Minkowskian open/closed conformal field theory
possibly without vacuum: the Cardy case
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Abstract

For any conformal net, not necessarily rational, we construct the associated Cardy-
type conformal field theory on the Minkowski spacetimes Ril’l = (R/27Z) x R for
closed strings and R!:! = [0, 7] x R for open strings within the framework of alge-
braic quantum field theory. In addition to verifying some of their basic properties, we
prove three forms of Haag duality for multi-double-cones and boundary intervals, in-
terpreted respectively as the Minkowskian versions of modular invariance, the Cardy
consistency condition, and the Morita equivalence of boundary field algebras.
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1 Introduction

1.1 CFT beyond discrete-type

One of the ultimate goals in the mathematical study of two-dimensional conformal
field theory (CFT) is the rigorous construction of the theory describing both open and
closed strings, known as an open/closed CFT or full/boundary CFT. Like ordinary quan-
tum field theories, a CFT can be formulated either on Euclidean or on Minkowskian
spacetimes.

In the Euclidean setting, the theory is defined on compact Riemann surfaces with
physical boundaries, together with parametrized boundary circles and intervals, and is
required to satisfy Segal’s axioms (cf. [Seg88, Seg04]). In the Minkowskian setting, partic-
ularly in the framework of algebraic quantum field theory (AQFT), the theory is defined
on the Minkowski spacetimes Ri{l — (R/27Z) x R and Ry = [0,7] x R and is required
to satisfy e.g. the axioms of a Haag—Kastler net in [Haag96].!

Over the past three decades, substantial progress has been made in the rigorous
construction of rational CFTs, both in the Euclidean and Minkowskian settings. In

'In the standard AQFT literature, the spacetime for the open CFT is usually taken to be the half-plane
[0, 40) x R rather than the strip [0, 7] x R . We will discuss this difference in more detail in Sec. 1.4.



the Euclidean setting, the construction of rational CFTs using vertex operator algebras
(VOAs) has been achieved in genus 0 and 1 in [HKO07, Kong07, Kong08a, Kong08b]; see
[KR10, Kongl1] for surveys. For Riemann surfaces of arbitrary genus, a complete con-
struction remains open, but a topological field theory (TFT) approach has been developed
in [FFFS02, FRS02, FRS05, FFRS06]. In the Minkowskian setting, the construction of ratio-
nal CFTs using conformal nets has been carried out in [LR95, KL04, LR04, LR09, CKL13,
BKL15]; see [KR10, Kaw15] for reviews. In all these approaches, the method of Q-systems
(~ Frobenius algebras) plays a crucial role.

Beyond rational CFTs, recent progress has also been made in the construction of Eu-
clidean closed CFTs (cf. [Mor20, Mor23]) and Minkowskian closed CFTs (cf. [AGT23,
AGT25]). The theories constructed in these works, while not necessarily rational, are still
discrete in the sense that their state spaces are given by finite or infinite direct sums, rather
than direct integrals, of irreducible representations of the tensor product of the chiral and
antichiral algebras.

However, the frameworks developed in the previously mentioned approaches do not
encompass (possibly) non-discrete CFTs, e.g., those whose closed-string state space H
admits a direct integral

@
He >~ J Hy Qc Ky dﬂ(l')
X

where (X, ) is a measure space and H,, KC; are (irreducible) representations of the chiral
and antichiral algebras. The most prominent example is Liouville CFT, which has re-
cently been constructed rigorously in the Euclidean setting using probabilistic methods;
see [KRV20, GKRV24, GKRV21] for the closed theory, and [RZ22, Wu22, ARS25, ARSZ23,
GRW?24] for the open theory (whose construction is still being completed).

Liouville CFT is regarded as a Cardy-type open/closed CFT associated with the chiral
algebra Vir,, the unitary Virasoro algebra (or Virasoro conformal net) with central charge
c=1+6Q%where Q = b+ b1 (and hence ¢ > 25). Its closed-string state space decom-
poses, as a Vir, ® Vir.-module, as

QHoe ., dP (1.1)

+P2 < +pP?

R>o 4
where, for each h > 0, Hj denotes the Hilbert-space completion of the irreducible
positive-energy representation of Vir. with lowest weight h. Besides its continuous spec-
trum, a remarkable feature of Liouville CFT is that the vacuum vector does not belong to
the state space H.j. In fact, the vacuum vector (which has conformal weight 0) does not
even exist as a distributional state in H, since the lowest weight of H is strictly positive.

By contrast, in all previous approaches based on conformal nets or VOAs, the state
space contains a vacuum vector. This raises the natural question of whether Liouville
CFT can be accommodated within either framework. Since both conformal nets and
VOAs have traditionally served as frameworks for general CFTs rather than for partic-
ular classes of examples, one is led to ask:

Question 1.1. Using either the theory of conformal nets or VOAs, and in either the
Minkowskian or Euclidean setting, can one develop a general framework for open/closed
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CFTs in which both discrete-type CFTs (such as rational CFTs) and continuous-type CFTs
(whose state spaces may not contain a vacuum vector) can be studied within a unified
setting?

1.2 A general framework for Minkowskian open/closed CFT

The goal of the present paper is to provide a positive answer to Question 1.1 for
Minkowskian CFTs using the conformal net method, at least for Cardy-type CFTs. See
[HT26, HT] for an approach to Euclidean CFTs of Cardy-type, also based on conformal
nets. We expect that, by extending the results for conformal nets to nonlocal chiral (i.e.
one-dimensional) nets, the framework developed here can eventually be generalized to
non-Cardy-type Minkowskian CFTs.

To introduce the framework of this paper and its main results, we first sketch what a
Minkowskian open/closed CFT (not necessarily of Cardy-type) should look like, adapt-
ing part of the general picture of [FRS02, FRS05, FFRS06] to the AQFT setting.

In a Minkowskian CFT, boundary conditions are labeled by symbols 4, j, k,.... The
world sheet for the open string [0, 7] is the Minkowski space

Réiol =[0,7] xR

The Hilbert space for the open string with left boundary condition 7 and right boundary
condition j is denoted by Hpi -

The boundary operators on R preserving the boundary condition ¢ form a (possi-
bly) non-local chiral net B,y;), called the boundary net. Since the boundary fields on
0+ Rgp := {0} x R preserving the boundary condition 7 act on Hop(i,j), the Hilbert space
Hop(i,j) carries a left action of B,,;). See Thm. 4.11 for the basic properties expected of
nonlocal chiral nets, and Thm. 4.15 for the properties that the action of B,,(;) on Hp(
is expected to satisfy.

Similarly, since the boundary fields on G_R})i} := {m} x R preserving the boundary
condition j act on H,; j), the Hilbert space H,(; ;) admits a right action of By, in
other words, a left action of the dual net ng(j) of B,p(j); cf. Thm. 4.11-(6) for the meaning
of dual nets.

The left action of B,,(; and the right action of B,,(;y on H,(; ;) are, in an appropriate
sense, mutual commutants. More precisely, they satisfy the boundary-boundary Haag
duality, as formulated in Thm. 4.15. It is in this sense that B,,;) and B, ;) are viewed as
Morita equivalent.

If Hop(i j) denotes the conjugate of H

273)

op(i,j), ON€ expects a canonical equivalence
Hop(j.i) = Hop(ij) (1.2a)
Moreover, one expects a canonical equivalence

Hop(ik) = Hop(i,j) KB,y Hop(jk) (1.2b)

where the RHS is the (yet to be defined) Connes fusion product of the right B,,(;)-module

Hop(i,j) and the left B, ;)-module H

op(J)
Op(j,k‘)’



The world sheet for the closed string S' = R/27Z is the Minkowski space
RL'=S!' xR

commonly known as the Einstein cylinder. Let Hq denote the state space of the closed
string. The bulk fields on Ril’l then form a net of algebras acting on #.j, denoted by Bq
and called the bulk net. See Thm. 3.33 for the properties satisfied by this net.

Besides the properties mentioned in Thm. 3.33, the net B, should also satisfy the
bulk-bulk Haag duality, namely, Haag duality for multi-double-cones in ]Ril’l. See Thm.
3.62 for the precise statement. For unions of two or more double-cones, this duality is
equivalent, in the terminology of [BKL15], to the statement that the p-index of B is 1. At
least in the rational case, this condition is equivalent to (genus-one) modular invariance
in the Euclidean picture. Indeed, by [BKL15, Prop. 6.6] and [Kong08b, Thm. 6.7], both
conditions admit the same formulation in terms of Q-systems (or Frobenius algebras). See
also [BCKLM?24] for a review of this topic from the perspective of entropies.

Given left and right boundary conditions ¢ and j, the bulk fields on the interior
IntR:) := (0,7) x R act on the open-string state space Hop(i,j)- Thus, the restriction of the

bulk net to In‘c]R(l)’p1 acts on H,p(; j)- See Thm. 4.23 for a list of properties expected of this
action. In particular, it should satisfy the bulk-boundary Haag duality; see Thm. 4.23-(5)
and Thm. 4.24 for the precise statement. This form of Haag duality should be regarded
as the Minkowskian analogue of the Cardy consistency condition; see [KR10, Sec. 4.2] for
a related discussion.

The interpretations of the three forms of Haag duality discussed above are summa-
rized in Table 1.

Haag duality Spacetime ; lili:’;[z‘?gn Interpretation
1,1 Fig. 3.3 Modular invariance
Bull-bulk R in Sfc. 3.11 in Euclidean spacetimes
Boundary-boundary R Fig. 4.1 Morita equivalence
near Sec. 4.3 of boundary nets
Bulk-boundary RL! . Fig. 4.2 Ca.rdy copsistency copdition
in Sec. 4.5 in Euclidean spacetimes

Table 1: Three forms of Haag duality

1.3 Main results

We now consider the case where the CFT is of Cardy-type, meaning that there exists
a boundary condition, denoted by 0, such that, upon setting

A= Bop(O) H() = Hop(O,O)

A is a local chiral net (i.e. a conformal net) with vacuum module #H containing a vac-
uum vector 2. Each boundary condition ¢ then determines a right .A-module (also called



solitonic .A-module)
Hi := Hop(i0)

As in [FFFS02], we restrict for simplicity to those boundary conditions ¢ for which H; is a

local A-module, simply called an .A-module. Then (1.2) implies H (o j) =~ H;, and hence

Hopig) =~ HikaH,; (1.3)
The main results of this paper are summarized as follows:
Main Result 1.2. Let A be any conformal net with vacuum module H.

(1) We construct the closed-string state space H. as an A®%-module. See Def. 3.12. Moreover,
we construct the net Bg on the spacetime Ril’l, acting on the Hilbert space H.. See Def.
3.29 and 3.30.

(2) We prove that the pair (B, He) satisfies the usual properties required of a Haag—Kastler
net, except for the existence of a vacuum. See Thm. 3.33.

(3) We prove that B, satisfies the bulk-bulk Haag duality. See Thm. 3.62.

Main Result 1.3. For each pair of A-modules H;, H;, define the A-module H
Hop(i,j) = HiXla H;.

) by (1.3), i.e.,

op(i,j

(1) We construct the non-local chiral net By ;) on the spacetime R, acting on the state space
Hop(i,i)- See Def. 4.10. We prove that the pair (Bops), Hop(i,i)) satisfies the usual properties
required of a Haag—Kastler net, except for the existence of a vacuum. See Thm. 4.11.

(2) We construct the left and right actions of By ;) and By ;) on Hep(; j)- See Def. 4.13. We
prove that these actions satisfy the usual requirements for representations of Haag—Kastler
nets, and we prove the boundary-boundary Haag duality. See Thm. 4.15.

(3) We construct the action of B, (restricted to (0,7) x R) on Hp,(; ;). See Def. 4.18 and Thm.
4.23. We show that the joint actions of By (i), Bop(j), and Be on Hep; j) satisfy the usual
requirements for representations of Haag—Kastler nets, and we prove the bulk-boundary
Haag duality. See Thm. 4.23 and 4.24.

Moreover, a brief discussion of the nets of algebroids of boundary operators changing
boundary conditions is given in Sec. 4.6.

1.4 Proof strategies

Since Main Result 1.3 is relatively easier to obtain than Main Result 1.2, we focus
here on the main idea behind the proof of Main Result 1.2, namely, the construction of
the closed CFT. We also explain why the existing techniques from operator algebras and
AQFT cannot be applied directly, and how we overcome the resulting difficulties.

Adapting the construction of [LR04], it is not difficult to construct the action of the
bulk net B (restricted to (0,7) x R) on Hop0,0) = Ho in terms of relative commutants.



Indeed, this construction is simply a reformulation of the bulk-boundary Haag duality
for the left and right actions of B,(g) = A together with the action of B on Hp(0,0)-

Already at this stage, however, an important difference emerges between our ap-
proach and those taken in most of the AQFT literature. In almost all previous AQFT
works, the spacetime for the open-string theory is taken to be [0,+0) x R. In other
words, the open string is modeled by the interval [0, +00), which has a single boundary
component {0}, rather than by the interval [0, 7|, which has two boundary components.
There are several reasons for adopting the latter viewpoint.

First, it is more compatible with the techniques developed in this paper, in particu-
lar the theory of crossed categorical extensions of conformal nets. Second, it is consis-
tent with the Euclidean CFT literature [FFFS02, FRS02, FRS05, FFRS06, HK07, Kong07,
Kong08a, Kong08b], where open strings are likewise modeled by intervals with two
boundary components. Third, only by working with strings having two boundary com-
ponents can one formulate the Morita equivalence of non-local nets in terms of boundary-
boundary Haag duality, thereby avoiding the machinery of Q-systems/Frobenius alge-
bras.

This brings us to a fundamental difficulty encountered by previous AQFT approaches
when moving beyond discrete-type CFTs. Those approaches rely heavily on Q-systems,
which work perfectly for rational CFTs, and in some cases also for irrational discrete-type
CFTs or QFTs (see, for example, [Mas00, DVG18]). In particular, the bulk net B, on the
entire spacetime Ril’l, together with the state space #.j, was constructed in [LR04] using
the Longo—-Rehren Q-system introduced in [LR95] and later generalized in [Reh00]. Even
the construction of B and H,; in [LR09], which does not explicitly use Q-systems, still
relies on the existence of a conditional expectation between a pair of subfactors. However,
since the closed-string state space of a general CFT needs not contain a vacuum vector,
there is no reason to expect such a conditional expectation to exist.

Our approach in this paper is based on the following simple observation. Let ) be a
faithful right A'-module where NV is a von Neumann algebra. Let N/ denote the commu-
tant of \V, acting on the left of ). By [Tak03, Sec. IX.3], the Hilbert space $ §) carries a
canonical structure of A”-A” bimodule that is unitarily equivalent to L?(N”). Moreover,
although not stated explicitly there, this unitary equivalence pulls back the modular con-
jugation on L%(N”) to an involutive antiunitary operator © on 9, which, roughly
speaking, sends £ [XI7] to n[XI€. It follows from the Tomita—Takesaki theory that the left and
right actions of N’ on X\ H are mutual commutants, and that Adg interchanges the left
and right actions.

The construction of the bulk net B, on H from the action of the bulk net (restricted
to (0, 7) x R) on Hp(,0) resembles the construction of the V-’ bimodule $ $ from
the N’-N bimodule $. This analogy can be made precise by taking N' = A®2(I) and
H =H Jor Here, T is an arg-valued interval (cf. Def. 2.9), and H Vo is the canonical
permutation-twisted A®?-module associated with the .A-module H (cf. Def. 3.7), whose
sector-theoretic counterpart was first introduced in [LX04]. A crucial difficulty, however,
is that H should be independent of the choice of I, and the action of B on H must be
compatible with the underlying geometry of both S and Ril’l.

This is precisely why, unlike previous approaches in the AQFT literature, we work
within the framework of categorical extensions of conformal nets, first introduced in



[Gui2la] and later generalized to the twisted setting in [MS26a, MS26b]. This framework
is particularly well suited to handling the geometry of S!, whereas the sector-theoretic
approach often requires removing a point from S!, which is inconvenient in the present
context.

However, even with the geometric flexibility provided by the (crossed) categorical
extensions of conformal nets, the resulting net B, is initially defined only on (-7, 7) x R,
and the corresponding action of B on H,; satisfies only some local versions of conformal
covariance on (—m,7) X R, see Sec. 3.4. The most nontrivial part of the proof of Main
Result 1.2, carried out in Sec. 3.7 and 3.8, is to extend this construction to a net B, on
the entire spacetime Ri’l, acting on H,1 and satisfying global conformal covariance. In
particular, if O is a double cone contained in (—7,7) x R, and if, for each s € R, we let
Uci(0c(s), 0c(—s)) denote the unitary operator on H. implementing translation by s units
along the z-direction (as in the main body of this paper), then we should have

AdUcl(Qc(Qﬂ‘),Qc(—QTr)) (BCI(O)) = BCI(O) (14)

In the AQFT literature, when dealing with rational conformal nets, global conformal
covariance such as (1.4) is typically established by proving U (o.(27), 0.(—27)) = 1, ei-
ther by first obtaining an explicit irreducible decomposition of the A®?-module H and
then verifying the equation componentwise, or by invoking the Bisognano-Wichmann
property (cf. [KLO4, Prop. 2.1] or [MT19, Thm. A.5]). In our approach, neither method
is available, due to the absence of a discrete decomposition of the state space and the
absence of a vacuum vector. We therefore leave the following problem open.

Problem 1.4. Let A be any conformal net. Prove that Ug(o.(27), 0.(—27)), the unitary
operator on H. implementing translation by 27 along the z-axis, is the identity.

Although we are unable to solve Problem 1.4, we can nevertheless prove (1.4) by ex-
ploiting the Tomita—Takesaki-type result for © mentioned above, together with the rela-
tionship between © and the translation group. In fact, (1.4) arises as a byproduct of our
proof of the PCT symmetry and Haag duality for the double cone O_, and its spacelike
complement O, illustrated in Fig. 3.2. The proof, given in Sec. 3.7, of the PCT symmetry
and Haag duality for O_, and O., together with the resulting implication that these re-
gions satisfy (1.4) (cf. Lem. 3.48), is, in our view, the most novel part of the construction of
open/closed CFT presented in this paper, although it is by no means the most technical.

Havin§ established the results in Sec. 3.7 and proved the global conformal covari-
ance on Rd’l, one can readily deduce the bulk-bulk Haag duality for a single double-cone
(and its causal complement). Once this case is established, the extension to multi-double-
cones follows straightforwardly from the split property of A, see Sec. 3.11. In other
words, the main difficulty in proving bulk-bulk Haag duality for closed CFT lies in the
case of a single double-cone. For rational closed CFTs, this single double-cone Haag dual-
ity can still be proved even without modular invariance, because the state space contains
a vacuum vector and hence the Bisognano-Wichmann theorem can be applied. In our
setting, however, the state space . does not in general admit a vacuum vector, so the
Bisognano—Wichmann theorem is not available. Therefore, the crucial argument in Sec.
3.7 is indispensable.



1.5 Future directions

It is, of course, desirable to generalize the constructions in this paper to Minkowskian
open/closed CFTs that are not of Cardy type. To achieve this, one needs to develop a
theory of Connes fusion for modules over non-local chiral nets, together with the corre-
sponding theory of categorical extensions. However, unlike the case of conformal nets,
the vacuum module of a non-local net (for example, H; ;) for By(;)) generally does not
contain a vacuum vector, just as the closed state space does not. It is therefore far from
clear how to develop a theory of Connes fusion that is compatible with the geometry of
the circle, as was accomplished for conformal nets in [Gui21a, MS26a, MS26b].

In addition, one should show that Connes fusion defined using Morita equivalent
non-local nets yields equivalent theories. This expectation is suggested by the discussion
in Sec. 1.2, where B,,;) and B, ;) are Morita equivalent via the bimodule H , and
hence

op(4,7)

Hop(ki) BBopy Hop(it) = Hop(k,t) = Hop(k,j) KB,y Hop(jl)

op (i)

This suggests that the corresponding Connes fusion theories should be equivalent, with
the equivalence implemented by

Hop(k,i) = Hop(k)  Hop(i) = Hop(ji)
that is, implemented by

Hop(k,i) = Hop(k,i) KBops) Hop(i)  Mop(it) = Hop(j,i) KBy Hop(i)

Moreover, one should establish that two non-local nets are Morita equivalent (in the
sense of satisfying boundary-boundary Haag duality) if and only if the closed CFTs gen-
erated by them are equivalent. This would generalize the result that two (special sym-
metric) Frobenius algebras in a modular fusion category are Morita equivalent if and
only if their centers are equivalent; cf. [KR08]. In fact, the theory of Minkowskian
open/closed CFTs should be viewed as a highly infinite analogue of the theory of Q-
systems or Frobenius algebras, much as measure theory is a highly infinite generalization
of finite-dimensional commutative algebras. Just as, in the latter setting, one must distin-
guish between the roles of L and L?, in the former one should distinguish between nets
of algebras and Hilbert spaces.

Returning to Cardy-type CFTs, another future direction is to relate the construction
in this paper to those arising from the probabilistic approach. For example, one should
show that when A is the Virasoro net with central charge c = 1 + 6Q?%, where Q = b+ b1,
the A®2-module H decomposes as in (1.1). This would identify the closed-string state
space constructed in this paper with the one appearing in the literature on Liouville CFTs.

Moreover, as suggested by (1.3), determining the open-string state space Hp; j) re-
quires computing the Connes fusion H; [X|4 H; for Virasoro modules H;, H,;, a problem
proposed and studied in [Tes01, Tes09]. Note also that, since #,; is defined in this paper
as the Connes fusion H 5 X 42 H, /5, proving (1.1) may itself be viewed as a problem of
computing Connes fusion.

After identifying the state spaces, the next step would be to relate the bulk and bound-
ary nets, together with their actions on the state spaces, to the correlation functions in the
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Liouville CFT literature. For example, one should show that these nets and their actions
coincide with those obtained by smearing the Wightman bulk and boundary fields in
Liouville CFTs.

More generally, Toda CFTs are expected to be Cardy-type CFTs associated with the
principal W (g)-algebra at Toda central charge, where g is a simple Lie algebra. Liouville
CFT is the special case corresponding to g = sly. Toda CFTs, especially for g = sl3, have
recently been studied rigorously from the probabilistic perspective [CRV23, CH22, Cer24,
Cer25, CH24a, CH24b, CH25]. On the AQFT side, the conformal net associated with
W3 = W (sl3) has been constructed in [CTW23, CTW22]. Thus, at least for such conformal
nets, one may ask whether the state spaces of the open/closed CFT constructed in this
paper agree with those appearing in the probabilistic literature, and whether the bulk and
boundary nets constructed here can likewise be realized by smearing the corresponding
Wightman fields.

Note that, in Toda open CFTs, one should also allow boundary conditions correspond-
ing to twisted .A-modules, especially those arising from automorphisms of the Dynkin
diagram (cf. [CH24a, CH24b, CH25]). For simplicity, we have considered only un-
twisted A-modules as boundary conditions in this paper, although most of our results
extend straightforwardly to twisted boundary conditions, or more generally to solitonic
A-modules (cf. Def. 2.13) whose restrictions to the Virasoro subnet are genuine modules.

Another interesting example is the rank-n Heisenberg conformal net, whose closed-
string state space is expected to admit the decomposition

® _
Hea ~ Hp ® Hp dp
]Rn

where #,, denotes the irreducible positive-energy representation of the Heisenberg con-
formal net with momentum p, cf. [Luk07, Sec. B.1] for instance. As mentioned earlier
in this section, obtaining such a decomposition requires computing the Connes fusion of
certain twisted modules over the Heisenberg conformal net. Significant progress on this
problem has recently been made in [MS25, MS26c]. It would then be desirable to compare
the bulk and boundary nets constructed in this paper with those obtained by smearing
the corresponding Wightman fields.

1.6 Outline

This paper is organized as follows. Chapter 2 collects the preliminaries on confor-
mal nets used throughout the paper. Section 2.1 recalls the definition of conformal nets
and lists the standard structural properties that will be used later. Section 2.2 recalls
arg-valued intervals and twisted, untwisted, and solitonic modules of conformal nets,
together with their conformal covariance. Section 2.3 reviews the category Rep®(A) of G-
twisted .A-modules and gives a detailed description of the action of G' on Rep®(A). Sec-
tion 2.4 reviews the notion of G-crossed categorical extensions, while Section 2.5 develops
several techniques concerning categorical extensions that play a crucial role throughout
the paper. Finally, Sections 2.6 and 2.7 adapt the Tomita—-Takesaki-type results mentioned
in Sec. 1.4 to the setting of G-crossed categorical extensions.

Chapter 3 is devoted to the construction of the closed CFT, thereby establishing Main
Result 1.2. Section 3.1 reviews the permutation-twisted .A®?-module H /o and uses it
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to define the closed-string state space H.. Section 3.2 establishes the geometric setup.
Section 3.3 defines the bulk net B, first on double cones Com?actly contained in (—, 7) x
R and then on all double cones of the Einstein cylinder ]Ril’ , and states its main Haag—
Kastler properties. The proofs of these properties occupy Sections 3.4-3.10. Finally, the
bulk-bulk Haag duality is established in Section 3.11.

Chapter 4 constructs the open CFT, proving Main Result 1.3. Section 4.1 introduces
the geometric setup. Section 4.2 defines the boundary chiral nets and establishes their
Haag—Kastler properties. Section 4.3 constructs the actions of the boundary nets on the
boundary state spaces, proves the corresponding representation-theoretic properties, and
establishes the boundary-boundary Haag duality. Sections 4.4 and 4.5 construct the ac-
tion of the bulk net (restricted to (0, 7) x R) on the open-string state spaces, establish the
basic properties of this action together with the actions of the boundary nets, and prove
the bulk-boundary Haag duality. Section 4.6 briefly discusses nets of boundary alge-
broids whose operators change boundary conditions, extending several of the preceding
constructions from boundary-preserving operators to boundary-changing ones.
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2 Preliminaries on conformal nets

For any Hilbert spaces #1, H2, we let £(H1, Hz2) denote the set of bounded linear op-
erators 11 — Ho, and abbreviate £(H,#) as £(#). Similarly, we let U(#H1, H2) be the set
of unitary maps H; — Hgz and write U(H,H) as U(H). For each Hilbert space #, we un-
derstand its inner product (:|-) to be linear on the right variable |-) and antilinear on the
left variable {:|. For a collection of von Neumann algebras (M;);c » acting on a common
Hilbert space, we let \/,_ , M; be the von Neumann algebra generated by this collection,
ie., \/ieJ M; = (Uieﬂ Mi)”'

We write X € Y if X < Y, and if X has compact closurein Y.

Throughout this paper, we adopt the conventions 2.24, 2.31, and 2.33, which will be
introduced later in this chapter.

2.1 Conformal nets

Let Diff (S!) be the orientation-preserving diffeomorphism group of the unit circle
St. Let J be the set of (non-empty non-dense open) intervals in SLIfI e J,welet I’ be
the interior of S'\I. We let Diff;(S') be the subgroup consisting of all g € Diff " (S!) fixing
points in the closure of I'.
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Let PSU(1, 1) be the subgroup of M&bius transforms preserving S!, i.e., PSU(1, 1) con-
sists of g € Diff*(S!) of the form

zZ € Sl — ELZ +b
bz+a
where a,b € C, |a|? — |b|> = 1. Let
0:R — Diff(S!) o(t)z = itz (2.1)

(where z € S!) be the one-parameter rotation group.
In this paper, all conformal nets are assumed to be irreducible, defined as follows.

Definition 2.1. An (irreducible non-trivial) conformal net denotes a tuple (A, Ho, Up, 2)
(abbreviated to (A, Ho) or simply .A) where H, is a separable Hilbert space with dim #y >
1, and A is a map sending each I € J to a von Neumann algebra A(/) on H, satisfying
the following conditions.

(a) (Isotony) If I < Iy € J, then A(I;) is a von Neumann subalgebra of A(I5).
(b) (Locality) If I, I, € J are disjoint, then [A(I1), A(I2)] = 0.

(c) (Conformal covariance) U is a strongly-continuous projectively unitary represen-
tation of Diff " (S') on H, such that the relation

VAIV* = A(gl)

holds for any g € Diff " (S!), any I € J, any unitary V € U(Ho) representing Uy(g).
Moreover, if g € Diff/(S!) and V represents Uy(g), then V e A(I).

(d) € € Ho, called the vacuum vector, is the unique (up to scalar multiplication) unit
vector such that VQ e CS) for each V' € U(H,) representing some g € PSU(1,1).
(In particular, Uy restricts to a strongly-continuous unitary representation Uy of
PSU(1,1) on H satisfying Up(g)Q2 = 2 for each g € PSU(1,1).) Moreover, (2 is
cyclic under the action of \/ . , A(I).

(e) (Positive energy) The self-adjoint generator of the one-parameter unitary group Ujo
o0 has spectrum in R>.

Remark 2.2. A conformal net A satisfies the following properties, cf. [GL96, Prop. 1.1,
1.2] and the references therein.

(1) (Additivity) A(I) = \/, A(I,) if (I,) is a collection in 7 whose unionis I € J.
(2) (Haag duality) A(I) = A(I') foreach I € J.

(3) (Reeh-Schlieder property) A(I)S? is dense in H for each I € J.
(4) (Irreducibility) \/,. ; A(I) = £(Ho)-

(5) Each A([) is a type III factor.
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Moreover, by [MTW18], A satisfies the split property, which means that foreach I, .J € J
with I € J, there is a type I factor between A(I) and A(.J). By Haag duality (applied to
I, = I and I, = J'), this is equivalent to the statement that for any I}, I € J with disjoint
closures, there is a unitary map ® : Hy — H1 ® H2 where the Hilbert spaces 1, H carry
normal representations 7, m2 of A(I;) and A(I2), respectively, such that

Ad@‘A(h) =T ®id'H2 Adq>|A(]2) = id?—[l ® o

By property (5), one may in fact take H; = Ha = Ho, with 71, m2 given by the inclusion
maps A([1) — £(Ho), A(Ll2) — £(Ho), respectively.

Next, we review some useful extensions of Diff * (S') and Diff;(S!).

Definition 2.3. Let

¢4 .= Diff *(S!) — Diff *(Sh) (2.2)

be the universal cover of Diff " (S!). Viewing S' as R/27Z, the group ¢ consists of smooth
functions F' : R — R satisfying for each z € R that

F(z+27m) = F(x) + 2w F'(z) >0 (2.3)

Definition 2.4. For each I € J, let 4(I) be the identity component of the preimage of
Diff/(S') under the map (2.2). Equivalently, ¢ (I) consists of smooth functions F : R — R
satisfying (2.3) and fixing pointwise preimage of I’ under the covering map R — R/27Z.
(In fact, by (2.3), it suffices to assume fixing pointwise any prescribed connected compo-
nent of the preimage of I'.) See Rem. 2.10 for an alternative description.

Lift the rotation group (2.1) to a one-parameter group
0:R—>¥

Thus, for each t € R, the function ¢(¢) : R — R sends z to = + t.
The central extension of ¢ associated to A is defined to be the topological group

Ya=1{(9,V)e¥9 xU(Ho) : V represents Up(g)}

or more precisely, the surjective group homomorphism ¥4 — ¢ defined by the projection
G x U(Hy) — 9. The kernel of this homomorphism is 1 x S! ~ S

Remark 2.5. The topological group ¢4 depends only on the central charge of A. Indeed,
the net Viry : I € J — Up(Diff;(S!))” acting on Kg := VirsQ is a conformal subnet of
A; in particular, the representation of lggﬁ(l, 1) on H restricts to that on Ky. Therefore,
by the irreducibility in Rem. 2.2, K is irreducible as a strongly-continuous projectively-
unitary positive-energy representation of Diff T (S!), and hence is integrated from the uni-
tary module L(c, 0) (for some ¢ > 0, called the central charge of A) of the Virasoro algebra,
cf. [Car04, Thm. A.1]. Thus Vir4 can be identified with the Virasoro net Vir, with central
charge ¢, and Ky can be viewed as the Hilbert space completion of L(c, 0). Set

Y% = Wir,
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Then the following map defines an isomorphism of topological groups ¥4 ~ ..
gAi)gC (g,V) = (97V’K0>
We will freely identify ¢4 and ¢, throughout the rest of this paper.

Definition 2.6. If g = (g,V) € 94, we write V € U(Hy) as Up(g), that is,

g =(9,U0(9))
Then U is a strongly-continuous unitary representation of ¥4 ~ ¥, on H,.

For each I € J, we let 94(I) be the preimage of ¢(I) under the map ¥4 — ¢. In
particular, we let %,(I) = %y, (I). By the conformal covariance in Def. 2.1, we have

Uo(Za(l)) = A(I)

Remark 2.7. From the definition of conformal nets, we have a unitary representation U
of PSU(1, 1) rather than merely a projectively unitary one. Thus, we have a one parameter
unitary group

oa:R—>9Gy  oat) = (ot),Uo(o(t)))
called the rotation group in ¥4. We let p. denote the rotation group gvi,, of Vir.. The
isomorphism ¥4 ~ ¥, clearly identifies p 4 with ..
2.2 Twisted modules of conformal nets
Fix a conformal net A.

Definition 2.8. An automorphism of A denotes a unitary operator ® € U (#H,) fixing €2
and satisfying ®A(I)®~! = A(I) foreach I € J.

We fix a group homomorphism G' — Aut(A) where G is a discrete group, and Aut(.A)
is the group of automorphisms of A. We view each ¢ € G as a unitary operator on H,.
Then

A~ = A(D)
Hence G gives rise to a group of automorphisms of each A(1).

Definition 2.9. For each [ € J, an arg function denotes a continuous function arg; : I —
R such that z = el®21(2) for all z € I. An arg-valued interval denotes a pair

T: (Iaargl)

where I € 7, and arg; is an arg function of I. The set of arg-valued intervals is denoted
by J.
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Equivalently, T'is a connected component of the preimage of I under the covering map
R — R/277Z ~ S'. Therefore, since the universal cover ¢ acts on R (cf. (2.3)), it also acts
on J. Through the quotient homomorphism ¥4 — ¢, the group ¥4 ~ ¥. also acts on S!,
R, and J.

Remark 2.10. Def. 2.4 can be rephrased as follows: For each I € 7,
G(I) ={g e : gfixes pointwise (I', arg;/) for each arg;}
={g € ¥4 : g fixes pointwise (I’, arg/) for some arg }
Therefore,

GA(I) = {g € Ya : g fixes pointwise (I', arg;,) for each argp}
={g € Y4 : g fixes pointwise (I', arg;,) for some arg }

IfI,J e J,wewriteI ¢ Jif I c Jand arg;|r = arg;. We say that T and J are disjoint
if I nJ = . (Note that this is not the same as saying that I and J are disjoint as subsets
of R.) We say that J is clockwise to I (equivalently, that I is anticlockwise to J) if

arg( < argz < arg( + 2w foreachze I,(e J

Definition 2.11. We say that I, Tyew- ,fn € J are in clockwise order if fj is clockwise to I~Z
whenever j > i.

Definition 2.12. The clockwise complement T (resp. the anticlockwise complement T )
of I € J is defined to be the interval I’ together with the arg function so that I’ is clockwise
to I (resp. ‘I is anticlockwise to I).

Definition 2.13. Let ¢ € G. A ¢-twisted .A-module denotes a pair (#;, ;) (or simply
H;) where H; is a separable Hilbert space, and ; associates to each I € J a normal
representation 7, > of A(I) on H; satisfying the following properties.

(@) IfI,J e Jand I c J, then m; j(@) = 7, j(x) for each x € A(I).
(b) For each I € J and z € A(I), we have

T, pom (@26 7) =, 3(2) (2.4)

If condition (b) is dropped, we say that (#;, ;) is a solitonic .A-module.

Remark 2.14. The above definition of a ¢-twisted module follows [MS26a, Sec. 3.1], ex-
cept that the unit circle used there is obtained from ours by reflection across the z-axis.
Consequently, the convention in [MS26a, MS26b] uses o(—27) in place of o(27) in (2.4).

Definition 2.15. We let Rep?(A) be the W*-category of ¢-twisted .A-modules. For the
identity element e of G we write Rep®(A) as Rep(.A). Objects in Rep(.A) are called un-
twisted A-modules, or simply .A-modules.
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Remark 2.16. Let (#;, 7;) be a solitonic .A-module. Assume that .J is clockwise to I. Then

[7; 7(AD)), m; 5(A(J))] = 0

Proof. By the additivity of A and the normality of 7, 3, 7, 3, it suffices to treat the case
where I, J ¢ K for some K € J. Then the commutativity follows by the locality of A and
part (a) of Def. 2.13. m

Example 2.17. The action of A on H, is clearly an untwisted .A-module, called the vacuum
module and is denoted by (Ho, o) or simply by H.

Remark 2.18. Suppose that z € A(I) commutes with ¢ € G. Then by Def. 2.13-(b), 7, 3(x)
is independent of arg;. We thus write 7, 3(x) as m; 7(x) in this case.

For example, if g € ¥4, then Uy(g) commutes with any ¢ € G; cf. [MS26a, Rem. 3.14].
Hence, if g € 94(I), we can

write 7T“~(Uo(g)) as m; 1(Uo(9))

I
ze AI). O

As another example, if (H;, m;) € Rep(A), then 7, (x) can be written as ; ;(z) for each

Theorem 2.19. Any ¢-twisted A-module (H;, ;) is conformally covariant, which means that
there is a unique strongly-continuous unitary representation U; of G4 ~ 9. on H,; satisfying for
each I € J,g€ 94(I) the relation

Ui(g) = mi,1(Uo(9)) (2.5)
Moreover, for each g € 4.4, we have Ui(g) € \/ 5.5 7, :(A(I)).

Proof. This follows from [Hen19], as explained in [Gui21a, Thm. 2.2] (applied to the un-
twisted Vir.-module (H;, 7|vir.)) or in [MS26a, Thm. 3.15]. In particular, the uniqueness
follows from the following fact. O

Lemma 2.20. Let T be a collection of intervals covering S*. Then | J;.; 9 (I) generates alge-
braically the group 4. Consequently, | J;.; 9a(I) generates algebraically the group 4 4.

Proof. This is due to [Hen19, Lem. 17]. O
Remark 2.21. We abbreviate U;(g) to U(g) or even g when no confusion arises.

Corollary 2.22. For each ¢-twisted A-module H,;, IeJ ,x e A(l), and g € G 4, we have
Ui(g)m, {(@)Us(9) ™" =, 3 (Uo(9)2Uo(9) ") (2.6)

Proof. See [MS26a, Cor. 3.16]. The idea is to check (2.6) using Thm. 2.19 when g is sup-
ported in any interval whose union with I is not dense, and then conclude the general
case by using Lem. 2.20. O
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2.3 The category Rep®(A) and the G-action

Fix a conformal net A with central charge ¢, a discrete group G, and a group homo-
morphism G — Aut(A). Let

Rep®(A)

be the W*-category whose objects are finite (orthogonal) direct sums of the form
@, H; where each H; € Rep*i(A) for some w; € G. Objects in Rep”(A) are called
G-twisted A-modules. The morphisms in Rep”(.A) are defined in Def. 2.23.

Definition 2.23. If H;, ; € Rep“(A), we let Hom 4(#;, H;) denote G-twisted A-module
morphisms from H; to H;, that is, elements T" € £(H;, H,) satisfying

Try, () = 7rl~,j(x)T
for each I € 7,z € A(I). Elements of Hom 4 (H;, ;) are called (homo)morphisms of
G-twisted .A-modules from #H; to H;.

Convention 2.24. In this paper, objects of Rep”(A) are denoted by symbols such as
Hi, Hj, Hy, etc. We abbreviate T, ptomy when no confusion arises.

2.3.1 The crossed balanced W *-tensor category Rep” (A)

Definition 2.25. For each ¢ € G and each G-twisted A-module (#;, 7;), we define a G-
twisted .4-module

(Hgpis mgi)

abbreviated to Hg;, where H4; is an abstract Hilbert space unitarily equivalent to H; via
a prescribed unitary map

Cyla; - Hi — Hi
and 7y; is defined such that for each ITeJ,ze A(I), we have
F(ﬁ‘Hi 0] Wi,f(x) = 7r¢i,f(¢$¢_l> o F(ﬁ‘HL

We abbreviate I'y|3, to I'y when no confusion arises. Then the above relation can be
abbreviated to

Tyo Ff(l’) = W;((bxdfl) oTy (2.7)
For each w € G, it is clear that #; € Rep”(A) implies H4; € Rep?¢™’ (A).

Remark 2.26. It is obvious that the pair (#4;, I'4|3,) is uniquely determined by #; and ¢
up to unique unitary maps. That is, if (7-Nl¢i, f¢ |34, ) satisfies the same property, then there is
a unique unitary map (indeed, a unique G-twisted A-module morphism) V¥ : 7—~l¢i — Hyi
such that I'y|y, = Vo f‘¢|Hi. We call ¥ the (unique) unitary morphism (7—~[¢i, f‘¢|H1) —
(Hoi, Lolas)-
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Example 2.27. For the vacuum module H,, one can choose (7-L¢0, f‘¢|H0) to be (Ho, ¢)
where ¢ is understood as in (). The unitary morphism (Ho, ) — (Heo,Tgl2,) is
given by T'y|p, 0 ¢~ L.

Remark 2.28. Recall from Rem. 2.18 that Ad, fixes Uy(g) for each I € J and g € 94(I).
Therefore, by (2.7), Adr, sends m; 1(Up(g)) to 74 1(Uo(g)). Thus, by the uniqueness in
Thm. 2.19, we have

Ly oUi(g) = Ugi(g) o L'y (2.8)
for each #; € Rep®(A) and g € 94.
Definition 2.29. For each ¢ € G, define a #-functor Ty : Rep®(A) — Rep”(A) such that
To(Hi) =Hgi  Ty(S) = (Tgln,) 0 S0 (Tl,)™!
for each S € Hom4(#H;, ;). This functor is denoted by T in [MS26a].

The following theorem is proved in [MS26a, Sec. 3.6]. Note that, by Rem. 2.14, our bal-
ancing differs from that in [MS26a, MS26b]: the latter is defined using 0. 4(—27), whereas
ours is defined using g4 (27).

Theorem 2.30. Suppose that G — Aut(A) is faithful. Then the W*-category Rep®(A) with
grading @ 4 Rep?(A) is canonically a G-crossed balanced W*-tensor category defined by

Connes fusion, where the action of G on Rep®(A) is defined by ¢ € G — T, and the balancing
¥ is defined by

Vi =Ty 0 Us(0a(2m)) : Hi — Hgi
for each H; € Rep®(A).

When G — Aut(A) is not faithful, then Rep”(A) does not admit the grading
Doec Rep?(A), since Hom 4(#;, H;) might not be zero for H#; € Rep“(A) and H; €
Rep?(A) even when w # ¢ in G. In that case, to apply Thm. 2.30, it suffices to replace G
with its image in Aut(.A).

Convention 2.31. Let [x] denote the tensor product bifunctor of RepG(.A), and call it the
fusion product bifunctor. For each #;, 1, € Rep”(A), we write Higj := H;XH,. Accord-
ing to the definition of G-crossed tensor categories, we have

H; € Rep?(A), H; € Rep”(A) — H; X H; € Rep? (A) (2.9)
The braiding operation is denoted by B. More precisely, for each H; € Rep?(A) and
H; € Rep“(A), the braiding operator (which is a unitary equivalence of G-twisted .A-
modules) is denoted by

]Bi,j : HZH] - 7‘[¢j XI1H,;
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By the coherence conditions for the W *-tensor category Rep®(A), we make the iden-
tification

(Hi X H;) X He = Hi X (H; X Hy)
via the associator, and denote them by H; XI H; XI Hj = Hixjxr; We identify
HoXIHi = Hi = HiXIHo

using the unitors. In other words, we treat Rep®(.A) as if it is strict. O

2.3.2 The compatibility conditions for the G-action

In the following remark, we describe the action of G on Rep”(.A) more explicitly. This
is a concrete version of the more abstract and concise description given in [MS26a, Def.
2.8]. Although we will not use this explicit description in our construction of open/closed
CFTs, we feel it is worthwhile to record it here.

Remark 2.32. Recall that e is the unit of G. In addition to the assignment ¢ — T, the
action involves the data and the compatibility conditions listed below.

(@) A unitary isomorphism A; : H; ~ H.; where e € G is the group identity. This is
given by the unique unitary morphism (#;,id) — (Hei, e|n;, ). So

A = F€|Hi
The equivalence A : idRepG( A~ %, isnatural, i.e., we have a commutative diagram

HZ‘L'H]‘

o

for each T' € Hom 4 (M, H;), which is straightforward to check.

(b) A unitary isomorphism By, : Ho — Hgo for each ¢ € G, which is given by the unique
unitary morphism (Ho, ¢) — (Heo, ['¢|2,) discussed in Exp. 2.27. So

By =Tg09¢ 'y,

(c) A unitary natural isomorphism T4 o Ty — Tyoy for ¢,1 € G, where, for each H; €
Rep“(A), the unitary equivalence

. _ —1p-1
Cowi t Howi) = Mgy Cowi = Towl'y Ty a0

is given by the unique unitary morphism (Hg(yi), [p © Tpl21;) — (H(guyis Dowln,)-
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The naturality means that for each 7' € Hom 4 (H;, H;),

‘I¢O‘:w (T)
Hopiy ——— Hoyy)

C¢’¢7il lcwm, (2.10&)

Tpp(T)
Higppyi ———— Hpy)j

Moreover, the tuple (T, C, A) is a tensor functor, i.e., C is a tensorator and A is a
unitor. This means the commutativity of

To(Coprw,i)

Howwi) — Hao(ww)i)

C¢,zp,wil lC(WZM‘i (2.10b)

Coypw,i

Higwywi) = Hgyw)i
Ce,,i Coei

N 7

He(gi) o Hepi Hp(ei) o Hpi (2.10¢)
Agi To(Ad)

The commutativity of these diagrams is easy to check.?

(d) A unitary (natural) tensorator Ty(—) X] T4(—) — Ty(— X —) for each ¢ € G, where,
for each H;, H; € Rep”(A), the unitary equivalence

Dy Hei Mg — Hoamy)

will be described in Def. 2.42. Moreover, By is a unitor. (So (T4,D4,Bg) gives a
W*-tensor automorphism of Rep®(A).)

Unraveling the phrases “natural”, “tensorator”, and “unitor” gives the following
commutative diagrams, where S € Hom(;,H;) and T' € Homu(H;, H;), and
Uogi = Ho X Hei — Hepi, woi @ Ho W Hi — Hi, ugio @ Hei X Ho — Hei, and
u;o : HiX1'Ho — H,; are the unitors.

T (S)XTe (T
Hi K Hg, My R H

Daﬁ,i,jJ lDM; (2.11a)

T4 (SKT)
Homy) — Hyamp)

?In particular, in the first two diagrams, going from the upper-left corner to the lower-right corner along
either path yields, respectively, ['yy 7T, 'T; " and Ty I ' T, T,
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1D¢’j’k
Hei R Hgj X Hope ———— Hoi X Hop(jpan)

Ddxm‘{ JDW-J,C (2.11b)
Dy, ixaj,
He (i) X Hok = H (i)
B<b1l be(uo’i) (2.11¢)
Dy,o,i
13{ %(ui,m (2.11d)

Dy.i0
Hepi K Hpo —— Heixo)

(e) The natural isomorphism A : idRepG( A T is tensor natural if the tensorator and
unitor of idRepG( 4) are chosen to be the identity, and those of T, are chosen as in (d).
This means that the following diagrams commute:

ARA,
HiXIH; ————— Hei X Hej

_J De,z-,{ (2.12a)

Ai'
Hi —= He(i)

H, Heo (2.12b)

(f) The natural isomorphism Cy , : Ty 0 Ty, — Tyoy is tensor natural if the tensorators
and the unitors of Ty, T, Tyoy are chosen as in (d). (In particular, the tensorator and
unitor of T4 0 T, are Ty(Dy) o Dy and T(By) 0 Bg.) This means that the following
diagrams commute:

Cy,9,iHCs 1y,

Ho i) B Hey)) Hgyyi X H(py);
Dy i pj
Ho(wimes) Dou.i.j (2.13a)
Tp(Daypiz)
Co,,ixj
H o (i) : H (g (i)
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Bgy
Ho ———— Hgy)o

B{ Tcdxw (2.13b)

Ty(By)
Hoo ——— Ho(yo)

The above compatibility conditions in Rem. 2.32 allow the G-action to be treated as
strict, in the following sense.

Convention 2.33. Unless otherwise stated, for H;, H; € RepG(.A) and ¢, v € G, we make
the identifications

Hi = Hei Ho = 7‘[¢0 H¢(¢i) = H(@ﬂﬁ (2.14a)
Hoimes = Ho(ixy) (2.14b)

using the unitary isomorphisms A,B,C,D mentioned in Rem. 2.32. Thus, for
o1,...,0n € G, we interpret Hy, ...4,; with parentheses inserted arbitrarily. Under these
identifications, by (a,b,c) of Rem. 2.32, we have

Pelp, =idy,  Tglag =9 Toplu, =Tgolyln,
which we abbreviate as
Fe =id F(Zﬁ‘"Ho = (b Fqgw = F¢> o Fw (215)

In other words, the assignment ¢ € G — I'y defines a “categorical group representation”
G —~ RepY(A) extending G —~ H,.

As a consequence of (2.15), we have

It =Ty (2.16)

as unitary maps from each H; to Hg-1;.

2.4 (G-crossed categorical extensions

Let A be a conformal net and G — Aut(.A) a group homomorphism. In this section,
we recall the G-crossed categorical extension for A established in [MS26a, MS26b]. Recall

Def. 2.12 for the clockwise and anticlockwise complements I'and I,
Definition 2.34. For each H;, #; € RepG(A) and I € 7, let
Hom , 3 (i, H;) = {T'e £(Mi.H;) : Tm, 3(w) = m; ()T for each x € A(I)}
'Hj(I) = HomA(T,)(Ho,Hj) -Q

where #;(I) is independent of arg;. Note that the Reeh-Schlieder property implies that
H;(I) is dense in H;. We write

EndA(f)(Hi) = HomA(f) (Hi, Hi)
We write Hom , 3 (Hi, ;) as Hom 47y (Hi, H;) when H;, H; € Rep(A).
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Explanation. We need to explain why H; (/) is independent of arg;. It suffices to show that

for each I € 7, the space H;(I) defined by I coincides with the one defined by o(2)I,
that is,

HomA(;,)(’Ho,’Hj)Q = HomA(\;)(Ho,Hj)Q

Assume without loss of generality that 7; € Rep?(.A). Then the above relation follows
from the following Lem. 2.35 (due to [MS26a, Eq. (6)]) and the fact that ¢2 = Q. O

Lemma 2.35. Assume that ¢ € G and H; € Rep?(A). Let T € HomA(\f)(Ho,’Hj). Then
T¢e HomA(]N,)(Ho, 7{]‘).

Consequently, if £ € H;(I), and if S € HomA(f/)(Ho, H;)and T € Hom .7, (Ho, H;) are

the unique maps such that S = £ = T, then S = T'¢. (The uniqueness is due to the
Reeh-Schlieder property for A.)
Proof. By (2.4), for each = € A(I") we have
0 (@)T6 =7, 7(dwe~ ) T) = Torg™'¢ = Tow
Thus T'¢ € HomA(;,)(Ho, H;). O

Remark 2.36. Note that Haag duality implies Ho(I) = A(1)Q. Note also that if 7" €
HomA(f,)(Hi, ), then

TH;(I) < H;(1)
Remark 2.37. By (2.7), we have
PgHom (i, H;)T5 " = Hom 3 (Hgi, Hoy) (2.17)
In particular, noting that F;l 17, equals ¢! (due to (2.15)) and hence fixes (2, we obtain®
Ly (H;i(1)) = He; (1) (2.18)
By Cor. 2.22, for each g € ¥4 we have
gHom 4 3 (Hi,Hi)g ' = Hom ;. 7 (Hi, H;j) (2.19)

Definition 2.38. Let A: P - R, B: Q - S,C:P — Q,D : R — S be bounded linear
operators between Hilbert spaces. We say that the diagram

P50

Al |5

R -2.s

commutes adjointly if DA = BC and D*B = AC*.

*An alternative proof of (2.18), which does not assume Conv. 3.30, is to apply I',Hom ach (Ho, Hi)p ' =
Hom 4 7 (Ho, Hg;)-

23



The following theorem continues to assume Conv. 2.31 but not Conv. 2.33.

Theorem 2.39. Foreach I € J, H; € RepG(A), € € H;(I), we have bounded linear operators

L(&, D)y, € Hom 3, (Hy, Hi X Hy)

N (2.20)
R(¢, I)\Hk € Hom j (Hk, Hi K H,)

associated to each Hy, € Rep®(A), called the L operators and the R operators and abbreviated

~ ~

to L(&, 1), R(§, I) when no confusion arises, satisfying the following conditions:
(1) (Naturality) If Hy, Hy € Rep®(A), T € Hom g (Hy, Hi), € € Hi(I), and x € Hy, then

~ ~ ~ ~

(LiRT)LE, Dx = LEDTx  (TRL)R(E I)x = R(E, 1T (2.21)

(2) (State-field correspondence) If & € H;(1), then (under the identifications H; = Ho X H; =
H; X Ho) we have

~ ~

LE,DO=RE DV =¢ (2.22)

(3) (Density of fusion products) The sets

~ ~

L(Hi(I), DHy  R(Hi(1), 1) Hk
span dense subspaces of H; (x| Hy, and Hy, <] H;, respectively.*

(4) (Locality) For any Hy, € Rep®(A), any I,J € J with J clockwise to I, and any ¢ €
Hi(I),n € H;(J), the following diagram commutes adjointly.

H,, % Hy K H,
L(&Jﬂ . lL({,f) (2.23)
R(n,J)

HiKHy ————— Hi K Hp K H,

(5) (Braiding) If ¢ € G and H; € Rep®(A), the unitary isomorphism B; ; : H; X H; —
Hyj XIH; satisfies
BijL(¢. Iyn = R(€, )lyn (2.24)
whenever § € H;(I) and n € H;.

(6) (Conformal covariance) If g € G4 and & € H;(I), there exists a (necessarily unique) element
of Hi(gI), denoted by g€g~*, satisfying

L(geg~",gI) = gL(€,1)g™"  R(g€g ", gI) = gR(&,T)g™" (2.25)

when acting on any H; € Rep®(A).

“Indeed, they are equal to the full space H; X 1) and Hy, [X] H; respectively by the fact that .A(I) is a type

III factor.
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Moreover, assuming the identification (2.14b), we also have:

(7) (G-covariance) For each & € H;(I) and ¢ € G, noting that I'y& € Hyi(I) (cf. Rem. 2.37),
we have

ToL(&, D) = LILgg, Ty ToR(E, 1) = R(T&, DT (2.26)
when acting on any H; € Rep®(A) (with targets in Hoimj) = Hoimes and Hyjxi =
H o jeir respectively).
When we wish to emphasize the dependence on 4, we write the operations L, R as
LA, RA.

Proof. See Def. 3.1 and Thm. 3.4 of [MS26b].° See also Ch. A for the proofs of (5)~(7). The
proofs of (1)-(4) are similar to those in the case of trivial G, as treated in Ch. 2 and Sec. 3.2
of [Gui2la]. O

Remark 2.40. Note that the fact that the braiding operation B in (5) satisfies the axioms
of a G-crossed braided W*-tensor category is itself a consequence of properties (1)—(5)
(together with the results of Subsec. 2.5.2). See the proof of Thm. 3.25 in [MS26a]; see also
[Gui21a, Sec. 3.3] for the special case in which G is trivial.

1

Remark 2.41. For each g € ¥4, the uniqueness of g§g~" in the conformal covariance is

due to the state-field correspondence, which implies
9€g™" = gL(&, Dg™'2 = gR(&, 1)g™'0 (227)
Applying the state-field correspondence again, we obtain
gég ' =96 ifgTQ=0Q

For example, by the definition of conformal nets, for each ¢t € R we have Up(04(t))Q2 = Q,
and hence the rotation covariance property: We have

oa(t)Hi(I) = Hi(o(t)]) (2.28)

and for each ¢ € H;(I) we have
0a(t)L(E,T) = L(oa(t), o(t)])0a(t) (2.29)
0a(t)R(&,T) = R(oa(t)€, o(t)])0a(t) (2.29b)

We are now ready to describe the unitary isomorphism mentioned in Rem. 2.32-(d).

Definition 2.42. The linear map Dy ; ; : Hyi X Hy; — Hgzj) is the unique unitary map
(indeed, the unique unitary isomorphism of G-twisted .A-modules) such that

DyL(& D) = Dyijo Ly, NTyn TRy, J)E = Dyijo R(Tyn, J)TsE  (2.30)
holds for each I,.J € J with J clockwise to I, and each £ € H;(I),n € H;(J). The
uniqueness follows from the density of fusion products in Thm. 2.39.

The existence of such a unitary isomorphism, as well as the compatibility conditions
in (d)—(f) Rem. 2.32, will be explained in Ch. A. The G-covariance property in Thm. 2.39
would then follow automatically.

5l:)ue to the difference in conventions mentioned in Rem. 2.14, in [MS26a, MS26b], L(g, T ) intertwines
A('T) rather than A(I"), while R(¢, I) intertwines A(I') rather than A(']).
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2.5 Calculus in G-crossed categorical extensions

We continue to fix a group homomorphism G — Aut(A) for a conformal net A. In
this section, we do not assume Convention 2.33.

2,51 Eq. (2.20) and conditions (2)-(4) of Thm. 2.39 imply Rep?(A) ] Rep”(A) <
Rep®(A)

In [MS26a], the fusion product of two objects in RepG(A) is first constructed as a
solitonic A-module using operators Z*, Z~ and path continuations. For each #;,H; €

Rep®(A), I,J e J,and € € H;(I),n € H,;(J), the operators

L(&, 1)y, € Hom gy (Ho, o) L(€, 1), € Hom y 5 (H, Hi B H;)

~

R(Ua j)‘"Ho € HomA(\j) (H07 %J) R(U, J)‘HL € HomA(\j) (Hu H; Hj)

are likewise constructed using Z* (¢, ) ), Z~(n, J ) and path continuations. (See [MS26b]
for a review of this construction.) The following properties are readily verified:

(2) L(& D = ¢and R(n, J)Q = 1.

~ ~

(3) Both L(#H;(I),I)H; and R(#H;(J),J)H; span dense subspaces of H; x] H,;.
(4) If J is clockwise to I, the following diagram commutes adjointly.

R(n,J

R(n,J)|n,
Hy I,

These constructions and properties are, of course, part of those stated in Thm. 2.39.
In what follows, we show that they already suffice to imply that the fusion of an ¢-
twisted module and an w-twisted module is ¢pw-twisted, a fact that was originally proved
in [MS26a] using path continuation.

Lemma 2.43. If H; € Rep®(A) and H; € Rep®”(A), and if J is clockwise to I, then for each
EeHi(I),neH;(J)and each x € A(I),y € A(J), we have

R(, Dyly,, = 736 W) R(E Dy,
L(n,j)w‘ﬂo ﬂf(wxw_l)L(n,j)‘Ho

Proof. Since I is clockwise to o(27)J, we have

R(& Dyl = 7 pom 7 @R(E D]y, = 7, 567 yd) RE D],

where the last identity is due to the fact that H; is ¢-twisted. This proves the first iden-
tity. The second one follows from a similar argument, using the relation «, ., , Hz) =

Wj’f(wxwfl). O
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Theorem 2.44. If H; € Rep?(A) and H; € Rep“(.A), then the solitonic A-module H; x| H, is
pw-twisted.

Proof. Choose any K* € J,and let K~ = o(—2m)K*. Choose I,.J € J such that
K*,1,J, K~ are in clockwise order.®
Choose any z € A(K),& € H;(I),n € H;(J). By Lem. 2.43, we have

L&, DR, D)2 = L&, D (w0 aw) R, )2 =
and

R(n, HL(E, DaQ = R(n, g (2™ )L(E, Q= 7y (92~ )R(n, J)L(E, T)Q2

Therefore, by (4), the operators 7 _(w™'zw) and 7TI~<+(¢1'¢_1) are equal when acting
on vectors of the form L(&, I)R(n, J)Q! (which equals L(¢, I by (2)). Thus (3) implies

T (wlaw) = 75, (pz¢~ ') and hence
T (@) = ms (Gwaw o)
when acting on H; X H,;. Thus H; X H; is ¢pw-twisted. O

2.5.2 Consequences of Eq. (2.20) and (1)-(4) of Thm. 2.39

We now derive several consequences of properties (1)-(4) of Thm. 2.39 that will be
used throughout this paper.

Proposition 2.45. Let J be clockwise to I, and let H,;, H; € Rep®(A), € € Hi(I), n € Hi(J).
Then

L& T)n = R(n, J)¢

Proof. By the state-field correspondence and the locality in Thm. 2.39, we have

L(&, D) = L(&, T)R(n, ) = R(n, J)L(E, 1) = R(n, J)¢

Corollary 2.46 (Isotony). If I, < Iy € J, and £ € H; (1), then
L&) = L&, ) R(& ) = R(& 1)
when acting on any H; € Rep®(A).
Proof. Choose J e J clockwise to Is. By Prop. 2.45, for each ) € H;(J) we have

L(&, 1) = R(n, )¢ = L(¢, )y

The second identity follows from a similar argument. O

5For example, if K™ is a small neighborhood of el™, one can choose T to be a small neighborhood of /2,

and J a small neighborhood of ¢~™/2. Then K~ is asmall neighborhood of e

—im
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Proposition 2.47. Let I € J and z € A(I). Then, when acting on any H; € Rep®(A), we have
(recalling Ho(I) = A(I)S2)

~ ~

L(z, 1) = R(xQ, 1) = 73(7)

Proof. Choose J clockwise to I. For each 1 € #;(.J), we compute that

L(zQ, I)n = L(zQ, DR(n, ))Q = R(n, J)L(zQ, 1) = R(n, J)z

~

=mi(2)R(n, J)Q = m(2)n

where the locality and the state-field correspondence in Thm. 2.39 have been used. This

~

proves L(xQ,I) = 73(z). The second relation follows from a similar argument. O

Proposition 2.48. If S € Hom 4(H;, Hy) and T € Hom 4(H, H ) are morphisms in RepY(A),
then for each & € H;(I) and n € H;, we have

~ ~ ~ ~

(SHT)LE, I)n = L(SE, Ty (TRS)R(E, I)n = R(SE, )T

Proof. We prove the second relation, as the first one can be proved in a similar way. It

suffices to assume that € #;(K) where K is anticlockwise to I. By the naturality in
Thm. 2.39, we have

~ ~ ~

(TR S)RE N)n = ARS)THELR(E n = (1R S)RE )T
By Prop. 2.45 (and noting Tn € H;(K) by Rem. 2.36), the above expression equals

(1 S)L(Tn, K)¢ = L(Tn, K)S§ = R(S¢,T)Tn

We also note the useful fact that, as [x] is a #-bifunctor, we have
(SKT)* =S*"=T* (2.31)

Proposition 2.49. Let H;, H;, Hi € Rep®(A), TeJ,and ¢ e M;(I). The following are true.

~ ~

(a) Ifne H;(I), then L(¢,T)n e (Hi K H;)(I), R(E, T)n e (H; X H;)(I), and

(b) If € (Hi R H;)(I) and n € (H; & H;)(I), then L(&, 1)*y € H;(I), R(E, 1)*n € H;(I),
and



Proof. We prove the first of (b); part (a) and the second assertiong of (b) follow from a
similar argument. Part (a) follows as in [Gui21a, Prop. 3.6].

By the state-field correspondence, we have L(g,D)*y = L&, )* ( 1)Q. This im-
plies, noticing L(&, 1)*L(1, T )y, € Hom , 7, (Ho, H;), that L(¢, I*y € H;(I). Choose .J

clockwise to I and x € Hy(J). Then

~

L(&,I)*L(s, I)x = L(&,I)*L(, ) R(x, J)Q = R(x, J)L(E, I)*L(v, 1))
=R(x, J)L(&,1)*¢ = R(x, J)L(L(&,1)*¢, 1)Q = L(L(&, I)*¢, ) R(x, J)Q
:L(L(fj)*ﬂ% )X

where the locality and the state-field correspondence in Thm. 2.39 are used. O

=

1

2.6 Representations of commutant algebras on fusion products

Fix a conformal net A and a group homomorphism G — Aut(A). In this section, we
only consider nonzero objects of Rep” (A).

The purpose of this section is to study how localized commutant algebras of G-twisted
A-modules act on fusion products, with the goal of proving Thm. 2.61, which com-
putes certain commutants. This result is crucial for the proof of Haag duality for our
open/closed CFT.

Definition 2.50. For each H; € Rep?(A) (where ¢ € G) and I € 7, a vector ¢ € H;(I)
is called I-unitary if there exists arg; such that by setting I = (I,arg;), the operator
L(&,1)|y, : Ho — M, is unitary. By Lem. A .4, this is equivalent to that R(¢, I)[3, : Ho —
H; is unitary.

By Isotony (Cor. 2.46), if £ is [-unitary, then £ is J-unitary for any J € J containing I.

Remark 2.51. [-unitary vectors must exist. Indeed, since A(!I’) is a type III factor, there
exists a unitary T'€ Hom , 3, (Ho, Hi). Hence £ := T2 is I-unitary.

Proposition 2.52. Suppose that H; € Rep®(A) and ¢ € H;(I) is I-unitary. Then for each arg;
and each H; € Rep®(A), by setting I = (I,arg;), the following operators are unitary

L&Dy, s Hj > HiR®H; R Dy, c Hy— HjRH;

In particular, since we assume that #;, H; are nonzero, the object H; [X] H; is also
nonzero.

Proof. By Lem. 2.35, we have L(&, )¢y, € Hom 2,77y (o, Hi), and hence

L(€, 02m)]) e = L(E, Do |3, (2.32)

Thus, the unitarity of L(¢, |y, is independent of arg;. We now fix an arbitrary arg;.
Choose J clockwise to I. For each n € H;(J), we have

L(&,T)*L(¢, T)yn = L(&, D*L(&, D R(n, J)Q
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=R(n, J)L(& D* L&, ) = R(n, T)2 =1
Hence L(¢, 1) |3, is an isometry. Moreover, for x € Ho we have

L(¢&,T)R(n, J)x = R(n, J)L(¢, T)x

Thus, by the unitarity of L(¢,1)|y,, the above vectors span a dense subspace of
R(H;, JYH; = H; X H,;. This proves that L(¢, I) |, is unitary. A similar argument shows
that R(¢,1) |34, is unitary. O

Example 2.53. Let £ € H(I) be I-unitary. Then for each g € 94, the vector gég—* € H(gI)
defined by the conformal covariance in Thm. 2.39 is g/-unitary, since L(g&g*, gI)|%, =
gL(&,1)g™ %, is unitary.

Proposition 2.54. Let H;, Hy, € Rep?(A) and ITeJ. Fix I-unitary vectors & € Hi(I), o €
Hy(I). Then we have

Hom ) (His Hi) = {L(, DL D) * |, : & € HilT), ¥ € Hy(D)}
={L(sho, D)xL(&, 1)*|3y, : v € A1)}
and
HomA(\f)(Hink) = {R(, D)R(E,1)* |3, : € € Ha(I), 9 € Hi(I)}
={R(¢o, xR (&, I)* |, : v € A1)}

Proof. We prove the first set of equalities; the second follows by the same argument. The
inclusions > are clear. In particular, the middle set contains the last one, since

L(tho, Dl = Lo, DI, Dlg = LIL(to, D, 1),

by Prop. 2.47 and 2.49. It remains to show that the last set contains the first.
Choose any T' € Hom 7, (Hi, H). By the locality in Thm. 2.39, the element

x = L(y, ) TL(&o, )"Ho
belongs to End (11 (Ho) = A(I). By the I-unitarity, T equals L(vo, [)zL(¢0, I)*|»,. O

Theorem 2.55. Let H; € Rep?(A) and I € J. Then there exists an operation 7r;~“ associating to
each w € G and H; € Rep®(A) a unique normal unitary representation

W%’HiHj : EndA(f/)(%i) — L(HiXH;) (2.33)
commuting adjointly with R(n, f/) for each n € H;(I'), that is, for each A € EndA(f,)(’Hi) the
following diagram commutes adjointly.

Hl % ’Hz .7_[‘7
Al [ree (2.34)
R(n,I")

Hi _— HiHj
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Moreover, if x € A(I), then m; 3(x) € End ,  (H:) and

A7)
wk(m, 1(2))

Proof. The uniqueness follows from (2.34) and the density of fusion products (or simply
by choosing an I’-unitary vector 7). Let us prove the existence.
Fix an I’-unitary vector 7, and define the representation WIQ on H; XI'H; by

;= ﬂ'ij(x) (2.35)

WIQ(A)"HI'HJ = R<7707 INI)AR(U(M IN/)* ’H1H7

By Prop. 2.54, each A can be written as L(&s, D)L(&1, I)*|3, where &1,& € Hi(I). The
locality in Thm. 2.39 implies that

ﬂ%(L(f% DL(&,1)*,) L(&, L&, 1) |7-L B, (2.36)

Another application of the locality implies the adjoint commutativity of (2.34).
If x € A(I), then 7, (x) € End 4 AT )(Hl) by Rem. 2.16, and

R(7707 T,)Wij(f)R(UOa Tl)ﬂﬂi%;’ = 7Tij($)R(7707 —?,)R(an Tl)*|7'lz7'l] = 7Tl'j($>
This proves (2.35). O

Theorem 2.56. Let H; € Rep”(A) and J € J. Then there exists an operation 11'"]3 associating to
each ¢ € G and H; € Rep®(A) a unique normal unitary representation

T2 g, End 45 (Hy) — L(Hi B Hy) (2.37)
commuting adjointly with L(§, ‘j) for each & € H;(J'), that is, for each B € EndA(\j) (H;) the
following diagram commutes adjointly.

H; ——L s A,

L(S’\j)l . \LL(&\JN) (238)
HiRH; L W=,

Moreover, if y € A(J), then m; 5(y) € End 4. 5 (H;) and

T 5() = T, 7 (Y) (2.39)

Proof. This is similar to the proof of Thm. 2.55. O

Remark 2.57. Similar to the proof of (2.36), by the locality in Thm. 2.39, we can prove the
more general fact that if &;,& € H;(I), m,n2 € H;j(J), and x € A(I),y € A(J), then

( (527 )mL(é-la ) |7‘l1)
78 (R(n2, T)yR(m, J)* ;)

s, = L Dmp@) L(EL D o, (2.40a)
= R(na, )7 5(y) R(m, J)* (2.40b)
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Remark 2.58. In Thm. 2.55, if IcJ , then 7r§ restricts to 7r§“ on End A (H;). Similarly, in
Thm. 2.56, if I = J, then w? restricts to W? on End ;. (H;).

Proof. Choose any A € End A(;/)(Hi). Let no € H,;(J') be J'-unitary, and let V' =
R(no, J') ;- Then (2.34) implies 7£(A) = VAV ™! = xk(4). O

Remark 2.59. The representation (2.33) is faithful since, by the adjoint commutativity of
(2.34), itis unitarily equivalent to the action of End AT (Hi) on H; via the unitary operator

R(no, I")|3,, where g € H;(I') is I'-unitary. Similarly, the representation (2.37) is faithful.
It follows that

TI'Ié (End Hi)) and T (End are type III factors

AcH M) g,

A(T/)(
since EndA(;,)(’Hi) and EndA(\j) (H;) are so.

Theorem 2.60. Let H; € Rep?(A), H; € Rep”(A), g € G4, and I,J e J with J = gI. Then
Ui(g)End 4 7y (Hi)Ui(g9)* = End 4 5 (H)

Uj(9)End 43 (H;)Uj(9)" = End 4. 5 (H;)

Moreover, for each A € End H;) and B € End ACT) (H;), we have

A(f/)(
Uiz (9) - 7% (A) ot - Ui (9)* = 75(Ui(9) AUi(9)*) | mpom;
Uisaj (9) - 7 (B) s, - Uiy (9)* = 75 (U;j(9) BU;(9)*) | m50m;

Proof. The first two identities follow from (2.19). Let us prove the third identity; the fourth
one will follow from a similar argument.
By Prop. 2.54, elements of End , 7, (Hi) are precisely of the form

A:L(§27 ) (51, "Hz

where &1,& € H;(I). By the conformal covariance in Thm. 2.39, for the vectors
gé197 1, gé2g7 € H;(J) we have

Ui(9)AUi(9)* = L(gé2g™", ) L(g€197 ", J)*|n, (*)

By Rem. 2.57 and the conformal covariance in Thm. 2.39,

Uigj (9) - 7 (A) rsnt, - Ui (9)* = Uigi(9) - L&, D L1, I)* Jausane, - Ui (9)*
=L(g&ag ™" D969~ " T)* rusre; = 75 ((9)) lawigan

This proves the third identity. O

Theorem 2.61. Let H; € Rep?(A),H; € Rep*”(A) and I € J. Then the following two von
Neumann algebras on H; [X] H; are commutants of each other.

¥ (End H:)) ¥ (End 4 7 (H;))

A(f)(

A(f/)(
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Proof. Eq. (2.40), together with Prop. 2.54, implies that the above two von Neumann
algebras commute with each other.

Suppose that B € £(H; X] H;) commutes with ﬂ%(EndA(;,)(Hi))]HiHj.
I-unitary { € H;(I) and an I’-unitary n € H;(I’). By Rem. 2.57, B commutes with

Choose an

~ ~

L(&I)*BL(&IMHJ

commutes with 7TI~].(./4(I )), and hence (by Prop. 2.54) can be written as
R(n, I")yR(n, I')*|3;, for some y € A(I"). By the locality in Thm. 2.39,

~

=R(n, )3, (y)R(n, ) * L(&, D L(E, I)* faviane, = R(n, Ty, (y) R, T)¥ |aesne

Therefore, by Rem. 2.57, B belongs to ﬂg(End A (H5))

Hi&H,; "

2.7 Conjugates and commutants in fusion products

In this section, we consider only nonzero objects of Rep®(.A).

Define t : St — S! to be the conjugation map z — z. It lifts to the mapt: R —» R,z —
—2 on the universal cover. This defines tI as an element of 7 if I € J. Let §},_ be the upper
half circle SL = {ei : 0 < ¢ < 7} with arg function ranging in (0, 7), and let SL. = S! .

The goal of this section is to show that when #; = H;, the pair of commutants ap-
pearing in Thm. 2.61 are related by an anti-unitary map (introduced in [MS26a, Sec. A]),
thereby yielding a Tomita—Takesaki-type theorem for G-crossed categorical extensions;
see Cor. 2.77. This result will play a crucial role in establishing the PCT theorem and
Haag duality for open/closed CFTs. As preparation for the proof of Cor. 2.77, we re-
call and adapt in Subsec. 2.7.1 and 2.7.2 several constructions and basic properties about
conjugate modules introduced in [MS26a, Sec. A].

2.7.1 The conjugation in ¥4

Remark 2.62. Let J 4 (or simply J) be the (involutive) modular conjugation of A(S! ) with
respect to the cyclic separating vector 2. By the geometric modular theory (cf. [GF93, Sec.
I1.2]), we have

J=A(cl) foreachI € J
JUo(0(t))J = Up(o(—t)) foreacht e R

Remark 2.63. Each ¢ € Aut(.A) clearly commutes with the modular S-operator z{2 — z*(2
where z € A(Si). Therefore, by the polar decomposition, ¢ commutes with J.

Definition 2.64. For each § € 94, recall that g is of the form (g, V) where g € ¢4 and
V e U(H,) represents Uy(g). Define tgr € 44 by

tgr = (tgr, JVJ) (2.41)
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where, in terms of the description (2.3) of ¢, the element rgt € ¢ sends each z € R to
—g(—x). It follows that

Uo(tgr) = JUo(9)J (2.42)

Proof. We need to explain why JVJ represents Up(rgr). For that purpose, it suffices to
show that

U} : g e Diff 7 (Sh) — JUH(tgr)J

agrees with Uy as projective representations of Diff (SH. By [GF93, Thm. 2.19], Uy agrees
with U/ when restricted to PSU(1, 1). Therefore, A is conformally covariant under Uy in
the sense of Def. 2.1. By [Wei05, Thm. 6.1.9], a conformal covariance extending a given
Mobius covariance of a conformal net is unique. Therefore U}, = Uy on Diff " (S1). O

Remark 2.65. Recall the identification 44 = ¥4, in Rem. 2.5. Then the definition of tgt for
g € 9. is independent of the conformal net A extending Vir..

Proof. Let Ky = Vir.Q. Then (Vir,, Ky) is the Virasoro subnet of (A, Hy). Since the unitary
representation of PSU(1,1) on # restricts to that on Ky, by the Bisognano-Wichmann
property [GF93, Thm. 2.19], the modular operators A 4, A, of A(S! ) and Vir.(S} ) satisfy
Aiﬁ\ ko = All. Therefore, by (for instance) the proof of Thm. 4.2 in [Tak03, Sec. IX.4], the
modular conjugations J 4, J. satisfy Jalx, = J.. Hence, for each § = (g,V) € 9,4, the
operator J 4V J 4 restricts to 3.V J. on K. ]

Example 2.66. Recall the rotation subgroup p4 : R — %4 defined in Rem. 2.7. Then by
Rem. 2.62,

toA(t)r = 0a(—t)

2.7.2 Conjugate modules

Definition 2.67. For each H; € RepG(A), define the G-crossed conjugate .A-module H; as
follows. As a Hilbert space, #; is the complex conjugate of H;. We denote the conjugation
map by C; : H; — H;, and abbreviate it to C when no confusion arises. Thus

6=06=€&  foreach & e H,;
Foreach I € J and z € A(I), we define
m () = G, (32307
noting that JzJ € A(tI) by Rem. 2.62. In short,
() = thf(fjxﬁ)ﬂ_l (2.43)

We identify - with #; canonically, that is, by identifying € H; with (;0;{ if £ € H;. Then
C; ' = C;, in short

c~l=¢C
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Remark 2.68. The fact that H; € Rep”(A) whenever H; € Rep®(A) follows from the fact
that if #; € Rep?(A) then H; € Rep? ' (A).

Proof. Choose any I € 7 and x € A(I). Then, by Rem. 2.63,
Wi,g(—?ﬂ)f((ﬁ%gﬁil) - Cﬂ.i,tg(—?w)lw(‘j(ﬁx(ﬁil‘?)[:il - Cﬁi,g(2w)t1~(¢3x3¢il)[jil
which equals (7, J(Jafj )t = 7 7(x) because H; is ¢-twisted. O

Definition 2.69. Let H;, H; € Rep®(A). A bounded antilinear map T': H; — H, is called
an anti-morphism of G-crossed .A-modules if one of the following equivalent conditions
hold:

(1) ForeachI € J and z € A(I), we have

T?Tij((L') = ijtf(ﬁxJ)T

(2) The map T'o (- . H#; — H, is a morphism of G-crossed .A-modules.
(3) The map (; o T : H; — Hj is a morphism of G-crossed .A-modules.
The equivalence is clear by (2.43).

Proposition 2.70. Let H;,H; € Rep®(A), and let T : H; — H; be a morphism (resp. anti-
morphism) of G-crossed A-modules. Then for each g € ¢ 4 we have

TUi(g9) = Uj(9)T resp. TU;i(g) = Uj(xge)T (2.44)

Proof. We treat the case where 7' is an anti-morphism; the other case is similar and easier.
By Lem. 2.20, it suffices to assume that g € ¥4(I) for some I € J. Then

TU(g) = Tr1(Uo(g)) = m1(JVo(9)I)T" = mer (U (vgr))T = U(rgr)T
where Thm. 2.19 and (2.42) are used. O
Corollary 2.71. If T : H; — H; is an anti-morphism of G-crossed A-modules, then
TUi(0a(t)) = Uj(ea(=1))T
Proof. This follows immediately from Prop. 2.70 and Exp. 2.66. O
Parallel to Rem. 2.36, we have:

Proposition 2.72. Let T' : H; — H; be an anti-morphism of G-crossed A-modules. Then for
each I € J we have

T/Hi(f) < Hj(tf)

Moreover, if T is anti-unitary, then TH;(I) = H;(¢I).
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~ ~

Proof. Choose any ¢ € H;(I). Note that (v/)" = v(*I). Therefore, for each z € A((xI)’), we

~

have JzJ € A(‘I), and hence

~ ~ ~

TR(E, 1)JIz|n, = Tmg(3z) RS, Dy = 7y (@) TR(E 1)J |,

~ ~

So TR(¢, I)J |, belongs to HomA((tf),)(”Ho, ;), and hence T¢ = TR(&,1)JQ2 belongs to
H;(tI). We have thus finished proving TH;(/) < H;(xI). If T is anti-unitary, then simi-
larly we have T%H ;(vI) = H;(I), and hence TH;(I) = H;(¢I). O

Remark 2.73. From the proof of Prop. 2.72, we see thatif £ € H;(/) and T': H; — H; isan
anti-morphism of objects of Rep”(.A), then

L(T&, ¥ D)y, = TR(E, DIy R(TE )|y = TL(E T)3lney

2.7.3 Conjugates and commutants

The following theorem and its proof are adapted from [MS26a, Prop. A.9] and the
proof therein.

Theorem 2.74. Let H;, H; € Rep®(A). Then there exists a unique antiunitary map
6,-,1- . sz Hj - /HE/H{

abbreviated to © when no confusion arises, such that for each I,JeJand e H;(I),ne H;(J),

(2.45a)
(2.45b)

i, L(§ D]y, = R(CE,eI)C],,,

i R(n, )y, = LCn, v,

Moreover, ©; j is an anti-morphism of G-crossed A-modules.

Note that by Prop. 2.72, we have ({ € H;(vI) and Cn € H;(vJ). Thus the RHS of (2.45)
can be defined.

Proof. For each &1,& € Hi(I) and 11,72 € Hj, by (A.2) and Rem. 2.73,

~ ~ ~ ~

(R(C&2, eI)Cna| R(CE1, 1)l ) = (Copa|m 7 (R(CE2, eI)* R(CEL, vl )[340)Cr1 )

~ ~ ~ ~

= g (IL(&2, I)* L(&1, 1IN w0 )Cmilmey = (mp(L(§2, 1)* L&, 1) 310 )mIn2)

—(L(&, Tym | L(&, Dnz)
where the second last equality is due to Def. 2.67. Therefore, by the density of fusion
products in Thm. 2.39, there exists a unique anti-unitary map 6{ j ik H; — H;KH;
sending each L(§, I)n to R(CE,vI)Cn. Similar to Step 2 of the proof of Thm. A.3, this map
is independent of I, and hence can be denoted by ©; ;. L L
To show that ©; ; is an anti-morphism, we choose any J € 7,y € A(J), let I ='J and
¢ € Hi(I), and compute that

~ ~ ~ ~

©i,;m5(y)L(&, I)n = ©;;L(§, I)m5(y)n = R(CE, v)Cm3(y)n = R(CE, eI)m 5(IJyJ)Cn
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Since t.J is anticlockwise to tf, we conclude
0w (W)L(&, D = w5y R(CE, e1)on = 7.5(3ud) 01, L&, D)
Finally, for each § € H;(I) where I is anticlockwise to .J, we have
0, R(n, )& = ©;;L(&, T)n = R(C&, )ty = L(Cn, v.J)CE
due to (2.45a) and Prop. 2.45. This proves (2.45b). O
Remark 2.75. By (2.45), we clearly have
@37;®i,j = idHiﬂj
In particular, O, ; is an involutive antiunitary operator on H,; [x] H;.

Theorem 2.76. Let H; € Rep®(A) and I,.J € J with J = 1. Then

CiEnd 3 (Hi)C; ! = End .5 (H;)
Moreover, for each w € G,H; € Rep®(A) and A e EndA(f,)(Hi),
IR wL(A) -6, =} B, Ac? |-,
J i

Proof. By Prop. 2.54, elements of End 7, (H;) are precisely of the form
A= L(&, DL, D) |,
where 1, & € Hi(I). By Prop. 2.72, we have (&1, (&2 € H;(J). By Rem. 2.73, we have

CZACZ_I :R(C€27 ) (Cgl, ) "H* : B

By Prop. 2.54, elements of End ACT) (H;) are precisely of the form B. This proves the first
identity. By Rem. 2.57 and Thm. 2.74,

i - TF(A) I, - ©; g L&, DL(E, 1) * s, - O,
= R(Cés, J)R(CE1, J)* \HJH——W (B) b am;
This proves the second identity. O

Corollary 2.77. Let H; € Rep?(A), H; € Rep”(A) and I,J e J with J = «I. Let

M = ﬁ%(EndA(f,)(Hi)) N = W?(End

) (#5)) |HH;.

Then @i’jM@i_’jl = N. Moreover, if j = i, and iff = g}r (and hence J = SL), then
0,iMO,; =N =M

Proof. Thm. 2.76 implies ©; ;M®; ' = . When j = iand I = S}, then ' = M’ follows
from Thm. 2.61. O
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3 The closed CFT

Fix a conformal net A with central charge c. The convention introduced in this chapter
and assumed throughout the remainder of the paper is Convention 3.21. We assume the
identification 44 = ¥. described in Rem. 2.5.

3.1 The closed-string state space H, = Ho H

V0

In this section, we define the state space for our closed-string CFT as the fusion prod-
uct of a twisted A®2-module H o With its conjugate. This twisted A®Z-module was intro-
duced in [LX04] in the language of sectors, where its basic properties were also studied.
Here, we adapt that construction and some of the basic properties to the setting of the
present paper.

Recall that the tensor product conformal net

A®?

A®? = A® A

acting on the Hilbert space Ho ®c Ho = Ho ® Ho and vacuum vector 2 ® 2. By definition,
for each I € J, we have

A®2(D) = A @ A(I) == {2zt @2 € L(Ho @ Ho) : z* € A(I)}"

The strongly-continuous projectively-unitary representation of Diff  (S') on Ho ® Ho is
defined by

g € Diff* (8') — Uo(g9) ® Us(9)
3.1.1 The separate conformal structures on untwisted A®2-modules
Definition 3.1. Fix + € {+, —}. Then each Hj € Rep(A®?) gives rise to an .A-module
(Hy,m¥)
abbreviated to 7* when no confusion arises, such that for each I € 7 and = € A([),
thl(ac) =7y(z®1) Ty (2) =71 (1®z)

Definition 3.2. By Thm. 2.19, (#y, Wf) admits a canonical strongly-continuous unitary
representation of ¢4, which we denote by U3, or simply by U* when the context is clear.

In other words, U f : 94 — U(Hy) is the unique strongly-continuous unitary representa-
tion such that

Ui (9) = m11Uo(9)®1) Uy (9) = 73:(1®Uo(g)) (3.1)

foreach I € J,g€ 94(1).
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Remark 3.3. Let H; € Rep(A®?). Then for each I, J € J, we have

(75 (A(D)), 7y, (A())] = 0

Indeed, in the special case where I U J < K for some K € J, the commutativity holds
because for each z € A(I),y € A(J), we have

Wi[(“‘)”ﬂj(y) =T (T®yY) = Wij(y)ﬁij(x)

The general case reduces to this special case by the additivity of A.
It thus follows from Thm. 2.19 that

(U (g7), U5 (g1 =0 [Uf(g"),mf;(x)] =0

foreach + € {+,—}, 97,97 €94, [ € J,and x € A(I). O

3.1.2 The o-twisted A®2-module H Vi

Definition 3.4. For each I = (I,arg;) € 7, define elements VI = (V1, arg, /7) and —I-=
(=1, arg_ 7) of J by
6

¥ i
\/>:{62 .Heargl(l)} argﬁ(eg)_§
_\/fz{—e% :GeargI(I)} argfﬁ(_e%):g_w

for each 6 € arg;(I). In other words, by viewing S! = R/27Z and writing I = (a,b), we
have VT = (,4) and VT = (§ =5 — ).

We warn the readers that the notation v/T, —/I depends not only on I, but also on
argr.

Definition 3.5. For each I € 7, choose g, g_ € Diff *(S') such that
oif

gi(e?) = e? g—(eY) = —e* for each 0 € arg; (1)

Choose representing elements of Uy(g+) (which we still denote by Up(g+)), and define
(spatial) isomorphisms of von Neumann algebras

Q\/} LA > AWVT) @ Unlge)aUo(g4) ™!
Q7 A(l) > A(—VI) 2 Ug(g-)aUs(g-) "

This definition is independent of the choice of g .

Explanation. To prove the independence of Q V7O g+ (and similarly the independence of
Q Jion g-), assume that h, satisfies the same property as g.. Then hjrl g4+ € Diff/(S1),

and hence Uy(h+ ) 1Uy(g+) is a unitary element in A(I") and hence commutes with A(I).
0
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Definition 3.6. Throughout this paper, we let o € Aut(A®?) be defined by
oc:Ho®@Ho > Ho®Ho ERn—>n®E

Definition 3.7. For each ; € Rep(A), define M /; € Rep?(A%?) as follows. As a Hilbert
space, H,/; is identical to H;. For each IeJ, = Vif: A®Z(T) — £(H,) is the unique normal
representation such that

W\/{’T(f ®1)=m 70 Q\ﬁ<$+) W\ﬁj(l Qa")=m _ 50 Q_\/?(ac—) (3.2)
for each z* € A(I).

Proof. We need to prove the existence of such 1 _/; the uniqueness is obvious. By the split
property (cf. Rem. 2.2), there exists a unitary ® : Hy — Ho ® Ho such that

Pt =zt ®1 Pr P =1z for each z* € A(+V1)

Let g+ be as in Def. 3.5. Define 7 s ; : A®2(I) — £(H,) by

75,7 = Ade-1 0 Adyy (g, )@Un(g-)
Then, for each 2* € A(I), we have
Adviygeusie) (@7 ®1) = Q (27 ®@ 1 Ady,(g)eune ) (1®27) =1©Q_ s(=7)
and hence
Tt O =Q 7)) 7 (1®T) =Q_ a@T)
In particular, 7 75 7 ranges in AWTI) v A(=VI). Choose any K € J containing /I and
—+/I. Then i can be defined by
Tif = TiK © T 57

We have thus constructed (H.;, 7 ;) as a solitonic A®?-module. By using (3.2), one easily
checks that it is o-twisted. O

3.1.3 The separate conformal structures on H_;

Definition 3.8. For each I € J and ¢ € Diff;(S'), define /g € Diff ;(S') and —\/g €

VI=9+-9-95 —\g=g--9-9-"
where g4 are as in Def. 3.5. This definition is independent of the choice g+. Indeed, |/g
is the unique element in Diff ﬁ(Sl) whose restriction to /T is the pullback of g|; : I — I
along the squaring map /I — I, and —,/g is the unique element in Diff /1(S') whose
restriction to —/1 is the pullback of g|; : I — I along the squaring map —+/I — 1.
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One easily checks that —, /g is the pullback of /g along the map z — —z, i.e,,
(—/9)(2) = —(/g(—2))  foreach ze S (3.3)

Definition 3.9. For each I € J and g € %(I), the elements V9 € 9(WI)and —/g €
¢ (—+/I) are defined by lifting the elements ++/kx(g) € Diff, ;(S') to 4 (++/I) via the
covering map x : ¢ — Diff " (S!).

Definition 3.10. For each I € [ and § = (g, V) in %4(I), we define AT € 94(+/T) and
—V/§ € Ga(—VI) by

Vi=(9.Q5) —Vi=(-v5.Q_ ;1)
In particular, we have
Uo(v9) = Q(Uo(@)  Us(—V3) = Q_ 5(Un(3)
This definition is well-defined, since one checks easily that Q _/=(V) represents Uy (+/9)-

Note that both +./g and ++/7 depend on arg;. On the other hand, it is clear that
under the identification ¥4 = ¥, the definition of i\/§ is independent of the conformal
net A extending Vir,..

Proposition 3.11. Let I € 7 and § € 94(I). Then for each H; € Rep(.A) we have
Ui(\3) = T i1 (U0(9) ®1) Ui(—/7) = T 11 ®Un(9))

Proof. By Thm. 2.19 and Def. 3.10,

~ ~ ~\\ Def3.7 -
UiV3) = 7 7 Uo(V3)) = m, 7 (Q U@) 2L 7z HUo(@) @ 1)
A similar argument proves the second identity. ]

3.1.4 The state space of the closed CFT

Definition 3.12. Let Zy < Aut(A®?) be generated by 0. Using the fusion product in
Rep?2 (A®?), we define the untwisted A®?-module

Hcl = H\/ﬁ H%
where 7—[% is the Zy-crossed conjugate module of H .

Remark 3.13. The o-twisted module H% is indeed unitarily isomorphic to H g, as one
can check (by applying Def. 2.64 to g-) that J 4 gives an anti-unitary anti-automorphism
of H /5. However, we will not need this fact in the paper.
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3.2 Double cones in the Einstein cylinder R);'
3.2.1 The Minkowski spaces

Recall that R is the two dimensional Minkowski space, i.e., RLL = R x R with
Minkowski metric (dt)? — (dz)?, and z,t denote the first and second components of R1:!.
Let

RY' = (R/27Z) xR R}

(=mm)

= (—mm) xR
where ]Ril’l is viewed as a quotient space of R, and Ré’_lmr) is viewed as an open subset
of both RH! and Riil. For each z € R, let

L = (x+271Z) xR (3.4)
which is a vertical line in ]Ril’l. Then

1,1
Rv

(—m,m)

~RNZ =RNZ .

3.2.2 The utu~-coordinates

Definition 3.14. We introduce a new set of coordinates (u*,u~) on R»! (and hence on
R ) by

ut =t+ux alent] :B:lﬁ%u_
u equivalently f_ utu

=t—x -

In this coordinate, (v, v~ ) and (u* +2nm, u™ —2n7) correspond to the same point of Ril’l
when n € Z, that is,

Ril’l =RY (27, —27)Z in the utu~ coordinates (3.5)

Definition 3.15. Two points py, py of ]Ril’l are called spacelike separated if, in the u*u™-
coordinates, they can be represented by (u;,u; ) and (uj ,u; ) such that

0<uf —uf <27 0<u] —u; <27 (3.6a)
equivalently (by (3.5) and a different choice of representation),

0<wuf —uj <2m 0<wuy —u; <27 (3.6b)
For each O c Ri{l, the interior

O :=TInt{g e R} : ¢ is spacelike separated with any p € O}

is called the spacelike complement of O.
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Remark 3.16. Suppose that p1,po € ]R?1 A= (—m, 7] x R are spacelike separated. Then,

by viewing R(’ aasa subset of R, precisely one of (3.6) holds true. In fact, (3.6a) holds
iff z1 < 29, and (3 6b) holds iff 2o < 7.

Proof. Clearly x1 # x5, otherwise uj — v and u; — u; would have the same sign, con-

tradicting (3.6).
Suppose x1 < z2. Choose (w5 ,w; ) € (ug,uy ) + (2w, —27)Z such that

0<wy —uf <27  0<wu] —w, <27 (3.7)

Let 72 be the z-coordinate of (wy,w; ). (Note that (wy,w; ) and (uJ ,u; ) have the same
t-coordinate t5.) Then 1 < Zs < x1 + 27, because

(wy —wy) — (uf —uy) = (w3 —uf) + (uy —wy)

is > 0 and < 4~.
Since 1 > —7, we have 75 > —n. We claim that 29 < 7. If not, then 7 < Zy < z1 + 27,
and hence

T <To—2m<m

In particular, —m < Z3 — 27 < 7. Thus, the unique representation of p; in szﬂ’ﬂ is given
by (Z2 — 2, t2). Therefore zo = o — 27, and hence 5 < 21, contradicting the assumption
T < Ta.

We have thus proved that —7m < T3 < 7. Then (29, t2) is the unique representation of
p2 in R(_mr] Thus wy = uj and w, = u,, and hence (3.6a) follows from (3.7). A similar
argument shows that if 2o < z; then (3.6b) follows. O

A pictorial proof of Rem 3.16 is given by Fig. 3.1, where the parts of the spacelike
complement of p = p; € R( ] satisfying (3.6a) and (3.6b) are illustrated by the yellow

and green regions, respectlvely

Figure 3.1. The spacelike complement of p in RCI , projected onto Ré’_lmﬂ]
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3.2.3 Double cones

Definition 3.17. For each element p = (u*,u”) of Rb! (in the u*u~ coordinate), the
associated ordered pair of arg-valued points (el ei*" ) with arguments u*, u~ is called
the corresponding pair of p in the double circle picture.

Definition 3.18. A subset O — RY; 1 is called a double cone if it is the image of an open

rectangle K™ x K~ (in the u™u~ coordinate) under the quotient map R'! — ]R{il’l, where
the lengths of the open intervals K+ — R satisfy

0<|KT,|K™|<2r

~

Equivalently, a double cone is an open subset of Ri{l corresponding to a pair (I, J) in the
double circle picture, where I, J € J.

Definition 3.19. The top, bottom, left, and right corners of O are understood in the usual
sense. That is, if in the u™u~-coordinates we have O = K+ x K, by setting a* = inf K+
and b* = sup K*, these four corners are respectively the images of the following points
under the covering map RH — Ril’l.

(bT,b7) (a®,a7) (a™,b7) (b, a7)

Remark 3.20. Note that infinitely many pairs (1,.J) correspond to a given double cone.

11
However, if O is a double cone in R(fﬂ ) since the u*u~-coordinates on R(’ ) are

genuine coordinates, O corresponds to a unique pair (I,J) in the double circle picture,
i.e., the one satisfying

|arg; z —arg; (| < 27 foreachze I,{e J (3.8)

Conversely, any (I, .J) satisfying (3.8) corresponds to a double cone O R(

)"

~

Convention 3.21. Unless otherwise specified, the pair (I,.J) corresponding to a double
cone O R(l’_lw ) is chosen to satisfy (3.8).

)

Example 3.22. Let O Rl ! be a double cone. Then O is also a double cone. Indeed, if
(I,.J) corresponds to O, then both (I",\J ) and (‘I,J") correspond to 0.

Definition 3.23. A double cone O c RY 1 is called equilateral if it corresponds to some
(I,.J) in the double circle picture with |I| = |J |. A double cone is called standard if it
corresponds to (I 1 ) for a (necessarily unique) Ted.

Standard double cones must be compactly contained in R%’l )" Indeed, one checks
easily that, in the xt-coordinates, a standard double cone is precisely a double cone O
R% 17r ) whose top and bottom corners lie in the ¢-axis.

~

Remark 3.24. Let O ¢ ]Ril’l be a double cone corresponding to (I,.J). Then
Oc Rz’_lw ) — there exists K € J containing I,.J

In other words, O @ ]R%f?T ) iff O is contained in some standard double cone.
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Proof. This is due to (3.8), which implies that when I,J are viewed as intervals in R, the
property O € R%’ holds iff the diameter of I U J is < 2. O

1
_ﬂ-?ﬂ-)

Definition 3.25. We let

O = {double cones O c ]Ril’l} O(—n,x) = {double cones O € R%_l )}

™,

3.2.4 Conformal symmetry

Definition 3.26. We define a group action of 4 x ¢ on Ril’l, which lifts to a group action

of 4. x 4. on ]R{(lj’l. For each g*, g~ € ¥, by viewing them as diffeomorphisms of R (cf.
(2.3)), we let

(9 97w um) = (g7 (u"), g (u7))

Thanks to (3.5) and the relation g* (u+27) = g& (u) + 27, this defines a well-defined action
of 4 x 4 on Ril’l.

Remark 3.27. Although we will not use this fact, we note that ¢ x ¢ is the universal cover

of the group Cf* (Ril’l) of conformal diffeomorphisms of Ri{l preserving both the orienta-

tion of the manifold Ril’l and the direction of ¢. Moreover, the kernel of the covering map

Y xY — Cf*(Ril’l) is isomorphic to Z, generated by (o(27), o(—27)).

3.3 The bulk net B, acting on H

Definition 3.28. For each I, J € J whose closures are disjoint, let
AL, J) = A(IY) 0 A(JY)

where IV, JV are the two components of the interior of S'\(I U J).

For example, if KeJand I = VK,J = —VK, then IV, J" can be chosen to be
VK, VK.

3.3.1 The net B defined on O(_,

Recall Thm. 2.55 for the normal representation ﬂ%, which will be applied in this sub-

section to crossed A®2-module.
For each I € 7, by the construction of H s in Subsec. 3.1.2, we have

End ygo 1) (Hy5) = ANVT) 0 A(=VT) = AT, =VT) (3.9)
Consequently, if I,J ¢ K, then
A(VI, —VJ) € End g0 o) (H5) (3.10)

where +/T and —+/.J are defined using I and .J, respectively.
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Definition 3.29. Let O € O(_, ). Let (I,J) be the unique pair satisfying (3.8) that corre-
sponds to O. By Rem. 3.24, there exists a standard double cone D containing O. Choose
K e J such that (K, K) represents D, and so I, J c K. Define the von Neumann algebra
Bcl(O) on He = /H\@ /H% by

Ba(0) = wk& (AT, —V'))

[ VobIH 5

In particular, if O is standard (and hence I=J ), then
Ba(0) = 7% (End 4g. (1)) /HﬁH% (3.11)

Explanation. This definition is independent of the choice of D containing O. In fact,
for two such double cones Dl, Do correspondmg to (K 1, K 1) and (Kg, KQ) respectively,
choose K, 0€E J containing I J and contained in K 1, Kg By Rem. 2.58,

T, (AL, =) iz, (AL, =V))

fori=1,2. O

3.3.2 The net B, defined on O
Definition 3.30. The net of von Neumann algebras
By:0e€0Ow— BC](O) < 2(,Hcl)

is defined as follows. If O € O(_ ), then B(O) is defined as in Def. 3.29. If O ¢ O(_; )
that is, if the vertical line .7 defined in (3.4) intersects the closure of O, by V1ew1ng
R = Rl l\fw, we let

(=mm)

Ba(0)= \/  Ba(D) (3.12)
DEO(_WJ) ,DcO

Definition 3.31. For each ¢*, g~ € ¥,, define Uy(g*,97) € U(H.) by

Ucl(g+79) U+( )Ucl(gf)
where U, U

ol : 9. — U(H) are defined in Def. 3.2 (for J = cl). Note that by Rem. 3.3,
the ranges of UJr and U, commute. Clearly

Ua:Ye x Y — U(Hcl)
is a strongly-continuous unitary representation.

The following observation will be crucial to the proof of the conformal covariance of
Ba.
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Remark 3.32. By Def. 3.2,if [ € 7 and g*, ¢~ € ¥.(I), then
Ualg™,97) = W\@%J(UO(QJF) ®Uo(g™)) (3.13)

By Prop. 3.11, if I e Jandgt, g € %), noting that /g™ € ¥.(v/I) and —/g~ €
¢.(—+/I) are defined in Def. 3.10 and rely on arg;, we have

Uo(Vg* - (V7)) = 7 5.5 (Uolg") @ Uo(g7)) (3.14)

Recall that v acts on the universal cover R of S! by u — —u. Thus (,t) acts on R!
and hence acts on ]Ril’lz

(o) RE SR (utuT) e (—ut, —u) (3.15)
Recall Def. 3.1 for the notation Wf, which we will apply below in the special case ] = cl =
VO V0.
Theorem 3.33. The net B satisfies the following properties for each O, 01,03 € O.
(1) (Isotony) If O1 < Oy, then B (O1) < B (O2).
(2) (Locality) If Oy and O are spacelike separated, then B.(O1) commutes with B (O2).

~

(3) (Extension property) If O corresponds to (I,.J), then

y (A1) (A(J)) = Ba(0)

e [ v T
VOXV0,1 VOXN0,J

(4) (Conformal covariance) For each g™, g~ € 4., we have

Ucl(9+a g_)Bcl(O)Ucl(9+»g_)* = Bcl((9+»g_)0)

~

Moreover, if O corresponds (non-uniquely) to some (I,.J) in the double circle picture, and
ifgt € 9.(I),g~ € 9.(J), then

+ - + -
Ualg" g7) e o (AD) v (A(D)

and hence Uqi (g™, g7) € Ba(O) by the extension property.

(5) (PCT symmetry) There exists an anti-unitary operator J¢ on H satisfying

ng =1 JclUcl(g+7g_)Jcl = Ucl(tg+ta tg_t)
JCIBCI<O)3CI = BC]((t7 t)O)

foreach g*,9~ € 4. and O € O.

(6) (Positive energy) The self-adjoint generators of the one-parameter groups u — Uei(oc(u), 1)
and u — Uq(1, oc(w)) are positive. Here, 1 denotes the identity element of ..
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(7) (Irreducibility) B.i(O) is a type III factor. Moreover, | Jpeo Bei(O) generates the von Neu-
mann algebra £(H).

Proof. Isotony: If O1, 03 € O(_ ), the inclusion is obvious. If O; € O(_; 1),02 ¢ O(_x ),
this follows by choosing O = O2,D = O; in (3.12). The case O1,02 ¢ O(—r.m) follows
from (3.12) and the case O1, 03 € O(_r ).

Locality: See Thm. 3.43 in Sec. 3.6.

Extension property: See Cor. 3.56 in Sec. 3.8.

Conformal covariance: See Thm. 3.55 and Cor. 3.57 in Sec. 3.8.

PCT symmetry: See Thm. 3.60 in Sec. 3.10.

Positive energy: By [Wei06], for each (normal) representation of A the generator of
rotation is positive. Apply this result to 7.

Irreducibility: In the special case where O is standard and hence corresponds to (I, 1)
for some I € J, B.(O) is described by (3.11), and hence is a type III factor by Rem.
2.59. The general case reduces to this special case by the conformal covariance mentioned
above. In particular, since B(O) is a factor, B, (O) u B(O)' generates £(H.1). By the
Haag duality (Thm. 3.62), B.(O) U Bi(O') generates £(H1). Thus |Jpep Bai(O) generates
L(Ha). O

The following Sections 3.4-3.10 are devoted to the proof of Thm. 3.33, together with
several important byproducts of that proof (such as additivity, cf. Thm. 3.59). Finally, in
Sec. 3.11, we formulate and prove Haag duality for multi-double-cones, a result that is
not included in Thm. 3.33.

3.4 Local conformal covariance for Bulo_, .,

Lemma 3.34. Let O € O(_; x) be contained in some standard double cone O. Assume that O
corresponds to (K, K) in the double circle picture. Then for each g*, g~ € G4(K) we have

Ua(g*,97)Ba(O)Ua(g",97)* = Ba((g*,97)0)

~

Proof. Assume that O corresponds to (f ,J). Then I ) J < K. Let +/ gT,—+/g~ be defined
by K. By Rem. 3.32,

Ady,g+.g-) (Ba(0)) = Ady, g+ g-) <7TIL~< (AWT, —\ﬁ)))
“Adr - wten et ) (TE RV —V)))
By (2.35), the above equals
Adﬂé(“\/a,;?(Uo(9+)®Uo(g‘))) <7T§N< (QL(\/f, *\/j))>
= (Adﬂ 6.7 Uo(g)®Uo(g7)) (AN, =T )))
=k (M (57 g AT V)
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where Rem 3.32 is used in the last equality. Note that VI c VK, that —/J ¢ =K, and
that 4/gT - (—4/g™) fixes points outside VK U (—VK).

Moreover, if 01 := (g7, 97)O corresponds to (I~1, jl), then we have I~1, J; c K and

~

gtI =1y and g~ J = J;. Thus

VEVI= VI (VD) =~V

Therefore, by the conformal covariance of A, we have

Inserting the right hand side above into ﬂ'f? yields B.(O1). This finishes the proof. O

Ad

Lemma 3.35. Let O € O ). Let a,b > 0 such that the interval (—a,b) is the connected
component containing 0 of the set

{seR:(o(s),0(=5))0 €R )}

Then for each —a < s < b we have

Ucl(zgc(s)a Qc(_8>) : BCI(O) : UCl(QC(8)7 Qc(_s))* = Bcl((@(s)? Q(_S))O)
Note that (o(s), o(—s)) is the translation in the z-axis by s units.

Proof. It suffices to prove the lemma in the special case where s satisfies the extra con-
dition |s| < e for some € > 0 (possibly depending on O). Indeed, once the lemma is
established for such s, the general case follows by repeated application of this special
case. The reduction of an arbitrary s to a finite composition of such sufficiently small
translations follows from the Lebesgue number lemma.

Choose standard double cones 51, 62, 63 such that O € O; € 0, € @3. Let @-, @)
correspond to (K;, K;) and (I, J) respectively. Then, by viewing S! = R/277Z, there exists
€ > 0 such that

K, € K, € Ks U g(s)fc K U Q(s)jc K

|s|<e |s|<e

We now consider two vector fields on R as the universal cover of S'. The first one is 0,,,
where u denotes the standard coordinate of R. The second one is fd, where f : R — R is
a smooth 27-periodic function which equals 1 on K5, and which vanishes on E\ K3 where
E c Ris any interval of length 27 containing K3. Then, in view of the description (2.3) of
¢, the flow on R generated by ¢, defines the rotation subgroup ¢ of ¢, and the flow on R
generated by f?J, defines a one-parameter subgroup v : R — ¢. We choose an arbitrary
liftofytovy.: R — ¥..

By shrinking ¢, we have

P(S)Rl c Ko whenever |s| < e
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We now fix s satisfying |s| < . Then
9" = e(s) toc(s) € Ge(K7) 9~ = Ye(—5) " oc(—s) € (K1)
since y(+s) lo(+s) : R — R fixes points of K1, cf. Rem. 2.10. Thus, by Rem. 3.32,

(2.39)

Ualg™,97) = 7 o650, (Uo(97) ® Uo(g7)) it (775 1 (Uo(g) @ Uo(97))

Since ﬂ'f? commutes with wg, in the sense of Thm. 2.61, the expression
1

1

Adu g+ g (Ba(0)) = Ady (g g (7 AV, —V)))
equals 7 (A(vI, —V/J)), and hence
Ady,(g+,g-) (Ba(0)) = Ba(O)
On the other hand, since ~(+5) € ¥ (K3), we have 7.(+5) € %,(K3), and hence
Ady (v (s) re(—s)) (Bat(0)) = Bai((v(s),7(=5))0) = Ba((e(s), o(=s))O)

by Lem. 3.34. Combining the above two relations together yields

Adu (pu(s),0c(~s)) (Ba(0)) = Bal(e(s), o(~5))0O)
foreach 0 < [s| < e. O
Lemma 3.36. Let O € O. Then for each s € R we have
Ua(0c(s), 0c(s)) - Ba(O) - Ua(oc(s), ec(s))™ = Bal((o(s), o(s))O)
Note that (o(s), o(s)) is the translation in the ¢-axis by s units.

Proof. In the case O € O(_, ), this is similar to the proof of Lem. 3.35, and hence is
omitted. The case O ¢ O(_ ) reduces easily to the case O € O(_ ) by Def. 3.30. O

3.5 Some additivity properties

Proposition 3.37. Let G — Aut(A) be a group homomorphzsm Let H; € Rep®(A)and I € J.
Let (1y)aecr be a collection in J such that I, = T and U, Ia = I. Then

End 7 (Hi) = \/ End A (M)

Clearly, the same relation holds with I’, I’ replaced by ‘I, .
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Proof. The relation o is obvious. Let us prove —. Moreover, since the case H; = 0 is
obvious, we assume H; # 0.
Step 1. We first consider the case in which there exists Iy € J such that Iy < I, for all

~

. Fix an y-unitary &) € H;(Ip), and let V = L(&, I)|3,. By Prop. 2.54, we have
EndA(j,)(Hi) =VAI)V* EndA(f, )(Hl) — VA(I,)V*

Therefore, the proposition follows from the additivity of A.

Step 2. We consider the case where </ is a finite set, and prove the proposition by
induction on |«7|. The case |«/| = 1 is obvious, and the case |.2/| = n can be reduced to
the case |./| = n— 1 by using Step 1 and the fact that at least two distinct members of (I,,)
overlap (otherwise I would be disconnected).

~

Step 3. We consider the case where (1, ) is an increasing sequence. But this case follows
directly from Step 1.

Step 4. We consider the general case. Choose an increasing sequence (K,) in J such
that K, ¢ I and K,, € I and |J, K, = I. By Step 3, End 7, (i) is generated by
all End A( f%)(Hi). Since K, has compact closure in I, there exists a finite set .o/, < &/
such that K, © (J,c., Ia, and that each I, intersects K, (so that | J,c,, I is an inter-
val). By Step 2, End A( I};)(Hi) is contained in the von Neumann algebra generated by
End AT (H;) for all o € o7,. This proves the proposition. O

Definition 3.38. Let O € O(_r ). We consider the zt-coordinates. A subset A Rz’_lﬁ ) is

called an arc between the top and bottom corners of O if the following property holds:
By a translation and a (Euclidean) rotation so that the top, bottom, left, right corners of O
become the points (0, b), (a,0), (0,0), (a,b) with a,b > 0, we have

A={(z,f(x):0<x<a)}

where f is a smooth function from the open interval {z : —¢ < z < a + ¢} (Where € > 0)
to R satisfying

fO)=b  flag=0 f'<0

Proposition 3.39. Let O € O(_r ), and let A be an arc between the top and bottom corners of O.
Let (Oa)ace be a collection in O(_ ry such that O, < O for each o, and A < | J,, O, Then

Ba(0) = \/ Ba(O) (3.16)

In Thm. 3.59, this result will be generalized by dropping the assumption O, O, €
O(—rm)-

Proof. The relation o is obvious. Let us prove c.

Choose a standard double cone corresponding to some (K, K) and containing the
closure of O. By using the function f in Def. 3.38, one finds some g € ¢(K) such that
g(j ) = I, and that (1, g)A is the vertical open interval between the top and bottom corners
of the standard double cone (1, g)O. (This standard cone corresponds to (I,1).) Therefore,
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by Lem. 3.34, one may assume at the beginning that O is standard, and A is the open
interval between the top and bottom corners of O. In particular, A lies in the ¢-axis.

For each p € A, we choose a standard double cone O, € O_; ) containing p and
contained in O, for some a. Then it suffices to prove

= \/ BCI(OP)

peA

Let (I, I) correspond to O and (I,,, I,,) correspond to O,. Then I,, = I, and U, » = I by
the fact that A = [ J, O,. By (3.9) and Prop. 3.37, we have

AT, —VT) = End 4 3y (H 5 \/EndA®2 7y () = \/21 (VIp, /I

Applying the normal representation 7 L)y Vo tO both sides yields the desired re-
lation. O

Recall (3.4) for the meaning of .Z,.

Corollary 3.40. Let O € O, let E be a (possibly empty) finite subset of [—m, |, and let L =
U.er Lo Then for each collection (Oq)aen in O satisfying O\Lr = | J,, O, we have

= \/ Ba(0a)

ae

Proof. The only nontrivial part is to prove c. We first consider the case O € O(_, ). By
Prop. 3.39, B.(O) is generated by B (D) for all equilateral double cones D < O. Let
D, = D n O,, and ignore « if D, = . Since D is equilateral, there exists an arc A
between the top and bottom corners of D such that A n .Zr = . Then A < | J, Do, and
hence B (D) is generated by all B.(D,) due to Prop. 3.39. Thus B.(O) is generated by
all B4 (0y).

Next, assume O ¢ O(_, ). By Def. 3.30, B.(O) is generated by B (D) for all D €
O(_rx satisfying D = O. By the above paragraph, B (D) is generated by all B.i(D,),
where D, := D n O, can be viewed as in O_ ) because D € O(_; ). Thus, by the
isotony in Thm. 3.33, B.1(O) is again generated by all B.(O,). O

As an immediate application, we obtain the following improvement of Lem. 3.35.

Lemma 3.41. Let O szﬂ ) be a double cone. Let a,b = 0 such that the interval [—a, b] is the

connected component containing 0 of the set
{seR: (o(s),0(~5))0 <R}
Then for each —a < s < b we have

Ucl(Qc(S)a Qc(_s)) : BC](O) : UCI(QC(S)v Qc(_s))* = Bcl((@(s)7 Q(_S))O>

Proof. This is an immediate consequence of Lem. 3.35 and Cor. 3.40. O
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3.6 Locality

Lemma 3.42. Suppose that O1,03 € O(—r.m) have spacelike separated closures. Then there exist
finite collections (O1,a)acer and (Oz p) ges of double cones in O(_. .y such that

0, = U O1,a Oy = U Oz

acd pe#

and that for each o € o/, 8 € 9B, the sets Oy and Oq g are compactly contained in a common
standard double cone O, g.

Proof. Step 1. We show that if p1,ps € R%fmr) are spacelike separated, then p;, ps are con-

tained in a common standard double cone. In the u*u~-coordinates, write p; = (a1, b1)

and pa = (az2,b2). Let R be the diameter of {ai, b1, a2,be}. If we can show that R < 27,

then there exists an open interval in R of length < 27 containing a, b1, as, bo. This interval

corresponds to some TeJ,and p1, p2 belong to the double cone corresponding to (I 1 )
Since the z-coordinates of p1, p2 are > —m and < 7, we have

lay — b1| < 2w lag — ba| < 27
By Rem. 3.16, we have

lap — ag| < 27 |by — ba| < 27
We claim that

lap —ba| < R lag —b1| < R

which immediately implies R < 2.

Suppose that |a; — b2| = R. Then either a; < min{as, b1} < max{a,b1} < by, or
by < min{ag, b1} < max{asg,b1} < aj. In both cases, a; — a; and by — by have the same
sign, contradicting Rem. 3.16. So we must have |a; — ba| < R. A similar argument shows
|CL2 — b1| < R.

Step 2. Choose spacelike separated D1, D3 € O(_r ) such that O; € Dy and O3 € Ds.
By Step 1 and the compactness of O (together with the Lebesgue number lemma), for
each p € Oy, there exists a double cone Dy, < D; containing p, and some J,, > 0, such
that for each double cone Ay = D intersecting O, with diameter < 0p, then Dy, and A,
are compactly contained in a common standard double cone.

Therefore, by the compactness of O, and O, there exist finite collections (D1,0)aeer
and (D3 p)ge of equilateral double cones in O_ ) such that

0 U D1 o 0y U D5 3
aed Be%

and that for each a € .7, 3 € %, we have that D, D, that Dy 3 © Dy, and that D ,

and D g are compactly contained in a common standard double cone f)a, 3. The proof is
finished by taking

Ol,oc = Dl,a N 01 02’5 = Dgng N OQ
and dropping those O, and O, g that are empty sets. O
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Theorem 3.43. Suppose that Oy, Oz € O are spacelike separated. Then [B.(O1), Ba(O2)] = 0.

Proof. By Def. 3.30, it suffices to consider the case where O, 03 € O(—x,m)- By Cor. 3.40
and Lem. 3.42, it suffices to assume that O, O are contained in some standard double
cone O corresponding to some (K, K),and that O; and O, are spacelike separated. In fact,
we will prove the commutativity without assuming spacelike separation of the closures;
only the spacelike separation of O, Oz will be used.

Let O1, O correspond to (.71, jl) and (I~2, <72) Then fl, J~1, fg, <72 are contained in K.
By Rem. 3.16 and a possible change of subscripts, we may assume that I is clockwise
to I 1 and Jg is anticlockwise to J1 Therefore, the following arg-valued intervals are in

clockwise order:
ViooWE VR -

Moreover, by enlarging I, and J; (and hence enlargmg Ol) we assume in addition that
by viewing S! = R/27Z, we have inf I = sup I and inf J5 = sup J;.

Applying the following Lem. 3.44 to the case where E3\F» is the disjoint union /I; U
—+/J1, and E5\E is the disjoint union /I L —+/J5, we see that 2(/11, —/J1) commutes
with A(y/I2, =/ J2). Applying 7k () |x o (and noting the Haag duality for A), we
see that B.(O1) commutes with B (O2). O
Lemma 3.44. Let F1, Ey, E5 € J such that Ey € Ey € E3. Then A(E3) n A(Ey) commutes
ZUlth .A(Eg) N .A(El)/

Proof. This is obvious. O

3.7 PCT symmetry and Haag duality for O._ and O_,

Definition 3.45. Recall from Rem. 2.75 that © Jo.v0 s an involutive antiunitary anti-
automorphism of the A®2-module # H 5 Define

Ja = U (ee(~m) - s 7= Ug (ec(m))

called the PCT operator of the closed CFT (B, ). Due to the following lemma, we
have

Ja = Ug (0c(—2m)) - @m,% = @m7% -Uq (0c(27))
Lemma 3.46. For each + € {+,—} and s € R, we have
Ui(@c(s))@m,% = @m?%Ui(Qc(_s))
Proof. Since © oo is an anti-morphism of A®?-modules, and since the modular conju-
gation for
A2 (S}) = A(S}) @ A(SY)
and the cyclic separating vector Q ® 2 is J 4 ® Ja, we see from Def. 2.69 that © Jo.70 is

an anti-automorphism of the .A-module (H, W:—E) (where 7rCJ—E is defined in Def. 3.1). The
desired relation then follows from Cor. 2.71. O
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Figure 3.2. The double cones O;,0_,, O inR/"'

(—7T,7T)
Theorem 3.47. Let Oy, O_,, and O be the equilateral double cones corresponding to
L8  @LEYH  @LEY

respectively; see Fig. 3.2. Then

Ady,, (Ba(0-)) = Ba(O-) = Ba(O.) (3.17)
Note that O, is standard, and hence compactly contained in R%’_lmﬁ). Although
O_,, O, are contained in R%’fﬁ’ﬂ), they are not compactly contained in R%fmr)'
Proof. Step 1. We write © T © and UZ (oc(s)) = VE(s) for simplicity. Clearly
(1, 0(m))O- = Oy = (o(m),1)O
Therefore, by Lem. 3.36 and 3.41, we have
Ba(0-) = Ady—(_n) (Ba(01))  Ba(O—) = Ady+(_r) (Ba(Or)) (3.18)
By Def. 3.29, we have
Ba(01) = 7ty (B jougss (M),
It follows from Cor. 2.77 that
Ade (Ba(01)) = Ba(0y) (3.19)
Combining (3.19) with (3.18), we obtain
Ady-_mev-(n (Ba(0-)) = Ba(0-)' (3.20a)
Ady+(_mev+m (Ba(O)) = Ba(O_) (3.20b)

This proves the first half of (3.17).
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Step 2. By (3.20) and the locality of B (cf. Thm. 3.43), we obtain that

Ba(0O-) c Ady-(_mev-(n (Ba(0-))
Ba(0-) € Ady+(_myov+(x) (Ba(O-))

and that the inclusion in (3.21a) is an equality iff B, (O ) = Ba(0-)".

(3.21a)
(3.21b)

By Lem. 3.46 and ©2 = 1, and noting Rem. 3.3 for the commutativity of V' (s) and
y g ty

V= (t), we have

V (—m)OV (m)V (—m)0VTt(r) = VT(2m)V~ (—27)
VH(—m)OVTH(m)V (—n)0V (1) = V1 (=27)V~(27)

Combining this with (3.21), we get

Ba(O-) = Ady+ (2r)v—(—2m)Ba(O)
Ba(0-,)  Ady+ (—amyv—(2m)Ba(O-)

and that if the inclusion in (3.22a) is an equality, then B (O.) = Ba(O-,)".
By (3.18), we have

Ba(O-) = Ady+ (v (—mBa(O)
Therefore, (3.22) is equivalent to

Ba(O) & Ady+(myv—(—m)Ba(0-)
Ba(0-) = Ady+ gy - () Ba(O)

Combining these two inclusion relations together, we get

B.(0O~) c By(0O~)

(3.22a)
(3.22b)

(3.23a)
(3.23b)

where the inclusion is an equality iff the two inclusions in (3.23) are both equalities. But
the above inclusion is clearly an equality. Therefore, the inclusion in (3.23a) (hence the

one in (3.22a)) is an equality, and thus B (O.) = B4 (0-)".

3.8 Conformal covariance
Recall Thm. 3.47 for the meanings of O_, and O..

Lemma 3.48. We have

Ua(0c(T), 0c(=)) - Ba(O-=) - Ua(e(m), 0c(—=7))* = Ba(O-)

O

Proof. At the end of the proof of Thm. 3.47, we have seen that the inclusion in (3.23a) is

indeed an equality.
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3.8.1 A computation of relative commutants

In this subsection, we prove a result on relative commutants for 3 that will be used
in the proof of the conformal covariance of B;. Recall that if M, \; are von Neumann
algebras on a Hilbert space H;, and if M3, N3 are von Neumann algebras on #, then

(Ml ®M2) M (Nl ®N2) = (./\/ll N Nl) ® (MQ M Ng), Cf. [Bla06, 111.4.5.9].

Lemma 3.49. Let Ey, Ey, B3 € J such that Ey € Ey € E3. Then the relative commutant of
.A(Eg) N A(El)/ in .A(Eg) N .A(El)/ is A(Eg) (@) .A(EQ)/.

Proof. By the split property (cf. Rem. 2.2), the inclusion of A(E2) c A(E3) contains a type
I intermediate factor, and hence is unitarily equivalent to

C® A(Es) c o3 ® £(Ho) —~ K3 ®Ho

where 273 is a von Neumann algebra acting on a Hilbert space K3. Similarly, the inclusion
A(E) c A(E?) is unitarily equivalent to

CRA(E) c o ® L£(Ho) —~ K2 ® Ho

where <7 is a von Neumann algebra acting on a Hilbert space Ky. Set K1 = H( and
i = A(E). Then the chain A(E;) c A(E2) < A(E3) is unitarily equivalent to

CRCR A cCRIHRLK)) g LK) ®LK) —~ K3 Q@K ® Ky
It follows that

.A(EQ) N .A(El), =C® 5272 ® 3271,
A(E3) n A(E)) = a5 ® £(K2) @ o/
.A(E3) M .A(EQ)/ = 5273 ®,52f2/ ®(C

Taking the commutant of the first equality, we get
(A(Ez) 0 A(ELY) = £(Ks) @ 5 ©
Using the fact that </ = A(E)) is a (type III) factor and hence #/ n <7/ = C, we obtain
(A(Es) n A(E1)') 0 (A(E2) 0 A(E1)) = o4 ® o @ C
which equals A(Es3) n A(E2)’. O

Proposition 3.50. Let O,0; < R%’_lﬂ ) be double cones with O1 < O. Assume that O and O,

have the same right corner, but have different top, bottom, and left corners. Note that Oy := On O}
is also a double cone. Then

Ba(01) = Ba(0) n Ba(02)  Ba(02) = Ba(O) N Ba(01)
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Proof. By Lem. 3.41, we may assume in addition that O € ]R%’l - and hence O is con-

tained in a standard double cone corresponding to some (K,K). Let O, O; correspond to
(I J) and (Iz, Jz) Then I, is clockwise to I3, .J; is clockwise to .Jo, I; Li I is dense in I,
and J; u J; is dense in J. Applying Lem. 3.49 to the case where Ex\Eq = /I L —/J2
and E3\Es = +/T1 u —+/J1, we obtain

\/717 \/71 \f \Fﬁm\/TQa \/72

Since the representation 7% ( -z, on A(VK,—VK) = End 482 ( f(,)(H Vo) is faithful (cf.

Rem. 2.59), applying this representatlon to the above identity yields the first relation. The
second relation can be proved in the same manner (by choosing different £y, E», E3). O

3.8.2 Proof of the conformal covariance

Lemma 3.51. Let O ]R% ! ) be an equilateral double cone such that in the xt-coordinates, the
right corner of O is (m,0), and the diameter r of O satisfies r < m. Then

UCI(QC(T)a Qc(_T)) : BCI(O) : UCI(QC(T)7 Qc(_r))* = Bcl((g(r)’ Q(_T))O)

Proof. We write Uci(0c(s), 0c(—s)) = V(s) and 6(s) = (o(s), o(—s)) for simplicity. Since
d(r — m)0O is contained in O_,, Lem. 3.41 implies

AdV(T‘*TI’) (BCI(O)) = BC](O—>)
and hence
Ady () (Ba(0)) = Ady(mAdy(,—r) (Bai(0)) © Ady () (Ba(0-)) = Ba(O-)

where the last equality is due to Lem. 3.48.
Let

Oy :=0(r)0 Oy =0. 0,

Since O and §(—r)O; are spacelike separated (because they are contained in O_, and O,
respectively), by the locality (Thm. 3.43), B.(O) commutes with B (d(—r)01), and hence
commutes with Ady (_,) (B (O1)) by Lem. 3.41. Thus

AdV(r) (Bd(O)) C 801(01)/
By Prop. 3.50 and O, = O n O}, we obtain
Ady () (Ba(0)) € Ba(02)

A similar argument shows Ady (_,) (B (O2)) < Ba(O). Thus Ady () (Ba(0)) = Ba(O2).
O

Recall (3.4) for the notation .Z,.
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Lemma 3.52. Let O R%’_lﬁ ) be an equilateral double cone whose diameter in the xt-coordinates

is v < m. Choose s e R such that (p(s), p(—s))O does not intersect £+ (and hence can be viewed
as contained in R ) Then

Ual(oc(s), QC(_S)) - Ba(0) - Ua(oc(s), 0c(—5))* = Ba((a(s), o(—5))O) (3.24)

Proof. The case s < 0 follows easily from the case s > 0. So we assume s > 0. By Lem.
3.36, it suffices to assume that the left and right corners of O lie on the z-axis. Since the
translation of O appearing in this lemma can be decomposed into translations of the types
considered in Lem. 3.41 and Lem. 3.51, the result follows from those two lemmas. O

Lemma 3.53. For each O € O and s € R, the relation (3.24) holds.

Proof. Write 6(s) = (o(s), o(—s)). Choose finite sets E, ' < (—m,n] containing 7 such
that 6(s).Lg = L, where L5 = U,ep % and L5 = J,cp 22 Let (O,) be a collec-
tion of equilateral double cones whose union is O\.Zx, and whose diameters i m the xt-
coordinates are < 7. Then each O, and 4(s)O, can be viewed as subsets of R( o) By
Lem. 3.52, (3.24) holds when O is replaced by O,.
By Cor. 3.40, B(O) is generated by all B(O,). Since (6(s)O)\ZLr = U, 0(s)O

Cor. 3.40 also implies that B.;(d(s)O) is generated by all B.;(d(s)O,). This finishes the
proof. O

~

Lemma 3.54. Let O € O be corresponding to some (I,J). Let E, F € J. Suppose that there exist
K, L e J satisfying
IcK EFcK JcL FclL
Then for each g* € 9.(E) and g~ € 9.(F) we have
Ua(g™,97)Ba(O)Valg",g7)"* = Bal(g",97)0O)

Proof. Note that g* € 4.(K) and g~ € 4.(L). By enlarging either K or L, we assume they
have the same length. Choose s € R such that o(s)L = K. Let

h™ = Qc(s)gch(_S) D = (17Q(5))O

Then h~ € ¥.(K), and D is contained in the standard double cone corresponding to
(K, K). Therefore, by Lem. 3.34,

Ua(g™, h7)Ba(D)Ua(g" h™)* = Ba((g" h™)D)
Thus, writing U (0.(s)) as V, and applying Ady+ to the above identity, we have
Ualg", g )V*Ba(D)VUalg",g )" = V*Bal(g",h7)D)V
By Lem. 3.36 and 3.53, we have V*B(D)V = B.(0O) and

V*Bcl((g+ah) W= Bcl((g ;0c(—8)h™)D)
=Ba((9", 9" 0c(~5))D) = Ba((g",97)0)

This finishes the proof. O
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Theorem 3.55. For each O € O and g*, g~ € 9., we have

Ua(g™,97)Ba(O)Ualg™,97)" = Ba((g™,97)0)

Proof. By Lem. 2.20, ¢, is algebraically generated by ¥.(F) for all E € J whose length is
< 7. Therefore, it suffices to prove the desired relation for ¢g* € 4.(E), g~ € 4.(F) where
E,F € J have lengths < 7. Moreover, by Cor. 3.40, it suffices to consider the case where
the arg-valued intervals (1,.J) corresponding to O have lengths < 7. Then one can find
K, L e J satisfying the requirement of Lem. 3.54. The conclusion now follows from that
lemma. O

3.9 Some consequences of the conformal covariance

Recall Def. 3.1 for the meanings of 7% and 7.

3.9.1 Some extension properties

~

Corollary 3.56. If O € O corresponds to (I,.J), then

m' —= (A(I)) = Ba(O)

oy (A(J)) < Ba(O)

e
VOXV0,J

Proof. We first consider the case I=J. Letze A(). By (2.35), we have
L
W\—%%J(x) = W\/ﬁ%,l(m ® 1) = 7TI~ (W\fo’f(‘I’@ 1))”;{\@%%

where 7 \Fo,f(w ® 1) belongs to End A@Q(T,)(’H /o). Therefore, W%%J(:E) belongs to

B.(0) = W%(End A@Q(f,)(H Vol JoBTH (cf. Def. 3.29). This proves the first inclusion.
Similarly, the second inclusion follows from
— _ R N
Now we consider the general case. Choose v € ¥, such that %7 —J. LetDe O —r.m)
correspond to (I, I). By Def. 3.31, we have Uy (1,~) = U (7)- Thus, Thm. 3.55 implies

cl

By Rem. 3.3, Aqu( ) sends nt (A(I)) to itself. By Cor. 2.22, AdU’l(v) sends

VORIV, T

T\%EJ(A(J )) to W:@%’[(A(I )). Thus, the general case reduces to the special case
I1=J. O

~

Corollary 3.57. If O € O corresponds to (I,.J) and g* € 4.(I), g~ € 9.(J), then

+ - + -
Ualg™,g7) e’ o (AD) v (L)

and hence U1 (g™, g ) € Ba(O) by Cor. 3.56.
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It follows that for each m,n € Z, we have
Ua(g",97) € Ba((e(2mm), o(2n7))0) (3.25)

because (o(2mm), o(2nm))O also corresponds to arg-valued intervals whose underlying
intervals are I and J.

Proof. We have

N e +y Thm219 + +
s (= - + o) = U~ (a—
and, 51m11arl+y, U, (g™) belongs to ﬂ\/a%’J(A(J)). Thus Ua(g*,97) = U (97U, (97)
belongs to 7 (A(I)) v ﬂm%J(A(J)). O

VORIV, T

3.9.2 An enhanced version of the additivity property

The result of this subsection is of independent interest, although it will not be used
elsewhere in this paper.

Definition 3.58. Let O € O. A subset A O is called an arc between the top and bottom
corners of O if, after choosing s € R such that D := (¢(s), o(—s))O belongs to O(_ ), the
set (o(s), 0o(—s))A is an arc between the top and bottom corners of D in the sense of Def.
3.38.

Theorem 3.59. Let O € O, and let A be an arc between the top and bottom corners of O. Let
(Oa)acw be a collection in O such that O, < O for each o, and A < | J,, Oq. Then

BCI(O) = \/Bcl(oa) (326)
Proof. This is an easy consequence of Prop. 3.39 and Thm. 3.55. O

3.10 PCT symmetry

Recall the PCT operator J. defined in Def. 3.45. Recall the reflection (r,t) of Ril’l
described in (3.15). Recall Def. 2.64 for the definition of tgr where g € ¥,.

Theorem 3.60. The anti-unitary operator J; is involutive (i.e. 3(2:1 = 1), and satisfies

JaUal(g™,97)3a = Ua(rg e, vgr) (3.27a)
3(:18(:1(0)3(:1 = Bcl((t7 t)O) (327b)

foreach g*, g~ € 9. and O € O.

Proof. We write © BT = © and Ul(o.(s)) = V*(s) for simplicity. Then Jq =
V= (—2m)© = OV~ (27). By Lem. 3.46, we have

J4 =0V (2m)eV(2r) = 0*V(=2n)V~(2r) =1
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From the proof of Lem. 3.46, we see that © is anti-automorphism of the A-module
(Hea, W;ﬁ) Therefore, by Prop. 2.70, we have

QU (¢g")O=Ul(tg"t) OU;(97)0 =U;(tg v
Multiplying these two identities yields
GUcl(nga 97)6 = Ucl(tg+ta tgit)

For each + € {+, —}, by Cor. 2.22, V*(2r) is an automorphism of the A-module (H, 75 ).
So it commutes with U (¢*) by Prop. 2.70. By Rem. 3.3, V*(27) commutes with U (¢7).
Thus (3.27a) is proved.

Choose g*,g~ € 4. such that O_, = (¢", g~ )O. By Thm. 3.55, we have

BC](O*’) = AdUcl(g"',g—) (BCI(O))

and hence

(3.27a)

Ady,, (Bd(OH» = Ady, Ady, g+ ,g7) (Bd(o)) Ady (egteeg—e) Adga (Bcl(o)) (*)
By Thm. 3.47, the left hand side above equals B (O.). Since O = (r,t)O_,, we have
O = (t,v)(9",97)0 = (rtg"t,tg t)(x,v)O
and hence, by Thm. 3.55,
Ba(O) = Ady, (cg+ e rg—0)Ba((r,t)O) (%%)

So the right hand sides of (x) and (xx) are equal, finishing the proof of (3.27b). O

3.11 Haag duality for multi-double-cones

Definition 3.61. For Oy, ...,0, € O whose closures are mutually spacelike separated, let
Ba(O1U -+ U Op) := (Ba(01) U - U Ba(0y))"

Note that (O; U --U0,,)" is also the disjoint union of some Dy, ..., D,, € O whose closures
are mutually spacelike separated.

Theorem 3.62 (Bulk-bulk Haag duality). Let n > 1, and let Oy,...,0, and D, ..., D,, be
as in Def. 3.61. Then

(Bcl(Ol URERRV) On))/ =Ba(D1 U -+ U Dy)

Proof. When n = 1, this follows from Thm. 3.47 and 3.55. Now assume n > 2, and let
A = O/, Then

Oru---uO0p1CcA AnOin--n0O,_y=Dyu---uD,
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Figure 3.3. The causal complement Dy u D5 of O1 U Os, projected onto Rz’_lﬂ )

The proved special case implies B.(O,)" = B.(A). Thus, it suffices to show
Bcl(A) M Bd(Ol VRN Onfl)/ = Bcl(Dl U U Dn) (328)

By Thm. 3.55, it suffices to assume that A is standard, and hence corresponding to

(T',T) for some I € 7. By changing the subscripts, we assume that the following double
subcones of A are listed from right to left:

DlaOlyD2a027 .. ',OnflaDn

Let O; correspond to (I;, J;) and D; to (K, L;), where all arg-valued intervals are con-
tained in I'. Then, the following arg-valued intervals are listed in the clockwise order:

A A e
Applying the following Lem. 3.63 to the case
FNEj = VEKju—/Lj  E\Fai=+TLiu—Ji

(where i < n —1and j < n), and using the faithfulness of the normal representation
7k (-++)|n,, as in the proof of Prop. 3.50, we obtain (3.28). O

Lemma 3.63. Let Fy, E4, ..., F,, E, € J such that
3D DED---3F,DE,

Then the relative commutant of

n—1
(A(E) 0 A(Fi41)')
1

in
A(Fy) n A(E)
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is equal to

n

\ (A(F) n A(E;))

j=1

Proof. Similar to the proof of Lem. 3.49, the chain A(F}) o A(E;) o --- 2 A(E,) is
unitarily equivalent to

P @ L(H1) ® L(K2) ® L(Ha) ® - ® L£(Ky,) ® £(Hon)
SCR A QLK) ®L(H2) ® - ®L(K,) ® L(Hn)
SCRCR By ®L(H) ® - @ L(Kp) ® L(Hy)
LCRCRICRHBR QLK) ® L(Hy)

..

SCRCRCRCR: - @ Bn® L(Hy)
SCRCRCRCR---CR A,

where each 27 is a von Neumann algebra on #;, and %; is a von Neumann algebra on
KC;. Then our goal reduces to showing that the relative commutant of

CRARB,R B QByR R Dy @B, QC

in
PBrRL(HI)RLK)R®L(H) LK) ® - R L(Hp—1) ® L(Kp) ® o,
is equal to
B @A QB ® Ay @ B3R - @ Ay @ By ®
But this is obvious. O]

4 The open CFT

Fix a conformal net .4 with central charge c. In this chapter, all objects of Rep(.A) are
assumed to be nonzero.

4.1 Boundary intervals and double cones in R;!

4.1.1 Boundary intervals in R;),

Definition 4.1. In the xt-coordinates, define subsets of R

Ry = {(z,t)eRM:0<z<m} Ry,

6+]R(1,i,1 ={0} xR 6_R(1,i,1 ={r} xR

):{(:U,t)eRl’le<a:<7r}

also viewed as subsets of Ril’l. Two points p1,p2 € Rébl are called spacelike separated if
they are so as elements of ]Ril’l, and hence can be described by Rem. 3.16.
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Definition 4.2. The group action of ¢ on Rop, which lifts to a group action of ¢, on

Re;, is defined as follows. Consider the u*u~-coordinates. By viewing each g € ¢ as a

diffeomorphism of R (cf. (2.3)), for each (u™,u™) in Répl , let
glu u™) = (g(u’),g(u"))

Remark 4.3. The above action of g on Rébl is well-defined. In particular, note that in the
utu~-coordinates we have

(3+]R(1)i)1 = {(u,u) : ue R} (L]Réi)l = {(u+2m,u) : ueR} (4.1)

Then clearly g(&ﬂRépl ) = 6+R0p Using the fact that g(u + 27) = g(u) + 27, cf. (2.3), one
immediately obtains g(0_Rsp ) = 0_Ray, .

Definition 4.4. For each + € {+,—}, let
Ti = {non-empty open intervals in 3+]R of lengths < 2}
Unless otherwise stated, we assume the equivalences
j+ = j = j— (4.2)
defined in the xt-coordinates by
{0} xRxR~{r} xR (0,t) ~t ~ (m,m + 1) (4.3a)
equivalently, defined in the " u~-coordinates (cf. (4.1)) by
(u,u) ~u~ (u+2m,u) (4.3b)

For example, g}r corresponds in the zt-coordinates to {(0,¢) : 0 < ¢ < «} in 7, and
St corresponds in the xt-coordinates to {(m,t) : 0 <t < 7} in J_.

Definition 4.5. By Def. 4.2 and Rem. 4.3, the group actions of ¢, %, on subsets of Rbj
restrict to group actions of 4,%. on 7, and J_, both equivalent to the actions of ¢, %, on
J via the equivalence (4.2).

4.1.2 Double cones in R((’)
)

1,1 . . ~

Definition 4.6. For each double cone O = R”_ ), by choosing unique (I, .J) satisfying

(3.8) and corresponding to O, we define

v/O = the double cone corresponding to (\/}N , —\G)

In other words, in the u*u~-coordinates,
ut u” .
Vo={(5 5 —m): wu)e o]

Clearly /O is a double cone contained in ]R%(’]lﬂ).
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Definition 4.7. Recall Def. 3.25 for the meaning of O(_, . Let

O(Oﬂr) = {double cones O C R%&ﬂ-)}

vV O(—ﬂ',’ll‘) = {\/5 :0€ O(—w,w)}

Then clearly /O =y < O(g,x)-
Remark 4.8. One easily checks that double cones in ]R{%(’)IF) are precisely those correspond-
ing to some (I,.J) satisfying

0 <argyz—arg;( <2rm foreachze I, (e J

~

Therefore, O ) consists precisely of double cones corresponding to some (I,.J) such that

J is clockwise to I, and that the closures of I and .J are disjoint.
Moreover, /O _r ) consists of O € O(q ) whose side lengths in the u "« ~-coordinates

are < 7, that is, those corresponding to some (f , J ) such that I, J have lengths < 7. ]

4.2 The left boundary net B,,; and the right boundary net 5, for the
boundary condition ¢

Definition 4.9. For each #;, H; € Rep(A), the state space with boundary conditions 1, j
is defined to be

Hop(ig) = Hi K H;
where the fusion product is in Rep(.A).
Recall Thm. 2.55 and 2.56 for the definitions of 7%, 7.

Definition 4.10. For each #; € Rep(.A), the left resp. right boundary nets with boundary
condition 7 are collections of von Neumann algebras

Bopa) = (Bop(i) (I )ies resp. B:)p(i) = (B(/)p(i)(f Nics (4.4)

on Hepi,i) = Hi Xl H; defined by
Bop(iy(I) = 7 (End () (Hs) (4.5a)
B(/)p(i)<~) ?(EndA(I’ ;))\HiH; (4.5b)

Recall the group action U = Ui j) = Uz of % on Hp(; 5y defined by Thm. 2.19.
Recall the antiunitary map

O.-:H

1,7 op(i,j)

= Hop(ji)

defined by Thm. 2.74, which satisfies

595 =1

and hence is involutive when i = j.
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Theorem 4.11. Let H; € Rep(A). Then the nets By ;) and B, o(0) satisfy the following properties
foreachI,J e J.

(1) (Isotony) If I < J, then

~ ~ ~

Bop(i) (IN) - Bop(i)( ) B(/)p(z)( ) < Btl)p(z)( )
(2) (Extension property) We have
Tz, (A)) < Bop(iy (—?) N B:)p(i) (—f)

(3) (Conformal covariance) For each g € 9., the operator U(g) = Ui 4(g) satisfies

~

U(6)Bopiy (DU (9)* = B (1) U(9)Blyy (DU (9)* = Blyo(97)
Moreover, if g € 9.(I), then
Uop(ii) (9) € 771‘%,1(-*4([))
and hence Uqy; () € Bopi) (I) by the extension property.

(4) (PCT symmetry) The involutive anti-unitary operator ©, ; on Hy; ;) satisfies

@ Uop (4,%) ( ) = Uop( )(tgt)

~

@ B p(i )<I)® = op(i) (tI)
foreach g € %..

(5) (Positive energy) The self-adjoint generator of the one-parameter group u — Uy 4y (0c(u))
is positive.

(6) (Boundary-boundary Haag duality) ng(i) is the dual net of B, in the sense of
[Gui21b, Sec. 4], that is, for each TeJ,

B (1) = By (7)
(7) (Irreduczbzlzty) Bop@) (I 1) and BOP( )(I ) are type III factors. Moreover, | J;_ > Bop(i)(f ) and

Use7 B (I) together generate L(Hop(ii))-

As a consequence of the boundary-boundary Haag duality and the isotony, we obtain
the boundary-boundary locality: if .J is clockwise to I, then

~

[Bopey (D). By ()] =
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Proof. Isotony: This is due to Rem. 2.58 and the obvious fact that End 41)(Hi) <
End.A(Ié) (’Hl) and EndA(I{) ('H;) C EndA(Ié) (/H;)
Extension property: Let x € A(I). By (2.35), we have

Wi?,[(‘r) = W%(Wi,l(gﬁ))

where ; (z) belongs to End 4(7)(H:). So m ;(2) € Bop(i)(f) by Def. 4.10. Similarly,
(2.39) implies

Fi%,[(w) = W?(”{,I(CU))

where m; ;(z) € End 47 (H;), and hence m5; ;(z) € Bop( )( I).
Conformal covariance: The first part is due to Thm. 2.60. Suppose that g € 4.(I).
Then Uqpi,5) (9) equals 7 ;(Uo(g)) by Thm. 2.19, and hence belongs to 75 ; (A(1)).
PCT symmetry: The first relation is due to Prop. 2.70. The second is due to Cor. 2.77.
Positive energy: Similar to the proof of Thm. 3.33, this is due to [Wei06].
Haag duality: By Def. 4.10,
/
;)

where the last identity is due to Thm. 2.61. Since the last term is B ; )( })’, we obtain

1oy S1) = T8 (Bnd yor) (1)) g g, = (7 (Bnd g ) ()

Bop i) Iy = Bop(l.) (I') for T = Si- The general case follows easily from this one using the
conformal covariance established above.

Irreducibility: Similar to the proof of Thm. 3.33, the fact that B ;) (1 ) I)and B, p(i )( ) are
type III factors follows from Rem. 2.59. Thus B,y (1) U By (1 Iy generates £(Hop(ii))-
By the boundary-boundary Haag duality, B, (1 I)u B! oy ') generates £(Hop(ii)). O

Remark 4.12. One should view B, (i) and Bop(

tively, by using the equivalence Ji ~J ~ J_inDef. 4.4. Now, for each T € 7, if we view
I asin J., and if we view its clockwise complement I’ as in 7_, then one easily checks
that

) as nets with domains Jy and J_, respec-

I' = Int{p e 0_RL} : p s spacelike separated from I}

where the interior Int is with respect to 8_]1%(1;; . In other words, I’ is the intersection of
0_Rg), and the spacelike complement of I; see Fig. 4.1. This justifies the name “boundary-
boundary Haag duality” in Thm. 4.11.

4.3 Boundary nets B,,; and B, acting on the open-string state space
Hop f[,] H - Hi

Recall from Def. 4.9 that H,; j) = H. Hs.
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Figure 4.1. Boundary-boundary Haag duality in Ry,

Definition 4.13. Let H;,H; € Rep(A) and I € J. Define normal representations

L . > R . >
Dop(ini),d * Bor) (1) = LHopig) T 75 Bopy) (1) = £(Hop(i )

abbreviated to w%’ and w? when no confusion arises, such that the following diagrams
commute:

7TL
H; X .'Hf
EI]d_A(I/) (H ) (HZ Hj)
, \ /
I H:[X] .H,
Bop(iy (1)
Figis
I+~
EndA([/) (/H*) . (H’L /Hj)

Bipiy ()

Remark 4.14. The above definition makes sense because 7 and 7r13| ., are faith-
T 14,27

|7-l iXIH;
ful, cf. Rem. 2.59. Note also that w’ = .and w! . are inclusion maps.

op(’L,Z),I Op(],]),[
Theorem 4.15. Let H;, H; € Rep(A). Then the following properties hold for each I,JeJ.

(1) (Isotony) IfINC J, then

(2) (Extension property) For each x € A(I) and y € A(J), recalling that
1.1( z) € Bopi) (1 ) ngj( )EBop(])(J)
by the extension property in Thm. 4.11, we have
w%(”zll(x)) = 77@',1(33) w5 (Ter(y)) = ”i,J(y)
when acting on H

op(i,j)*
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(3) (Conformal covariance) For each g € ¥, and each

noting that U(g) AU (g)* belongs to By (gI) and U(g)BU (g)* belongs to B(’)p(j)(gf) by
Thm. 4.11, we have

U(g)wf(AU(9)* = wH(U(9)AU(9)*)  onH

g[ Op(ihj)
Ulg)wf(B)U(9)* = w/o(U(9)BU(9)*)  on Hop(s)

(4) (PCT symmetry) The anti-unitary map ©, 5 : Hop(ij) — Hop(ji) (With inverse ©,; :
Hop(ji) = Hop(i,j), of- Rem. 2.75) satzsﬁes

@ U, (”)( ) - Qﬂ = Uop(jvi)(tgt) onH
@Z cwh(A)-0,; = @HO,;40,;)  onH

op(j,i)
J op(j:i)
for each g € 9. and A € B,p,;)(1 I), noting that ©, A0, € B(’)p(i) (¢I) by Thm. 4.11.

(5) (Positive energy) The self-adjoint generator of the one-parameter group u — Usp; j)(0c(w))
is positive.

(6) (Boundary-boundary Haag duality) The following von Neumann algebras on H
are commutants of each other:

op(i,5)

@k (Bopy (1)) @ (Boyy (1) (4.6)

The Haag duality in this theorem admits an interpretation analogous to that in Rem.
4.12 and Fig. 4.1. Moreover, as a consequence of the isotony and the Haag duality, we
obtain the boundary-boundary locality: if .J is clockwise to I, then

~

[wjé(BOP(Z)(IN))’w?( Op(])( ))]

Proof. Isotony: This is due to Rem. 2.58.

Extension property: By (2.35), the element m; ;(x) € End 4(;(H;) is sent by 7T£"H M
and 7r’3|H &M 10 Ty () and my(x ) respectlvely Thus W~( T 1 (2)) = T (@) by Def.
413. A 51m11ar argument proves w® Tisg.t (Y)) = T, J(y)

Conformal covariance: This is c{ue to Thm. 2.60.

PCT symmetry: The first relation is due to Prop. 2.70. The second is due to Thm. 2.76.

Positive energy: Similar to the proof of Thm. 3.33, this is due to [Wei(6].

Haag duality: By Def 4.13, the two von Neumann algebras in (4.6) are equal to
T L(End Ay (Hi)) and 7 (End A(1)(H5)) respectively. The latter two von Neumann alge-
bras (acting on H; [X] 1) are commutants of each other by Thm. 2.61. O
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44 Bulk net 3| SO acting on H,,; )

Fix H;, H; € Rep(A). The goal of this section and the next is to define the action of the
restricted bulk net B |0, ,, on the open-string state space H,; j), and to establish its key
properties. In the present section, we construct this action for the restriction of Balo, ..,

to \/O(—x,x), recalling that /O »y © O x) (cf. Subsec. 4.1.2). In the next section, we
extend the construction to the full net BCI|O(0’7\.)~

4.4.1 Construction of the action BC1| O Hop(i,j)

Definition 4.16. For each O € O(_; ), corresponding to (1,.J) satisfying (3.8), choose

9+,9— € % such that by viewing g+ as in (2.3), and by viewing I,J as subsets of the
universal cover R of R/277Z = S!, we have

g+(0) =0/2 foreach 6 € T
g-(0)=0/2—x  foreachfe.J

Note that (g4,9-)O = VO. Lift g,,g_ to elements of ¥,, still denoted by g, g_. By the
conformal covariance in Thm. 3.33, we can define (spatial) isomorphisms of von Neu-
mann algebras

Q\/a : BCI(O) - Bcl(\/a) A Ucl(g+;g—)AUcl(g+7g—)*
This definition is independent of the choice g .

Explanation. To prove the independence of Q_ /5 on g, assume that i satisfy the same

properties as g+. Then h7'g, fixes each point of I. Hence hilgs € 4.(I') by Rem. 2.10.
Similarly, h='g_ € 4.(J"). Then, by choosing suitable arg-functions on I’, .J/, the spacelike
complement O’ of O corresponds to ((I’,argy), (J', arg;)). By the conformal covariance
in Thm. 3.33, we have

Ucl(tha h*)_lUcl(nga g,) € BCI(O,)

Therefore, by the locality in Thm. 3.33, Ady, (4, 4_) €quals Ady, (4, »_) when applied to
B (O). O

Remark 4.17. Clearly, if O; < O3 are in (’)(,Wr), then Q\/@‘B (o) = Q\@.

~

Definition 4.18. For each O € O_; ), which corresponds uniquely to (1,J) satisfying
(3.8), choose IZ;, K_ € J such that

Vi Ko, RV K- are in clockwise order 4.7)

Choose K. -unitary § € H;(K.) and K_-unitary no € H;(K-), and define a faithful
normal representation

Dop(inj)w/o - Ba(VO) = £(Hopi )
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abbreviated to @, /5 when no confusion arises, such that by setting

V (€0, 10) = L(€0, K+ )R(no, K_) = R(no, K_)L(&0, K1) : Ho — Hop(ij)

and by choosing any K € J containing I,.J (which exists by Rem. 3.24), the following
diagram commutes:

Ad
Ql(\/j, —\/j) V(&0:m0) S(,HZ /Hj)

’T;L?‘ ~ “vo
HW“%

Ba(0) QF Ba(v/0)

(4.8)

Note that the isomorphism from the upper-left corner to the lower-left corner is given
by Def. 3.29.

Remark 4.19. The definition of @ /5 is independent of K, as indicated in the explanation

to Def. 3.29, and also by Rem. 4.17. It is independent of K T K_ due to the isotony
property for L, R operators (cf. Cor. 2.46). It is also independent of the choice of £y, 7o, as
explained in the following proof.

Proof. Choose K,-unitary & € H;(Ki) and K_-unitary m € Hj(K-). Then

L(&, K4 )*L(&1, K4 )|, commutes with A(K'.), and hence belongs to A(K ;) by the Haag
duality for A. Thus

L(&1, K4 )3y = L(€o, K4 )],

for some (necessarily unitary) = € A(K ). Thus

V(&,m0) = V(€. m0)x

By Def. 3.28, elements of A(K,) commute with those of 2A(v/I,—+/J). Therefore
Ady (g, ) = Ady(g) on A(WI,—VJ). A similar argument shows Ady, )

Ady (¢, o) ON A(\I,—+/J). Hence Ady (g, 1) = Ady (g ) ON AT, —/J). O

4.4.2 Basic properties of the action Bcl‘ VO Hop(i,f)
Proposition 4.20. The following properties hold for each O, 01,02 € O(_4 1.

(1) (Isotony) If O1 < Oy, then

@0, 1B, (vor) T ©@vor

(2) (Bulk-bulk locality) Suppose that Oy, O are spacelike separated (and hence /O1,+/O2 are
spacelike separated). Then

[wﬂ(BCI(ﬂ))’ w@(Bcl(\/@))] =0
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(3) (Extension property) Let O correspond to (I,J). Foreach z € A(NI) and y € A(—/T),
noting that

() € Ba(VO) (y) € Ba(vVO)

A G —
NCENCRY VORIV, /T

by the extension property in Thm. 3.33, we have

+ _
w@(ﬁﬁ%,ﬁ(q})) = Wzﬁ(.%)

w\@(ﬂ\_@%,—ﬁ(y)) = 71'1‘,_\/3(?/)

(4) (Conformal covariance) Suppose that g € 4. and O € O(_y ) satisfy (9, 9)VO €

\/O(—xm)- Then for each A € Ba(v/O), noting that Uy (g, 9)AUq(g,g)* belongs to
Ba((g, g)\/a) by the conformal covariance in Thm. 3.33, we have

Ui (9)@ /o (A)Uigi(9)" = @y oo (Uelg; 9)AUa(g, 9)*)

(5) (Bulk-boundary Haag duality) Let E, and E_ be the intersections of the spacelike comple-
ment of /O with 0, Ry and 0_RY, respectively, i.e., for each + € {+,—},

~

E+ =Int{p € 0.RLY : pis spacelike separated from elements o VO
+ +18p 4 P

where the interior is with respect to 9+ Ryy. Then E, € Jy and E_ € J_. Moreover, by
viewing E.,E_ € J viathe equivalence (4.2), we have

@i (Bop(iy (E+)) v @} (Bl (E-)) = w,5(Ba(vO))'

Proof. Isotony: This is obvious.

Bulk-bulk locality: Since @, /5 is normal for each O, by the additivity of B (Cor. 3.40)
and Lem. 3.42, it suffices to assume that 01,02 < O for some standard O € O(_; ). In
that case, we have @ 5-(Ba(vO0:)) = @, /5(Ba(+v/Oi)). Thus the commutativity follows
from the locality in Thm. 3.33.

Extension property: See Lem. 4.21.

Conformal covariance: See Lem. 4.22.

Bulk-boundary Haag duality: Let (I,.J) satisfy (3.8) and correspond to O. Choose
K., K_ e 7 suchthat K, K_ are the two components ¢ of the interior of S\ (VI U —V/J),
and sat1sfy1ng (4.7). By viewing K, € J, and K_ € J_, one checks (e. g. by projecting
E+, E_ onto the u™-axis, cf. (4.3b)) that

~

E, =K, E_ =K_ (4.9)

This proves the first part of the Haag duality.
By Def. 4.18, we have

w\/a(BCI(\/a)) = AdV (05m0) ( (\F \F)) (a)
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By Prop. 2.54, we have

End g ) (Hi) = Adpg, ), (AE))
Therefore, since E_ is clockwise to E;, by (2.34) we have

L
g, (Endae,) (M) |7—LZ~HJ—, = Adp iy (Bnd e ) (Hi) = Ady (g ne) (A(E+))

It follows from Def. 4.13 that

@ (Bop(s)(E+)) = Ady(gg,n0) (A(E)) (b)
A similar argument shows that

@i (Bop(E-)) = Ady(gym)(A(E-)) (©)
Combining (a), (b), (c) with the relation (cf. Def. 3.28)
A(EL) v A(E_) = A(T, =)

the proof of the second part of the Haag duality is finished. O

Lemma 4.21. The extension property in Prop. 4.20 holds.

Proof. We prove the relation for x. The relation for y can be proved in a similar way.
Choose g4, g € 9. asin Def. 4.16. Let 2 € A([) such that the isomorphism Q Vi A(I) —

A(VT) in Def. 3.5 sends 7 to z, that is,

Q\/}@) =Uo(g+)2Uo(g4)* == (*)

Choose &, g and K as in Def. 4.18. In view of the commutative diagram (4.8), the proof
will be finished if we can show for the element x € A(+/I) that

. AdV(&owo)
T 7ri7ﬁ(x)
W,LV‘
K ’)—t\/ﬁH\m
~ Qo
+ . +
™ oo 2 T TS

The top horizontal arrow is due to (2.20). By (x) and Def. 3.7, we have
W\m,f(i‘\® )=z
By viewing = € 2(v/1,—/J) EndA®2([~<,)(’Hm) (cf. (3.10)), it follows that
L L ~
”k(xﬂﬂﬁ?{% = (T T ® 1))|Hﬁ7{%
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Rem.2.58 A (2.35) A
=Ty (ﬂ'ﬁ,l(x ® 1)>"HﬁH% ﬂ\fO\@,I(x ® 1)
where the last term is exactly 7[‘1}0\—[07[(.%) by Def. 3.1. This proves the left vertical arrow.

By Def. 4.16,

+ SV + ~

- Uyt -
Recall from Def. 3.31 that Uy(g+,9-) = Uﬁ%(ng)Uﬁ%(g_)' By Rem. 3.3,
U\_@%( g—) commutes with W\%%,I(ﬁ)' Hence
+ V) — + ~
Qm(ﬂm%71(w)) - AdU\%%(g-#) (ﬂ-ﬁ%J(x))
Cor222 ~ T O

ﬂ'\/(,]%’ﬁ(Uo(ng)iEUo(ng) ) 71-\/6%,\/7(:6)

This proves the bottom horizontal arrow. O

Lemma 4.22. The conformal covariance in Prop. 4.20 holds.

Proof. Step 1. In this step, we prove the relation

*

Ui (9)7 o (AU (9)" = @, ) vo(Ualg: 9)AUalg, 9)*) (a)

when O € O(_, 1) corresponds to (I,J), A € Ba(v/O), and g € ¥, fixes pointwise VTo
—\/j(by viewing S! = R/27Z), i.e., g € 9.(V/I)") n 4.((—V/J)")). Note that (g, 9)v/O =

\/5 € A /O(,ﬂﬂr).

By the conformal covariance in Thm. 3.33, we have U (g, g) € Bcl(\@/). Therefore, by
the locality in Thm. 3.33, the RHS of (a) equals @, /5(A). Let us prove that the LHS equals

Let K and { € H;(K4),nm0 € H5(K-) be as in Def. 4.18, and assume more over that

the interior of S'\(v/T U —+/J) is the disjoint union of K, and K_. By the commuting
diagram (4.8), there exists a € 2(+/I, —/J) such that

@yo(A) = Ady(gn)(a)

By the conformal covariance in Thm. 2.39 and the fact that gK, = K, and gK_ = K_,
we have

Ui (9)V (0:m0) = V (&1, m)Uo(g)

where ¢ = g&og ! € H;(K;) is K -unitary, and 1, = gnog~' € Hz(K-)is K_-unitary, cf.
Exp. 2.53. On the other hand, since g fixes points of VI U —+/J, we can write ¢ = g1¢»
where g1 € 9.(K;) and g2 € 9.(K_). So Uy(g) belongs to A(K;) v A(K_), and hence
commutes with any element of A(+/I, —/J). Thus

Uisgj(9) @6 (AU (9)" = Ady, () Adv (g,0) (@) = Ady (g, 1) Aduyg(g) (@) = Ady (g, 1) (a)
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where the last term equals @, /5(A) by Rem. 4.19.

Step 2. In this step, we prove (a) for O € O, ) and A € Ba(v/O) and g € %, under
the additional assumption that O is contained in a standard double cone D corresponding

to (K, K) where K € 7, and that g fixes points outside (V KU—-VK)+2rZ (by viewing
= R/27Z). Note that in this case, we have (g, 9)vO < (g,9)vVD = VD € , /O(_xm)- By

the isotony in Prop. 4.20, it suffices to prove
Uisii(9)@ 5 (A Us5(9)* = @ 5(Ualg: 9)AUa(g, 9)*) (b)

By assumption, we can write g = g1g2 = g2g1 where g; € 4.(vVK) and g € 4.(—VK).
Therefore, by Thm. 2.19 and the extension property in Prop. 4.20 (proved in Lem. 4.21),
we have

Ussgi(91) = T v (Uo(91)) = W\FD(W\%%A@(UO(Ql))) = w p5(Ug (91))
and, similarly,
Uiggj(92) = Mg,y (Uol92)) = @y (n o (Uo(92))) = wyp(Us (92))
Therefore
Ui(9) = @5(Uq (91)Uq (92)) = @,5(Ual(g1, 92))

By the conformal covariance in Thm. 3.33, the element U,;(g2, g1) belongs to Be;( \/ﬁ/),
and hence commutes with A by the locality in Thm. 3.33. Therefore, from the fact that

(9,9) = (91,92)(92,91) we conclude

Ady,(

c 91792)(A) = AdUcl(g7g) (A)

and hence the LHS of (b) equals

Ade o (Ua(91.92) (@yp(A) = @yp(Adu, (g1,95)(A)) = @ yp(Ady, (4,9 (A))
where the last term is the RHS of (b).

Step 3. Let X be a (smooth) 27-periodic vector field on R. The flow X : s € R ~—
aX generated by this vector field is a one-parameter subgroup of ¢, cf. (2.3) for the
description of elements of ¢. For each s, we choose a lift of aX to 9., also denoted by aX.

In this step, we prove that for each O € O_, ), there exists € > 0 such that for each
—e < s < s, we have (o, aX)VO € \/O(—rr), and that (a) holds for any A € Ba(v/O)
and g = aX. The structure of the proof is similar to that of Lem. 3.35.

Let O correspond to (I, .J). Since O is compactly contained in a standard double cone,
by viewing S! = R/277Z, there exists K € J such that I, J € K. Let

Bs=VE B=-VK
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and choose El, Eg, ﬁl, }~72 e J and £ > 0 such that

El@EQ@E3 ﬁl@ﬁQ@ﬁB

Uo@((\/ﬁcﬁl Uo@((—\/?)cf‘l

|s|<e |s|<e

In particular, we have Nig= E; and e F.
Let Y be a 2m-periodic vector field on R which equals X on E; U F», and which van-

ishes outside (Eg U 1?‘3) + 277Z. For each s, we choose a lift of o) to %,, also denoted by
Y
T,

By shrinking ¢, we have

(0%

U aX(Ey) c Ey U oX (F)) c F

|s|<e |s|<e

We now fix s satisfying |s| < . Then

fixes pointwise E’l U ﬁl, and hence satisfies the assumption in Step 1. Therefore, for each
A € By(V/0), Step 1 implies

Ady,_.(n) (wy5(4)) = @ 1o (Aduynm (4))
and (h, h)v/O = +/O.

Since o) satisfies the assumption in Step 2, we have

Ady, (@) (@ nvo (Adug(.m (4) = P (ax 0x)vo (Adu,ay ay)Adu, ) (A))

X7

=W (aX ,aX)/O (AdUcl(ag( af) (A)))

where (o, aX)VO € 4/ O(—r,m)- Combining the above two computations together, we
X

s *

obtain (a) for g = «

Step 4. Let G be the set of all g € %, such that the relation (a) holds for each O € O(_; )
satisfying (g, 9)vVO € \/O(_y ), and for each A € By(v/O). The proof of the conformal
covariance in Prop. 4.20 will be finished by showing that G = ¥...

By [Eps70, Her71, Thu74], Diff " (S!) is a simple group. Thus, since the subsemigroup
generated (algebraically) by the exponentials of vector fields of S! is a normal subgroup,
it is equal to Diff T (S!). It follows that the subsemigroup generated (algebraically) by the
exponentials of 27-periodic vector fields of R is equal to . Therefore, it suffices to show
that G is a subsemigroup of ¥, containing any lift of X where X is a 27-periodic vector
field of R, and s € R.

Suppose that g1, g2 € G. By uniform continuity, there exists § > 0 such that for each
O € O(_ ) with side lengths < §, the double cones (g2, 92)VO and (9192, 9192)VO have
side lengths < 7 in the u*u~-coordinates, and hence belong to \/m, cf. Rem. 4.8.
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Then (a) holds forall O € O(_, ) with side lengths < 4, and for A € Ba(v/O)and g = g1go.
By the additivity of B (Cor. 3.40), (a) holds for all O € O ) with (9192, 91 g2)VO €
A O(—rm)s and for A € Bd(\@) and g = g192. Thus g1¢92 € G. This proves that G is a
subsemigroup.

Now let X a 2m-periodic vector field of R. For each s € R, choose an arbitrary lift
of a, also denoted by aX. (Note that we have o af = af . up to a phase, and any
phase does not affect the proof of (a).) Choose any R > 0. Let us prove that aX € G for
each |s| < R. Choose any O € (’)( ” ,,)

In the special case where (o, aX)vO € /O, 1 for each |s| < R, Step 3 implies that
for each s € [ R, R], there ex1sts gs > 0 such that (a) holds for g = o)X whenever |t| < ¢,
and for any A € By((as, os)v/O). Thus (a) holds for g = ok _, and A € Ba((a, , os, )V O)
whenever s;,s2 € [s — 5,5 + €5]. It follows from the compactness of [—R, R] (and the
Lebesgue number lemma) that (a) holds for g = o and A € B,(v/O), where s € [ R, R].

In the general case, each p € O is contained in a double cone O, < O such that
(a, a)4/Op has side lengths < 7 (and hence belongs to /O (_x r)) for each s € [-R, R].
Therefore, by the previous special case, (a) holds for g = aX whenever s € [-R, R],
and for each A € Bcl(\/OTD). By the additivity of B, (Cor. 3.40), (a) also holds for all

A e By(+/O). O

4.5 Extending the action 5| oo Hop(i,j) t0 Bal 00 ™ Hontid)

Fix H;, H; € Rep(A).
Theorem 4.23. The collection @op(i j) = (Wop(i,j),0)0c VO defined in Def. 4.18 can be
extended uniquely to a collection of normal representations
Wop(i,5),0 * Bcl<0) g E(Hop(i,j)> f01’ each O € O(O,T{')
abbreviated to wo when no confusion arises, such that the following property holds:

(1) (Isotony) If O1, 02 € O ) and Oy < Oq, then wOQIB (O1) = TOr-

Moreover, the following properties hold for each O, 01, Oz € O 7).
(2) (Bulk-bulk locality) Suppose that Oy, O are spacelike separated. Then

[0, (Ba(01)), @0, (Ba(02))] = 0

~

(3) (Extension property) Let O correspond to (I,J). Foreach z € A(I) and y € A(J), noting
that

+ _
™ ogvss ) €Bal0) e (y) € Ba(O)

by the extension property in Thm. 3.33, we have

+ o
wo(wm\*@[(»@)) = Wi,[(”«")

wo (W\%%J(y)) = 771',](?/)
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(4) (Conformal covariance) Suppose that g € 9. and O € O ). Then for each A € B (O),
noting that U (g, 9)AUa(g, g)* belongs to B.((g,9)O) by the conformal covariance in
Thm. 3.33, we have

Uisi(9)@wo(A) Ui (9)* = @ (g,90(Ualg, 9)AVa(g, 9)*)

(5) (Bulk-boundary Haag duality) Let E., and E_ be the intersections of the spacelike com-
plement of O with 0, Ry and 0_Ryy respectively, i.e., for each + € {+, —},

~

E, =Int{pe 0+R p : p is spacelike separated from elements of O}

where the interior is with respect to xRy . Then E, € Jy and E_ € J_. Moreover, by
viewing E, E_ € J via the equivalence (4.2), we have

w% (Bop(i)(E+)) v r (B, ()(E )) = wo(Ba(0))’

The bulk-boundary Haag duality implies the bulk-boundary locallty If B, €
J+ and E_ € J_ are spacelike separated from O, then both wN (Bop(z)( +)) and

wi (ng(j)( E_)) commute with wo (Ba(0)).

Proof. The uniqueness follows directly from the isotony, and from the additivity of B
(Cor. 3.40). To prove the existence, for each O € Oy ), choose any g € ¥, such that

(9,9)0 € \/O(_r =), and define wo by

wO(A) = Ui(g)*w(gvg)o(Ud(g, g)AUCI(ga g)*)UZ(g)

for each A € B (O). The conformal covariance in Prop. 4.20 implies that this is well-
defined (i.e. independent of the choice of g), and that the conformal covariance in the
present theorem holds true. Moreover, if O € /Oy r), this definition agrees with the
one in Def. 4.18 since one can choose g = 1 in this case.

The isotony in this theorem follows from that in Prop. 4.20 and our construction of
wo(A) in the previous paragraph. The extension property in this theorem follows from
that in Prop. 4.20, together with the additivity of A.

Bulk-bulk locality: By the additivity of B (Cor. 3.40), it suffices to assume that the
closures of O; and Oy are spacelike separated. Let (I 1, Jl) correspond to O; and (Ig7 Jg)
correspond to Oz. By Rem. 3.16 (or Fig. 3.1) and a possible exchange of the subscripts 1
and 2, the following arg-valued intervals are in clockwise order:

I~27I~17(717 ‘E

and Iq, I1, J1, J2 have mutually disjoint closures. By the conformal covariance in this
theorem, after applying some g € ¥, to these four arg-valued intervals, we assume that
Oy = v/Dy and Oz = /Dy where Dy, Dy € O, ) have spacelike separated closures.
Thus, the bulk-bulk locality in this theorem follows from that in Prop. 4.20.
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Bulk-boundary Haag duality: Let (I,.J) correspond to O such that .J is clockwise to
I (cf. Rem. 4.8). Choose K, K_ € J such that K, K_ are the two components of the
interior of S'\(I U J), and that
I ) K T J. ) K_ are in clockwise order
Similar to (4.9), one has
E,=K, E_=K_ (4.10)

This proves the first part of the Haag duality. The second part follows from the Haag
duality in Prop. 4.20, together with the conformal covariance in this theorem and the

conformal covariance in Thm. 4.15.

t/

4

Theorem 4.24 (Bulk-boundary Haag duality). Let n > 1. Let O, ..

t/

()l ()2

e

Figure 4.2. Bulk-boundary Haag duality in R};i}

O]

+»On € O x) whose

closures are mutually spacelike separated, and which are contained in a common double cone O €

O(0,r)- Let ¥ be the spacelike complement of Ox, ..., Oy, in Rey. Let Dy, ...

that Dl, ..

Then E, € Jy and E_ € J_, and the following two von Neumann algebras on

E+ =>n a_;,_Réi)l

E_=%no_RY

,Dp_1€ O(O,fr) such

., Dy,_1 are the connected components of ¥ that are contained in ]Rzél . Let

77.()

commutants of each other:
\/ wWo, (Bcl(oj))
j=1

R

n—1
@} (B(’)p(j)(ﬁ_)) v \/WDj (Ba(Dy))
j=1

Proof. The case n = 1 follows from Thm. 4.23. Now assume n > 1. We assume that
O1,...,0, are listed from left to right. By shrinking O, we assume that the left corners
of O; and O are the same, and the right corners of O,, and O are the same. Then E. is
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the intersection of the spacelike complement of O (in ]R(l)’pl ) with 04+ Ré’pl , which belongs to
J+ by Thm. 4.23. Moreover, by Thm. 4.23, the commutant of @wo (B.(O)) is generated by

wéi (Bop(iy (E4)) and ol (Bl (E E_)). Therefore, it suffices to show that

o(640) r ( o(6ut,)) = V/ o0

This follows from the faithfulness of the normal representation wo, together with the fact
that the relative commutant of \/;‘:_11 B.i(D;)in B (O) is equal to \/?:1 B1(0;) (as implied
by Thm. 3.62 or by its proof). O
4.6 Nets of boundary algebroids changing the boundary conditions

For each H; € Rep(A), in Sec. 4.2 and 4.3, we have considered the nets B, ;), B, o(0) of
(left and right) boundary operators preserving the boundary condition i. From Def. 4.10,
for each I € J we have isomorphisms

Bop(i) (f ) =~ EndA(I’)(Hi) ng(i)(f ) =~ EndA(I/)(HZ)
More generally, for each H;, H), € Rep(A), we view
fe j — op(i—»k)(f) = HOII]_A(I/) (/H“Hk)

as the net of von Neumann algebroids of left boundary operators changing the boundary
condition from i to k. Similarly, for each H;, H; € Rep(.A), we view

IE j +—>B (j—)l)(‘[) = HOmA([/)(/H;,/HZ)

as the net of von Neumann algebroids of right boundary operators changing the bound-
ary condition from j to /.
The nets B, ;) and B p(j—1) act on boundary state spaces as follows: For each #; €

Rep(A), define
w% t Bop(ik) ( ) L(Hop Zb) Hop(k»b))

where ¢ € Hz(I') is chosen to be I’-unitary. This definition is independent of the choice
of 1. Indeed, if we choose I-unitary vectors &; € H;(I) and &, € Hy(I), then by Prop. 2.54,

A = L&, DrL(&, D* |,

for some x € A(I). Hence, by the locality in Thm. 2.39,

(&Cv ).CUL(&, )

HiEHy Hi&H;

wf (L&, DaL(&, 1)*|n,)
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Similarly, we define

: B, (Jﬁl)(N) — L(Hop(b,5)> Hop(b,1))
— L(¢,'T)BL(¢,"I)*

’Hb’Hj

where ¢ € H,(1) is I"-unitary. For each z € A(I) and each I-unitary 1; € H5(I), n; € H;(1),
one checks

~

= R(n;, axR(nz, I
HoXH5 (7T )x ( ) HpXIH

@ (R(n D)aR(n;, 1)* ;)

The following trick allows us to generalize directly many properties in the previous
sections of this chapter to B,y and Bop(]_d By (2.31), the fusion product of two
isometric morphisms of .A-modules is isometric. Therefore, we may view H; x] H; and
Hi. X1 H; as A-submodules of Hgy, 7—[3@. By viewing

Bop(i—) (1) < Boptiony (1) Bayoy (1) < By (1)

the representation w~ of Bopigr) (I ) restricts to that of B,k (1 ) and the representation

w of BOP(]@I)( )

stance generalize the bulk-boundary locahty in Thm. 4.23 to Bop(i—k), B, Pl
bulk net B.

restrlcts to that of B/ (J_)l)( D). Using this observation, one can for in-
), and the

A Consequences of Eq. (2.20) and conditions (1)—(4) of Thm. 2.39

Let A be a conformal net, and let G — Aut(A) be a group homomorphism. Through-
out this chapter, we do not assume Convention 2.33, except in Sec. A.5.

The goal of this chapter is to show that Eq. (2.20) together with properties (1)—(4)
of Thm. 2.39 already implies the remaining properties in that theorem, as well as the
compatibility conditions in Rem. 2.32 and the balancing condition. This provides a more
algebraic approach to these results, in contrast to the more geometric proofs in [MS26a,
MS26b], which rely on path continuation.

Neither the remaining properties of Thm. 2.39, nor the compatibility conditions in
Rem. 2.32, nor the balancing condition is needed for the construction of open/closed
CFTs carried out in this paper. The only exception is the conformal covariance property
in Thm. 2.39, which is used in Ch. 4 to verify the conformal covariance of the open CFT.
Readers interested only in the construction of open/closed CFTs may therefore safely skip
this chapter.

A1 G-covariance
We begin the proof of the G-covariance by proving the following special case:

Lemma A.1. Let H; € Rep®(A) and ¢ € G. Then for each I € J and ¢ € H;(I), the following
identities hold as bounded linear operators Ho — Hy;.

ToL(&, Dy, = L& D)y, ToR(E D], = R(TeE Dy, (A2)
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Proof. By Rem. 2.37, the operator F¢L(§,I~ )¢~ %, belongs to Hom A(;,)(HO,H(M), and
hence is the unique element in that set sending €2 to

ToL(E, D)™ = TyL(€, D)2 = Tt
So it equals L(T'4¢, I)|3,- The second identity can be proved in the same way. O

Remark A.2. In Lem. A.1, the operators T4 L(¢, I) )|y, and L(TyE, T )¢|,,, originally have
codomains H(ixoy and Hg; X1 Ho, respectively. To ensure that the first identity in (A.1)
holds, we identify H y(;x0) ~ Hgi ~ Hgpizo using the unitors in (2.11d). Similarly, to obtain
the second identity in (A.1), we identify Hyop) =~ Hei ~ Homgi using the unitors in
(2.11c). This observation will be needed in the proofs of (2.11c) and (2.11d) in Subsec.
A2.

Theorem A.3. For each H;, H; € Rep®(A) and ¢ € G, there is a (necessarily unique) unitary
isomorphism of G-twisted A-modules

Dyij : Hei W Hes — Houmyj)
satisfying Def. 2.42.

Proof. Step 1. It suffices to construct Dy ; ; satisfying the first relation of (2.30), since the
second one will follow immediately from Prop. 2.45.
For each &1, & € Hi(I) and 1,12 € H;, by Prop. 2.49,

(L(Tg2, )T yma| L(Tg1, 1Ty = (Cyma|L(Tpéa, 1)* LT &1, )Ty
=Tyl L(L(T g2, ) *Tr, HT )

Set x = L(F¢§2,I~ )*L(I‘d)gl,IN )|#,, which belongs to A(I). Then the above expression
equals

(T, L(xQ, D)Ly ) = (T mp(@)Tym) = (nalmy(¢~ ' ad)m)

where Prop. 2.47 and (2.7) are used. By Lem. A.1,

¢ wd = (LT g2, DBy ) (L(Tpér, Dla) = L(Ea, I)* L(E1, Daeg
Thus

(LT, DT gmo| L(T g1, D)D) = Cmplmp(L (&2, 1)* L& Dl )m)

A similar (and indeed simpler) computation shows

(L(&2, Tyna|L(&1, Dym) = (na|mp(L(€2, D* L(Ex, Do )m)

Thus, by the density of fusion products in Thm. 2.39, there is a unitary map

Dt Hoi @ He; — Houry) LTS, DTgn > TyL(E, Dy
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foreach { € H;(I),n e H;.

Step 2. If 1), I € J are close in the sense that there exists Iy € J satisfying Iy < I,
and Iy c I, then DI1 and D¢22j agree on vectors of the form L(Hg;(Io), IO)H@, and

hence agree on H; 7—[¢j by the density of fusion products. If I, and I, are not close, one
can connect them by a chain of arg-valued intervals such that each interval in the chain

is close to the preceding one. It follows that DI1 ; and DIN2 ; also agree in this general

case. We have thus proved that D! i 18 1ndependent of the cho1ce of I, and hence can be
denoted by Dy ;.

Step 3. For each JeJandy e A(J), and for each I anticlockwise to J and each
&€ € Hi(I),n € H;, we compute using (2.7) that

~

Dy im5(y) L&, I)Lgn = Dy i jL(L&, D (y)Lym

=Dy, L(Ty&, D)Tym (6 yod)n = ToL(E, D 5(6  yd)n
=Tym (& yd) L(&, Dn = 75T L(E, Dn = 75(y)Dyp,s; LT o€, T)Tgn

This proves that Dy ; ; is a morphism of G-twisted .A-modules. O

A.2 The compatibility conditions in Rem. 2.32
A.2.1 Equations (2.11)
Proof of (2.11a). Choose any Te j,f € H;(I),n € H;, we have

(To(S) W T(T)) LT &, Iy = (FST, RITGTT ) L(Dg€, D)Tyn
=L(I',SE, 1)L T

where Prop. 2.48 is used. Thus, by Def. 2.42,
D, +(To(S) B To(T) LT €, DTy = T4 L(SE, DTy
Def. 2.42 and Prop. 2.48 also imply
Ty(SHT)Dy iy LT, T = To(SETIT; - ToL(, T
=Ty L(S¢,1)Tn
This proves (2.11a), thanks to the density of fusion products. O

Proof of (2.11b). Choose any I, K € J with K clockwise to I. Then for each ¢ € #,;(I),n €
Hj, x € Hi(K),

Dyi (1 E Dy i) LT, T)R(Cyx, K)Tyn
=Dy sk L(TyE, Dy . kR(FqﬁXa K)Tyn
=Dy sk L(To&, DT 4R(x, K)n = Ty L(&, 1) R(x, K)n
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where the naturality in Thm. 2.39 is used. Similarly,

Dy, k(Do B 1) R(LoX, K) Lo Dy
=Dyimjk R(ToX, K)Doi i L(To€, DT o)
=Dy i i R(Tox, K)THL(E, D = Ty R(x, K)L(E, D)
This finishes the proof, thanks to the locality and the density of fusion products in Thm.
2.39. ]

Proof of (2.11c). For each TeJ,ce Hi(I), x € Ho, we compute

~ ~ ~

By R 1)R(T&, Iopx = R(Ty&, I)Bydx = R(Tp&, I)Tpx

where the naturality in Thm. 2.39 and the definition of B, are used. By Def. 2.42,

~ ~ ~

Dyoi(ByX1)R(T4E, I)px = Dy o R(Tg&, I)Tyx = Ty R(E, I)x

Identify Ho XI Hpi ~ Hyi ~ Hyoxi) using the unitors. Then, by Lem. A.1 and Rem. A2,
we have

~ ~

Dy0,i(By X 1)R(I'pE, I)px = R(L'p&, I)dx
By the density of fusion products, D o ;(B X1 1) equals the identity.
Proof of (2.11d). This is similar to the proof of (2.11c), and hence is omitted. O

A.2.2 Equations (2.12)

Proof of (2.12a). Choose any TeJand ¢ € H;(I),n € H;. By the definition of A (in Rem.
2.32) and Prop. 2.48,

~ ~ ~

(A AG)L(S, I)n = LA, 1) A n = L(TeS, I)len

By Def. 2.42,

~ ~

Deij(AiXIA;)L(E Ty =TL(&,1)n

~

Since L(¢, 1)n € Hixj, by the definition of A,

~ ~

A1L<§7 1)77 = FeL(€7 [)77
The proof is thus finished by the density of fusion products in Thm. 2.39. O
Proof of (2.12b). By the definitions of A and B in Rem. 2.32,

Be = Pe o 671|H0 = Fe’HO = AO

This finishes the proof. ]
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A.2.3 Equations (2.13)
Proof of (2.13a). Choose any Te Jand & € Hi(I),n € H;. Then the vector

~

X = L(Tgl'y&, Ty

belongs to Hyi) X1 He(yj), the top left corner of (2.13a). By the definition of C in Rem.
2.32-(c), we have

Cop,il' gy =Topl  CgpyiTel'yn = Leyn

Therefore, by Prop. 2.48, we have

~

(Cou,i W Coyj)x = L(Tpy&, )T gyn

By Def. 2.42,

~

Dy, i (Co,i K Copp )X = Lo L(E, 1)

On the other hand, by Def. 2.42,

~

Dy pipix = Do L(Ty&, I)yn

Therefore, since Ty(Dy; ;) = Tg oDy, ;o F;l, Def. 2.42 implies

~

Tp(Duyij)Dgiapix =Ly o Ty L(E, I)n

By the definition of C,

~

Co0,i05 %0 (Dy,ij) Do piwiX = Lop L (&, I)n
This finishes the proof, thanks to the density of fusion products in Thm. 2.39. O

Proof of (2.13b). Choose any x € Hg. By the definition of B in Rem. 2.32, we have
B, - ¢tvx = T'y - ¥, and hence

Tp(By) By - ohx = Ty(By) - Ty - Px = TyBy - hx = Lylyx
By the definitions of C and B,
Cop,0  Tp(By) By - dhx = Cpy0 - Tpl'yx = Loy x = By - o)

This finishes the proof. ]
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A.3 Braiding

The braiding in Rep®(A) is defined to be the unique operation satisfying (5) of Thm.
2.39. In this subsection, we explain how (5) follows directly from (2.20) and (1)-(4) of
Thm. 2.39.

Lemma A.4. Suppose that H; € Rep?(A). Then for each Ie J and & € H;(I), we have

L(‘Sa IN) ’Ho = R(§> T)¢|’Ho
Proof. This is a direct reformulation of Lem. 2.35. O

Theorem A.5. For each ¢ € G, H; € Rep?(A), H; € Rep®(A), there is a unique unitary map
(which is also a G-twisted A-module isomorphism) B, ; : H; X H; — Hej XI'H; such that

~

Bi L&, T)n = R(&,T)Tyn  foreach & € Hi(I),n e H;

Proof. The uniqueness is clear from the density of fusion products in Thm. 2.39. By the
computation in the proof of Thm. A.3, for each &;, & € H;(I) and 11,72 € H;, we have

(L(&2, D)ma| (&1, Ty = {molmrp(L(E2, T)* L(&x, T)lagy ) (A.2a)
(R(&, Dma| R(&1, Ty = (ol mz(R(Ea, D* R(EL, D g )m) (A.2b)

Therefore, by (2.7) and Lem. A .4,

(R(&2, DTy | R(&1, DT ymy = (na|T, ' w (R (&2, T)* R(&1, Dy )Ty
=(no|mi(d R(&2, T)* R(&1, 1) blage)m)y = (nolmy(L(Ea, D) * L(&r, ) )m)
=(L(&, Dm2| L(&1, DY)

Therefore, there is a unitary map IB%N Hi X H; — Heyj X H; sending each L(¢, In to

R(¢, )qu As in Step 2 of the proof of Thm. A.3, this map is independent of I, and hence
can be written as B; ;.
For each x € A(I), by Prop. 2.47 and 2.49 we have

~

B;jmp(z)L(E, )y = BijL(np(2)€, Dy = R(m(x)€, I)Tyn
=m3(z)R(E, I)Fw—w,( )B;;L(€, T)n

This proves that B; ; is a G-twisted .A-module morphism. O

A.4 Conformal covariance

Proof of Thm. 2.39-(6). Fix I € J. By Lem. 2.20, it suffices to prove (2.25) when ¢ € H; (1)
and g € 94(J), where J € 7 is such that I and J can be covered by some KelJ. By Rem.
2.37, we have

U(9)L(¢, DU (9) " |, € Hom ) (Ho, Hs)
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and hence

g€ = U(g)L(¢&, 1)U (9) "' Q e Hy(g])

By Thm. 2.19 and Prop. 2.47, we have

Ulg) = m(Uo(9)) = L(Uo(9)2, K)
when acting on any object of Rep®(.A). Therefore, by Prop. 2.49 and isotony (Cor. 2.46),
Ug)L(&, DU (9)™" = LUo(9) K)L(&, K) L(Un(g ™) K)

=L(Uo(9)Q, K)L(L(&, K)Uo (97", K) = LIL(Uo(9)2, K) L€, K)Uo (g0, K)

=L(U(g)L(& K)U(9) "' K) = L(gég ™" K)
This proves the first identity in (2.25). The second identity follows by a similar argument.

O

A.5 Balancing

Assume Convention 2.33. (In fact, it suffices to assume the identifications Heypi) =
Hgypyi and Hymp; = Hgxy) via C and D, respectively. Accordingly, we will use the
identity I'yI', = I'y,, as well as (2.26).)

The following proposition generalizes its untwisted counterpart in [Gui25, Lem. 1.5].

Proposition A.6. Let ¢,w € G, H; € Rep®(A), H; € Rep”(A), ITeJ, §eMi(I), and n e H;.
Then, as elements of H g.,; X1 Heej, we have

F¢>w (5 Q(27T) )77 B¢WJ¢ZB¢ZLU] (F¢€al~)rw"7

Proof. Let I; = o(27)I. Assume without loss of generality that n € #,;(I') = H;(11). Then
by Prop. 2.45 and the braiding in Thm. 2.39, and noting I'y ', = Iy,

B 6iBoiwi L€, DTwn = Bowj i RI6E D gun = Bowjsi RIS, 1T gun
=B, 0i L(L g, 11)T € = R(T g, 11)F¢w¢711ﬂ¢5 = R(T4um, 11)F¢w£
:L(Fqﬁwf, Il)rtf)wn = F¢wL(£’ Q(27T)I)T]

where the G-covariance in Thm. 2.39 is used for the last equality. O

Recall that for each H; € Rep?(A), the balancing ¥; € Hom 4(H;, Hy;) is defined by
L'y 0 Ui(oa(2m)).

Theorem A.7. For each H; € Rep?(A) and H; € Rep® (A), we have

To(Vi) =Vpi  Vigj = BowjiBoiw; (Vi K V;)
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Proof. By Rem. 2.28,
Tg(05) = Te0il 5 |, = Tl pUi(0a(2m))T5 ity = ToUsi(04(2m)) |3y, = Vg

For each £, 7 as in Prop. A.6, by Prop. 2.48,

~ ~

B piBgiwi (Vi X195)L(E, 1)1 = B ¢iBeiwi L(Vi&, 1)In
=B ¢iBoiwi L(Tp0a(2m)E, I)Ty04(2m)n

~ ~

=Ty L(0a(2m)€, 0(2m) 1) 0a(2m)n = Tywoa(2m)L(E, I)n

where the conformal covariance in Thm. 2.39 is used in the last equality. ]
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