe, )

:j(gCN,m) (6.25)
(Bchvx WUP)

(Repu(Up), Cup, BUP) ~ (RepRepV(Av) (Be), B@’BBQ)

(QEVOAmE)JV”

Recall that by Cor. 6.5, if V satisfies Condition I, then both V' and Up satisfy Condition
II. Then Thm. 6.11 applies to this case.

Proof. We use the notations in Subsubsec. 5.3.1. In (6.19), we have

(6.15) (6.14)

mI¥(E, )|y, uL®(&,1)|n, (6.26)

po (WY ) THLPE T |,
Thus, by (5.10), we have
Be = Bg

By Thm. 6.6, we get Bg = Ay,..
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Consider the following diagram

(%,20V)
(Repg{epv (AV) (Q)a E‘Q7 BQ) ﬁ (Rep%epV (-AV) (@)? @) Be)

(SCN,WE)JZ :j(gCN,m) (6.27)
(RePpepv (4, (Ba): Mg, B5?) ——— (Repgepv (4, (Bo), Hse, BE)

The two braided C*-categories in the second row are identical since By = Bg. The left
vertical arrow of (6.27) equals the right vertical arrow of (6.11). & is the *-functor sending
each (#;, ") to (H;, m’) where m’ = /o (207 ;)~! as in (6.16), and acting on the morphism
spaces as the identity. So the first row of (6.11), composed with the first row of (6.27),
equals the first row of (6.25). We claim that the diagram (6.27) commutes. Then the
composition of (6.1) (in Thm. 6.6) with (6.27) proves that (6.24) commutes; when Up also
satisfies Condition II, the composition of (6.11) (in Thm. 6.10) with (6.27) proves that (6.25)
commutes.

Choose any (W;, ') € Obj(Rep®(P)). Then (H;, 1i') € ObJ(ReP%epv(Av)(Q)) is sent by

& to (H;, m?), and then sent by Fcy to the Bg-module (H,;, ;) where for each TeJ €
H.(I) we have (by (6.21))

i (I, Dy, ) = m LB, Dy,

On the other hand, (#;, ') € Obj(Rep%epV( AV)(Q)) is sent by the left vertical arrow of
(6.27) to (H;, m;) where (by Thm. 3.14)

w1 (LB (€, D, ) = 1w L2 (&, 1y,
By (6.26) and by

(6.16) (6.14)

' LE(E, D © (W) LHE Dy, == W' LOE D (628)
we have 7, = ;. So (6.27) commutes as a diagram of functors.
Finally, let us take care of the tensorators in (6.27). Choose any W;, W; € Rep’(P). We

need to show that the following diagram commutes:

wY.
H; BP/H]' TJ> H; Bo /Hj
S’IEJ\LQ :l‘ﬁj (629)

H; LlBe Hj — H; LlBe Hj
(More precisely, we want to prove N® = 9N o »(25Y), and we recall that & acts as the
identity on morphisms.) We compute that

(6.17)

‘ﬁ.owvoéf ‘ﬁ.owvou.*oé"v mom.7*omvoé"v
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(6.22)

(6.14)
I e gB@ ,Connes

M= o Me x © (OﬁAV’Connes’RepV(AV) ‘RepRepV(.Av)(B@)

By (6.9b), the rightmost term above equals M o &,. This proves M = N¥o 2" So (6.29)
commutes. O

Corollary 6.12. Assume that V satisfies Condition 1I, and let U be a unitary VOA extension of
V. Then tﬁe CWX fu'nctor SEWX : R('ep“(U ) i Repgepv a,)(AV) can be extended to a braided
w-functor implementing an isomorphism of braided C*-tensor categories:

(Sgwx,?) : (Repu(U), EU,BU) = (RepRepv(Av)(AU),AU,IB%AU)

where the RHS is the Connes braided C*-tensor category of Ay-modules whose restrictions to Ay
are objects of Rep" (Ay).

Proof. This is immediate from the first half of Thm. 6.11 and

FwxBY)

(RepO(P)a EJP>BP) ~ (Rep%OpV(Av)(@)a@aIBg@)
(SVOAva)J/z ~j(3CNm) (6.30)
(Rep“(Up), Hup, BUP) (RepRepV(AV) (B@)a B(—) ) BB@)

if welet U = Up. (Note that this Corollary can also be proved by Thm. 6.6 using a similar
argument.) O

6.5 Surjectivity of the CWX functors

In this subsection, we enhance our main comparison Thm. 6.11 to Cor. 6.16 and
provide examples that Cor. 6.16 can be applied. For each conformal net A4, we let

Rep' (A) = the category of dualizable A-modules

i.e., the category of all .A-modules which have dual objects in Rep(A). Then Rep!(Ay) is
a rigid braided full C*-tensor subcategory of Rep" (V).

Recall that if V satisfies Condition Il and U = Up, then Rep" (Ay) := F¥awx (Rep(V)),
and Repge,v (4, (Av) is the category of Ay-modules whose restrictions to Ay are objects

of Rep¥ (Ay).

Theorem 6.13 ([Gui20], Thm. 2.7.1). Assume that V satisfies Condition II, and let U be a
unitary VOA extension of V.. Then Ay is completely rational if and only if Ay is so.

Proof. LetU = Up. Then Ay, is a finite-index extension of Ay . So the complete rationality
of the two nets are equivalent by [Lon03, Thm. 24]. O

Theorem 6.14. Assume that V satisfies Condition II. Then Rep" (Av') is a full replete subcate-
gory of Rep!(Ay), and Repgepv (4, (Av) is a full replete subcategory of Rep' (Ay). Moreover,
consider the conditions
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(1) Rep¥ (Ay) = Rep(Ay)
(2) Reppeyv(a, ) (Av) = Rep!(Ay)

Then we have (1)=(2). We have (2)=(1) when Ay is completely rational (equivalently, Ay is
completely rational, cf. Thm. 6.13). In other words, consider the conditions

(a) The functor ¥ : Rep™(V)) — Rep!(Ay) is (essentially) surjective.
(b) The functor §%, : Rep®(U) — Rep!(Ay) is (essentially) surjective.

Then we have (a)=(b). In view of Cor. 6.12, we have (b)=(a) when Ay is completely rational
(equivalently, Ay is completely rational).

We clearly have (1)<(a) and (by Cor. 6.12) (2)<(b). If (1) or (a) is satisfied, we simply
say that V' has surjective CWX functor. Then (2) and (b) both mean that U has surjective
CWX functor. It is also clear that V has surjective CWX functor if and only if Rep" (V') and
Rep!(Ay) have the same number of irreducibles.

Proof. Let U = Up. Recall that Ay, = Beg by Thm. 6.11. Clearly RepY (Ay) and
Repgeyv (4, (Aup) are full replete subcategories of Rep(Ay ) and Rep( Ay, ) respectively.

Since Rep" (Ay ) is isomorphic to Rep®(V') as braided C*-tensor categories, and since ev-
ery object in Rep" (V) is dualizable (by [Hua08b]), Rep" (Ay) is rigid. So Rep" (Ay) <
Rep' (Ay).

By Cor. 3.20, the braided C*-tensor category Rep’(0) = RepORep( 4y)(©) is canonically
isomorphic to Rep(Ay,,). Under this isomorphism, Repg,v(4,)(Auv,) and Rep' (Ay,)
Av)(@) and Rep!(©) (the category of dualizable dyslectic ©-modules)
respectively. Therefore, condition (2) is equivalent to

become RepORepV(

Repp, v a)(©) = Rep’i(©) (6.31)

Therefore, if (1) holds, then (2) is equivalent to that RepORepf 0) = Rep”f(0), i.e., that

for each object (H;, m’) of Rep®(©) we have

(Av)(

H, is dualizable as an Ay -module iff (H;, m*) is dualizable (6.32)

But this is well-known, cf. [KO02, Thm. 1.15], [NY16, Sec. 6], [Gui22, Thm. 3.18].
(Alternatively, one can directly show that an Ay,-module (#;,7;) is dualizable iff it
is dualizable as an Ay-module. This is equivalent to that, for any fixed I € J, the
subfactor 7; ;(Ay, (1)) < m1(Aup(I')) has finite index iff m; ;(Ay (1)) < m (Av (L))
has finite index, which is true since Ay, is a finite-index extension of Ay. See
[Lon89, Lon90, Kos98, BDH14]). Thus, we have proved (1)=(2), equivalently, (a)=(b).
Assuming that Ay (and hence Ay, ) is completely rational, the direction (b)=(a) fol-
lows from the same proof as that of [Gui20, Thm. 2.7.2] by showing that the global dimen-
sion of Rep"(Up) divided by that of Rep" (V') equals the global dimension of Rep(Ay,.)
divided that of Rep(Ay ). O
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Remark 6.15. Thm. 6.14 generalizes [Gui20, Thm. 2.7.2] in that U is not assumed to satisfy
Condition II, and that the complete rationality of Ay or Ay is not assumed in the proof
of (1)=(2) and (equivalently) (a)=(b).

Corollary 6.16. Assume the setting in Subsubsec. 6.4.1. Assume that V satisfies Condition II
and has surjective CWX functor. Then we have

Avp, = Be

as conformal nets acting on the Hilbert space H,, and the following diagram commutes

5
Rep’(P) —— 2% — Rep%epf(Av)(G)

§VOA‘/= glgCN (6.33)
Up

S
Rep"(Up) * Repf(B@)

Moreover, if Up also satisfies Condition 11, then (6.33) can be extended to a commutative diagram
of braided =-functors

(Rep’(P), mp, 87) (%WZ,%V) (Repg{epf(flv) (©), Ko, B°)
(svo/mﬂ)l: {(SCN,m) (6.34)
(Rep™(Up), B, BU7) (3%\}?\/)(:’%[]13) (Rep' (Bo), K, . B5)
Proof. This is clear from Thm. 6.11 and 6.14. O

In the remainder of this subsection, we present examples to which Cor. 6.16 applies.
To simplify the discussion, we introduce the following definition:

Definition 6.17. We say V satisfies Condition I+ (resp. II+) if V satisfies Condition I
(resp. II), if Ay is completely rational, and if V" has surjective CWX functor.

Note that Condition I+ clearly implies Condition II+.
Theorem 6.18. The following are true.

(1) V, V" are unitary VOAs satisfying Condition I+ (resp. II+) if and only if the tensor product
unitary VOA'V ® V' satisfies Condition I+ (resp. II+).

(2) Assume that U is a unitary VOA extension of V. If V satisfies Condition I+, then U
satisfies Condition I+. If V satisfies Condition II+ and U satisfies Condition II, then U
satisfies Condition 11+.

(3) Assume that U is a unitary VOA satisfying Condition I+ (resp. 1I+). Assume that V
is a unitary subalgebra of U such that both V and the coset VOA V¢ are Ca-cofinite and
rational. Then V¢ satisfies Condition I+ (resp. II+).
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Proof. We only prove the complete rationality and the surjectivity of CWX functors, since
the claims about Conditions I and II follow from Thm. 4.20. (Note that in (2), if V' satisfies
I, then by Cor. 6.5, U satisfies I.)

(1): We can assume that V, V’, V®V" all satisfy Condition I (resp. II). By [CKLW18, Cor.
8.2], we have Aygy' ~ Ay ® Ayr. Therefore, by [Lon03, Lem. 25], Aygy- is completely
rational if and only if both Ay and Ay~ are completely rational.

Let us assume Ay, Ay, Aygy are completely rational, and study the equivalence of
the surjectivities of CWX functors. Since every irreducible representation of a completely
rational conformal net has finite index ([LX04]), each of V, V',V ® V has surjective CWX
functor iff the VOA and its CKLW net have the same number of irreducibles. By [FHL93,
Thm. 4.7.4], the number of irreducibles of V' ® V" is the multiplication of the numbers
of the irreducibles of V' and V’. By Cor. 14 and Lem. 27 of [KLMO1], the number of
irreducibles of Ay ® Ay is the multiplication of the numbers of the irreducibles of Ay
and Ay~. This finishes the proof of (1).

(2): This follows from Thm. 6.13 and 6.14.

(3): As explained at the beginning of [Gui20, Sec. 2.6], U is naturally a unitary VOA
extension of V' ® V¢. Therefore, by Thm. 6.13, Aygy. is completely rational. By Thm.
6.14, V ® V¢ has surjective CWX functor. Therefore, as argued for (1), Ay« is completely
rational, and V' has surjective CWX functor. Therefore, V¢ satisfies Condition I+ (resp.
II+). O

Example 6.19. The following examples satisfy Condition II+:

(a) All unitary affine VOAs. All even lattice VOAs. All discrete series WW-algebras of
type ADE (in the sense of [ACL19]). All parafermion VOAs (in the sense of [DR17]).

The following examples satisfy Condition I+

(b) All unitary affine VOAs of type ADE. All even lattice VOAs. All discrete series
W-algebras of type ADE. All parafermion VOAs of type ADE.

Proof. See [Gui20, Sec. 2.7]. O

The combination of Exp. 6.19 and Thm. 6.18 yields a vast collection of examples where
Cor. 6.16 are applicable, cf. Exp. 0.2 and 0.3.
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