
Minkowskian open/closed conformal field theory
possibly without vacuum: the Cardy case

BIN GUI

Abstract

For any conformal net, not necessarily rational, we construct the associated Cardy-
type conformal field theory on the Minkowski spacetimes R1,1

cl “ pR{2πZq ˆ R for
closed strings and R1,1

op “ r0, πs ˆ R for open strings within the framework of alge-
braic quantum field theory. In addition to verifying some of their basic properties, we
prove three forms of Haag duality for multi-double-cones and boundary intervals, in-
terpreted respectively as the Minkowskian versions of modular invariance, the Cardy
consistency condition, and the Morita equivalence of boundary field algebras.
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1 Introduction

1.1 CFT beyond discrete-type

One of the ultimate goals in the mathematical study of two-dimensional conformal
field theory (CFT) is the rigorous construction of the theory describing both open and
closed strings, known as an open/closed CFT or full/boundary CFT. Like ordinary quan-
tum field theories, a CFT can be formulated either on Euclidean or on Minkowskian
spacetimes.

In the Euclidean setting, the theory is defined on compact Riemann surfaces with
physical boundaries, together with parametrized boundary circles and intervals, and is
required to satisfy Segal’s axioms (cf. [Seg88, Seg04]). In the Minkowskian setting, partic-
ularly in the framework of algebraic quantum field theory (AQFT), the theory is defined
on the Minkowski spacetimes R1,1

cl “ pR{2πZq ˆ R and R1,1
op “ r0, πs ˆ R and is required

to satisfy e.g. the axioms of a Haag–Kastler net in [Haag96].1

Over the past three decades, substantial progress has been made in the rigorous
construction of rational CFTs, both in the Euclidean and Minkowskian settings. In

1In the standard AQFT literature, the spacetime for the open CFT is usually taken to be the half-plane
r0,`8q ˆ R rather than the strip r0, πs ˆ R . We will discuss this difference in more detail in Sec. 1.4.
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the Euclidean setting, the construction of rational CFTs using vertex operator algebras
(VOAs) has been achieved in genus 0 and 1 in [HK07, Kong07, Kong08a, Kong08b]; see
[KR10, Kong11] for surveys. For Riemann surfaces of arbitrary genus, a complete con-
struction remains open, but a topological field theory (TFT) approach has been developed
in [FFFS02, FRS02, FRS05, FFRS06]. In the Minkowskian setting, the construction of ratio-
nal CFTs using conformal nets has been carried out in [LR95, KL04, LR04, LR09, CKL13,
BKL15]; see [KR10, Kaw15] for reviews. In all these approaches, the method of Q-systems
(« Frobenius algebras) plays a crucial role.

Beyond rational CFTs, recent progress has also been made in the construction of Eu-
clidean closed CFTs (cf. [Mor20, Mor23]) and Minkowskian closed CFTs (cf. [AGT23,
AGT25]). The theories constructed in these works, while not necessarily rational, are still
discrete in the sense that their state spaces are given by finite or infinite direct sums, rather
than direct integrals, of irreducible representations of the tensor product of the chiral and
antichiral algebras.

However, the frameworks developed in the previously mentioned approaches do not
encompass (possibly) non-discrete CFTs, e.g., those whose closed-string state space Hcl

admits a direct integral

Hcl »

ż ‘

X
Hx bC Kx dµpxq

where pX,µq is a measure space and Hx,Kx are (irreducible) representations of the chiral
and antichiral algebras. The most prominent example is Liouville CFT, which has re-
cently been constructed rigorously in the Euclidean setting using probabilistic methods;
see [KRV20, GKRV24, GKRV21] for the closed theory, and [RZ22, Wu22, ARS25, ARSZ23,
GRW24] for the open theory (whose construction is still being completed).

Liouville CFT is regarded as a Cardy-type open/closed CFT associated with the chiral
algebra Virc, the unitary Virasoro algebra (or Virasoro conformal net) with central charge
c “ 1 ` 6Q2 where Q “ b ` b´1 (and hence c ě 25). Its closed-string state space decom-
poses, as a Virc b Virc-module, as

Hcl »

ż ‘

Rě0

HQ2

4
`P 2

b HQ2

4
`P 2

dP (1.1)

where, for each h ě 0, Hh denotes the Hilbert-space completion of the irreducible
positive-energy representation of Virc with lowest weight h. Besides its continuous spec-
trum, a remarkable feature of Liouville CFT is that

:::
the

:::::::::
vacuum

::::::
vector

:::::
does

::::
not

:::::::
belong

:::
to

:::
the

:::::
state

::::::
space

::::
Hcl. In fact, the vacuum vector (which has conformal weight 0) does not

even exist as a distributional state in Hcl, since the lowest weight of Hcl is strictly positive.
By contrast, in all previous approaches based on conformal nets or VOAs, the state

space contains a vacuum vector. This raises the natural question of whether Liouville
CFT can be accommodated within either framework. Since both conformal nets and
VOAs have traditionally served as frameworks for general CFTs rather than for partic-
ular classes of examples, one is led to ask:

Question 1.1. Using either the theory of conformal nets or VOAs, and in either the
Minkowskian or Euclidean setting, can one develop a general framework for open/closed
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CFTs in which both discrete-type CFTs (such as rational CFTs) and continuous-type CFTs
(whose state spaces may not contain a vacuum vector) can be studied within a unified
setting?

1.2 A general framework for Minkowskian open/closed CFT

The goal of the present paper is to provide a positive answer to Question 1.1 for
Minkowskian CFTs using the conformal net method, at least for Cardy-type CFTs. See
[HT26, HT] for an approach to Euclidean CFTs of Cardy-type, also based on conformal
nets. We expect that, by extending the results for conformal nets to nonlocal chiral (i.e.
one-dimensional) nets, the framework developed here can eventually be generalized to
non-Cardy-type Minkowskian CFTs.

To introduce the framework of this paper and its main results, we first sketch what a
Minkowskian open/closed CFT (not necessarily of Cardy-type) should look like, adapt-
ing part of the general picture of [FRS02, FRS05, FFRS06] to the AQFT setting.

In a Minkowskian CFT, boundary conditions are labeled by symbols i, j, k, . . . . The
world sheet for the open string r0, πs is the Minkowski space

R1,1
op “ r0, πs ˆ R

The Hilbert space for the open string with left boundary condition i and right boundary
condition j is denoted by Hoppi,jqHoppi,jqHoppi,jq.

The boundary operators on R preserving the boundary condition i form a (possi-
bly) non-local chiral net BoppiqBoppiqBoppiq, called the boundary net. Since the boundary fields on
B`R1,1

op :“ t0u ˆ R preserving the boundary condition i act on Hoppi,jq, the Hilbert space
Hoppi,jq carries a left action of Boppiq. See Thm. 4.11 for the basic properties expected of
nonlocal chiral nets, and Thm. 4.15 for the properties that the action of Boppiq on Hoppi,jq

is expected to satisfy.
Similarly, since the boundary fields on B´R1,1

op :“ tπu ˆ R preserving the boundary
condition j act on Hoppi,jq, the Hilbert space Hoppi,jq admits a right action of Boppjq, in
other words, a left action of the dual net B1

oppjq
of Boppjq; cf. Thm. 4.11-(6) for the meaning

of dual nets.
The left action of Boppiq and the right action of Boppjq on Hoppi,jq are, in an appropriate

sense, mutual commutants. More precisely, they satisfy the boundary-boundary Haag
duality, as formulated in Thm. 4.15. It is in this sense that Boppiq and Boppjq are viewed as
Morita equivalent.

If Hoppi,jq denotes the conjugate of Hoppi,jq, one expects a canonical equivalence

Hoppj,iq » Hoppi,jq (1.2a)

Moreover, one expects a canonical equivalence

Hoppi,kq » Hoppi,jq bBoppjq
Hoppj,kq (1.2b)

where the RHS is the (yet to be defined) Connes fusion product of the right Boppjq-module
Hoppi,jq and the left Boppjq-module Hoppj,kq.
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The world sheet for the closed string S1 “ R{2πZ is the Minkowski space

R1,1
cl “ S1 ˆ R

commonly known as the Einstein cylinder. Let HclHclHcl denote the state space of the closed
string. The bulk fields on R1,1

cl then form a net of algebras acting on Hcl, denoted by BclBclBcl

and called the bulk net. See Thm. 3.33 for the properties satisfied by this net.
Besides the properties mentioned in Thm. 3.33, the net Bcl should also satisfy the

bulk-bulk Haag duality, namely, Haag duality for multi-double-cones in R1,1
cl . See Thm.

3.62 for the precise statement. For unions of two or more double-cones, this duality is
equivalent, in the terminology of [BKL15], to the statement that the µ-index of Bcl is 1. At
least in the rational case, this condition is equivalent to (genus-one) modular invariance
in the Euclidean picture. Indeed, by [BKL15, Prop. 6.6] and [Kong08b, Thm. 6.7], both
conditions admit the same formulation in terms of Q-systems (or Frobenius algebras). See
also [BCKLM24] for a review of this topic from the perspective of entropies.

Given left and right boundary conditions i and j, the bulk fields on the interior
IntR1,1

op :“ p0, πq ˆR act on the open-string state space Hoppi,jq. Thus, the restriction of the
bulk net to IntR1,1

op acts on Hoppi,jq. See Thm. 4.23 for a list of properties expected of this
action. In particular, it should satisfy the bulk-boundary Haag duality; see Thm. 4.23-(5)
and Thm. 4.24 for the precise statement. This form of Haag duality should be regarded
as the Minkowskian analogue of the Cardy consistency condition; see [KR10, Sec. 4.2] for
a related discussion.

The interpretations of the three forms of Haag duality discussed above are summa-
rized in Table 1.

Haag duality Spacetime Pictorial
illustration

Interpretation

Bulk-bulk R1,1
cl

Fig. 3.3
in Sec. 3.11

Modular invariance
in Euclidean spacetimes

Boundary-boundary R1,1
op

Fig. 4.1
near Sec. 4.3

Morita equivalence
of boundary nets

Bulk-boundary R1,1
op

Fig. 4.2
in Sec. 4.5

Cardy consistency condition
in Euclidean spacetimes

Table 1: Three forms of Haag duality

1.3 Main results

We now consider the case where the CFT is of Cardy-type, meaning that there exists
a boundary condition, denoted by 0, such that, upon setting

A :“ Bopp0q H0 :“ Hopp0,0q

A is a local chiral net (i.e. a conformal net) with vacuum module H0 containing a vac-
uum vector Ω. Each boundary condition i then determines a right A-module (also called
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solitonic A-module)

Hi :“ Hoppi,0q

As in [FFFS02], we restrict for simplicity to those boundary conditions i for which Hi is a
local A-module, simply called an A-module. Then (1.2) implies Hopp0,jq » Hj , and hence

Hoppi,jq » Hi bA Hj (1.3)

The main results of this paper are summarized as follows:

Main Result 1.2. Let A be any conformal net with vacuum module H0.

(1) We construct the closed-string state space Hcl as an Ab2-module. See Def. 3.12. Moreover,
we construct the net Bcl on the spacetime R1,1

cl , acting on the Hilbert space Hcl. See Def.
3.29 and 3.30.

(2) We prove that the pair pBcl,Hclq satisfies the usual properties required of a Haag–Kastler
net, except for the existence of a vacuum. See Thm. 3.33.

(3) We prove that Bcl satisfies the bulk-bulk Haag duality. See Thm. 3.62.

Main Result 1.3. For each pair of A-modules Hi,Hj , define the A-module Hoppi,jq by (1.3), i.e.,
Hoppi,jq :“ Hi bA Hj .

(1) We construct the non-local chiral net Boppiq on the spacetime R, acting on the state space
Hoppi,iq. See Def. 4.10. We prove that the pair pBoppiq,Hoppi,iqq satisfies the usual properties
required of a Haag–Kastler net, except for the existence of a vacuum. See Thm. 4.11.

(2) We construct the left and right actions of Boppiq and Boppjq on Hoppi,jq. See Def. 4.13. We
prove that these actions satisfy the usual requirements for representations of Haag–Kastler
nets, and we prove the boundary-boundary Haag duality. See Thm. 4.15.

(3) We construct the action of Bcl (restricted to p0, πq ˆR) on Hoppi,jq. See Def. 4.18 and Thm.
4.23. We show that the joint actions of Boppiq, Boppjq, and Bcl on Hoppi,jq satisfy the usual
requirements for representations of Haag–Kastler nets, and we prove the bulk-boundary
Haag duality. See Thm. 4.23 and 4.24.

Moreover, a brief discussion of the nets of algebroids of boundary operators changing
boundary conditions is given in Sec. 4.6.

1.4 Proof strategies

Since Main Result 1.3 is relatively easier to obtain than Main Result 1.2, we focus
here on the main idea behind the proof of Main Result 1.2, namely, the construction of
the closed CFT. We also explain why the existing techniques from operator algebras and
AQFT cannot be applied directly, and how we overcome the resulting difficulties.

Adapting the construction of [LR04], it is not difficult to construct the action of the
bulk net Bcl (restricted to p0, πq ˆ R) on Hopp0,0q “ H0 in terms of relative commutants.
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Indeed, this construction is simply a reformulation of the bulk-boundary Haag duality
for the left and right actions of Bopp0q “ A together with the action of Bcl on Hopp0,0q.

Already at this stage, however, an important difference emerges between our ap-
proach and those taken in most of the AQFT literature. In almost all previous AQFT
works, the spacetime for the open-string theory is taken to be r0,`8q ˆ R. In other
words, the open string is modeled by the interval r0,`8q, which has a single boundary
component t0u, rather than by the interval r0, πs, which has two boundary components.
There are several reasons for adopting the latter viewpoint.

First, it is more compatible with the techniques developed in this paper, in particu-
lar the theory of crossed categorical extensions of conformal nets. Second, it is consis-
tent with the Euclidean CFT literature [FFFS02, FRS02, FRS05, FFRS06, HK07, Kong07,
Kong08a, Kong08b], where open strings are likewise modeled by intervals with two
boundary components. Third, only by working with strings having two boundary com-
ponents can one formulate the Morita equivalence of non-local nets in terms of boundary-
boundary Haag duality, thereby avoiding the machinery of Q-systems/Frobenius alge-
bras.

This brings us to a fundamental difficulty encountered by previous AQFT approaches
when moving beyond discrete-type CFTs. Those approaches rely heavily on Q-systems,
which work perfectly for rational CFTs, and in some cases also for irrational discrete-type
CFTs or QFTs (see, for example, [Mas00, DVG18]). In particular, the bulk net Bcl on the
entire spacetime R1,1

cl , together with the state space Hcl, was constructed in [LR04] using
the Longo–Rehren Q-system introduced in [LR95] and later generalized in [Reh00]. Even
the construction of Bcl and Hcl in [LR09], which does not explicitly use Q-systems, still
relies on the existence of a conditional expectation between a pair of subfactors. However,
since the closed-string state space of a general CFT needs not contain a vacuum vector,
there is no reason to expect such a conditional expectation to exist.

Our approach in this paper is based on the following simple observation. Let H be a
faithful right N -module where N is a von Neumann algebra. Let N 1 denote the commu-
tant of N , acting on the left of H. By [Tak03, Sec. IX.3], the Hilbert space H bN H carries a
canonical structure of N 1-N 1 bimodule that is unitarily equivalent to L2pN 1q. Moreover,
although not stated explicitly there, this unitary equivalence pulls back the modular con-
jugation on L2pN 1q to an involutive antiunitary operator Θ on H bN H, which, roughly
speaking, sends ξbη to ηbξ. It follows from the Tomita–Takesaki theory that the left and
right actions of N 1 on HbN H are mutual commutants, and that AdΘ interchanges the left
and right actions.

The construction of the bulk net Bcl on Hcl from the action of the bulk net (restricted
to p0, πq ˆ R) on Hopp0,0q resembles the construction of the N 1-N 1 bimodule H bN H from
the N 1-N bimodule H. This analogy can be made precise by taking N “ Ab2prIq and
H “ H?

0. Here, rI is an arg-valued interval (cf. Def. 2.9), and H?
0 is the canonical

permutation-twisted Ab2-module associated with the A-module H0 (cf. Def. 3.7), whose
sector-theoretic counterpart was first introduced in [LX04]. A crucial difficulty, however,
is that Hcl should be independent of the choice of rI , and the action of Bcl on Hcl must be
compatible with the underlying geometry of both S1 and R1,1

cl .
This is precisely why, unlike previous approaches in the AQFT literature, we work

within the framework of categorical extensions of conformal nets, first introduced in
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[Gui21a] and later generalized to the twisted setting in [MS26a, MS26b]. This framework
is particularly well suited to handling the geometry of S1, whereas the sector-theoretic
approach often requires removing a point from S1, which is inconvenient in the present
context.

However, even with the geometric flexibility provided by the (crossed) categorical
extensions of conformal nets, the resulting net Bcl is initially defined only on p´π, πq ˆR,
and the corresponding action of Bcl on Hcl satisfies only some local versions of conformal
covariance on p´π, πq ˆ R, see Sec. 3.4. The most nontrivial part of the proof of Main
Result 1.2, carried out in Sec. 3.7 and 3.8, is to extend this construction to a net Bcl on
the entire spacetime R1,1

cl , acting on Hcl and satisfying global conformal covariance. In
particular, if O is a double cone contained in p´π, πq ˆ R, and if, for each s P R, we let
Uclpϱcpsq, ϱcp´sqq denote the unitary operator on Hcl implementing translation by s units
along the x-direction (as in the main body of this paper), then we should have

AdUclpϱcp2πq,ϱcp´2πqq

`

BclpOq
˘

“ BclpOq (1.4)

In the AQFT literature, when dealing with rational conformal nets, global conformal
covariance such as (1.4) is typically established by proving Uclpϱcp2πq, ϱcp´2πqq “ 1, ei-
ther by first obtaining an explicit irreducible decomposition of the Ab2-module Hcl and
then verifying the equation componentwise, or by invoking the Bisognano–Wichmann
property (cf. [KL04, Prop. 2.1] or [MT19, Thm. A.5]). In our approach, neither method
is available, due to the absence of a discrete decomposition of the state space and the
absence of a vacuum vector. We therefore leave the following problem open.

Problem 1.4. Let A be any conformal net. Prove that Uclpϱcp2πq, ϱcp´2πqq, the unitary
operator on Hcl implementing translation by 2π along the x-axis, is the identity.

Although we are unable to solve Problem 1.4, we can nevertheless prove (1.4) by ex-
ploiting the Tomita–Takesaki-type result for Θ mentioned above, together with the rela-
tionship between Θ and the translation group. In fact, (1.4) arises as a byproduct of our
proof of the PCT symmetry and Haag duality for the double cone OÑ and its spacelike
complement OÐ, illustrated in Fig. 3.2. The proof, given in Sec. 3.7, of the PCT symmetry
and Haag duality for OÑ and OÐ, together with the resulting implication that these re-
gions satisfy (1.4) (cf. Lem. 3.48), is, in our view, the most novel part of the construction of
open/closed CFT presented in this paper, although it is by no means the most technical.

Having established the results in Sec. 3.7 and proved the global conformal covari-
ance on R1,1

cl , one can readily deduce the bulk-bulk Haag duality for a single double-cone
(and its causal complement). Once this case is established, the extension to multi-double-
cones follows straightforwardly from the split property of A, see Sec. 3.11. In other
words, the main difficulty in proving bulk-bulk Haag duality for closed CFT lies in the
case of a single double-cone. For rational closed CFTs, this single double-cone Haag dual-
ity can still be proved even without modular invariance, because the state space contains
a vacuum vector and hence the Bisognano–Wichmann theorem can be applied. In our
setting, however, the state space Hcl does not in general admit a vacuum vector, so the
Bisognano–Wichmann theorem is not available. Therefore, the crucial argument in Sec.
3.7 is indispensable.
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1.5 Future directions

It is, of course, desirable to generalize the constructions in this paper to Minkowskian
open/closed CFTs that are not of Cardy type. To achieve this, one needs to develop a
theory of Connes fusion for modules over non-local chiral nets, together with the corre-
sponding theory of categorical extensions. However, unlike the case of conformal nets,
the vacuum module of a non-local net (for example, Hoppi,iq for Boppiq) generally does not
contain a vacuum vector, just as the closed state space does not. It is therefore far from
clear how to develop a theory of Connes fusion that is compatible with the geometry of
the circle, as was accomplished for conformal nets in [Gui21a, MS26a, MS26b].

In addition, one should show that Connes fusion defined using Morita equivalent
non-local nets yields equivalent theories. This expectation is suggested by the discussion
in Sec. 1.2, where Boppiq and Boppjq are Morita equivalent via the bimodule Hoppi,jq, and
hence

Hoppk,iq bBoppiq
Hoppi,lq » Hoppk,lq » Hoppk,jq bBoppjq

Hoppj,lq

This suggests that the corresponding Connes fusion theories should be equivalent, with
the equivalence implemented by

Hoppk,iq ÞÑ Hoppk,jq Hoppi,lq ÞÑ Hoppj,lq

that is, implemented by

Hoppk,iq ÞÑ Hoppk,iq bBoppiq
Hoppi,jq Hoppi,lq ÞÑ Hoppj,iq bBoppiq

Hoppi,lq

Moreover, one should establish that two non-local nets are Morita equivalent (in the
sense of satisfying boundary-boundary Haag duality) if and only if the closed CFTs gen-
erated by them are equivalent. This would generalize the result that two (special sym-
metric) Frobenius algebras in a modular fusion category are Morita equivalent if and
only if their centers are equivalent; cf. [KR08]. In fact, the theory of Minkowskian
open/closed CFTs should be viewed as a highly infinite analogue of the theory of Q-
systems or Frobenius algebras, much as measure theory is a highly infinite generalization
of finite-dimensional commutative algebras. Just as, in the latter setting, one must distin-
guish between the roles of L8 and L2, in the former one should distinguish between nets
of algebras and Hilbert spaces.

Returning to Cardy-type CFTs, another future direction is to relate the construction
in this paper to those arising from the probabilistic approach. For example, one should
show that when A is the Virasoro net with central charge c “ 1` 6Q2, where Q “ b` b´1,
the Ab2-module Hcl decomposes as in (1.1). This would identify the closed-string state
space constructed in this paper with the one appearing in the literature on Liouville CFTs.

Moreover, as suggested by (1.3), determining the open-string state space Hoppi,jq re-
quires computing the Connes fusion Hi bA Hj for Virasoro modules Hi,Hj , a problem
proposed and studied in [Tes01, Tes09]. Note also that, since Hcl is defined in this paper
as the Connes fusion H?

0 bAb2 H?
0, proving (1.1) may itself be viewed as a problem of

computing Connes fusion.
After identifying the state spaces, the next step would be to relate the bulk and bound-

ary nets, together with their actions on the state spaces, to the correlation functions in the
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Liouville CFT literature. For example, one should show that these nets and their actions
coincide with those obtained by smearing the Wightman bulk and boundary fields in
Liouville CFTs.

More generally, Toda CFTs are expected to be Cardy-type CFTs associated with the
principal W pgq-algebra at Toda central charge, where g is a simple Lie algebra. Liouville
CFT is the special case corresponding to g “ sl2. Toda CFTs, especially for g “ sl3, have
recently been studied rigorously from the probabilistic perspective [CRV23, CH22, Cer24,
Cer25, CH24a, CH24b, CH25]. On the AQFT side, the conformal net associated with
W3 “ W psl3q has been constructed in [CTW23, CTW22]. Thus, at least for such conformal
nets, one may ask whether the state spaces of the open/closed CFT constructed in this
paper agree with those appearing in the probabilistic literature, and whether the bulk and
boundary nets constructed here can likewise be realized by smearing the corresponding
Wightman fields.

Note that, in Toda open CFTs, one should also allow boundary conditions correspond-
ing to twisted A-modules, especially those arising from automorphisms of the Dynkin
diagram (cf. [CH24a, CH24b, CH25]). For simplicity, we have considered only un-
twisted A-modules as boundary conditions in this paper, although most of our results
extend straightforwardly to twisted boundary conditions, or more generally to solitonic
A-modules (cf. Def. 2.13) whose restrictions to the Virasoro subnet are genuine modules.

Another interesting example is the rank-n Heisenberg conformal net, whose closed-
string state space is expected to admit the decomposition

Hcl »

ż ‘

Rn
Hp b Hp dp

where Hp denotes the irreducible positive-energy representation of the Heisenberg con-
formal net with momentum p, cf. [Luk07, Sec. B.1] for instance. As mentioned earlier
in this section, obtaining such a decomposition requires computing the Connes fusion of
certain twisted modules over the Heisenberg conformal net. Significant progress on this
problem has recently been made in [MS25, MS26c]. It would then be desirable to compare
the bulk and boundary nets constructed in this paper with those obtained by smearing
the corresponding Wightman fields.

1.6 Outline

This paper is organized as follows. Chapter 2 collects the preliminaries on confor-
mal nets used throughout the paper. Section 2.1 recalls the definition of conformal nets
and lists the standard structural properties that will be used later. Section 2.2 recalls
arg-valued intervals and twisted, untwisted, and solitonic modules of conformal nets,
together with their conformal covariance. Section 2.3 reviews the category RepGpAq of G-
twisted A-modules and gives a detailed description of the action of G on RepGpAq. Sec-
tion 2.4 reviews the notion ofG-crossed categorical extensions, while Section 2.5 develops
several techniques concerning categorical extensions that play a crucial role throughout
the paper. Finally, Sections 2.6 and 2.7 adapt the Tomita–Takesaki-type results mentioned
in Sec. 1.4 to the setting of G-crossed categorical extensions.

Chapter 3 is devoted to the construction of the closed CFT, thereby establishing Main
Result 1.2. Section 3.1 reviews the permutation-twisted Ab2-module H?

0 and uses it
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to define the closed-string state space Hcl. Section 3.2 establishes the geometric setup.
Section 3.3 defines the bulk net Bcl, first on double cones compactly contained in p´π, πqˆ

R and then on all double cones of the Einstein cylinder R1,1
cl , and states its main Haag–

Kastler properties. The proofs of these properties occupy Sections 3.4–3.10. Finally, the
bulk-bulk Haag duality is established in Section 3.11.

Chapter 4 constructs the open CFT, proving Main Result 1.3. Section 4.1 introduces
the geometric setup. Section 4.2 defines the boundary chiral nets and establishes their
Haag–Kastler properties. Section 4.3 constructs the actions of the boundary nets on the
boundary state spaces, proves the corresponding representation-theoretic properties, and
establishes the boundary-boundary Haag duality. Sections 4.4 and 4.5 construct the ac-
tion of the bulk net (restricted to p0, πq ˆ R) on the open-string state spaces, establish the
basic properties of this action together with the actions of the boundary nets, and prove
the bulk-boundary Haag duality. Section 4.6 briefly discusses nets of boundary alge-
broids whose operators change boundary conditions, extending several of the preceding
constructions from boundary-preserving operators to boundary-changing ones.
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2 Preliminaries on conformal nets

For any Hilbert spaces H1,H2, we let LpH1,H2q denote the set of bounded linear op-
erators H1 Ñ H2, and abbreviate LpH,Hq as LpHq. Similarly, we let UpH1,H2q be the set
of unitary maps H1 Ñ H2 and write UpH,Hq as UpHq. For each Hilbert space H, we un-
derstand its inner product x¨|¨y to be linear on the right variable |¨y and antilinear on the
left variable x¨|. For a collection of von Neumann algebras pMiqiPI acting on a common
Hilbert space, we let

Ž

iPI Mi be the von Neumann algebra generated by this collection,
i.e.,

Ž

iPI Mi “
`
Ť

iPI Mi

˘2.
We write X Ť Y if X Ă Y , and if X has compact closure in Y .
Throughout this paper, we adopt the conventions 2.24, 2.31, and 2.33, which will be

introduced later in this chapter.

2.1 Conformal nets

Let Diff`pS1q be the orientation-preserving diffeomorphism group of the unit circle
S1. Let J be the set of (non-empty non-dense open) intervals in S1. If I P J , we let I 1 be
the interior of S1zI . We let DiffIpS1q be the subgroup consisting of all g P Diff`pS1q fixing
points in the closure of I 1.
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Let PSUp1, 1q be the subgroup of Möbius transforms preserving S1, i.e., PSUp1, 1q con-
sists of g P Diff`pS1q of the form

z P S1 ÞÑ
az ` b

bz ` a

where a, b P C, |a|2 ´ |b|2 “ 1. Let

ϱ : R Ñ Diff`pS1q ϱptqz “ eitz (2.1)

(where z P S1) be the one-parameter rotation group.
In this paper, all conformal nets are assumed to be irreducible, defined as follows.

Definition 2.1. An (irreducible non-trivial) conformal net denotes a tuple pA,H0, U0,Ωq

(abbreviated to pA,H0q or simply A) where H0 is a separable Hilbert space with dimH0 ą

1, and A is a map sending each I P J to a von Neumann algebra ApIq on H0 satisfying
the following conditions.

(a) (Isotony) If I1 Ă I2 P J , then ApI1q is a von Neumann subalgebra of ApI2q.

(b) (Locality) If I1, I2 P J are disjoint, then rApI1q,ApI2qs “ 0.

(c) (Conformal covariance) U0 is a strongly-continuous projectively unitary represen-
tation of Diff`pS1q on H0 such that the relation

VApIqV ˚ “ ApgIq

holds for any g P Diff`pS1q, any I P J , any unitary V P UpH0q representing U0pgq.
Moreover, if g P DiffIpS1q and V represents U0pgq, then V P ApIq.

(d) Ω P H0, called the vacuum vector, is the unique (up to scalar multiplication) unit
vector such that V Ω P CΩ for each V P UpH0q representing some g P PSUp1, 1q.
(In particular, U0 restricts to a strongly-continuous unitary representation U0 of
PSUp1, 1q on H satisfying U0pgqΩ “ Ω for each g P PSUp1, 1q.) Moreover, Ω is
cyclic under the action of

Ž

IPJ ApIq.

(e) (Positive energy) The self-adjoint generator of the one-parameter unitary group U0˝

ϱ has spectrum in Rě0.

Remark 2.2. A conformal net A satisfies the following properties, cf. [GL96, Prop. 1.1,
1.2] and the references therein.

(1) (Additivity) ApIq “
Ž

αApIαq if pIαq is a collection in J whose union is I P J .

(2) (Haag duality) ApIq1 “ ApI 1q for each I P J .

(3) (Reeh–Schlieder property) ApIqΩ is dense in H0 for each I P J .

(4) (Irreducibility)
Ž

IPJ ApIq “ LpH0q.

(5) Each ApIq is a type III factor.
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Moreover, by [MTW18], A satisfies the split property, which means that for each I, J P J
with I Ť J , there is a type I factor between ApIq and ApJq. By Haag duality (applied to
I1 “ I and I2 “ J 1), this is equivalent to the statement that for any I1, I2 P J with disjoint
closures, there is a unitary map Φ : H0 Ñ H1 b H2 where the Hilbert spaces H1, H2 carry
normal representations π1, π2 of ApI1q and ApI2q, respectively, such that

AdΦ|ApI1q “ π1 b idH2 AdΦ|ApI2q “ idH1 b π2

By property (5), one may in fact take H1 “ H2 “ H0, with π1, π2 given by the inclusion
maps ApI1q ãÑ LpH0q,ApI2q ãÑ LpH0q, respectively.

Next, we review some useful extensions of Diff`pS1q and DiffIpS1q.

Definition 2.3. Let

GGG :“ ČDiff`pS1q Ñ Diff`pS1q (2.2)

be the universal cover of Diff`pS1q. Viewing S1 as R{2πZ, the group G consists of smooth
functions F : R Ñ R satisfying for each x P R that

F px` 2πq “ F pxq ` 2π F 1pxq ą 0 (2.3)

Definition 2.4. For each I P J , let G pIqG pIqG pIq be the identity component of the preimage of
DiffIpS1q under the map (2.2). Equivalently, G pIq consists of smooth functions F : R Ñ R
satisfying (2.3) and fixing pointwise preimage of I 1 under the covering map R Ñ R{2πZ.
(In fact, by (2.3), it suffices to assume fixing pointwise any prescribed connected compo-
nent of the preimage of I 1.) See Rem. 2.10 for an alternative description.

Lift the rotation group (2.1) to a one-parameter group

ϱϱϱ : R Ñ G

Thus, for each t P R, the function ϱptq : R Ñ R sends x to x` t.
The central extension of G associated to A is defined to be the topological group

GAGAGA “ tpg, V q P G ˆ UpH0q : V represents U0pgqu

or more precisely, the surjective group homomorphism GA Ñ G defined by the projection
G ˆ UpH0q Ñ G . The kernel of this homomorphism is 1 ˆ S1 » S1.

Remark 2.5. The topological group GA depends only on the central charge of A. Indeed,
the net VirA : I P J ÞÑ U0pDiffIpS1qq2 acting on K0 :“ VirAΩ is a conformal subnet of
A; in particular, the representation of ĆPSUp1, 1q on H0 restricts to that on K0. Therefore,
by the irreducibility in Rem. 2.2, K0 is irreducible as a strongly-continuous projectively-
unitary positive-energy representation of Diff`pS1q, and hence is integrated from the uni-
tary moduleLpc, 0q (for some c ě 0, called the central charge of A) of the Virasoro algebra,
cf. [Car04, Thm. A.1]. Thus VirA can be identified with the Virasoro net Virc with central
charge c, and K0 can be viewed as the Hilbert space completion of Lpc, 0q. Set

GcGcGc :“ GVirc
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Then the following map defines an isomorphism of topological groups GA » Gc.

GA
»

ÝÝÑ Gc pg, V q ÞÑ pg, V |K0q

We will freely identify GA and Gc throughout the rest of this paper.

Definition 2.6. If rg “ pg, V q P GA, we write V P UpH0q as U0prgqU0prgqU0prgq, that is,

rg “ pg, U0prgqq

Then U0 is a strongly-continuous unitary representation of GA » Gc on H0.

For each I P J , we let GApIqGApIqGApIq be the preimage of G pIq under the map GA Ñ G . In
particular, we let GcpIqGcpIqGcpIq “ GVircpIq. By the conformal covariance in Def. 2.1, we have

U0pGApIqq Ă ApIq

Remark 2.7. From the definition of conformal nets, we have a unitary representation U0

of PSUp1, 1q rather than merely a projectively unitary one. Thus, we have a one parameter
unitary group

ϱAϱAϱA : R Ñ GA ϱAptq “ pϱptq, U0pϱptqqq

called the rotation group in GA. We let ϱcϱcϱc denote the rotation group ϱVirc of Virc. The
isomorphism GA » Gc clearly identifies ϱA with ϱc.

2.2 Twisted modules of conformal nets

Fix a conformal net A.

Definition 2.8. An automorphism of A denotes a unitary operator Φ P UpH0q fixing Ω
and satisfying ΦApIqΦ´1 “ ApIq for each I P J .

We fix a group homomorphism G Ñ AutpAq where G is a discrete group, and AutpAq

is the group of automorphisms of A. We view each ϕ P G as a unitary operator on H0.
Then

ϕApIqϕ´1 “ ApIq

Hence G gives rise to a group of automorphisms of each ApIq.

Definition 2.9. For each I P J , an arg function denotes a continuous function argIargIargI : I Ñ

R such that z “ ei argIpzq for all z P I . An arg-valued interval denotes a pair

rI “ pI, argIq

where I P J , and argI is an arg function of I . The set of arg-valued intervals is denoted
by rJrJrJ .
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Equivalently, rI is a connected component of the preimage of I under the covering map
R Ñ R{2πZ » S1. Therefore, since the universal cover G acts on R (cf. (2.3)), it also acts
on rJ . Through the quotient homomorphism GA Ñ G , the group GA » Gc also acts on S1,
R, and rJ .

Remark 2.10. Def. 2.4 can be rephrased as follows: For each I P J ,

G pIq “ tg P G : g fixes pointwise pI 1, argI 1q for each argI 1u

“tg P G : g fixes pointwise pI 1, argI 1q for some argI 1u

Therefore,

GApIq “ tg P GA : g fixes pointwise pI 1, argI 1q for each argI 1u

“tg P GA : g fixes pointwise pI 1, argI 1q for some argI 1u

If rI, rJ P rJ , we write rI Ă rJrI Ă rJrI Ă rJ if I Ă J and argJ |I “ argI . We say that rI and rJ are disjoint
if I X J “ H. (Note that this is not the same as saying that rI and rJ are disjoint as subsets
of R.) We say that rJ is clockwise to rI (equivalently, that rI is anticlockwise to rJ) if

arg ζ ă arg z ă arg ζ ` 2π for each z P I, ζ P J

Definition 2.11. We say that rI1, . . . , rIn P rJ are in clockwise order if rIj is clockwise to rIi
whenever j ą i.

Definition 2.12. The clockwise complement rI 1
rI 1
rI 1 (resp. the anticlockwise complement ‵

rI‵rI‵rI)
of rI P rJ is defined to be the interval I 1 together with the arg function so that rI 1 is clockwise
to rI (resp. ‵

rI is anticlockwise to rI).

Definition 2.13. Let ϕ P G. A ϕ-twisted A-module denotes a pair pHi, πiq (or simply
Hi) where Hi is a separable Hilbert space, and πi associates to each rI P rJ a normal
representation π

i,rI
of ApIq on Hi satisfying the following properties.

(a) If rI, rJ P rJ and rI Ă rJ , then π
i,rI

pxq “ π
i, rJ

pxq for each x P ApIq.

(b) For each rI P rJ and x P ApIq, we have

π
i,ϱp2πqrI

pϕxϕ´1q “ π
i,rI

pxq (2.4)

If condition (b) is dropped, we say that pHi, πiq is a solitonic A-module.

Remark 2.14. The above definition of a ϕ-twisted module follows [MS26a, Sec. 3.1], ex-
cept that the unit circle used there is obtained from ours by reflection across the x-axis.
Consequently, the convention in [MS26a, MS26b] uses ϱp´2πq in place of ϱp2πq in (2.4).

Definition 2.15. We let RepϕpAqRepϕpAqRepϕpAq be the W ˚-category of ϕ-twisted A-modules. For the
identity element e of G we write RepepAq as ReppAqReppAqReppAq. Objects in ReppAq are called un-
twisted A-modules, or simply A-modules.
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Remark 2.16. Let pHi, πiq be a solitonic A-module. Assume that rJ is clockwise to rI . Then

rπ
i,rI

pApIqq, π
i, rJ

pApJqqs “ 0

Proof. By the additivity of A and the normality of π
i,rI
, π

i, rJ
, it suffices to treat the case

where rI, rJ Ă rK for some rK P rJ . Then the commutativity follows by the locality of A and
part (a) of Def. 2.13.

Example 2.17. The action of A on H0 is clearly an untwisted A-module, called the vacuum
module and is denoted by pH0, π0qpH0, π0qpH0, π0q or simply by H0.

Remark 2.18. Suppose that x P ApIq commutes with ϕ P G. Then by Def. 2.13-(b), π
i,rI

pxq

is independent of argI . We thus write π
i,rI

pxq as πi,Ipxqπi,Ipxqπi,Ipxq in this case.
For example, if g P GA, then U0pgq commutes with any ϕ P G; cf. [MS26a, Rem. 3.14].

Hence, if g P GApIq, we can

write π
i,rI

pU0pgqq as πi,IpU0pgqq

As another example, if pHi, πiq P ReppAq, then π
i,rI

pxq can be written as πi,Ipxq for each
x P ApIq.

Theorem 2.19. Any ϕ-twisted A-module pHi, πiq is conformally covariant, which means that
there is a unique strongly-continuous unitary representation UiUiUi of GA » Gc on Hi satisfying for
each rI P rJ , g P GApIq the relation

Uipgq “ πi,IpU0pgqq (2.5)

Moreover, for each g P GA, we have Uipgq P
Ž

rIP rJ πi,rIpApIqq.

Proof. This follows from [Hen19], as explained in [Gui21a, Thm. 2.2] (applied to the un-
twisted Virc-module pHi, πi|Vircq) or in [MS26a, Thm. 3.15]. In particular, the uniqueness
follows from the following fact.

Lemma 2.20. Let I be a collection of intervals covering S1. Then
Ť

IPI G pIq generates alge-
braically the group G . Consequently,

Ť

IPI GApIq generates algebraically the group GA.

Proof. This is due to [Hen19, Lem. 17].

Remark 2.21. We abbreviate Uipgq to UpgqUpgqUpgq or even g when no confusion arises.

Corollary 2.22. For each ϕ-twisted A-module Hi, rI P rJ , x P ApIq, and g P GA, we have

Uipgqπ
i,rI

pxqUipgq´1 “ π
i,grI

pU0pgqxU0pgq´1q (2.6)

Proof. See [MS26a, Cor. 3.16]. The idea is to check (2.6) using Thm. 2.19 when g is sup-
ported in any interval whose union with I is not dense, and then conclude the general
case by using Lem. 2.20.
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2.3 The category RepGpAq and the G-action

Fix a conformal net A with central charge c, a discrete group G, and a group homo-
morphism G Ñ AutpAq. Let

RepGpAqRepGpAqRepGpAq

be the W ˚-category whose objects are finite (orthogonal) direct sums of the form
À

iHi where each Hi P RepωipAq for some ωi P G. Objects in RepGpAq are called
G-twisted A-modulesG-twisted A-modulesG-twisted A-modules. The morphisms in RepGpAq are defined in Def. 2.23.

Definition 2.23. If Hi,Hj P RepGpAq, we let HomApHi,HjqHomApHi,HjqHomApHi,Hjq denote G-twisted A-module
morphisms from Hi to Hj , that is, elements T P LpHi,Hjq satisfying

Tπ
rI,i

pxq “ π
rI,j

pxqT

for each rI P rJ , x P ApIq. Elements of HomApHi,Hjq are called (homo)morphisms of
G-twisted A-modules from Hi to Hj .

Convention 2.24. In this paper, objects of RepGpAq are denoted by symbols such as
Hi,Hj ,Hk, etc. We abbreviate π

i,rI
to π

rI
π
rIπrI

when no confusion arises.

2.3.1 The crossed balanced W ˚-tensor category RepGpAq

Definition 2.25. For each ϕ P G and each G-twisted A-module pHi, πiq, we define a G-
twisted A-module

pHϕi, πϕiqpHϕi, πϕiqpHϕi, πϕiq

abbreviated to HϕiHϕiHϕi, where Hϕi is an abstract Hilbert space unitarily equivalent to Hi via
a prescribed unitary map

Γϕ|Hi
Γϕ|HiΓϕ|Hi : Hi

»
ÝÝÑ Hϕi

and πϕi is defined such that for each rI P rJ , x P ApIq, we have

Γϕ|Hi ˝ π
i,rI

pxq “ π
ϕi,rI

pϕxϕ´1q ˝ Γϕ|Hi

We abbreviate Γϕ|Hi to ΓϕΓϕΓϕ when no confusion arises. Then the above relation can be
abbreviated to

Γϕ ˝ π
rI
pxq “ π

rI
pϕxϕ´1q ˝ Γϕ (2.7)

For each ω P G, it is clear that Hi P RepωpAq implies Hϕi P Repϕωϕ
´1

pAq.

Remark 2.26. It is obvious that the pair pHϕi,Γϕ|Hiq is uniquely determined by Hi and ϕ
up to unique unitary maps. That is, if p rHϕi, rΓϕ|Hiq satisfies the same property, then there is
a unique unitary map (indeed, a unique G-twisted A-module morphism) Ψ : rHϕi Ñ Hϕi

such that Γϕ|Hi “ Ψ ˝ rΓϕ|Hi . We call Ψ the (unique) unitary morphism p rHϕi, rΓϕ|Hiq Ñ

pHϕi,Γϕ|Hiq.
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Example 2.27. For the vacuum module H0, one can choose p rHϕ0, rΓϕ|H0q to be pH0, ϕq

where ϕ is understood as in UpH0q. The unitary morphism pH0, ϕq Ñ pHϕ0,Γϕ|H0q is
given by Γϕ|H0 ˝ ϕ´1.

Remark 2.28. Recall from Rem. 2.18 that Adϕ fixes U0pgq for each I P J and g P GApIq.
Therefore, by (2.7), AdΓϕ sends πi,IpU0pgqq to πϕi,IpU0pgqq. Thus, by the uniqueness in
Thm. 2.19, we have

Γϕ ˝ Uipgq “ Uϕipgq ˝ Γϕ (2.8)

for each Hi P RepGpAq and g P GA.

Definition 2.29. For each ϕ P G, define a ˚-functor TϕTϕTϕ : RepGpAq Ñ RepGpAq such that

TϕpHiq “ Hϕi TϕpSq “ pΓϕ|Hj q ˝ S ˝ pΓϕ|Hiq
´1

for each S P HomApHi,Hjq. This functor is denoted by Tϕ in [MS26a].

The following theorem is proved in [MS26a, Sec. 3.6]. Note that, by Rem. 2.14, our bal-
ancing differs from that in [MS26a, MS26b]: the latter is defined using ϱAp´2πq, whereas
ours is defined using ϱAp2πq.

Theorem 2.30. Suppose that G Ñ AutpAq is faithful. Then the W ˚-category RepGpAq with
grading

À

ϕPGRepϕpAq is canonically a G-crossed balanced W ˚-tensor category defined by
Connes fusion, where the action of G on RepGpAq is defined by ϕ P G ÞÑ Tϕ, and the balancing
ϑ is defined by

ϑiϑiϑi “ Γϕ ˝ UipϱAp2πqq : Hi Ñ Hϕi

for each Hi P RepϕpAq.

When G Ñ AutpAq is not faithful, then RepGpAq does not admit the grading
À

ϕPGRepϕpAq, since HomApHi,Hjq might not be zero for Hi P RepωpAq and Hj P

RepϕpAq even when ω ‰ ϕ in G. In that case, to apply Thm. 2.30, it suffices to replace G
with its image in AutpAq.

Convention 2.31. Let b denote the tensor product bifunctor of RepGpAq, and call it the
fusion product bifunctor. For each Hi,Hj P RepGpAq, we writeHibjHibjHibj :“ HibHj . Accord-
ing to the definition of G-crossed tensor categories, we have

Hi P RepϕpAq,Hj P RepωpAq ùñ Hi b Hj P RepϕωpAq (2.9)

The braiding operation is denoted by BBB. More precisely, for each Hi P RepϕpAq and
Hj P RepGpAq, the braiding operator (which is a unitary equivalence of G-twisted A-
modules) is denoted by

Bi,jBi,jBi,j : Hi b Hj Ñ Hϕj b Hi
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By the coherence conditions for the W ˚-tensor category RepGpAq, we make the iden-
tification

pHi b Hjq b Hk “ Hi b pHj b Hkq

via the associator, and denote them by Hi b Hj b Hk ” Hibjbk; we identify

H0 b Hi “ Hi “ Hi b H0

using the unitors. In other words, we treat RepGpAq as if it is strict.

2.3.2 The compatibility conditions for the G-action

In the following remark, we describe the action of G on RepGpAq more explicitly. This
is a concrete version of the more abstract and concise description given in [MS26a, Def.
2.8]. Although we will not use this explicit description in our construction of open/closed
CFTs, we feel it is worthwhile to record it here.

Remark 2.32. Recall that e is the unit of G. In addition to the assignment ϕ ÞÑ Tϕ the
action involves the data and the compatibility conditions listed below.

(a) A unitary isomorphism Ai : Hi » Hei where e P G is the group identity. This is
given by the unique unitary morphism pHi, idq Ñ pHei,Γe|Hiq. So

Ai “ Γe|Hi

The equivalence A : idRepGpAq Ñ Te is natural, i.e., we have a commutative diagram

Hi Hj

Hei Hej

T

Ai Aj

TepT q

for each T P HomApHi,Hjq, which is straightforward to check.

(b) A unitary isomorphism Bϕ : H0 Ñ Hϕ0 for each ϕ P G, which is given by the unique
unitary morphism pH0, ϕq Ñ pHϕ0,Γϕ|H0q discussed in Exp. 2.27. So

Bϕ “ Γϕ ˝ ϕ´1|H0

(c) A unitary natural isomorphism Tϕ ˝ Tψ Ñ Tϕ˝ψ for ϕ, ψ P G, where, for each Hi P

RepGpAq, the unitary equivalence

Cϕ,ψ,i : Hϕpψiq Ñ Hpϕψqi Cϕ,ψ,i “ ΓϕψΓ
´1
ψ Γ´1

ϕ |Hϕpψiq

is given by the unique unitary morphism pHϕpψiq,Γϕ ˝ Γψ|Hiq Ñ pHpϕψqi,Γϕψ|Hiq.
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The naturality means that for each T P HomApHi,Hjq,

Hϕpψiq Hϕpψjq

Hpϕψqi Hpϕψqj

Tϕ˝TψpT q

Cϕ,ψ,i Cϕ,ψ,j

TϕψpT q

(2.10a)

Moreover, the tuple pT,C,Aq is a tensor functor, i.e., C is a tensorator and A is a
unitor. This means the commutativity of

Hϕpψpωiqq Hϕppψωqiq

Hpϕψqpωiq Hpϕψωqi

TϕpCψ,ω,iq

Cϕ,ψ,ωi Cϕ,ψω,i

Cϕψ,ω,i

(2.10b)

Hepϕiq Hϕi

Ce,ϕ,i

Aϕi

Hϕpeiq Hϕi

Cϕ,e,i

TϕpAiq

(2.10c)

The commutativity of these diagrams is easy to check.2

(d) A unitary (natural) tensorator Tϕp´q b Tϕp´q Ñ Tϕp´ b ´q for each ϕ P G, where,
for each Hi,Hj P RepGpAq, the unitary equivalence

Dϕ,i,j : Hϕi b Hϕj Ñ Hϕpibjq

will be described in Def. 2.42. Moreover, Bϕ is a unitor. (So pTϕ,Dϕ,Bϕq gives a
W ˚-tensor automorphism of RepGpAq.)

Unraveling the phrases “natural”, “tensorator”, and “unitor” gives the following
commutative diagrams, where S P HomApHi,H

riq and T P HomApHj ,H
rjq, and

u0,ϕi : H0 b Hϕi Ñ Hϕi, u0,i : H0 b Hi Ñ Hi, uϕi,0 : Hϕi b H0 Ñ Hϕi, and
ui,0 : Hi b H0 Ñ Hi are the unitors.

Hϕi b Hϕj Hϕri b Hϕrj

Hϕpibjq Hϕpribrjq

TϕpSqbTϕpT q

Dϕ,i,j Dϕ,ri,rj

TϕpSbT q

(2.11a)

2In particular, in the first two diagrams, going from the upper-left corner to the lower-right corner along
either path yields, respectively, ΓϕψTΓ´1

ψ Γ´1
ϕ and ΓϕψωΓ

´1
ω Γ´1

ψ Γ´1
ϕ .
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Hϕi b Hϕj b Hϕk Hϕi b Hϕpjbkq

Hϕpibjq b Hϕk Hϕpibjbkq

1bDϕ,j,k

Dϕ,i,jb1 Dϕ,i,jbk

Dϕ,ibj,k

(2.11b)

H0 b Hϕi Hϕi

Hϕ0 b Hϕi Hϕp0biq

u0,ϕi

Bϕb1

Dϕ,0,i

Tϕpu0,iq (2.11c)

Hϕi b H0 Hϕi

Hϕi b Hϕ0 Hϕpib0q

uϕi,0

1bBϕ

Dϕ,i,0

Tϕpui,0q (2.11d)

(e) The natural isomorphism A : idRepGpAq Ñ Te is tensor natural if the tensorator and
unitor of idRepGpAq are chosen to be the identity, and those of Te are chosen as in (d).
This means that the following diagrams commute:

Hi b Hj Hei b Hej

Hibj Hepibjq

AibAj

“ De,i,j

Aibj

(2.12a)

H0 He0

Be

A0

(2.12b)

(f) The natural isomorphism Cϕ,ψ : Tϕ ˝ Tψ Ñ Tϕ˝ψ is tensor natural if the tensorators
and the unitors of Tϕ,Tψ,Tϕ˝ψ are chosen as in (d). (In particular, the tensorator and
unitor of Tϕ ˝Tψ are TϕpDψq ˝Dϕ and TϕpBψq ˝Bϕ.) This means that the following
diagrams commute:

Hϕpψiq b Hϕpψjq Hpϕψqi b Hpϕψqj

Hϕpψibψjq

Hϕpψpibjqq Hpϕψqpibjq

Cϕ,ψ,ibCϕ,ψ,j

Dϕ,ψi,ψj

Dϕψ,i,j

TϕpDψ,i,jq

Cϕ,ψ,ibj

(2.13a)
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H0 Hpϕψq0

Hϕ0 Hϕpψ0q

Bϕψ

Bϕ

TϕpBψq

Cϕ,ψ,0 (2.13b)

The above compatibility conditions in Rem. 2.32 allow the G-action to be treated as
strict, in the following sense.

Convention 2.33. Unless otherwise stated, for Hi,Hj P RepGpAq and ϕ, ψ P G, we make
the identifications

Hi “ Hei H0 “ Hϕ0 Hϕpψiq “ Hpϕψqi (2.14a)

Hϕibϕj “ Hϕpibjq (2.14b)

using the unitary isomorphisms A,B,C,D mentioned in Rem. 2.32. Thus, for
ϕ1, . . . , ϕn P G, we interpret Hϕ1¨¨¨ϕni with parentheses inserted arbitrarily. Under these
identifications, by (a,b,c) of Rem. 2.32, we have

Γe|Hi “ idHi Γϕ|H0 “ ϕ Γϕψ|Hi “ Γϕ ˝ Γψ|Hi

which we abbreviate as

Γe “ id Γϕ|H0 “ ϕ Γϕψ “ Γϕ ˝ Γψ (2.15)

In other words, the assignment ϕ P G ÞÑ Γϕ defines a “categorical group representation”
G ñ RepGpAq extending G ñ H0.

As a consequence of (2.15), we have

Γ´1
ϕ “ Γϕ´1 (2.16)

as unitary maps from each Hi to Hϕ´1i.

2.4 G-crossed categorical extensions

Let A be a conformal net and G Ñ AutpAq a group homomorphism. In this section,
we recall the G-crossed categorical extension for A established in [MS26a, MS26b]. Recall
Def. 2.12 for the clockwise and anticlockwise complements rI 1 and ‵

rI .

Definition 2.34. For each Hi,Hj P RepGpAq and rI P rJ , let

HomAprIq
pHi,HjqHomAprIq
pHi,HjqHomAprIq
pHi,Hjq “

␣

T P LpHi,Hjq : Tπi,rIpxq “ π
j,rI

pxqT for each x P ApIq
(

HjpIqHjpIqHjpIq “ HomAprI 1q
pH0,Hjq ¨ Ω

where HjpIq is independent of argI . Note that the Reeh-Schlieder property implies that
HjpIq is dense in Hj . We write

EndAprIq
pHiqEndAprIq
pHiqEndAprIq
pHiq “ HomAprIq

pHi,Hiq

We write HomAprIq
pHi,Hjq as HomApIqpHi,HjqHomApIqpHi,HjqHomApIqpHi,Hjq when Hi,Hj P ReppAq.
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Explanation. We need to explain why HjpIq is independent of argI . It suffices to show that
for each rI P rJ , the space HjpIq defined by rI coincides with the one defined by ϱp2πqrI ,
that is,

HomAprI 1q
pH0,HjqΩ “ HomAp‵ rIq

pH0,HjqΩ

Assume without loss of generality that Hj P RepϕpAq. Then the above relation follows
from the following Lem. 2.35 (due to [MS26a, Eq. (6)]) and the fact that ϕΩ “ Ω.

Lemma 2.35. Assume that ϕ P G and Hj P RepϕpAq. Let T P HomAp‵ rIq
pH0,Hjq. Then

Tϕ P HomAprI 1q
pH0,Hjq.

Consequently, if ξ P HjpIq, and if S P HomAprI 1q
pH0,Hjq and T P HomAp‵ rIq

pH0,Hjq are
the unique maps such that SΩ “ ξ “ TΩ, then S “ Tϕ. (The uniqueness is due to the
Reeh-Schlieder property for A.)

Proof. By (2.4), for each x P ApI 1q we have

π
j,rI 1pxqTϕ “ π

j,‵ rI
pϕxϕ´1qTϕ “ Tϕxϕ´1ϕ “ Tϕx

Thus Tϕ P HomAprI 1q
pH0,Hjq.

Remark 2.36. Note that Haag duality implies H0pIq “ ApIqΩ. Note also that if T P

HomAprI 1q
pHi,Hjq, then

THipIq Ă HjpIq

Remark 2.37. By (2.7), we have

ΓϕHomAprIq
pHi,HjqΓ

´1
ϕ “ HomAprIq

pHϕi,Hϕjq (2.17)

In particular, noting that Γ´1
ϕ |H0 equals ϕ´1 (due to (2.15)) and hence fixes Ω, we obtain3

Γϕ
`

HjpIq
˘

“ HϕjpIq (2.18)

By Cor. 2.22, for each g P GA we have

gHomAprIq
pHi,Hjqg

´1 “ HomApgrIq
pHi,Hjq (2.19)

Definition 2.38. Let A : P Ñ R, B : Q Ñ S, C : P Ñ Q, D : R Ñ S be bounded linear
operators between Hilbert spaces. We say that the diagram

P Q

R S

C

A B

D

commutes adjointly if DA “ BC and D˚B “ AC˚.
3An alternative proof of (2.18), which does not assume Conv. 3.30, is to apply ΓϕHomAprIq

pH0,Hjqϕ
´1

“

HomAprIq
pH0,Hϕjq.
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The following theorem continues to assume Conv. 2.31 but not Conv. 2.33.

Theorem 2.39. For each rI P rJ , Hi P RepGpAq, ξ P HipIq, we have bounded linear operators

Lpξ, rIq
ˇ

ˇ

Hk
P HomAprI 1q

pHk,Hi b Hkq

Rpξ, rIq
ˇ

ˇ

Hk
P HomAp‵ rIq

pHk,Hk b Hiq
(2.20)

associated to each Hk P RepGpAq, called the L operators and the R operators and abbreviated
to Lpξ, rIq, Rpξ, rIq when no confusion arises, satisfying the following conditions:

(1) (Naturality) If Hk,Hk1 P RepGpAq, T P HomApHk,Hk1q, ξ P HipIq, and χ P Hk, then

p1i b T qLpξ, rIqχ “ Lpξ, rIqTχ pT b 1iqRpξ, rIqχ “ Rpξ, rIqTχ (2.21)

(2) (State-field correspondence) If ξ P HipIq, then (under the identifications Hi “ H0 b Hi “

Hi b H0) we have

Lpξ, rIqΩ “ Rpξ, rIqΩ “ ξ (2.22)

(3) (Density of fusion products) The sets

LpHipIq, rIqHk RpHipIq, rIqHk

span dense subspaces of Hi b Hk and Hk b Hi, respectively.4

(4) (Locality) For any Hk P RepGpAq, any rI, rJ P rJ with rJ clockwise to rI , and any ξ P

HipIq, η P HjpJq, the following diagram commutes adjointly.

Hk Hk b Hj

Hi b Hk Hi b Hk b Hj

Rpη, rJq

Lpξ,rIq Lpξ,rIq

Rpη, rJq

(2.23)

(5) (Braiding) If ϕ P G and Hi P RepϕpAq, the unitary isomorphism Bi,j : Hi b Hj Ñ

Hϕj b Hi satisfies

Bi,jLpξ, rIqη “ Rpξ, rIqΓϕη (2.24)

whenever ξ P HipIq and η P Hj .

(6) (Conformal covariance) If g P GA and ξ P HipIq, there exists a (necessarily unique) element
of HipgIq, denoted by gξg´1, satisfying

Lpgξg´1, grIq “ gLpξ, rIqg´1 Rpgξg´1, grIq “ gRpξ, rIqg´1 (2.25)

when acting on any Hj P RepGpAq.
4Indeed, they are equal to the full space Hi b Hk and Hk b Hi respectively by the fact that ApIq is a type

III factor.

24



Moreover, assuming the identification (2.14b), we also have:

(7) (G-covariance) For each ξ P HipIq and ϕ P G, noting that Γϕξ P HϕipIq (cf. Rem. 2.37),
we have

ΓϕLpξ, rIq “ LpΓϕξ, rIqΓϕ ΓϕRpξ, rIq “ RpΓϕξ, rIqΓϕ (2.26)

when acting on any Hj P RepGpAq (with targets in Hϕpibjq “ Hϕibϕj and Hϕpjbiq “

Hϕjbϕi, respectively).

When we wish to emphasize the dependence on A, we write the operations L,R as
LA, RA.

Proof. See Def. 3.1 and Thm. 3.4 of [MS26b].5 See also Ch. A for the proofs of (5)–(7). The
proofs of (1)-(4) are similar to those in the case of trivial G, as treated in Ch. 2 and Sec. 3.2
of [Gui21a].

Remark 2.40. Note that the fact that the braiding operation B in (5) satisfies the axioms
of a G-crossed braided W ˚-tensor category is itself a consequence of properties (1)–(5)
(together with the results of Subsec. 2.5.2). See the proof of Thm. 3.25 in [MS26a]; see also
[Gui21a, Sec. 3.3] for the special case in which G is trivial.

Remark 2.41. For each g P GA, the uniqueness of gξg´1 in the conformal covariance is
due to the state-field correspondence, which implies

gξg´1 “ gLpξ, rIqg´1Ω “ gRpξ, rIqg´1Ω (2.27)

Applying the state-field correspondence again, we obtain

gξg´1 “ gξ if g´1Ω “ Ω

For example, by the definition of conformal nets, for each t P R we have U0pϱAptqqΩ “ Ω,
and hence the rotation covariance property: We have

ϱAptqHipIq “ HipϱptqIq (2.28)

and for each ξ P HipIq we have

ϱAptqLpξ, rIq “ LpϱAptqξ, ϱptqrIqϱAptq (2.29a)

ϱAptqRpξ, rIq “ RpϱAptqξ, ϱptqrIqϱAptq (2.29b)

We are now ready to describe the unitary isomorphism mentioned in Rem. 2.32-(d).

Definition 2.42. The linear map Dϕ,i,j : Hϕi b Hϕj Ñ Hϕpibjq is the unique unitary map
(indeed, the unique unitary isomorphism of G-twisted A-modules) such that

ΓϕLpξ, rIqη “ Dϕ,i,j ˝ LpΓϕξ, rIqΓϕη ΓϕRpη, rJqξ “ Dϕ,i,j ˝RpΓϕη, rJqΓϕξ (2.30)

holds for each rI, rJ P rJ with rJ clockwise to rI , and each ξ P HipIq, η P HjpJq. The
uniqueness follows from the density of fusion products in Thm. 2.39.

The existence of such a unitary isomorphism, as well as the compatibility conditions
in (d)–(f) Rem. 2.32, will be explained in Ch. A. The G-covariance property in Thm. 2.39
would then follow automatically.

5Due to the difference in conventions mentioned in Rem. 2.14, in [MS26a, MS26b], Lpξ, rIq intertwines
Ap

‵
rIq rather than AprI 1

q, while Rpξ, rIq intertwines AprI 1
q rather than Ap

‵
rIq.
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2.5 Calculus in G-crossed categorical extensions

We continue to fix a group homomorphism G Ñ AutpAq for a conformal net A. In
this section, we do not assume Convention 2.33.

2.5.1 Eq. (2.20) and conditions (2)–(4) of Thm. 2.39 imply RepϕpAq b RepωpAq Ă

RepϕωpAq

In [MS26a], the fusion product of two objects in RepGpAq is first constructed as a
solitonic A-module using operators Z`, Z´ and path continuations. For each Hi,Hj P

RepGpAq, rI, rJ P rJ , and ξ P HipIq, η P HjpJq, the operators

Lpξ, rIq
ˇ

ˇ

H0
P HomAprI 1q

pH0,Hiq Lpξ, rIq|Hj P HomAprI 1q
pHj ,Hi b Hjq

Rpη, rJq
ˇ

ˇ

H0
P HomAp‵ rJq

pH0,Hjq Rpη, rJq|Hi P HomAp‵ rJq
pHi,Hi b Hjq

are likewise constructed using Z`pξ, rIq, Z´pη, rJq and path continuations. (See [MS26b]
for a review of this construction.) The following properties are readily verified:

(2) Lpξ, rIqΩ “ ξ and Rpη, rJqΩ “ η.

(3) Both LpHipIq, rIqHj and RpHjpJq, rJqHi span dense subspaces of Hi b Hj .

(4) If rJ is clockwise to rI , the following diagram commutes adjointly.

H0 Hj

Hi Hi b Hj

Rpη, rJq|H0

Lpξ,rIq|H0
Lpξ,rIq|Hj

Rpη, rJq|Hi

These constructions and properties are, of course, part of those stated in Thm. 2.39.
In what follows, we show that they already suffice to imply that the fusion of an ϕ-
twisted module and an ω-twisted module is ϕω-twisted, a fact that was originally proved
in [MS26a] using path continuation.

Lemma 2.43. If Hi P RepϕpAq and Hj P RepωpAq, and if rJ is clockwise to rI , then for each
ξ P HipIq, η P HjpJq and each x P ApIq, y P ApJq, we have

Rpξ, rIqy
ˇ

ˇ

H0
“ π

rJ
pϕ´1yϕqRpξ, rIq

ˇ

ˇ

H0

Lpη, rJqx
ˇ

ˇ

H0
“ π

rI
pωxω´1qLpη, rJq

ˇ

ˇ

H0

Proof. Since rI is clockwise to ϱp2πq rJ , we have

Rpξ, rIqy
ˇ

ˇ

H0
“ π

i,ϱp2πq rJ
pyqRpξ, rIq

ˇ

ˇ

H0
“ π

i, rJ
pϕ´1yϕqRpξ, rIq

ˇ

ˇ

H0

where the last identity is due to the fact that Hi is ϕ-twisted. This proves the first iden-
tity. The second one follows from a similar argument, using the relation π

j,ϱp´2πqrI
pxq “

π
j,rI

pωxω´1q.
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Theorem 2.44. If Hi P RepϕpAq and Hj P RepωpAq, then the solitonic A-module Hi b Hj is
ϕω-twisted.

Proof. Choose any rK` P rJ , and let rK´ “ ϱp´2πq rK`. Choose rI, rJ P rJ such that
rK`, rI, rJ, rK´ are in clockwise order.6

Choose any x P ApKq, ξ P HipIq, η P HjpJq. By Lem. 2.43, we have

Lpξ, rIqRpη, rJqxΩ “ Lpξ, rIqπ
rK´pω´1xωqRpη, rJqΩ “ π

rK´pω´1xωqLpξ, rIqRpη, rJqΩ

and

Rpη, rJqLpξ, rIqxΩ “ Rpη, rJqπ
rK`pϕxϕ´1qLpξ, rIqΩ “ π

rK`pϕxϕ´1qRpη, rJqLpξ, rIqΩ

Therefore, by (4), the operators π
rK´pω´1xωq and π

rK`pϕxϕ´1q are equal when acting
on vectors of the form Lpξ, rIqRpη, rJqΩ (which equals Lpξ, rIqη by (2)). Thus (3) implies
π
rK´pω´1xωq “ π

rK`pϕxϕ´1q and hence

π
rK´pxq “ π

rK`pϕωxω´1ϕ´1q

when acting on Hi b Hj . Thus Hi b Hj is ϕω-twisted.

2.5.2 Consequences of Eq. (2.20) and (1)–(4) of Thm. 2.39

We now derive several consequences of properties (1)–(4) of Thm. 2.39 that will be
used throughout this paper.

Proposition 2.45. Let rJ be clockwise to rI , and let Hi,Hj P RepGpAq, ξ P HipIq, η P HjpJq.
Then

Lpξ, rIqη “ Rpη, rJqξ

Proof. By the state-field correspondence and the locality in Thm. 2.39, we have

Lpξ, rIqη “ Lpξ, rIqRpη, rJqΩ “ Rpη, rJqLpξ, rIqΩ “ Rpη, rJqξ

Corollary 2.46 (Isotony). If rI1 Ă rI2 P rJ , and ξ P HipI1q, then

Lpξ, rI1q “ Lpξ, rI2q Rpξ, rI1q “ Rpξ, rI2q

when acting on any Hj P RepGpAq.

Proof. Choose rJ P rJ clockwise to rI2. By Prop. 2.45, for each η P HjpJq we have

Lpξ, rI1qη “ Rpη, rJqξ “ Lpξ, rI2qη

The second identity follows from a similar argument.
6For example, if rK` is a small neighborhood of eiπ , one can choose rI to be a small neighborhood of eiπ{2,

and rJ a small neighborhood of e´iπ{2. Then rK´ is a small neighborhood of e´iπ .
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Proposition 2.47. Let rI P rJ and x P ApIq. Then, when acting on any Hj P RepGpAq, we have
(recalling H0pIq “ ApIqΩ)

LpxΩ, rIq “ RpxΩ, rIq “ π
rI
pxq

Proof. Choose rJ clockwise to rI . For each η P HjpJq, we compute that

LpxΩ, rIqη “ LpxΩ, rIqRpη, rJqΩ “ Rpη, rJqLpxΩ, rIqΩ “ Rpη, rJqxΩ

“π
rI
pxqRpη, rJqΩ “ π

rI
pxqη

where the locality and the state-field correspondence in Thm. 2.39 have been used. This
proves LpxΩ, rIq “ π

rI
pxq. The second relation follows from a similar argument.

Proposition 2.48. If S P HomApHi,Hi1q and T P HomApHj ,Hj1q are morphisms in RepGpAq,
then for each ξ P HipIq and η P Hj , we have

pS b T qLpξ, rIqη “ LpSξ, rIqTη pT b SqRpξ, rIqη “ RpSξ, rIqTη

Proof. We prove the second relation, as the first one can be proved in a similar way. It
suffices to assume that η P HjpKq where rK is anticlockwise to rI . By the naturality in
Thm. 2.39, we have

pT b SqRpξ, rIqη “ p1 b SqpT b 1qRpξ, rIqη “ p1 b SqRpξ, rIqTη

By Prop. 2.45 (and noting Tη P HjpKq by Rem. 2.36), the above expression equals

p1 b SqLpTη, rKqξ “ LpTη, rKqSξ “ RpSξ, rIqTη

We also note the useful fact that, as b is a ˚-bifunctor, we have

pS b T q˚ “ S˚ b T ˚ (2.31)

Proposition 2.49. Let Hi,Hj ,Hk P RepGpAq, rI P rJ , and ξ P HipIq. The following are true.

(a) If η P HjpIq, then Lpξ, rIqη P pHi b HjqpIq, Rpξ, rIqη P pHj b HiqpIq, and

Lpξ, rIqLpη, rIq|Hk
“ LpLpξ, rIqη, rIq|Hk

Rpξ, rIqRpη, rIq|Hk
“ RpRpξ, rIqη, rIq|Hk

(b) If ψ P pHi b HjqpIq and η P pHj b HiqpIq, then Lpξ, rIq˚ψ P HjpIq, Rpξ, rIq˚η P HjpIq,
and

Lpξ, rIq˚Lpψ, rIq|Hk
“ LpLpξ, rIq˚ψ, rIq|Hk

Rpξ, rIq˚Rpη, rIq|Hk
“ RpRpξ, rIq˚η, rIq|Hk
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Proof. We prove the first of (b); part (a) and the second assertiong of (b) follow from a
similar argument. Part (a) follows as in [Gui21a, Prop. 3.6].

By the state-field correspondence, we have Lpξ, rIq˚ψ “ Lpξ, rIq˚Lpψ, rIqΩ. This im-
plies, noticing Lpξ, rIq˚Lpψ, rIq

ˇ

ˇ

H0
P HomAprI 1q

pH0,Hjq, that Lpξ, rIq˚ψ P HjpIq. Choose rJ

clockwise to rI and χ P HkpJq. Then

Lpξ, rIq˚Lpψ, rIqχ “ Lpξ, rIq˚Lpψ, rIqRpχ, rJqΩ “ Rpχ, rJqLpξ, rIq˚Lpψ, rIqΩ

“Rpχ, rJqLpξ, rIq˚ψ “ Rpχ, rJqLpLpξ, rIq˚ψ, rIqΩ “ LpLpξ, rIq˚ψ, rIqRpχ, rJqΩ

“LpLpξ, rIq˚ψ, rIqχ

where the locality and the state-field correspondence in Thm. 2.39 are used.

2.6 Representations of commutant algebras on fusion products

Fix a conformal net A and a group homomorphism G Ñ AutpAq. In this section, we
only consider nonzero objects of RepGpAq.

The purpose of this section is to study how localized commutant algebras ofG-twisted
A-modules act on fusion products, with the goal of proving Thm. 2.61, which com-
putes certain commutants. This result is crucial for the proof of Haag duality for our
open/closed CFT.

Definition 2.50. For each Hi P RepϕpAq (where ϕ P G) and I P J , a vector ξ P HipIq

is called III-unitary if there exists argI such that by setting rI “ pI, argIq, the operator
Lpξ, rIq|H0 : H0 Ñ Hi is unitary. By Lem. A.4, this is equivalent to that Rpξ, rIq|H0 : H0 Ñ

Hi is unitary.

By Isotony (Cor. 2.46), if ξ is I-unitary, then ξ is J-unitary for any J P J containing I .

Remark 2.51. I-unitary vectors must exist. Indeed, since ApI 1q is a type III factor, there
exists a unitary T P HomAprI 1q

pH0,Hiq. Hence ξ :“ TΩ is I-unitary.

Proposition 2.52. Suppose that Hi P RepϕpAq and ξ P HipIq is I-unitary. Then for each argI
and each Hj P RepGpAq, by setting rI “ pI, argIq, the following operators are unitary

Lpξ, rIq|Hj : Hj Ñ Hi b Hj Rpξ, rIq|Hj : Hj Ñ Hj b Hi

In particular, since we assume that Hi,Hj are nonzero, the object Hi b Hj is also
nonzero.

Proof. By Lem. 2.35, we have Lpξ, rIqϕ´1|H0 P HomAppϱp2πqrIq1q
pH0,Hiq, and hence

Lpξ, ϱp2πqrIq|H0 “ Lpξ, rIqϕ´1|H0 (2.32)

Thus, the unitarity of Lpξ, rIq|H0 is independent of argI . We now fix an arbitrary argI .
Choose rJ clockwise to rI . For each η P HjpJq, we have

Lpξ, rIq˚Lpξ, rIqη “ Lpξ, rIq˚Lpξ, rIqRpη, rJqΩ
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“Rpη, rJqLpξ, rIq˚Lpξ, rIqΩ “ Rpη, rJqΩ “ η

Hence Lpξ, rIq|Hj is an isometry. Moreover, for χ P H0 we have

Lpξ, rIqRpη, rJqχ “ Rpη, rJqLpξ, rIqχ

Thus, by the unitarity of Lpξ, rIq|H0 , the above vectors span a dense subspace of

RpHj , rJqHi “ Hi b Hj . This proves that Lpξ, rIq|Hj is unitary. A similar argument shows
that Rpξ, rIq|Hj is unitary.

Example 2.53. Let ξ P HpIq be I-unitary. Then for each g P GA, the vector gξg´1 P HpgIq

defined by the conformal covariance in Thm. 2.39 is gI-unitary, since Lpgξg´1, grIq|H0 “

gLpξ, rIqg´1|H0 is unitary.

Proposition 2.54. Let Hi,Hk P RepϕpAq and rI P rJ . Fix I-unitary vectors ξ0 P HipIq, ψ0 P

HkpIq. Then we have

HomAprI 1q
pHi,Hkq “ tLpψ, rIqLpξ, rIq˚|Hi : ξ P HipIq, ψ P HkpIqu

“tLpψ0, rIqxLpξ0, rIq˚|Hi : x P ApIqu

and

HomAp‵ rIq
pHi,Hkq “ tRpψ, rIqRpξ, rIq˚|Hi : ξ P HipIq, ψ P HkpIqu

“tRpψ0, rIqxRpξ0, rIq˚|Hi : x P ApIqu

Proof. We prove the first set of equalities; the second follows by the same argument. The
inclusions Ą are clear. In particular, the middle set contains the last one, since

Lpψ0, rIqx|H0 “ Lpψ0, rIqLpxΩ, rIq|H0 “ LpLpψ0, rIqxΩ, rIq|H0

by Prop. 2.47 and 2.49. It remains to show that the last set contains the first.
Choose any T P HomAprI 1q

pHi,Hkq. By the locality in Thm. 2.39, the element

x :“ Lpψ0, rIq˚TLpξ0, rIq|H0

belongs to EndApI 1qpH0q “ ApIq. By the I-unitarity, T equals Lpψ0, rIqxLpξ0, rIq˚|Hi .

Theorem 2.55. Let Hi P RepϕpAq and rI P rJ . Then there exists an operation πL
rI
πL
rI
πL
rI

associating to
each ω P G and Hj P RepωpAq a unique normal unitary representation

πL
rI

|HibHj : EndAprI 1q
pHiq Ñ LpHi b Hjq (2.33)

commuting adjointly with Rpη, rI 1q for each η P HjpI
1q, that is, for each A P EndAprI 1q

pHiq the
following diagram commutes adjointly.

Hi Hi b Hj

Hi Hi b Hj

Rpη,rI 1q

A πL
rI

pAq

Rpη,rI 1q

(2.34)
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Moreover, if x P ApIq, then π
i,rI

pxq P EndAprI 1q
pHiq and

πL
rI

pπ
i,rI

pxqq
ˇ

ˇ

HibHj
“ π

ibj,rI
pxq (2.35)

Proof. The uniqueness follows from (2.34) and the density of fusion products (or simply
by choosing an I 1-unitary vector η). Let us prove the existence.

Fix an I 1-unitary vector η0, and define the representation πL
rI

on Hi b Hj by

πL
rI

pAq|HibHj “ Rpη0, rI
1qARpη0, rI

1q˚|HibHj

By Prop. 2.54, each A can be written as Lpξ2, rIqLpξ1, rIq˚|Hi where ξ1, ξ2 P HipIq. The
locality in Thm. 2.39 implies that

πL
rI

pLpξ2, rIqLpξ1, rIq˚|Hiq
ˇ

ˇ

HibHj
“ Lpξ2, rIqLpξ1, rIq˚

ˇ

ˇ

HibHj
(2.36)

Another application of the locality implies the adjoint commutativity of (2.34).
If x P ApIq, then π

i,rI
pxq P EndAprI 1q

pHiq by Rem. 2.16, and

Rpη0, rI
1qπ

i,rI
pxqRpη0, rI

1q˚|HibHj “ π
ibj,rI

pxqRpη0, rI
1qRpη0, rI

1q˚|HibHj “ π
ibj,rI

pxq

This proves (2.35).

Theorem 2.56. Let Hj P RepωpAq and rJ P rJ . Then there exists an operation πR
rJ

πR
rJ

πR
rJ

associating to
each ϕ P G and Hi P RepϕpAq a unique normal unitary representation

πR
rJ
|HibHj : EndAp‵ rJq

pHjq Ñ LpHi b Hjq (2.37)

commuting adjointly with Lpξ, ‵ rJq for each ξ P HipJ
1q, that is, for each B P EndAp‵ rJq

pHjq the
following diagram commutes adjointly.

Hj Hj

Hi b Hj Hi b Hj

B

Lpξ,‵ rJq Lpξ,‵ rJq

πRJ pBq

(2.38)

Moreover, if y P ApJq, then π
j, rJ

pyq P EndAp‵ rJq
pHjq and

πR
rJ
pπ
j, rJ

pyqq
ˇ

ˇ

HibHj
“ π

ibj, rJ
pyq (2.39)

Proof. This is similar to the proof of Thm. 2.55.

Remark 2.57. Similar to the proof of (2.36), by the locality in Thm. 2.39, we can prove the
more general fact that if ξ1, ξ2 P HipIq, η1, η2 P HjpJq, and x P ApIq, y P ApJq, then

πL
rI

pLpξ2, rIqxLpξ1, rIq˚|Hiq
ˇ

ˇ

HibHj
“ Lpξ2, rIqπ

rI
pxqLpξ1, rIq˚

ˇ

ˇ

HibHj
(2.40a)

πR
rJ
pRpη2, rJqyRpη1, rJq˚|Hj q

ˇ

ˇ

HibHj
“ Rpη2, rJqπ

rJ
pyqRpη1, rJq˚

ˇ

ˇ

HibHj
(2.40b)
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Remark 2.58. In Thm. 2.55, if rI Ă rJ , then πL
rJ

restricts to πL
rI

on EndAprI 1q
pHiq. Similarly, in

Thm. 2.56, if rI Ă rJ , then πR
rJ

restricts to πR
rI

on EndAp‵ rIq
pHjq.

Proof. Choose any A P EndAprI 1q
pHiq. Let η0 P HjpJ

1q be J 1-unitary, and let V “

Rpη0, rJ
1q|Hi . Then (2.34) implies πL

rI
pAq “ V AV ´1 “ πL

rJ
pAq.

Remark 2.59. The representation (2.33) is faithful since, by the adjoint commutativity of
(2.34), it is unitarily equivalent to the action of EndAprI 1q

pHiq on Hi via the unitary operator

Rpη0, rI
1q|Hi , where η0 P HjpI

1q is I 1-unitary. Similarly, the representation (2.37) is faithful.
It follows that

πL
rI

pEndAprI 1q
pHiqq

ˇ

ˇ

HibHj
and πR

rJ
pEndAp‵ rJq

pHjqq
ˇ

ˇ

HibHj
are type III factors

since EndAprI 1q
pHiq and EndAp‵ rJq

pHjq are so.

Theorem 2.60. Let Hi P RepϕpAq,Hj P RepωpAq, g P GA, and rI, rJ P rJ with rJ “ grI . Then

UipgqEndAprI 1q
pHiqUipgq˚ “ EndAp rJ 1q

pHiq

UjpgqEndAp‵ rIq
pHjqUjpgq˚ “ EndAp‵ rJq

pHjq

Moreover, for each A P EndAprI 1q
pHiq and B P EndAp‵ rIq

pHjq, we have

Uibjpgq ¨ πL
rI

pAq|HibHj ¨ Uibjpgq˚ “ πL
rJ
pUipgqAUipgq˚q|HibHj

Uibjpgq ¨ πR
rI

pBq|HibHj ¨ Uibjpgq˚ “ πR
rJ
pUjpgqBUjpgq˚q|HibHj

Proof. The first two identities follow from (2.19). Let us prove the third identity; the fourth
one will follow from a similar argument.

By Prop. 2.54, elements of EndAprI 1q
pHiq are precisely of the form

A “ Lpξ2, rIqLpξ1, rIq˚|Hi

where ξ1, ξ2 P HipIq. By the conformal covariance in Thm. 2.39, for the vectors
gξ1g

´1, gξ2g
´1 P HipJq we have

UipgqAUipgq˚ “ Lpgξ2g
´1, rJqLpgξ1g

´1, rJq˚|Hi (‹)

By Rem. 2.57 and the conformal covariance in Thm. 2.39,

Uibjpgq ¨ πL
rI

pAq|HibHj ¨ Uibjpgq˚ “ Uibjpgq ¨ Lpξ2, rIqLpξ1, rIq˚|HibHj ¨ Uibjpgq˚

“Lpgξ2g
´1, rJqLpgξ1g

´1, rJq˚|HibHj “ πL
rJ
p(‹)q|HibHj

This proves the third identity.

Theorem 2.61. Let Hi P RepϕpAq,Hj P RepωpAq and rI P rJ . Then the following two von
Neumann algebras on Hi b Hj are commutants of each other.

πL
rI

pEndAprI 1q
pHiqq

ˇ

ˇ

HibHj
πR
rI 1

pEndAprIq
pHjqq

ˇ

ˇ

HibHj
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Proof. Eq. (2.40), together with Prop. 2.54, implies that the above two von Neumann
algebras commute with each other.

Suppose that B P LpHi b Hjq commutes with πL
rI

pEndAprI 1q
pHiqq

ˇ

ˇ

HibHj
. Choose an

I-unitary ξ P HipIq and an I 1-unitary η P HjpI
1q. By Rem. 2.57, B commutes with

Lpξ, rIqπ
rI
pApIqqLpξ, rIq˚|HibHj . Thus

Lpξ, rIq˚BLpξ, rIq|Hj

commutes with π
rI,j

pApIqq, and hence (by Prop. 2.54) can be written as

Rpη, rI 1qyRpη, rI 1q˚|Hj for some y P ApI 1q. By the locality in Thm. 2.39,

B “ Lpξ, rIqRpη, rI 1qyRpη, rI 1q˚Lpξ, rIq˚|HibHj

“Rpη, rI 1qπ
rI 1pyqRpη, rI 1q˚Lpξ, rIqLpξ, rIq˚|HibHj “ Rpη, rI 1qπ

rI 1pyqRpη, rI 1q˚|HibHj

Therefore, by Rem. 2.57, B belongs to πR
rI 1

pEndAprIq
pHjqq

ˇ

ˇ

HibHj
.

2.7 Conjugates and commutants in fusion products

In this section, we consider only nonzero objects of RepGpAq.
Define rrr : S1 Ñ S1 to be the conjugation map z ÞÑ z. It lifts to the map r : R Ñ R, x ÞÑ

´x on the universal cover. This defines rrIrrIrrI as an element of rJ if rI P rJ . Let rS1`rS1`rS1` be the upper
half circle S1` “ teit : 0 ă t ă πu with arg function ranging in p0, πq, and let rS1´rS1´rS1´ “ rS1`.

The goal of this section is to show that when Hj “ Hi, the pair of commutants ap-
pearing in Thm. 2.61 are related by an anti-unitary map (introduced in [MS26a, Sec. A]),
thereby yielding a Tomita–Takesaki-type theorem for G-crossed categorical extensions;
see Cor. 2.77. This result will play a crucial role in establishing the PCT theorem and
Haag duality for open/closed CFTs. As preparation for the proof of Cor. 2.77, we re-
call and adapt in Subsec. 2.7.1 and 2.7.2 several constructions and basic properties about
conjugate modules introduced in [MS26a, Sec. A].

2.7.1 The conjugation in GA

Remark 2.62. Let JAJAJA (or simply J) be the (involutive) modular conjugation of ApS1`q with
respect to the cyclic separating vector Ω. By the geometric modular theory (cf. [GF93, Sec.
II.2]), we have

JApIqJ “ AprIq for each I P J
JU0pϱptqqJ “ U0pϱp´tqq for each t P R

Remark 2.63. Each φ P AutpAq clearly commutes with the modular S-operator xΩ ÞÑ x˚Ω
where x P ApS1`q. Therefore, by the polar decomposition, φ commutes with J.

Definition 2.64. For each rg P GA, recall that rg is of the form pg, V q where g P G and
V P UpH0q represents U0pgq. Define rrgrrrgrrrgr P GA by

rrgr “ prgr, JV Jq (2.41)
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where, in terms of the description (2.3) of G , the element rgr P G sends each x P R to
´gp´xq. It follows that

U0prrgrq “ JU0prgqJ (2.42)

Proof. We need to explain why JV J represents U0prgrq. For that purpose, it suffices to
show that

U 1
0 : g P Diff`pS1q ÞÑ JU0prgrqJ

agrees with U0 as projective representations of Diff`pS1q. By [GF93, Thm. 2.19], U0 agrees
with U 1

0 when restricted to PSUp1, 1q. Therefore, A is conformally covariant under U 1
0 in

the sense of Def. 2.1. By [Wei05, Thm. 6.1.9], a conformal covariance extending a given
Möbius covariance of a conformal net is unique. Therefore U 1

0 “ U0 on Diff`pS1q.

Remark 2.65. Recall the identification GA “ Gc in Rem. 2.5. Then the definition of rrgr for
g P Gc is independent of the conformal net A extending Virc.

Proof. Let K0 “ VircΩ. Then pVirc,K0q is the Virasoro subnet of pA,H0q. Since the unitary
representation of PSUp1, 1q on H0 restricts to that on K0, by the Bisognano-Wichmann
property [GF93, Thm. 2.19], the modular operators ∆A,∆c of ApS1`q and VircpS1`q satisfy
∆it

A|K0 “ ∆it
c . Therefore, by (for instance) the proof of Thm. 4.2 in [Tak03, Sec. IX.4], the

modular conjugations JA, Jc satisfy JA|K0 “ Jc. Hence, for each rg “ pg, V q P GA, the
operator JAV JA restricts to JcV Jc on K0.

Example 2.66. Recall the rotation subgroup ρA : R Ñ GA defined in Rem. 2.7. Then by
Rem. 2.62,

rϱAptqr “ ϱAp´tq

2.7.2 Conjugate modules

Definition 2.67. For each Hi P RepGpAq, define the G-crossed conjugate A-moduleHiHiHi as
follows. As a Hilbert space, Hi is the complex conjugate of Hi. We denote the conjugation
map by AiAiAi : Hi Ñ Hi, and abbreviate it to AAA when no confusion arises. Thus

Aiξ ” Aξ ” ξ for each ξ P Hi

For each rI P rJ and x P ApIq, we define

π
i,rI

pxq “ Aiπi,rrIpJxJqA
´1
i

noting that JxJ P AprIq by Rem. 2.62. In short,

π
rI
pxq “ Aπ

rrI
pJxJqA´1 (2.43)

We identify H
i

with Hi canonically, that is, by identifying ξ P Hi with AiAiξ if ξ P Hi. Then
A

´1
i “ Ai, in short

A´1 “ A
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Remark 2.68. The fact that Hi P RepGpAq whenever Hi P RepGpAq follows from the fact
that if Hi P RepϕpAq then Hi P Repϕ

´1
pAq.

Proof. Choose any rI P rJ and x P ApIq. Then, by Rem. 2.63,

π
i,ϱp´2πqrI

pϕxϕ´1q “ Aπ
i,rϱp´2πqrI

pJϕxϕ´1JqA´1 “ Aπ
i,ϱp2πqrrI

pϕJxJϕ´1qA´1

which equals Aπ
i,rrI

pJxJqA´1 “ π
i,rI

pxq because Hi is ϕ-twisted.

Definition 2.69. Let Hi,Hj P RepGpAq. A bounded antilinear map T : Hi Ñ Hj is called
an anti-morphism of G-crossed A-modules if one of the following equivalent conditions
hold:

(1) For each rI P rJ and x P ApIq, we have

Tπ
i,rI

pxq “ π
j,rrI

pJxJqT

(2) The map T ˝ A
´1
i

: Hi Ñ Hj is a morphism of G-crossed A-modules.

(3) The map Aj ˝ T : Hi Ñ Hj is a morphism of G-crossed A-modules.

The equivalence is clear by (2.43).

Proposition 2.70. Let Hi,Hj P RepGpAq, and let T : Hi Ñ Hj be a morphism (resp. anti-
morphism) of G-crossed A-modules. Then for each g P GA we have

TUipgq “ UjpgqT resp. TUipgq “ UjprgrqT (2.44)

Proof. We treat the case where T is an anti-morphism; the other case is similar and easier.
By Lem. 2.20, it suffices to assume that g P GApIq for some I P J . Then

TUpgq “ TπIpU0pgqq “ πrIpJU0pgqJqT “ πrIpU0prgrqqT “ UprgrqT

where Thm. 2.19 and (2.42) are used.

Corollary 2.71. If T : Hi Ñ Hj is an anti-morphism of G-crossed A-modules, then

TUipϱAptqq “ UjpϱAp´tqqT

Proof. This follows immediately from Prop. 2.70 and Exp. 2.66.

Parallel to Rem. 2.36, we have:

Proposition 2.72. Let T : Hi Ñ Hj be an anti-morphism of G-crossed A-modules. Then for
each I P J we have

THipIq Ă HjprIq

Moreover, if T is anti-unitary, then THipIq “ HjprIq.
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Proof. Choose any ξ P HipIq. Note that prrIq1 “ rp‵rIq. Therefore, for each x P ApprIq1q, we
have JxJ P Ap‵rIq, and hence

TRpξ, rIqJx|H0 “ Tπ‵
rI
pJxJqRpξ, rIq|H0 “ π

rp‵ rIq
pxqTRpξ, rIqJ|H0

So TRpξ, rIqJ|H0 belongs to HomApprrIq1q
pH0,Hjq, and hence Tξ “ TRpξ, rIqJΩ belongs to

HjprIq. We have thus finished proving THipIq Ă HjprIq. If T is anti-unitary, then simi-
larly we have T ˚HjprIq Ă HipIq, and hence THipIq “ HjprIq.

Remark 2.73. From the proof of Prop. 2.72, we see that if ξ P HipIq and T : Hi Ñ Hj is an
anti-morphism of objects of RepGpAq, then

LpTξ, rrIq|H0 “ TRpξ, rIqJ|H0 RpTξ, rrIq|H0 “ TLpξ, rIqJ|H0

2.7.3 Conjugates and commutants

The following theorem and its proof are adapted from [MS26a, Prop. A.9] and the
proof therein.

Theorem 2.74. Let Hi,Hj P RepGpAq. Then there exists a unique antiunitary map

Θi,jΘi,jΘi,j : Hi b Hj Ñ Hj b Hi

abbreviated to ΘΘΘ when no confusion arises, such that for each rI, rJ P rJ and ξ P HipIq, η P HjpJq,

Θi,jLpξ, rIq
ˇ

ˇ

Hj
“ RpAξ, rrIqA

ˇ

ˇ

Hj
(2.45a)

Θi,jRpη, rJq
ˇ

ˇ

Hi
“ LpAη, r rJqA

ˇ

ˇ

Hi
(2.45b)

Moreover, Θi,j is an anti-morphism of G-crossed A-modules.

Note that by Prop. 2.72, we have Aξ P HiprIq and Aη P HjprJq. Thus the RHS of (2.45)
can be defined.

Proof. For each ξ1, ξ2 P HipIq and η1, η2 P Hj , by (A.2) and Rem. 2.73,

xRpAξ2, rrIqAη2|RpAξ1, rrIqAη1y “ xAη2|π
rrI

pRpAξ2, rrIq˚RpAξ1, rrIq|H0qAη1y

“xAπ
rrI

pJLpξ2, rIq˚Lpξ1, rIqJ|H0qAη1|η2y “ xπ
rI
pLpξ2, rIq˚Lpξ1, rIq|H0qη1|η2y

“xLpξ1, rIqη1|Lpξ2, rIqη2y

where the second last equality is due to Def. 2.67. Therefore, by the density of fusion
products in Thm. 2.39, there exists a unique anti-unitary map Θ

rI
i,j : Hi b Hj Ñ Hj b Hi

sending each Lpξ, rIqη to RpAξ, rrIqAη. Similar to Step 2 of the proof of Thm. A.3, this map
is independent of rI , and hence can be denoted by Θi,j .

To show that Θi,j is an anti-morphism, we choose any rJ P rJ , y P ApJq, let rI “ ‵
rJ and

ξ P HipIq, and compute that

Θi,jπ
rJ
pyqLpξ, rIqη “ Θi,jLpξ, rIqπ

rJ
pyqη “ RpAξ, rrIqAπ

rJ
pyqη “ RpAξ, rrIqπ

r rJ
pJyJqAη

36



Since r rJ is anticlockwise to rrI , we conclude

Θi,jπ
rJ
pyqLpξ, rIqη “ π

r rJ
pJyJqRpAξ, rrIqAη “ π

r rJ
pJyJqΘi,jLpξ, rIqη

Finally, for each ξ P HipIq where rI is anticlockwise to rJ , we have

Θi,jRpη, rJqξ “ Θi,jLpξ, rIqη “ RpAξ, rrIqAη “ LpAη, r rJqAξ

due to (2.45a) and Prop. 2.45. This proves (2.45b).

Remark 2.75. By (2.45), we clearly have

Θj,iΘi,j “ idHibHj

In particular, Θi,i is an involutive antiunitary operator on Hi b Hi.

Theorem 2.76. Let Hi P RepϕpAq and rI, rJ P rJ with rJ “ rrI . Then

AiEndAprI 1q
pHiqA

´1
i “ EndAp‵ rJq

pHiq

Moreover, for each ω P G,Hj P RepωpAq and A P EndAprI 1q
pHiq,

Θi,j ¨ πL
rI

pAq
ˇ

ˇ

HibHj
¨ Θ´1

i,j “ πR
rJ
pAiAA

´1
i q

ˇ

ˇ

HjbHi

Proof. By Prop. 2.54, elements of EndAprI 1q
pHiq are precisely of the form

A “ Lpξ2, rIqLpξ1, rIq˚|Hi

where ξ1, ξ2 P HipIq. By Prop. 2.72, we have Aξ1, Aξ2 P HipJq. By Rem. 2.73, we have

AiAA
´1
i “ RpAξ2, rJqRpAξ1, rJq˚|Hi

“: B

By Prop. 2.54, elements of EndAp‵ rJq
pHiq are precisely of the form B. This proves the first

identity. By Rem. 2.57 and Thm. 2.74,

Θi,j ¨ πL
rI

pAq|HibHj ¨ Θ´1
i,j “ Θi,j ¨ Lpξ2, rIqLpξ1, rIq˚|HibHj ¨ Θ˚

i,j

“RpAξ2, rJqRpAξ1, rJq˚|HjbHi
“ πR

rJ
pBq|HjbHi

This proves the second identity.

Corollary 2.77. Let Hi P RepϕpAq,Hj P RepωpAq and rI, rJ P rJ with rJ “ rrI . Let

M “ πL
rI

pEndAprI 1q
pHiqq

ˇ

ˇ

HibHj
N “ πR

rJ
pEndAp‵ rJq

pHiqq
ˇ

ˇ

HjbHi

Then Θi,jMΘ´1
i,j “ N . Moreover, if j “ i, and if rI “ rS1` (and hence rJ “ rS1´), then

Θi,iMΘi,i “ N “ M1

Proof. Thm. 2.76 implies Θi,jMΘ´1
i,j “ N . When j “ i and rI “ rS1`, then N “ M1 follows

from Thm. 2.61.
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3 The closed CFT

Fix a conformal net A with central charge c. The convention introduced in this chapter
and assumed throughout the remainder of the paper is Convention 3.21. We assume the
identification GA “ Gc described in Rem. 2.5.

3.1 The closed-string state space Hcl “ H?
0 bAb2 H?

0

In this section, we define the state space for our closed-string CFT as the fusion prod-
uct of a twisted Ab2-module H?

0 with its conjugate. This twisted Ab2-module was intro-
duced in [LX04] in the language of sectors, where its basic properties were also studied.
Here, we adapt that construction and some of the basic properties to the setting of the
present paper.

Recall that the tensor product conformal net

Ab2 “ A b A

acting on the Hilbert space H0 bCH0 “ H0 bH0 and vacuum vector ΩbΩ. By definition,
for each I P J , we have

Ab2pIq “ ApIq b ApIq :“ tx` b x´ P LpH0 b H0q : x˘ P ApIqu2

The strongly-continuous projectively-unitary representation of Diff`pS1q on H0 b H0 is
defined by

g P Diff`pS1q ÞÑ U0pgq b U0pgq

3.1.1 The separate conformal structures on untwisted Ab2-modules

Definition 3.1. Fix ˘ P t`,´u. Then each HJ P ReppAb2q gives rise to an A-module

pHJ,π
˘
Jπ
˘
Jπ
˘
J q

abbreviated to π˘π˘π˘ when no confusion arises, such that for each I P J and x P ApIq,

π`
J,Ipxq “ πJ,Ipxb 1q π´

J,Ipxq “ πJ,Ip1 b xq

Definition 3.2. By Thm. 2.19, pHJ, π
˘
J q admits a canonical strongly-continuous unitary

representation of GA, which we denote byU˘
JU
˘
JU
˘
J , or simply byU˘U˘U˘ when the context is clear.

In other words, U˘
J : GA Ñ UpHJq is the unique strongly-continuous unitary representa-

tion such that

U`
J pgq “ πJ,IpU0pgq b 1q U´

J pgq “ πJ,Ip1 b U0pgqq (3.1)

for each I P J , g P GApIq.
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Remark 3.3. Let HJ P ReppAb2q. Then for each I, J P J , we have

rπ`
J,IpApIqq, π´

J,JpApJqqs “ 0

Indeed, in the special case where I Y J Ă K for some K P J , the commutativity holds
because for each x P ApIq, y P ApJq, we have

π`
J,Ipxqπ´

J,Jpyq “ πJ,Kpxb yq “ π´
J,Jpyqπ`

J,Ipxq

The general case reduces to this special case by the additivity of A.
It thus follows from Thm. 2.19 that

rU`
J pg`q, U´

J pg´qs “ 0 rU˘
J pg˘q, π¯

J,Ipxqs “ 0

for each ˘ P t`,´u, g`, g´ P GA, I P J , and x P ApIq.

3.1.2 The σ-twisted Ab2-module H?
i

Definition 3.4. For each rI “ pI, argIq P rJ , define elements
a

rI
a

rI
a

rI “ p
?
I, arg?

Iq and ´

a

rI´

a

rI´

a

rI “

p´
?
I, arg

´
?
Iq of rJ by

?
I “

␣

e
iθ
2 : θ P argIpIq

(

arg?
Ipe

iθ
2 q “

θ

2

´
?
I “

␣

´ e
iθ
2 : θ P argIpIq

(

arg
´

?
Ip´e

iθ
2 q “

θ

2
´ π

for each θ P argIpIq. In other words, by viewing S1 “ R{2πZ and writing rI “ pa, bq, we
have

a

rI “ pa2 ,
b
2q and ´

a

rI “ pa2 ´ π, b2 ´ πq.

We warn the readers that the notation
?
I,´

?
I depends not only on I , but also on

argI .

Definition 3.5. For each rI P rJ , choose g`, g´ P Diff`pS1q such that

g`peiθq “ e
iθ
2 g´peiθq “ ´e

iθ
2 for each θ P argIpIq

Choose representing elements of U0pg˘q (which we still denote by U0pg˘q), and define
(spatial) isomorphisms of von Neumann algebras

Q?
rI
: ApIq Ñ Ap

?
Iq x ÞÑ U0pg`qxU0pg`q´1

Q
´

?
rI
: ApIq Ñ Ap´

?
Iq x ÞÑ U0pg´qxU0pg´q´1

This definition is independent of the choice of g˘.

Explanation. To prove the independence of Q?
rI

on g` (and similarly the independence of

Q
´

?
rI

on g´), assume that h` satisfies the same property as g`. Then h´1
` g` P DiffI 1pS1q,

and hence U0ph`q´1U0pg`q is a unitary element in ApI 1q and hence commutes with ApIq.
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Definition 3.6. Throughout this paper, we let σσσ P AutpAb2q be defined by

σ : H0 b H0 Ñ H0 b H0 ξ b η ÞÑ η b ξ

Definition 3.7. For each Hi P ReppAq, define H?
iH?
iH?
i P RepσpAb2q as follows. As a Hilbert

space, H?
i is identical to Hi. For each rI P rJ , π?

i,rI
: Ab2pIq Ñ LpHiq is the unique normal

representation such that

π?
i,rI

px` b 1q “ πi,
?
I ˝ Q?

rI
px`q π?

i,rI
p1 b x´q “ πi,´

?
I ˝ Q

´

?
rI
px´q (3.2)

for each x˘ P ApIq.

Proof. We need to prove the existence of such H?
i; the uniqueness is obvious. By the split

property (cf. Rem. 2.2), there exists a unitary Φ : H0 Ñ H0 b H0 such that

Φx`Φ´1 “ x` b 1 Φx´Φ´1 “ 1 b x´ for each x˘ P Ap˘
?
Iq

Let g˘ be as in Def. 3.5. Define π?
0,rI

: Ab2pIq Ñ LpH0q by

π?
0,rI

“ AdΦ´1 ˝ AdU0pg`qbU0pg´q

Then, for each x˘ P ApIq, we have

AdU0pg`qbU0pg´qpx
` b 1q “ Q?

rI
px`q b 1 AdU0pg`qbU0pg´qp1 b x´q “ 1 b Q

´

?
rI
px´q

and hence

π?
0,rI

px` b 1q “ Q?
rI
px`q π?

0,rI
p1 b x´q “ Q

´

?
rI
px´q

In particular, π?
0,rI

ranges in Ap
?
Iq _ Ap´

?
Iq. Choose any K P J containing

?
I and

´
?
I . Then π?

i,rI
can be defined by

π?
i,rI

“ πi,K ˝ π?
0,rI

We have thus constructed pH?
i, π

?
iq as a solitonic Ab2-module. By using (3.2), one easily

checks that it is σ-twisted.

3.1.3 The separate conformal structures on H?
i

Definition 3.8. For each rI P rJ and g P DiffIpS1q, define
?
g

?
g

?
g P Diff?

IpS1q and ´
?
g´

?
g´

?
g P

Diff
´

?
IpS1q by

?
g “ g` ¨ g ¨ g´1

` ´
?
g “ g´ ¨ g ¨ g´1

´

where g˘ are as in Def. 3.5. This definition is independent of the choice g˘. Indeed,
?
g

is the unique element in Diff?
IpS1q whose restriction to

?
I is the pullback of g|I : I Ñ I

along the squaring map
?
I Ñ I , and ´

?
g is the unique element in Diff

´
?
IpS1q whose

restriction to ´
?
I is the pullback of g|I : I Ñ I along the squaring map ´

?
I Ñ I .
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One easily checks that ´
?
g is the pullback of

?
g along the map z ÞÑ ´z, i.e.,

p´
?
gqpzq “ ´p

?
gp´zqq for each z P S1 (3.3)

Definition 3.9. For each rI P rJ and g P G pIq, the elements
?
g

?
g

?
g P G p

?
Iq and ´

?
g´

?
g´

?
g P

G p´
?
Iq are defined by lifting the elements ˘

a

κpgq P Diff
˘

?
IpS1q to G p˘

?
Iq via the

covering map κ : G Ñ Diff`pS1q.

Definition 3.10. For each rI P rJ and rg “ pg, V q in GApIq, we define
a

rg
a

rg
a

rg P GAp
?
Iq and

´
a

rg´
a

rg´
a

rg P GAp´
?
Iq by

a

rg “
`?
g,Q?

rI
pV q

˘

´
a

rg “
`

´
?
g,Q

´

?
rI
pV q

˘

In particular, we have

U0p
a

rgq “ Q?
rI
pU0prgqq U0p´

a

rgq “ Q
´

?
rI
pU0prgqq

This definition is well-defined, since one checks easily that Q
˘

?
rI
pV q representsU0p˘

?
gq.

Note that both ˘
?
g and ˘

a

rg depend on argI . On the other hand, it is clear that
under the identification GA “ Gc, the definition of ˘

a

rg is independent of the conformal
net A extending Virc.

Proposition 3.11. Let rI P rJ and rg P GApIq. Then for each Hi P ReppAq we have

Uip
a

rgq “ π?
i,rI

pU0prgq b 1q Uip´
a

rgq “ π?
i,rI

p1 b U0prgqq

Proof. By Thm. 2.19 and Def. 3.10,

Uip
a

rgq “ πi,
?
IpU0p

a

rgqq “ πi,
?
I

`

Q?
rI
pU0prgqq

˘ Def.3.7
ùùùùùù π?

i,rI
pU0prgq b 1q

A similar argument proves the second identity.

3.1.4 The state space of the closed CFT

Definition 3.12. Let Z2 ď AutpAb2q be generated by σ. Using the fusion product in
RepZ2pAb2q, we define the untwisted Ab2-module

HclHclHcl :“ H?
0 b H?

0

where H?
0

is the Z2-crossed conjugate module of H?
0.

Remark 3.13. The σ-twisted module H?
0

is indeed unitarily isomorphic to H?
0, as one

can check (by applying Def. 2.64 to g˘) that JA gives an anti-unitary anti-automorphism
of H?

0. However, we will not need this fact in the paper.

41



3.2 Double cones in the Einstein cylinder R1,1
cl

3.2.1 The Minkowski spaces

Recall that R1,1R1,1R1,1 is the two dimensional Minkowski space, i.e., R1,1 “ R ˆ R with
Minkowski metric pdtq2 ´ pdxq2, and x, t denote the first and second components of R1,1.
Let

R1,1
clR1,1
clR1,1
cl “ pR{2πZq ˆ R R1,1

p´π,πq
R1,1

p´π,πq
R1,1

p´π,πq
“ p´π, πq ˆ R

where R1,1
cl is viewed as a quotient space of R1,1, and R1,1

p´π,πq
is viewed as an open subset

of both R1,1 and R1,1
cl . For each x P R, let

LxLxLx “ px` 2πZq ˆ R (3.4)

which is a vertical line in R1,1
cl . Then

R1,1
p´π,πq

» R1,1
cl zLπ “ R1,1

cl zL´π

3.2.2 The u`u´-coordinates

Definition 3.14. We introduce a new set of coordinates pu`, u´qpu`, u´qpu`, u´q on R1,1 (and hence on
R1,1

p´π,πq
) by

#

u` “ t` x

u´ “ t´ x
equivalently

#

x “ u`´u´

2

t “ u``u´

2

In this coordinate, pu`, u´q and pu` `2nπ, u´ ´2nπq correspond to the same point of R1,1
cl

when n P Z, that is,

R1,1
cl “ R1,1{p2π,´2πqZ in the u`u´ coordinates (3.5)

Definition 3.15. Two points p1, p2 of R1,1
cl are called spacelike separated if, in the u`u´-

coordinates, they can be represented by pu`
1 , u

´
1 q and pu`

2 , u
´
2 q such that

0 ă u`
2 ´ u`

1 ă 2π 0 ă u´
1 ´ u´

2 ă 2π (3.6a)

equivalently (by (3.5) and a different choice of representation),

0 ă u`
1 ´ u`

2 ă 2π 0 ă u´
2 ´ u´

1 ă 2π (3.6b)

For each O Ă R1,1
cl , the interior

O1O1O1 :“ Inttq P R1,1
cl : q is spacelike separated with any p P Ou

is called the spacelike complement of O.
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Remark 3.16. Suppose that p1, p2 P R1,1
p´π,πs

“ p´π, πs ˆ R are spacelike separated. Then,

by viewing R1,1
p´π,πs

as a subset of R1,1, precisely one of (3.6) holds true. In fact, (3.6a) holds
iff x1 ă x2, and (3.6b) holds iff x2 ă x1.

Proof. Clearly x1 ‰ x2, otherwise u`
2 ´ u`

1 and u´
2 ´ u´

1 would have the same sign, con-
tradicting (3.6).

Suppose x1 ă x2. Choose pw`
2 , w

´
2 q P pu`

2 , u
´
2 q ` p2π,´2πqZ such that

0 ă w`
2 ´ u`

1 ă 2π 0 ă u´
1 ´ w´

2 ă 2π (3.7)

Let rx2 be the x-coordinate of pw`
2 , w

´
2 q. (Note that pw`

2 , w
´
2 q and pu`

2 , u
´
2 q have the same

t-coordinate t2.) Then x1 ă rx2 ă x1 ` 2π, because

pw`
2 ´ w´

2 q ´ pu`
1 ´ u´

1 q “ pw`
2 ´ u`

1 q ` pu´
1 ´ w´

2 q

is ą 0 and ă 4π.
Since x1 ą ´π, we have rx2 ą ´π. We claim that rx2 ď π. If not, then π ă rx2 ă x1 ` 2π,

and hence

´π ă rx2 ´ 2π ă x1

In particular, ´π ă rx2 ´ 2π ď π. Thus, the unique representation of p2 in R1,1
p´π,πs

is given
by prx2 ´ 2π, t2q. Therefore x2 “ rx2 ´ 2π, and hence x2 ă x1, contradicting the assumption
x1 ă x2.

We have thus proved that ´π ă rx2 ď π. Then prx2, t2q is the unique representation of
p2 in R1,1

p´π,πs
. Thus w`

2 “ u`
2 and w´

2 “ u´
2 , and hence (3.6a) follows from (3.7). A similar

argument shows that if x2 ă x1 then (3.6b) follows.

A pictorial proof of Rem. 3.16 is given by Fig. 3.1, where the parts of the spacelike
complement of p “ p1 P R1,1

p´π,πs
satisfying (3.6a) and (3.6b) are illustrated by the yellow

and green regions, respectively.

Figure 3.1. The spacelike complement of p in R1,1
cl , projected onto R1,1

p´π,πs
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3.2.3 Double cones

Definition 3.17. For each element p “ pu`, u´q of R1,1 (in the u`u´ coordinate), the
associated ordered pair of arg-valued points peiu

`

, eiu
´

q with arguments u`, u´ is called
the corresponding pair of p in the double circle picture.

Definition 3.18. A subset O Ă R1,1
cl is called a double cone if it is the image of an open

rectangle K` ˆ K´ (in the u`u´ coordinate) under the quotient map R1,1 Ñ R1,1
cl , where

the lengths of the open intervals K˘ Ă R satisfy

0 ă |K`|, |K´| ă 2π

Equivalently, a double cone is an open subset of R1,1
cl corresponding to a pair prI, rJq in the

double circle picture, where rI, rJ P rJ .

Definition 3.19. The top, bottom, left, and right corners ofO are understood in the usual
sense. That is, if in the u`u´-coordinates we have O “ K` ˆK´, by setting a˘ “ infK˘

and b˘ “ supK˘, these four corners are respectively the images of the following points
under the covering map R1,1 Ñ R1,1

cl .

pb`, b´q pa`, a´q pa`, b´q pb`, a´q

Remark 3.20. Note that infinitely many pairs prI, rJq correspond to a given double cone.
However, if O is a double cone in R1,1

p´π,πq
, since the u`u´-coordinates on R1,1

p´π,πq
are

genuine coordinates, O corresponds to a unique pair prI, rJq in the double circle picture,
i.e., the one satisfying

| argI z ´ argJ ζ| ă 2π for each z P I, ζ P J (3.8)

Conversely, any prI, rJq satisfying (3.8) corresponds to a double cone O Ă R1,1
p´π,πq

.

Convention 3.21. Unless otherwise specified, the pair prI, rJq corresponding to a double
cone O Ă R1,1

p´π,πq
is chosen to satisfy (3.8).

Example 3.22. Let O Ă R1,1
cl be a double cone. Then O1 is also a double cone. Indeed, if

prI, rJq corresponds to O, then both prI 1, ‵ rJq and p‵rI, rJ 1q correspond to O1.

Definition 3.23. A double cone O Ă R1,1
cl is called equilateral if it corresponds to some

prI, rJq in the double circle picture with |I| “ |J |. A double cone is called standard if it
corresponds to prI, rIq for a (necessarily unique) rI P rJ .

Standard double cones must be compactly contained in R1,1
p´π,πq

. Indeed, one checks
easily that, in the xt-coordinates, a standard double cone is precisely a double cone O Ă

R1,1
p´π,πq

whose top and bottom corners lie in the t-axis.

Remark 3.24. Let O Ă R1,1
cl be a double cone corresponding to prI, rJq. Then

O Ť R1,1
p´π,πq

ðñ there exists rK P rJ containing rI, rJ

In other words, O Ť R1,1
p´π,πq

iff O is contained in some standard double cone.
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Proof. This is due to (3.8), which implies that when rI, rJ are viewed as intervals in R, the
property O Ť R1,1

p´π,πq
holds iff the diameter of rI Y rJ is ă 2π.

Definition 3.25. We let

OOO “ tdouble cones O Ă R1,1
cl u Op´π,πqOp´π,πqOp´π,πq “ tdouble cones O Ť R1,1

p´π,πq
u

3.2.4 Conformal symmetry

Definition 3.26. We define a group action of G ˆ G on R1,1
cl , which lifts to a group action

of Gc ˆ Gc on R1,1
cl . For each g`, g´ P G , by viewing them as diffeomorphisms of R (cf.

(2.3)), we let

pg`, g´qpu`, u´q “ pg`pu`q, g´pu´qq

Thanks to (3.5) and the relation g˘pu`2πq “ g˘puq`2π, this defines a well-defined action
of G ˆ G on R1,1

cl .

Remark 3.27. Although we will not use this fact, we note that G ˆG is the universal cover
of the group Cf`pR1,1

cl q of conformal diffeomorphisms of R1,1
cl preserving both the orienta-

tion of the manifold R1,1
cl and the direction of t. Moreover, the kernel of the covering map

G ˆ G Ñ Cf`pR1,1
cl q is isomorphic to Z, generated by pϱp2πq, ϱp´2πqq.

3.3 The bulk net Bcl acting on Hcl

Definition 3.28. For each I, J P J whose closures are disjoint, let

ApI, JqApI, JqApI, Jq “ ApI_q1 X ApJ_q1

where I_, J_ are the two components of the interior of S1zpI Y Jq.

For example, if rK P rJ and I “
?
K,J “ ´

?
K, then I_, J_ can be chosen to be?

K 1,´
?
K 1.

3.3.1 The net Bcl defined on Op´π,πq

Recall Thm. 2.55 for the normal representation πL
rI

, which will be applied in this sub-
section to crossed Ab2-module.

For each rI P rJ , by the construction of H?
0 in Subsec. 3.1.2, we have

EndAb2prI 1q
pH?

0q “ Ap
?
I 1q1 X Ap´

?
I 1q1 “ Ap

?
I,´

?
Iq (3.9)

Consequently, if rI, rJ Ă rK, then

Ap
?
I,´

?
Jq Ă EndAb2p rK1q

pH?
0q (3.10)

where
?
I and ´

?
J are defined using rI and rJ , respectively.
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Definition 3.29. Let O P Op´π,πq. Let prI, rJq be the unique pair satisfying (3.8) that corre-
sponds to O. By Rem. 3.24, there exists a standard double cone D containing O. Choose
rK P rJ such that p rK, rKq represents D, and so rI, rJ Ă rK. Define the von Neumann algebra
BclpOq on Hcl “ H?

0 b H?
0

by

BclpOq “ πL
rK

`

Ap
?
I,´

?
Jq
˘
ˇ

ˇ

H?
0bH?

0

In particular, if O is standard (and hence rI “ rJ), then

BclpOq “ πL
rI

`

EndAb2prI 1q
pH?

0q
˘ˇ

ˇ

H?
0bH?

0

(3.11)

Explanation. This definition is independent of the choice of D containing O. In fact,
for two such double cones D1, D2 corresponding to p rK1, rK1q and p rK2, rK2q respectively,
choose rK0 P rJ containing rI, rJ and contained in rK1, rK2. By Rem. 2.58,

πL
rKi

`

Ap
?
I,´

?
Jq
˘ˇ

ˇ

H?
0bH?

0

“ πL
rK0

`

Ap
?
I,´

?
Jq
˘ˇ

ˇ

H?
0bH?

0

for i “ 1, 2.

3.3.2 The net Bcl defined on O

Definition 3.30. The net of von Neumann algebras

BclBclBcl : O P O ÞÑ BclpOq Ă LpHclq

is defined as follows. If O P Op´π,πq, then BclpOq is defined as in Def. 3.29. If O R Op´π,πq,
that is, if the vertical line Lπ defined in (3.4) intersects the closure of O, by viewing
R1,1

p´π,πq
“ R1,1

cl zLπ, we let

BclpOq “
ł

DPOp´π,πq,DĂO

BclpDq (3.12)

Definition 3.31. For each g`, g´ P Gc, define Uclpg
`, g´qUclpg
`, g´qUclpg
`, g´q P UpHclq by

Uclpg
`, g´q “ U`

cl pg`qU´
cl pg´q

where U`
cl , U

´
cl : Gc Ñ UpHclq are defined in Def. 3.2 (for J “ cl). Note that by Rem. 3.3,

the ranges of U`
cl and U´

cl commute. Clearly

Ucl : Gc ˆ Gc Ñ UpHclq

is a strongly-continuous unitary representation.

The following observation will be crucial to the proof of the conformal covariance of
Bcl.
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Remark 3.32. By Def. 3.2, if I P J and g`, g´ P GcpIq, then

Uclpg
`, g´q “ π?

0b
?
0,I

`

U0pg`q b U0pg´q
˘

(3.13)

By Prop. 3.11, if rI P rJ and g`, g´ P GcpIq, noting that
a

g` P Gcp
?
Iq and ´

a

g´ P

Gcp´
?
Iq are defined in Def. 3.10 and rely on argI , we have

U0

`

a

g` ¨ p´
a

g´q
˘

“ π?
0,rI

`

U0pg`q b U0pg´q
˘

(3.14)

Recall that r acts on the universal cover R of S1 by u ÞÑ ´u. Thus pr, rq acts on R1,1

and hence acts on R1,1
cl :

pr, rqpr, rqpr, rq : R1,1
cl Ñ R1,1

cl pu`, u´q ÞÑ p´u`,´u´q (3.15)

Recall Def. 3.1 for the notation π˘
J , which we will apply below in the special case J “ cl ”

?
0 b

?
0.

Theorem 3.33. The net Bcl satisfies the following properties for each O,O1, O2 P O.

(1) (Isotony) If O1 Ă O2, then BclpO1q Ă BclpO2q.

(2) (Locality) If O1 and O2 are spacelike separated, then BclpO1q commutes with BclpO2q.

(3) (Extension property) If O corresponds to prI, rJq, then

π`
?
0b

?
0,I

pApIqq _ π´
?
0b

?
0,J

pApJqq Ă BclpOq

(4) (Conformal covariance) For each g`, g´ P Gc, we have

Uclpg
`, g´qBclpOqUclpg

`, g´q˚ “ Bclppg`, g´qOq

Moreover, if O corresponds (non-uniquely) to some prI, rJq in the double circle picture, and
if g` P GcpIq, g´ P GcpJq, then

Uclpg
`, g´q P π`

?
0b

?
0,I

pApIqq _ π´
?
0b

?
0,J

pApJqq

and hence Uclpg
`, g´q P BclpOq by the extension property.

(5) (PCT symmetry) There exists an anti-unitary operator Jcl on Hcl satisfying

J2cl “ 1 JclUclpg
`, g´qJcl “ Uclprg

`r, rg´rq

JclBclpOqJcl “ Bclppr, rqOq

for each g`, g´ P Gc and O P O.

(6) (Positive energy) The self-adjoint generators of the one-parameter groups u ÞÑ Uclpϱcpuq, 1q

and u ÞÑ Uclp1, ϱcpuqq are positive. Here, 1 denotes the identity element of Gc.
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(7) (Irreducibility) BclpOq is a type III factor. Moreover,
Ť

OPO BclpOq generates the von Neu-
mann algebra LpHclq.

Proof. Isotony: If O1, O2 P Op´π,πq, the inclusion is obvious. If O1 P Op´π,πq, O2 R Op´π,πq,
this follows by choosing O “ O2, D “ O1 in (3.12). The case O1, O2 R Op´π,πq follows
from (3.12) and the case O1, O2 P Op´π,πq.

Locality: See Thm. 3.43 in Sec. 3.6.
Extension property: See Cor. 3.56 in Sec. 3.8.
Conformal covariance: See Thm. 3.55 and Cor. 3.57 in Sec. 3.8.
PCT symmetry: See Thm. 3.60 in Sec. 3.10.
Positive energy: By [Wei06], for each (normal) representation of A the generator of

rotation is positive. Apply this result to π˘
cl .

Irreducibility: In the special case where O is standard and hence corresponds to prI, rIq

for some rI P rJ , BclpOq is described by (3.11), and hence is a type III factor by Rem.
2.59. The general case reduces to this special case by the conformal covariance mentioned
above. In particular, since BclpOq is a factor, BclpOq Y BclpOq1 generates LpHclq. By the
Haag duality (Thm. 3.62), BclpOq YBclpO

1q generates LpHclq. Thus
Ť

OPO BclpOq generates
LpHclq.

The following Sections 3.4–3.10 are devoted to the proof of Thm. 3.33, together with
several important byproducts of that proof (such as additivity, cf. Thm. 3.59). Finally, in
Sec. 3.11, we formulate and prove Haag duality for multi-double-cones, a result that is
not included in Thm. 3.33.

3.4 Local conformal covariance for Bcl|Op´π,πq

Lemma 3.34. Let O P Op´π,πq be contained in some standard double cone pO. Assume that pO

corresponds to p rK, rKq in the double circle picture. Then for each g`, g´ P GApKq we have

Uclpg
`, g´qBclpOqUclpg

`, g´q˚ “ Bclppg`, g´qOq

Proof. Assume that O corresponds to prI, rJq. Then rI, rJ Ă rK. Let
a

g`,´
a

g´ be defined
by rK. By Rem. 3.32,

AdUclpg`,g´q

`

BclpOq
˘

“ AdUclpg`,g´q

´

πL
rK

`

Ap
?
I,´

?
Jq
˘

¯

“Adπ?
0b

?
0,K

pU0pg`qbU0pg´qq

´

πL
rK

`

Ap
?
I,´

?
Jq
˘

¯

By (2.35), the above equals

AdπL
ĂK

pπ?
0,ĂK

pU0pg`qbU0pg´qqq

´

πL
rK

`

Ap
?
I,´

?
Jq
˘

¯

“πL
rK

´

Adπ?
0,ĂK

pU0pg`qbU0pg´qq

`

Ap
?
I,´

?
Jq
˘

¯

“πL
rK

´

Ad
U0

`?
g`¨

`

´
?
g´

˘˘

`

Ap
?
I,´

?
Jq
˘

¯
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where Rem. 3.32 is used in the last equality. Note that
?
I Ă

?
K, that ´

?
J Ă ´

?
K, and

that
a

g` ¨ p´
a

g´q fixes points outside
?
K Y p´

?
Kq.

Moreover, if O1 :“ pg`, g´qO corresponds to prI1, rJ1q, then we have rI1, rJ1 Ă rK and
g`

rI “ rI1 and g´
rJ “ rJ1. Thus

a

g`
?
I “

a

I1 p´
a

g´qp´
?
Jq “ ´

a

J1

Therefore, by the conformal covariance of A, we have

Ad
U0

`?
g`¨

`

´
?
g´

˘˘

`

Ap
?
I,´

?
Jq
˘

“ Ap
a

I1,´
a

J1q

Inserting the right hand side above into πL
rK

yields BclpO1q. This finishes the proof.

Lemma 3.35. Let O P Op´π,πq. Let a, b ą 0 such that the interval p´a, bq is the connected
component containing 0 of the set

␣

s P R : pϱpsq, ϱp´sqqO Ť R1,1
p´π,πq

(

Then for each ´a ă s ă b we have

Uclpϱcpsq, ϱcp´sqq ¨ BclpOq ¨ Uclpϱcpsq, ϱcp´sqq˚ “ Bclppϱpsq, ϱp´sqqOq

Note that pϱpsq, ϱp´sqq is the translation in the x-axis by s units.

Proof. It suffices to prove the lemma in the special case where s satisfies the extra con-
dition |s| ď ε for some ε ą 0 (possibly depending on O). Indeed, once the lemma is
established for such s, the general case follows by repeated application of this special
case. The reduction of an arbitrary s to a finite composition of such sufficiently small
translations follows from the Lebesgue number lemma.

Choose standard double cones pO1, pO2, pO3 such that O Ť pO1 Ť pO2 Ť pO3. Let pOi, O
correspond to p rKi, rKiq and prI, rJq respectively. Then, by viewing S1 “ R{2πZ, there exists
ε ą 0 such that

rK1 Ť rK2 Ť rK3

ď

|s|ďε

ϱpsqrI Ă rK1

ď

|s|ďε

ϱpsq rJ Ă rK1

We now consider two vector fields on R as the universal cover of S1. The first one is Bu,
where u denotes the standard coordinate of R. The second one is fBu where f : R Ñ R is
a smooth 2π-periodic function which equals 1 on rK2, and which vanishes on Ez rK3 where
E Ă R is any interval of length 2π containing rK3. Then, in view of the description (2.3) of
G , the flow on R generated by Bu defines the rotation subgroup ϱ of G , and the flow on R
generated by fBu defines a one-parameter subgroup γ : R Ñ G . We choose an arbitrary
lift of γ to γc : R Ñ Gc.

By shrinking ε, we have

ρpsq rK1 Ă rK2 whenever |s| ď ε
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We now fix s satisfying |s| ď ε. Then

g` :“ γcpsq
´1ϱcpsq P GcpK

1
1q g´ :“ γcp´sq´1ϱcp´sq P GcpK

1
1q

since γp˘sq´1ϱp˘sq : R Ñ R fixes points of rK1, cf. Rem. 2.10. Thus, by Rem. 3.32,

Uclpg
`, g´q “ π?

0b
?
0,K1

1

pU0pg`q b U0pg´qq
(2.39)

ùùùùù πR
rK1
1

pπ?
0, rK1

1

pU0pg`q b U0pg´qqq

Since πL
rK1

commutes with πR
rK1
1

in the sense of Thm. 2.61, the expression

AdUclpg`,g´q

`

BclpOq
˘

“ AdUclpg`,g´q

´

πL
rK1

`

Ap
?
I,´

?
Jq
˘

¯

equals πL
rK1

`

Ap
?
I,´

?
Jq
˘

, and hence

AdUclpg`,g´q

`

BclpOq
˘

“ BclpOq

On the other hand, since γp˘sq P G pK3q, we have γcp˘sq P GcpK3q, and hence

AdUclpγcpsq,γcp´sqq

`

BclpOq
˘

“ Bclppγpsq, γp´sqqOq “ Bclppϱpsq, ϱp´sqqOq

by Lem. 3.34. Combining the above two relations together yields

AdUclpϱcpsq,ϱcp´sqq

`

BclpOq
˘

“ Bclppϱpsq, ϱp´sqqOq

for each 0 ď |s| ď ε.

Lemma 3.36. Let O P O. Then for each s P R we have

Uclpϱcpsq, ϱcpsqq ¨ BclpOq ¨ Uclpϱcpsq, ϱcpsqq˚ “ Bclppϱpsq, ϱpsqqOq

Note that pϱpsq, ϱpsqq is the translation in the t-axis by s units.

Proof. In the case O P Op´π,πq, this is similar to the proof of Lem. 3.35, and hence is
omitted. The case O R Op´π,πq reduces easily to the case O P Op´π,πq by Def. 3.30.

3.5 Some additivity properties

Proposition 3.37. Let G Ñ AutpAq be a group homomorphism. Let Hi P RepGpAq and rI P rJ .
Let prIαqαPA be a collection in rJ such that rIα Ă rI and

Ť

α Iα “ I . Then

EndAprI 1q
pHiq “

ł

α

EndAprI 1
αq

pHiq

Clearly, the same relation holds with rI 1, rI 1
α replaced by ‵

rI, ‵rIα.
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Proof. The relation Ą is obvious. Let us prove Ă. Moreover, since the case Hi “ 0 is
obvious, we assume Hi ‰ 0.

Step 1. We first consider the case in which there exists rI0 P rJ such that rI0 Ă rIα for all
α. Fix an I0-unitary ξ0 P HipI0q, and let V “ Lpξ0, rIq|H0 . By Prop. 2.54, we have

EndAprI 1q
pHiq “ VApIqV ˚ EndAprI 1

αq
pHiq “ VApIαqV ˚

Therefore, the proposition follows from the additivity of A.
Step 2. We consider the case where A is a finite set, and prove the proposition by

induction on |A |. The case |A | “ 1 is obvious, and the case |A | “ n can be reduced to
the case |A | “ n´1 by using Step 1 and the fact that at least two distinct members of pIαq

overlap (otherwise I would be disconnected).
Step 3. We consider the case where prIαq is an increasing sequence. But this case follows

directly from Step 1.
Step 4. We consider the general case. Choose an increasing sequence p rKnq in rJ such

that rKn Ă rI and Kn Ť I and
Ť

nKn “ I . By Step 3, EndAprI 1q
pHiq is generated by

all EndAp rK1
nq

pHiq. Since Kn has compact closure in I , there exists a finite set An Ă A

such that Kn Ă
Ť

αPAn
Iα, and that each Iα intersects Kn (so that

Ť

αPAn
Iα is an inter-

val). By Step 2, EndAp rK1
nq

pHiq is contained in the von Neumann algebra generated by
EndAprI 1

αq
pHiq for all α P An. This proves the proposition.

Definition 3.38. Let O P Op´π,πq. We consider the xt-coordinates. A subset Λ Ă R1,1
p´π,πq

is
called an arc between the top and bottom corners of O if the following property holds:
By a translation and a (Euclidean) rotation so that the top, bottom, left, right corners of O
become the points p0, bq, pa, 0q, p0, 0q, pa, bq with a, b ą 0, we have

Λ “ tpx, fpxqq : 0 ă x ă aqu

where f is a smooth function from the open interval tx : ´ε ă x ă a ` εu (where ε ą 0)
to R satisfying

fp0q “ b fpaq “ 0 f 1 ă 0

Proposition 3.39. Let O P Op´π,πq, and let Λ be an arc between the top and bottom corners of O.
Let pOαqαPA be a collection in Op´π,πq such that Oα Ă O for each α, and Λ Ă

Ť

αOα. Then

BclpOq “
ł

α

BclpOαq (3.16)

In Thm. 3.59, this result will be generalized by dropping the assumption O,Oα P

Op´π,πq.

Proof. The relation Ą is obvious. Let us prove Ă.
Choose a standard double cone corresponding to some p rK, rKq and containing the

closure of O. By using the function f in Def. 3.38, one finds some g P G pKq such that
gp rJq “ rI , and that p1, gqΛ is the vertical open interval between the top and bottom corners
of the standard double cone p1, gqO. (This standard cone corresponds to prI, rIq.) Therefore,
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by Lem. 3.34, one may assume at the beginning that O is standard, and Λ is the open
interval between the top and bottom corners of O. In particular, Λ lies in the t-axis.

For each p P Λ, we choose a standard double cone Op P Op´π,πq containing p and
contained in Oα for some α. Then it suffices to prove

BclpOq “
ł

pPΛ

BclpOpq

Let prI, rIq correspond to O and prIp, rIpq correspond to Op. Then rIp Ă rI , and
Ť

p Ip “ I by
the fact that Λ Ă

Ť

pOp. By (3.9) and Prop. 3.37, we have

Ap
?
I,´

?
Iq “ EndAb2prI 1q

pH?
0q “

ł

p

EndAb2prI 1
pq

pH?
0q “

ł

p

Ap
a

Ip,´
a

Ipq

Applying the normal representation πL
rI

p¨ ¨ ¨ q|H?
0bH?

0
to both sides yields the desired re-

lation.

Recall (3.4) for the meaning of Lx.

Corollary 3.40. Let O P O, let E be a (possibly empty) finite subset of r´π, πs, and let LE “
Ť

xPE Lx. Then for each collection pOαqαPA in O satisfying OzLE “
Ť

αOα, we have

BclpOq “
ł

αPA

BclpOαq

Proof. The only nontrivial part is to prove Ă. We first consider the case O P Op´π,πq. By
Prop. 3.39, BclpOq is generated by BclpDq for all equilateral double cones D Ă O. Let
Dα “ D X Oα, and ignore α if Dα “ H. Since D is equilateral, there exists an arc Λ
between the top and bottom corners of D such that Λ X LE “ H. Then Λ Ă

Ť

αDα, and
hence BclpDq is generated by all BclpDαq due to Prop. 3.39. Thus BclpOq is generated by
all BclpOαq.

Next, assume O R Op´π,πq. By Def. 3.30, BclpOq is generated by BclpDq for all D P

Op´π,πq satisfying D Ă O. By the above paragraph, BclpDq is generated by all BclpDαq,
where Dα :“ D X Oα can be viewed as in Op´π,πq because D P Op´π,πq. Thus, by the
isotony in Thm. 3.33, BclpOq is again generated by all BclpOαq.

As an immediate application, we obtain the following improvement of Lem. 3.35.

Lemma 3.41. Let O Ă R1,1
p´π,πq

be a double cone. Let a, b ě 0 such that the interval r´a, bs is the
connected component containing 0 of the set

␣

s P R : pϱpsq, ϱp´sqqO Ă R1,1
p´π,πq

(

Then for each ´a ď s ď b we have

Uclpϱcpsq, ϱcp´sqq ¨ BclpOq ¨ Uclpϱcpsq, ϱcp´sqq˚ “ Bclppϱpsq, ϱp´sqqOq

Proof. This is an immediate consequence of Lem. 3.35 and Cor. 3.40.
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3.6 Locality

Lemma 3.42. Suppose that O1, O2 P Op´π,πq have spacelike separated closures. Then there exist
finite collections pO1,αqαPA and pO2,βqβPB of double cones in Op´π,πq such that

O1 “
ď

αPA

O1,α O2 “
ď

βPB

O2,β

and that for each α P A , β P B, the sets O1,α and O2,β are compactly contained in a common
standard double cone pOα,β .

Proof. Step 1. We show that if p1, p2 P R1,1
p´π,πq

are spacelike separated, then p1, p2 are con-
tained in a common standard double cone. In the u`u´-coordinates, write p1 “ pa1, b1q

and p2 “ pa2, b2q. Let R be the diameter of ta1, b1, a2, b2u. If we can show that R ă 2π,
then there exists an open interval in R of length ă 2π containing a1, b1, a2, b2. This interval
corresponds to some rI P rJ , and p1, p2 belong to the double cone corresponding to prI, rIq.

Since the x-coordinates of p1, p2 are ą ´π and ă π, we have

|a1 ´ b1| ă 2π |a2 ´ b2| ă 2π

By Rem. 3.16, we have

|a1 ´ a2| ă 2π |b1 ´ b2| ă 2π

We claim that

|a1 ´ b2| ă R |a2 ´ b1| ă R

which immediately implies R ă 2π.
Suppose that |a1 ´ b2| “ R. Then either a1 ď minta2, b1u ď maxta2, b1u ď b2, or

b2 ď minta2, b1u ď maxta2, b1u ď a1. In both cases, a2 ´ a1 and b2 ´ b1 have the same
sign, contradicting Rem. 3.16. So we must have |a1 ´ b2| ă R. A similar argument shows
|a2 ´ b1| ă R.

Step 2. Choose spacelike separated D1, D2 P Op´π,πq such that O1 Ť D1 and O2 Ť D2.
By Step 1 and the compactness of O2 (together with the Lebesgue number lemma), for
each p P O1, there exists a double cone D1,p Ă D1 containing p, and some δp ą 0, such
that for each double cone ∆2 Ă D2 intersecting O2 with diameter ă δp, then D1,p and ∆2

are compactly contained in a common standard double cone.
Therefore, by the compactness of O1 and O2, there exist finite collections pD1,αqαPA

and pD2,βqβPB of equilateral double cones in Op´π,πq such that

O1 Ă
ď

αPA

D1,α O2 Ă
ď

βPB

D2,β

and that for each α P A , β P B, we have that D1,α Ă D1, that D2,β Ă D2, and that D1,α

and D2,β are compactly contained in a common standard double cone pDα,β . The proof is
finished by taking

O1,α “ D1,α XO1 O2,β “ D2,β XO2

and dropping those O1,α and O2,β that are empty sets.
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Theorem 3.43. Suppose that O1, O2 P O are spacelike separated. Then rBclpO1q,BclpO2qs “ 0.

Proof. By Def. 3.30, it suffices to consider the case where O1, O2 P Op´π,πq. By Cor. 3.40
and Lem. 3.42, it suffices to assume that O1, O2 are contained in some standard double
cone pO corresponding to some p rK, rKq, and thatO1 andO2 are spacelike separated. In fact,
we will prove the commutativity without assuming spacelike separation of the closures;
only the spacelike separation of O1, O2 will be used.

Let O1, O2 correspond to prI1, rJ1q and prI2, rJ2q. Then rI1, rJ1, rI2, rJ2 are contained in rK.
By Rem. 3.16 and a possible change of subscripts, we may assume that rI2 is clockwise
to rI1 and rJ2 is anticlockwise to rJ1. Therefore, the following arg-valued intervals are in
clockwise order:

b

rI1

b

rI2 ´

b

rJ2 ´

b

rJ1

Moreover, by enlarging rI1 and rJ1 (and hence enlarging O1), we assume in addition that
by viewing S1 “ R{2πZ, we have inf rI1 “ sup rI2 and inf rJ2 “ sup rJ1.

Applying the following Lem. 3.44 to the case where E3zE2 is the disjoint union
?
I1 \

´
?
J1, and E2zE1 is the disjoint union

?
I2 \ ´

?
J2, we see that Ap

?
I1,´

?
J1q commutes

with Ap
?
I2,´

?
J2q. Applying πL

rK
p¨ ¨ ¨ q|H?

0bH?
0

(and noting the Haag duality for A), we
see that BclpO1q commutes with BclpO2q.

Lemma 3.44. Let E1, E2, E3 P J such that E1 Ť E2 Ť E3. Then ApE3q X ApE2q1 commutes
with ApE2q X ApE1q1

Proof. This is obvious.

3.7 PCT symmetry and Haag duality for OÐ and OÑ

Definition 3.45. Recall from Rem. 2.75 that Θ?
0,

?
0

is an involutive antiunitary anti-

automorphism of the Ab2-module H?
0 b H?

0
. Define

JclJclJcl “ U´
cl pϱcp´πqq ¨ Θ?

0,
?
0

¨ U´
cl pϱcpπqq

called the PCT operator of the closed CFT pBcl,Hclq. Due to the following lemma, we
have

Jcl “ U´
cl pϱcp´2πqq ¨ Θ?

0,
?
0

“ Θ?
0,

?
0

¨ U´
cl pϱcp2πqq

Lemma 3.46. For each ˘ P t`,´u and s P R, we have

U˘
cl pϱcpsqqΘ?

0,
?
0

“ Θ?
0,

?
0
U˘
cl pϱcp´sqq

Proof. Since Θ?
0,

?
0

is an anti-morphism of Ab2-modules, and since the modular conju-
gation for

Ab2pS1`q “ ApS1`q b ApS1`q

and the cyclic separating vector Ω b Ω is JA b JA, we see from Def. 2.69 that Θ?
0,

?
0

is

an anti-automorphism of the A-module pHcl, π
˘
cl q (where π˘

cl is defined in Def. 3.1). The
desired relation then follows from Cor. 2.71.
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Figure 3.2. The double cones OÒ, OÑ, OÐ in R1,1
p´π,πq

Theorem 3.47. LetOÒOÒOÒ,OÑOÑOÑ, andOÐOÐOÐ be the equilateral double cones corresponding to

prS1`, rS1`q prS1`, rS1´q prS1´, rS1`q

respectively; see Fig. 3.2. Then

AdJcl
`

BclpOÑqq “ BclpOÑq1 “ BclpOÐq (3.17)

Note that OÒ is standard, and hence compactly contained in R1,1
p´π,πq

. Although

OÑ, OÐ are contained in R1,1
p´π,πq

, they are not compactly contained in R1,1
p´π,πq

.

Proof. Step 1. We write Θ?
0,

?
0

“ Θ and U˘
cl pϱcpsqq “ V ˘psq for simplicity. Clearly

p1, ϱpπqqOÑ “ OÒ “ pϱpπq, 1qOÐ

Therefore, by Lem. 3.36 and 3.41, we have

BclpOÑq “ AdV ´p´πq

`

BclpOÒq
˘

BclpOÐq “ AdV `p´πq

`

BclpOÒq
˘

(3.18)

By Def. 3.29, we have

BclpOÒq “ πL
rS1`

`

EndAb2prS1´q
pH?

0q
˘
ˇ

ˇ

Hcl

It follows from Cor. 2.77 that

AdΘ
`

BclpOÒq
˘

“ BclpOÒq1 (3.19)

Combining (3.19) with (3.18), we obtain

AdV ´p´πqΘV ´pπq

`

BclpOÑq
˘

“ BclpOÑq1 (3.20a)

AdV `p´πqΘV `pπq

`

BclpOÐq
˘

“ BclpOÐq1 (3.20b)

This proves the first half of (3.17).
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Step 2. By (3.20) and the locality of Bcl (cf. Thm. 3.43), we obtain that

BclpOÐq Ă AdV ´p´πqΘV ´pπq

`

BclpOÑq
˘

(3.21a)

BclpOÑq Ă AdV `p´πqΘV `pπq

`

BclpOÐq
˘

(3.21b)

and that the inclusion in (3.21a) is an equality iff BclpOÐq “ BclpOÑq1.
By Lem. 3.46 and Θ2 “ 1, and noting Rem. 3.3 for the commutativity of V `psq and

V ´ptq, we have

V ´p´πqΘV ´pπqV `p´πqΘV `pπq “ V `p2πqV ´p´2πq

V `p´πqΘV `pπqV ´p´πqΘV ´pπq “ V `p´2πqV ´p2πq

Combining this with (3.21), we get

BclpOÐq Ă AdV `p2πqV ´p´2πqBclpOÐq (3.22a)

BclpOÑq Ă AdV `p´2πqV ´p2πqBclpOÑq (3.22b)

and that if the inclusion in (3.22a) is an equality, then BclpOÐq “ BclpOÑq1.
By (3.18), we have

BclpOÑq “ AdV `pπqV ´p´πqBclpOÐq

Therefore, (3.22) is equivalent to

BclpOÐq Ă AdV `pπqV ´p´πqBclpOÑq (3.23a)

BclpOÑq Ă AdV `p´πqV ´pπqBclpOÐq (3.23b)

Combining these two inclusion relations together, we get

BclpOÐq Ă BclpOÐq

where the inclusion is an equality iff the two inclusions in (3.23) are both equalities. But
the above inclusion is clearly an equality. Therefore, the inclusion in (3.23a) (hence the
one in (3.22a)) is an equality, and thus BclpOÐq “ BclpOÑq1.

3.8 Conformal covariance

Recall Thm. 3.47 for the meanings of OÑ and OÐ.

Lemma 3.48. We have

Uclpϱcpπq, ϱcp´πqq ¨ BclpOÑq ¨ Uclpϱcpπq, ϱcp´πqq˚ “ BclpOÐq

Proof. At the end of the proof of Thm. 3.47, we have seen that the inclusion in (3.23a) is
indeed an equality.
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3.8.1 A computation of relative commutants

In this subsection, we prove a result on relative commutants for Bcl that will be used
in the proof of the conformal covariance of Bcl. Recall that if M1,N1 are von Neumann
algebras on a Hilbert space H1, and if M2,N2 are von Neumann algebras on H2, then
pM1 b M2q X pN1 b N2q “ pM1 X N1q b pM2 X N2q, cf. [Bla06, III.4.5.9].

Lemma 3.49. Let E1, E2, E3 P J such that E1 Ť E2 Ť E3. Then the relative commutant of
ApE2q X ApE1q1 in ApE3q X ApE1q1 is ApE3q X ApE2q1.

Proof. By the split property (cf. Rem. 2.2), the inclusion of ApE2q Ă ApE3q contains a type
I intermediate factor, and hence is unitarily equivalent to

C b ApE2q Ă A3 b LpH0q ñ K3 b H0

where A3 is a von Neumann algebra acting on a Hilbert space K3. Similarly, the inclusion
ApE1q Ă ApE2q is unitarily equivalent to

C b ApE1q Ă A2 b LpH0q ñ K2 b H0

where A2 is a von Neumann algebra acting on a Hilbert space K2. Set K1 “ H0 and
A1 “ ApE1q. Then the chain ApE1q Ă ApE2q Ă ApE3q is unitarily equivalent to

C b C b A1 Ă C b A2 b LpK1q Ă A3 b LpK2q b LpK1q ñ K3 b K2 b K1

It follows that

ApE2q X ApE1q1 “ C b A2 b A 1
1

ApE3q X ApE1q1 “ A3 b LpK2q b A 1
1

ApE3q X ApE2q1 “ A3 b A 1
2 b C

Taking the commutant of the first equality, we get
`

ApE2q X ApE1q1
˘1

“ LpK3q b A 1
2 b A1

Using the fact that A1 “ ApE1q is a (type III) factor and hence A1 X A 1
1 “ C, we obtain

`

ApE3q X ApE1q1
˘

X
`

ApE2q X ApE1q1
˘1

“ A3 b A 1
2 b C

which equals ApE3q X ApE2q1.

Proposition 3.50. Let O,O1 Ă R1,1
p´π,πq

be double cones with O1 Ă O. Assume that O and O1

have the same right corner, but have different top, bottom, and left corners. Note thatO2 :“ OXO1
1

is also a double cone. Then

BclpO1q “ BclpOq X BclpO2q1 BclpO2q “ BclpOq X BclpO1q1
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Proof. By Lem. 3.41, we may assume in addition that O Ť R1,1
p´π,πq

, and hence O is con-

tained in a standard double cone corresponding to some p rK, rKq. Let O,Oi correspond to
prI, rJq and prIi, rJiq. Then rI2 is clockwise to rI1, rJ1 is clockwise to rJ2, I1 \ I2 is dense in I ,
and J1 \ J2 is dense in J . Applying Lem. 3.49 to the case where E2zE1 “

?
I2 \ ´

?
J2

and E3zE2 “
?
I1 \ ´

?
J1, we obtain

Ap
a

I1,´
a

J1q “ Ap
?
I,´

?
Jq X Ap

a

I2,´
a

J2q1

Since the representation πL
rK

p¨ ¨ ¨ q|Hcl
on Ap

?
K,´

?
Kq “ EndAb2p rK1q

pH?
0q is faithful (cf.

Rem. 2.59), applying this representation to the above identity yields the first relation. The
second relation can be proved in the same manner (by choosing different E1, E2, E3).

3.8.2 Proof of the conformal covariance

Lemma 3.51. Let O Ă R1,1
p´π,πq

be an equilateral double cone such that in the xt-coordinates, the
right corner of O is pπ, 0q, and the diameter r of O satisfies r ă π. Then

Uclpϱcprq, ϱcp´rqq ¨ BclpOq ¨ Uclpϱcprq, ϱcp´rqq˚ “ Bclppϱprq, ϱp´rqqOq

Proof. We write Uclpϱcpsq, ϱcp´sqq “ V psq and δpsq “ pϱpsq, ϱp´sqq for simplicity. Since
δpr ´ πqO is contained in OÑ, Lem. 3.41 implies

AdV pr´πq

`

BclpOq
˘

Ă BclpOÑq

and hence

AdV prq

`

BclpOq
˘

“ AdV pπqAdV pr´πq

`

BclpOq
˘

Ă AdV pπq

`

BclpOÑq
˘

“ BclpOÐq

where the last equality is due to Lem. 3.48.
Let

O2 :“ δprqO O1 “ OÐ XO1
2

Since O and δp´rqO1 are spacelike separated (because they are contained in OÑ and OÐ,
respectively), by the locality (Thm. 3.43), BclpOq commutes with Bclpδp´rqO1q, and hence
commutes with AdV p´rq

`

BclpO1q
˘

by Lem. 3.41. Thus

AdV prq

`

BclpOq
˘

Ă BclpO1q1

By Prop. 3.50 and O2 “ OÐ XO1
1, we obtain

AdV prq

`

BclpOq
˘

Ă BclpO2q

A similar argument shows AdV p´rq

`

BclpO2q
˘

Ă BclpOq. Thus AdV prq

`

BclpOq
˘

“ BclpO2q.

Recall (3.4) for the notation Lx.

58



Lemma 3.52. LetO Ă R1,1
p´π,πq

be an equilateral double cone whose diameter in the xt-coordinates
is r ă π. Choose s P R such that pρpsq, ρp´sqqO does not intersect L˘π (and hence can be viewed
as contained in R1,1

p´π,πq
). Then

Uclpϱcpsq, ϱcp´sqq ¨ BclpOq ¨ Uclpϱcpsq, ϱcp´sqq˚ “ Bclppϱpsq, ϱp´sqqOq (3.24)

Proof. The case s ă 0 follows easily from the case s ě 0. So we assume s ě 0. By Lem.
3.36, it suffices to assume that the left and right corners of O lie on the x-axis. Since the
translation ofO appearing in this lemma can be decomposed into translations of the types
considered in Lem. 3.41 and Lem. 3.51, the result follows from those two lemmas.

Lemma 3.53. For each O P O and s P R, the relation (3.24) holds.

Proof. Write δpsq “ pϱpsq, ϱp´sqq. Choose finite sets E,F Ă p´π, πs containing π such
that δpsqLE “ LF , where LE “

Ť

xPE Lx and LF “
Ť

xPF Lx. Let pOαq be a collec-
tion of equilateral double cones whose union is OzLE , and whose diameters in the xt-
coordinates are ă π. Then each Oα and δpsqOα can be viewed as subsets of R1,1

p´π,πq
. By

Lem. 3.52, (3.24) holds when O is replaced by Oα.
By Cor. 3.40, BclpOq is generated by all BclpOαq. Since pδpsqOqzLF “

Ť

α δpsqOα,
Cor. 3.40 also implies that BclpδpsqOq is generated by all BclpδpsqOαq. This finishes the
proof.

Lemma 3.54. LetO P O be corresponding to some prI, rJq. Let E,F P J . Suppose that there exist
rK, rL P J satisfying

rI Ă rK E Ă K rJ Ă rL F Ă L

Then for each g` P GcpEq and g´ P GcpF q we have

Uclpg
`, g´qBclpOqUclpg

`, g´q˚ “ Bclppg`, g´qOq

Proof. Note that g` P GcpKq and g´ P GcpLq. By enlarging either rK or rL, we assume they
have the same length. Choose s P R such that ϱpsqrL “ rK. Let

h´ “ ϱcpsqg
´ϱcp´sq D “ p1, ϱpsqqO

Then h´ P GcpKq, and D is contained in the standard double cone corresponding to
p rK, rKq. Therefore, by Lem. 3.34,

Uclpg
`, h´qBclpDqUclpg

`, h´q˚ “ Bclppg`, h´qDq

Thus, writing U´
cl pϱcpsqq as V , and applying AdV ˚ to the above identity, we have

Uclpg
`, g´qV ˚BclpDqV Uclpg

`, g´q˚ “ V ˚Bclppg`, h´qDqV

By Lem. 3.36 and 3.53, we have V ˚BclpDqV “ BclpOq and

V ˚Bclppg`, h´qDqV “ Bclppg`, ϱcp´sqh´qDq

“Bclppg`, g´ϱcp´sqqDq “ Bclppg`, g´qOq

This finishes the proof.
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Theorem 3.55. For each O P O and g`, g´ P Gc, we have

Uclpg
`, g´qBclpOqUclpg

`, g´q˚ “ Bclppg`, g´qOq

Proof. By Lem. 2.20, Gc is algebraically generated by GcpEq for all E P J whose length is
ă π. Therefore, it suffices to prove the desired relation for g` P GcpEq, g´ P GcpF q where
E,F P J have lengths ă π. Moreover, by Cor. 3.40, it suffices to consider the case where
the arg-valued intervals prI, rJq corresponding to O have lengths ă π. Then one can find
rK, rL P rJ satisfying the requirement of Lem. 3.54. The conclusion now follows from that
lemma.

3.9 Some consequences of the conformal covariance

Recall Def. 3.1 for the meanings of π` and π´.

3.9.1 Some extension properties

Corollary 3.56. If O P O corresponds to prI, rJq, then

π`
?
0b

?
0,I

pApIqq Ă BclpOq π´
?
0b

?
0,J

pApJqq Ă BclpOq

Proof. We first consider the case rI “ rJ . Let x P ApIq. By (2.35), we have

π`
?
0b

?
0,I

pxq “ π?
0b

?
0,I

pxb 1q “ πL
rI

pπ?
0,rI

pxb 1qq|H?
0bH?

0

where π?
0,rI

px b 1q belongs to EndAb2prI 1q
pH?

0q. Therefore, π`
?
0b

?
0,I

pxq belongs to

BclpOq “ πL
rI

pEndAb2prI 1q
pH?

0qq|H?
0bH?

0
(cf. Def. 3.29). This proves the first inclusion.

Similarly, the second inclusion follows from

π´
?
0b

?
0,I

pxq “ πR
rI

pπ?
0,rI

p1 b xqq|H?
0bH?

0

Now we consider the general case. Choose γ P Gc such that γ rJ “ rI . Let D P Op´π,πq

correspond to prI, rIq. By Def. 3.31, we have Uclp1, γq “ U´
cl pγq. Thus, Thm. 3.55 implies

AdU´
cl pγq

`

BclpOq
˘

“ BclpDq

By Rem. 3.3, AdU´
cl pγq

sends π`
?
0b

?
0,I

pApIqq to itself. By Cor. 2.22, AdU´
cl pγq

sends

π´
?
0b

?
0,J

pApJqq to π´
?
0b

?
0,I

pApIqq. Thus, the general case reduces to the special case

rI “ rJ .

Corollary 3.57. If O P O corresponds to prI, rJq and g` P GcpIq, g´ P GcpJq, then

Uclpg
`, g´q P π`

?
0b

?
0,I

pApIqq _ π´
?
0b

?
0,J

pApJqq

and hence Uclpg
`, g´q P BclpOq by Cor. 3.56.
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It follows that for each m,n P Z, we have

Uclpg
`, g´q P Bclppϱp2mπq, ϱp2nπqqOq (3.25)

because pϱp2mπq, ϱp2nπqqO also corresponds to arg-valued intervals whose underlying
intervals are I and J .

Proof. We have

U`
cl pg`q “ U`

?
0b

?
0,I

pg`q
Thm.2.19

ùùùùùùù π`
?
0b

?
0,I

pU0pg`qq P π`
?
0b

?
0,I

pApIqq

and, similarly, U´
cl pg´q belongs to π´

?
0b

?
0,J

pApJqq. Thus Uclpg
`, g´q “ U`

cl pg`qU´
cl pg´q

belongs to π`
?
0b

?
0,I

pApIqq _ π´
?
0b

?
0,J

pApJqq.

3.9.2 An enhanced version of the additivity property

The result of this subsection is of independent interest, although it will not be used
elsewhere in this paper.

Definition 3.58. Let O P O. A subset Λ Ă O is called an arc between the top and bottom
corners of O if, after choosing s P R such that D :“ pϱpsq, ϱp´sqqO belongs to Op´π,πq, the
set pϱpsq, ϱp´sqqΛ is an arc between the top and bottom corners of D in the sense of Def.
3.38.

Theorem 3.59. Let O P O, and let Λ be an arc between the top and bottom corners of O. Let
pOαqαPA be a collection in O such that Oα Ă O for each α, and Λ Ă

Ť

αOα. Then

BclpOq “
ł

α

BclpOαq (3.26)

Proof. This is an easy consequence of Prop. 3.39 and Thm. 3.55.

3.10 PCT symmetry

Recall the PCT operator Jcl defined in Def. 3.45. Recall the reflection pr, rq of R1,1
cl

described in (3.15). Recall Def. 2.64 for the definition of rgr where g P Gc.

Theorem 3.60. The anti-unitary operator Jcl is involutive (i.e. J2cl “ 1), and satisfies

JclUclpg
`, g´qJcl “ Uclprg

`r, rg´rq (3.27a)
JclBclpOqJcl “ Bclppr, rqOq (3.27b)

for each g`, g´ P Gc and O P O.

Proof. We write Θ?
0,

?
0

“ Θ and U˘
cl pϱcpsqq “ V ˘psq for simplicity. Then Jcl “

V ´p´2πqΘ “ ΘV ´p2πq. By Lem. 3.46, we have

J2cl “ ΘV ´p2πqΘV ´p2πq “ Θ2V ´p´2πqV ´p2πq “ 1
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From the proof of Lem. 3.46, we see that Θ is anti-automorphism of the A-module
pHcl, π

˘
cl q. Therefore, by Prop. 2.70, we have

ΘU`
cl pg`qΘ “ U`

cl prg`rq ΘU´
cl pg´qΘ “ U´

cl prg´rq

Multiplying these two identities yields

ΘUclpg
`, g´qΘ “ Uclprg

`r, rg´rq

For each ˘ P t`,´u, by Cor. 2.22, V ˘p2πq is an automorphism of the A-module pHcl, π
˘
cl q.

So it commutes with U˘
cl pg˘q by Prop. 2.70. By Rem. 3.3, V ˘p2πq commutes with U¯

cl pg¯q.
Thus (3.27a) is proved.

Choose g`, g´ P Gc such that OÑ “ pg`, g´qO. By Thm. 3.55, we have

BclpOÑq “ AdUclpg`,g´q

`

BclpOq
˘

and hence

AdJcl
`

BclpOÑq
˘

“ AdJclAdUclpg`,g´q

`

BclpOq
˘ (3.27a)

ùùùùù AdUclprg`r,rg´rqAdJcl
`

BclpOq
˘

(‹)

By Thm. 3.47, the left hand side above equals BclpOÐq. Since OÐ “ pr, rqOÑ, we have

OÐ “ pr, rqpg`, g´qO “ prg`r, rg´rqpr, rqO

and hence, by Thm. 3.55,

BclpOÐq “ AdUclprg`r,rg´rqBclppr, rqOq (‹‹)

So the right hand sides of (‹) and (‹‹) are equal, finishing the proof of (3.27b).

3.11 Haag duality for multi-double-cones

Definition 3.61. For O1, . . . , On P O whose closures are mutually spacelike separated, let

BclpO1 Y ¨ ¨ ¨ YOnqBclpO1 Y ¨ ¨ ¨ YOnqBclpO1 Y ¨ ¨ ¨ YOnq :“
`

BclpO1q Y ¨ ¨ ¨ Y BclpOnq
˘2

Note that pO1Y¨ ¨ ¨YOnq1 is also the disjoint union of someD1, . . . , Dn P O whose closures
are mutually spacelike separated.

Theorem 3.62 (Bulk-bulk Haag duality). Let n ě 1, and let O1, . . . , On and D1, . . . , Dn be
as in Def. 3.61. Then

`

BclpO1 Y ¨ ¨ ¨ YOnq
˘1

“ BclpD1 Y ¨ ¨ ¨ YDnq

Proof. When n “ 1, this follows from Thm. 3.47 and 3.55. Now assume n ě 2, and let
∆ “ O1

n. Then

O1 Y ¨ ¨ ¨ YOn´1 Ă ∆ ∆ XO1
1 X ¨ ¨ ¨ XO1

n´1 “ D1 \ ¨ ¨ ¨ \Dn
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Figure 3.3. The causal complement D1 YD2 of O1 YO2, projected onto R1,1
p´π,πq

The proved special case implies BclpOnq1 “ Bclp∆q. Thus, it suffices to show

Bclp∆q X BclpO1 Y ¨ ¨ ¨ YOn´1q1 “ BclpD1 Y ¨ ¨ ¨ YDnq (3.28)

By Thm. 3.55, it suffices to assume that ∆ is standard, and hence corresponding to
prΓ, rΓq for some rΓ P rJ . By changing the subscripts, we assume that the following double
subcones of ∆ are listed from right to left:

D1, O1, D2, O2, . . . , On´1, Dn

Let Oi correspond to prIi, rJiq and Dj to p rKj , rLjq, where all arg-valued intervals are con-
tained in rΓ. Then, the following arg-valued intervals are listed in the clockwise order:

b

rK1,

b

rI1,

b

rK2,

b

rI2, . . . ,

b

rIn´1,

b

rKn

´

b

rLn,´

b

rJn´1,´

b

rLn´1,´

b

rJn´2, . . . ,´

b

rJ1,´

b

rL1

Applying the following Lem. 3.63 to the case

FjzEj “
a

Kj \ ´
a

Lj EizFi`1 “
a

Ii \ ´
a

Ji

(where i ď n ´ 1 and j ď n), and using the faithfulness of the normal representation
πLΓ p¨ ¨ ¨ q|Hcl

as in the proof of Prop. 3.50, we obtain (3.28).

Lemma 3.63. Let F1, E1, . . . , Fn, En P J such that

F1 Ţ E1 Ţ F2 Ţ E2 Ţ ¨ ¨ ¨ Ţ Fn Ţ En

Then the relative commutant of

n´1
ł

i“1

`

ApEiq X ApFi`1q1
˘

in

ApF1q X ApEnq1
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is equal to

n
ł

j“1

`

ApFjq X ApEjq
1
˘

Proof. Similar to the proof of Lem. 3.49, the chain ApF1q Ą ApE1q Ą ¨ ¨ ¨ Ą ApEnq is
unitarily equivalent to

B1 b LpH1q b LpK2q b LpH2q b ¨ ¨ ¨ b LpKnq b LpHnq

ĄC b A1 b LpK2q b LpH2q b ¨ ¨ ¨ b LpKnq b LpHnq

ĄC b C b B2 b LpH2q b ¨ ¨ ¨ b LpKnq b LpHnq

ĄC b C b C b A2 b ¨ ¨ ¨ b LpKnq b LpHnq

Ą ¨ ¨ ¨

ĄC b C b C b C b ¨ ¨ ¨ b Bn b LpHnq

ĄC b C b C b C b ¨ ¨ ¨ b C b An

where each Ai is a von Neumann algebra on Hi, and Bj is a von Neumann algebra on
Kj . Then our goal reduces to showing that the relative commutant of

C b A1 b B1
2 b A2 b B1

3 b ¨ ¨ ¨ b An´1 b B1
n b C

in

B1 b LpH1q b LpK2q b LpH2q b LpK3q b ¨ ¨ ¨ b LpHn´1q b LpKnq b A 1
n

is equal to

B1 b A 1
1 b B2 b A 1

2 b B3 b ¨ ¨ ¨ b A 1
n´1 b Bn b A 1

n

But this is obvious.

4 The open CFT

Fix a conformal net A with central charge c. In this chapter, all objects of ReppAq are
assumed to be nonzero.

4.1 Boundary intervals and double cones in R1,1
op

4.1.1 Boundary intervals in R1,1
op

Definition 4.1. In the xt-coordinates, define subsets of R1,1:

R1,1
opR1,1
opR1,1
op “ tpx, tq P R1,1 : 0 ď x ď πu R1,1

p0,πq
R1,1

p0,πq
R1,1

p0,πq
“ tpx, tq P R1,1 : 0 ă x ă πu

B`R1,1
opB`R1,1
opB`R1,1
op “ t0u ˆ R B´R1,1

opB´R1,1
opB´R1,1
op “ tπu ˆ R

also viewed as subsets of R1,1
cl . Two points p1, p2 P R1,1

op are called spacelike separated if
they are so as elements of R1,1

cl , and hence can be described by Rem. 3.16.
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Definition 4.2. The group action of G on R1,1
op , which lifts to a group action of Gc on

R1,1
op , is defined as follows. Consider the u`u´-coordinates. By viewing each g P G as a

diffeomorphism of R (cf. (2.3)), for each pu`, u´q in R1,1
op , let

gpu`, u´q “ pgpu`q, gpu´qq

Remark 4.3. The above action of g on R1,1
op is well-defined. In particular, note that in the

u`u´-coordinates we have

B`R1,1
op “ tpu, uq : u P Ru B´R1,1

op “ tpu` 2π, uq : u P Ru (4.1)

Then clearly gpB`R1,1
op q “ B`R1,1

op . Using the fact that gpu ` 2πq “ gpuq ` 2π, cf. (2.3), one
immediately obtains gpB´R1,1

op q “ B´R1,1
op .

Definition 4.4. For each ˘ P t`,´u, let

rJ˘
rJ˘
rJ˘ “ tnon-empty open intervals in B˘R1,1

op of lengths ă 2πu

Unless otherwise stated, we assume the equivalences

rJ` » rJ » rJ´ (4.2)

defined in the xt-coordinates by

t0u ˆ R » R » tπu ˆ R p0, tq » t » pπ, π ` tq (4.3a)

equivalently, defined in the u`u´-coordinates (cf. (4.1)) by

pu, uq » u » pu` 2π, uq (4.3b)

For example, rS1` corresponds in the xt-coordinates to tp0, tq : 0 ă t ă πu in rJ`, and
rS1´ corresponds in the xt-coordinates to tpπ, tq : 0 ă t ă πu in rJ´.

Definition 4.5. By Def. 4.2 and Rem. 4.3, the group actions of G ,Gc on subsets of R1,1
op

restrict to group actions of G ,Gc on rJ` and rJ´, both equivalent to the actions of G ,Gc on
rJ via the equivalence (4.2).

4.1.2 Double cones in R1,1
p0,πq

Definition 4.6. For each double cone O Ă R1,1
p´π,πq

, by choosing unique prI, rJq satisfying
(3.8) and corresponding to O, we define

?
O

?
O

?
O “ the double cone corresponding to

`

a

rI,´
a

rJ
˘

In other words, in the u`u´-coordinates,

?
O “

!´u`

2
,
u´

2
´ π

¯

: pu`, u´q P O
)

Clearly
?
O is a double cone contained in R1,1

p0,πq
.

65



Definition 4.7. Recall Def. 3.25 for the meaning of Op´π,πq. Let

Op0,πqOp0,πqOp0,πq “ tdouble cones O Ť R1,1
p0,πq

u
b

Op´π,πq

b

Op´π,πq

b

Op´π,πq “ t
?
O : O P Op´π,πqu

Then clearly
a

Op´π,πq Ă Op0,πq.

Remark 4.8. One easily checks that double cones in R1,1
p0,πq

are precisely those correspond-

ing to some prI, rJq satisfying

0 ă argI z ´ argJ ζ ă 2π for each z P I, ζ P J

Therefore, Op0,πq consists precisely of double cones corresponding to some prI, rJq such that
rJ is clockwise to rI , and that the closures of I and J are disjoint.

Moreover,
a

Op´π,πq consists ofO P Op0,πq whose side lengths in the u`u´-coordinates
are ă π, that is, those corresponding to some prI, rJq such that I, J have lengths ă π.

4.2 The left boundary net Boppiq and the right boundary net B1
oppiq for the

boundary condition i

Definition 4.9. For each Hi,Hj P ReppAq, the state space with boundary conditions i, j
is defined to be

Hoppi,jqHoppi,jqHoppi,jq “ Hi b Hj

where the fusion product is in ReppAq.

Recall Thm. 2.55 and 2.56 for the definitions of πL, πR.

Definition 4.10. For each Hi P ReppAq, the left resp. right boundary nets with boundary
condition i are collections of von Neumann algebras

BoppiqBoppiqBoppiq “ pBoppiqp
rIqq

rIP rJ resp. B1
oppiqB1
oppiqB1
oppiq “ pB1

oppiqp
rIqq

rIP rJ (4.4)

on Hoppi,iq “ Hi b Hi defined by

Boppiqp
rIq “ πL

rI
pEndApI 1qpHiqq

ˇ

ˇ

HibHi
(4.5a)

B1
oppiqp

rIq “ πR
rI

pEndApI 1qpHiqq
ˇ

ˇ

HibHi
(4.5b)

Recall the group action U “ Uoppi,jq “ Uibj of Gc on Hoppi,jq defined by Thm. 2.19.
Recall the antiunitary map

Θi,j : Hoppi,jq Ñ Hoppj,iq

defined by Thm. 2.74, which satisfies

Θj,iΘi,j “ 1

and hence is involutive when i “ j.
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Theorem 4.11. Let Hi P ReppAq. Then the nets Boppiq and B1
oppiq satisfy the following properties

for each rI, rJ P rJ .

(1) (Isotony) If rI Ă rJ , then

Boppiqp
rIq Ă Boppiqp

rJq B1
oppiqp

rIq Ă B1
oppiqp

rJq

(2) (Extension property) We have

πibi,IpApIqq Ă Boppiqp
rIq X B1

oppiqp
rIq

(3) (Conformal covariance) For each g P Gc, the operator Upgq “ Uoppi,iqpgq satisfies

UpgqBoppiqp
rIqUpgq˚ “ BoppiqpgrIq UpgqB1

oppiqp
rIqUpgq˚ “ B1

oppiqpg
rIq

Moreover, if g P GcpIq, then

Uoppi,iqpgq P πibi,IpApIqq

and hence Uoppi,iqpgq P Boppiqp
rIq by the extension property.

(4) (PCT symmetry) The involutive anti-unitary operator Θi,i on Hoppi,iq satisfies

Θi,iUoppi,iqpgqΘi,i “ Uoppi,iqprgrq

Θi,iBoppiqp
rIqΘi,i “ B1

oppiqpr
rIq

for each g P Gc.

(5) (Positive energy) The self-adjoint generator of the one-parameter group u ÞÑ Uoppi,iqpϱcpuqq

is positive.

(6) (Boundary-boundary Haag duality) B1
oppiq is the dual net of Boppiq in the sense of

[Gui21b, Sec. 4], that is, for each rI P rJ ,

Boppiqp
rIq1 “ B1

oppiqp
rI 1q

(7) (Irreducibility) Boppiqp
rIq and B1

oppiqp
rIq are type III factors. Moreover,

Ť

rIP rJ Boppiqp
rIq and

Ť

rIP rJ B1
oppiqp

rIq together generate LpHoppi,iqq.

As a consequence of the boundary-boundary Haag duality and the isotony, we obtain
the boundary-boundary locality: if rJ is clockwise to rI , then

rBoppiqp
rIq,B1

oppiqp
rJqs “ 0
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Proof. Isotony: This is due to Rem. 2.58 and the obvious fact that EndApI 1
1qpHiq Ă

EndApI 1
2qpHiq and EndApI 1

1qpHiq Ă EndApI 1
2qpHiq.

Extension property: Let x P ApIq. By (2.35), we have

πibi,Ipxq “ πL
rI

pπi,Ipxqq
ˇ

ˇ

HibHi

where πi,Ipxq belongs to EndApI 1qpHiq. So πibi,Ipxq P Boppiqp
rIq by Def. 4.10. Similarly,

(2.39) implies

πibi,Ipxq “ πR
rI

pπi,Ipxqq
ˇ

ˇ

HibHi

where πi,Ipxq P EndApI 1qpHiq, and hence πibi,Ipxq P B1
oppiqp

rIq.
Conformal covariance: The first part is due to Thm. 2.60. Suppose that g P GcpIq.

Then Uoppi,iqpgq equals πibi,IpU0pgqq by Thm. 2.19, and hence belongs to πibi,IpApIqq.
PCT symmetry: The first relation is due to Prop. 2.70. The second is due to Cor. 2.77.
Positive energy: Similar to the proof of Thm. 3.33, this is due to [Wei06].
Haag duality: By Def. 4.10,

B1
oppiqp

rS1´q “ πR
rS1´

pEndApS1`qpHiqq
ˇ

ˇ

HibHi
“

´

πL
rS1`

pEndApS1´qpHiqq
ˇ

ˇ

HibHi

¯1

where the last identity is due to Thm. 2.61. Since the last term is Boppiqp
rS1`q1, we obtain

Boppiqp
rIq1 “ B1

oppiqp
rI 1q for rI “ rS1`. The general case follows easily from this one using the

conformal covariance established above.
Irreducibility: Similar to the proof of Thm. 3.33, the fact that Boppiqp

rIq and B1
oppiqp

rIq are

type III factors follows from Rem. 2.59. Thus Boppiqp
rIq Y Boppiqp

rIq1 generates LpHoppi,iqq.
By the boundary-boundary Haag duality, Boppiqp

rIq Y B1
oppiqp

rI 1q generates LpHoppi,iqq.

Remark 4.12. One should view Boppiq and B1
oppiq as nets with domains rJ` and rJ´, respec-

tively, by using the equivalence rJ` » rJ » rJ´ in Def. 4.4. Now, for each rI P rJ , if we view
rI as in rJ`, and if we view its clockwise complement rI 1 as in rJ´, then one easily checks
that

rI 1 “ Inttp P B´R1,1
op : p is spacelike separated from rIu

where the interior Int is with respect to B´R1,1
op . In other words, rI 1 is the intersection of

B´R1,1
op and the spacelike complement of rI ; see Fig. 4.1. This justifies the name “boundary-

boundary Haag duality” in Thm. 4.11.

4.3 Boundary nets Boppiq and B1
oppjq

acting on the open-string state space
Hoppi,jq “ Hi bA Hj

Recall from Def. 4.9 that Hoppi,jq “ Hi b Hj .
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Figure 4.1. Boundary-boundary Haag duality in R1,1
op

Definition 4.13. Let Hi,Hj P ReppAq and rI P rJ . Define normal representations

ϖL
oppi,jq,rI

ϖL
oppi,jq,rI

ϖL
oppi,jq,rI

: Boppiqp
rIq Ñ LpHoppi,jqq ϖR

oppi,jq,rI
ϖR

oppi,jq,rI
ϖR

oppi,jq,rI
: B1

oppjqp
rIq Ñ LpHoppi,jqq

abbreviated to ϖL
rI

ϖL
rI

ϖL
rI

and ϖR
rI

ϖR
rI

ϖR
rI

when no confusion arises, such that the following diagrams
commute:

EndApI 1qpHiq LpHi b Hjq

Boppiqp
rIq

πL
rI

ˇ

ˇ

ˇ

HibH
j

πL
rI

ˇ

ˇ

ˇ

HibH
i

»

ϖL
rI

EndApI 1qpHjq LpHi b Hjq

B1
oppjq

prIq

πR
rI

ˇ

ˇ

ˇ

HibH
j

πR
rI

ˇ

ˇ

ˇ

HjbH
j

»

ϖR
rI

Remark 4.14. The above definition makes sense because πL
rI

ˇ

ˇ

HibHi
and πR

rI

ˇ

ˇ

HjbHj
are faith-

ful, cf. Rem. 2.59. Note also that ϖL
oppi,iq,rI

and ϖR
oppj,jq,rI

are inclusion maps.

Theorem 4.15. Let Hi,Hj P ReppAq. Then the following properties hold for each rI, rJ P rJ .

(1) (Isotony) If rI Ă rJ , then

ϖL
rJ

ˇ

ˇ

BoppiqprIq
“ ϖL

rI
ϖR

rJ

ˇ

ˇ

B1
oppjq

prIq
“ ϖR

rI

(2) (Extension property) For each x P ApIq and y P ApJq, recalling that

πibipxq P Boppiqp
rIq πjbjpyq P B1

oppjqp
rJq

by the extension property in Thm. 4.11, we have

ϖL
rI

pπibi,Ipxqq “ πibj,Ipxq ϖR
rJ
pπjbj,Jpyqq “ πibj,Jpyq

when acting on Hoppi,jq.
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(3) (Conformal covariance) For each g P Gc and each

A P Boppiqp
rIq B P B1

oppjqp
rIq

noting that UpgqAUpgq˚ belongs to BoppiqpgrIq and UpgqBUpgq˚ belongs to B1
oppjq

pgrIq by
Thm. 4.11, we have

UpgqϖL
rI

pAqUpgq˚ “ ϖL
grI

pUpgqAUpgq˚q on Hoppi,jq

UpgqϖR
rI

pBqUpgq˚ “ ϖR
grI

pUpgqBUpgq˚q on Hoppi,jq

(4) (PCT symmetry) The anti-unitary map Θi,j : Hoppi,jq Ñ Hoppj,iq (with inverse Θj,i :
Hoppj,iq Ñ Hoppi,jq, cf. Rem. 2.75) satisfies

Θi,j ¨ Uoppi,jqpgq ¨ Θj,i “ Uoppj,iqprgrq on Hoppj,iq

Θi,j ¨ϖL
rI

pAq ¨ Θj,i “ ϖR
rrI

pΘi,iAΘi,iq on Hoppj,iq

for each g P Gc and A P Boppiqp
rIq, noting that Θi,iAΘi,i P B1

oppiqpr
rIq by Thm. 4.11.

(5) (Positive energy) The self-adjoint generator of the one-parameter group u ÞÑ Uoppi,jqpϱcpuqq

is positive.

(6) (Boundary-boundary Haag duality) The following von Neumann algebras on Hoppi,jq

are commutants of each other:

ϖL
rI

`

Boppiqp
rIq
˘

ϖR
rI 1

`

B1
oppjqp

rI 1q
˘

(4.6)

The Haag duality in this theorem admits an interpretation analogous to that in Rem.
4.12 and Fig. 4.1. Moreover, as a consequence of the isotony and the Haag duality, we
obtain the boundary-boundary locality: if rJ is clockwise to rI , then

“

ϖL
rI

`

Boppiqp
rIq
˘

, ϖR
rJ

`

B1
oppjqp

rJq
˘‰

“ 0

Proof. Isotony: This is due to Rem. 2.58.
Extension property: By (2.35), the element πi,Ipxq P EndApI 1qpHiq is sent by πL

rI
|HibHi

and πL
rI

|HibHj
to πibipxq and πibjpxq, respectively. Thus ϖL

rI
pπibi,Ipxqq “ πibj,Ipxq by Def.

4.13. A similar argument proves ϖR
rJ
pπjbj,Jpyqq “ πibj,Jpyq.

Conformal covariance: This is due to Thm. 2.60.
PCT symmetry: The first relation is due to Prop. 2.70. The second is due to Thm. 2.76.
Positive energy: Similar to the proof of Thm. 3.33, this is due to [Wei06].
Haag duality: By Def. 4.13, the two von Neumann algebras in (4.6) are equal to

πL
rI

pEndApI 1qpHiqq and πR
rI 1

pEndApIqpHjqq respectively. The latter two von Neumann alge-
bras (acting on Hi b Hj) are commutants of each other by Thm. 2.61.
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4.4 Bulk net Bcl

ˇ

ˇ?
Op´π,πq

acting on Hoppi,jq

Fix Hi,Hj P ReppAq. The goal of this section and the next is to define the action of the
restricted bulk net Bcl|Op0,πq

on the open-string state space Hoppi,jq, and to establish its key
properties. In the present section, we construct this action for the restriction of Bcl|Op0,πq

to
a

Op´π,πq, recalling that
a

Op´π,πq Ă Op0,πq (cf. Subsec. 4.1.2). In the next section, we
extend the construction to the full net Bcl|Op0,πq

.

4.4.1 Construction of the action Bcl

ˇ

ˇ?
Op´π,πq

ñ Hoppi,jq

Definition 4.16. For each O P Op´π,πq, corresponding to prI, rJq satisfying (3.8), choose
g`, g´ P G such that by viewing g˘ as in (2.3), and by viewing rI, rJ as subsets of the
universal cover R of R{2πZ “ S1, we have

g`pθq “ θ{2 for each θ P rI

g´pθq “ θ{2 ´ π for each θ P rJ

Note that pg`, g´qO “
?
O. Lift g`, g´ to elements of Gc, still denoted by g`, g´. By the

conformal covariance in Thm. 3.33, we can define (spatial) isomorphisms of von Neu-
mann algebras

Q?
O : BclpOq Ñ Bclp

?
Oq A ÞÑ Uclpg`, g´qAUclpg`, g´q˚

This definition is independent of the choice g˘.

Explanation. To prove the independence of Q?
O on g˘, assume that h˘ satisfy the same

properties as g˘. Then h´1
` g` fixes each point of rI . Hence h´1

` g` P GcpI 1q by Rem. 2.10.
Similarly, h´1

´ g´ P GcpJ 1q. Then, by choosing suitable arg-functions on I 1, J 1, the spacelike
complement O1 of O corresponds to ppI 1, argI 1q, pJ 1, argJ 1qq. By the conformal covariance
in Thm. 3.33, we have

Uclph`, h´q´1Uclpg`, g´q P BclpO
1q

Therefore, by the locality in Thm. 3.33, AdUclpg`,g´q equals AdUclph`,h´q when applied to
BclpOq.

Remark 4.17. Clearly, if O1 Ă O2 are in Op´π,πq, then Q?
O2

ˇ

ˇ

BclpO1q
“ Q?

O1
.

Definition 4.18. For each O P Op´π,πq, which corresponds uniquely to prI, rJq satisfying
(3.8), choose rK`, rK´ P rJ such that

a

rI, rK`,´
a

rJ, rK´ are in clockwise order (4.7)

Choose K`-unitary ξ0 P HipK`q and K´-unitary η0 P HjpK´q, and define a faithful
normal representation

ϖoppi,jq,
?
Oϖoppi,jq,

?
Oϖoppi,jq,

?
O : Bclp

?
Oq Ñ LpHoppi,jqq
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abbreviated toϖ?
Oϖ?
Oϖ?
O when no confusion arises, such that by setting

V pξ0, η0q “ Lpξ0, rK`qRpη0, rK´q ” Rpη0, rK´qLpξ0, rK`q : H0 Ñ Hoppi,jq

and by choosing any rK P rJ containing rI, rJ (which exists by Rem. 3.24), the following
diagram commutes:

Ap
?
I,´

?
Jq LpHi b Hjq

BclpOq Bclp
?
Oq

AdV pξ0,η0q

πL
ĂK

ˇ

ˇ

ˇ

H?
0

bH?
0

»

Q?
O

»

ϖ?
O

(4.8)

Note that the isomorphism from the upper-left corner to the lower-left corner is given
by Def. 3.29.

Remark 4.19. The definition of ϖ?
O is independent of rK, as indicated in the explanation

to Def. 3.29, and also by Rem. 4.17. It is independent of rK`, rK´ due to the isotony
property for L,R operators (cf. Cor. 2.46). It is also independent of the choice of ξ0, η0, as
explained in the following proof.

Proof. Choose K`-unitary ξ1 P HipK`q and K´-unitary η1 P HjpK´q. Then
Lpξ0, rK`q˚Lpξ1, rK`q|H0 commutes with ApK 1

`q, and hence belongs to ApK`q by the Haag
duality for A. Thus

Lpξ1, rK`q|H0 “ Lpξ0, rK`qx|H0

for some (necessarily unitary) x P ApK`q. Thus

V pξ1, η0q “ V pξ0, η0qx

By Def. 3.28, elements of ApK`q commute with those of Ap
?
I,´

?
Jq. Therefore

AdV pξ1,η0q “ AdV pξ0,η0q on Ap
?
I,´

?
Jq. A similar argument shows AdV pξ1,η1q “

AdV pξ1,η0q on Ap
?
I,´

?
Jq. Hence AdV pξ1,η1q “ AdV pξ0,η0q on Ap

?
I,´

?
Jq.

4.4.2 Basic properties of the action Bcl

ˇ

ˇ?
Op´π,πq

ñ Hoppi,jq

Proposition 4.20. The following properties hold for each O,O1, O2 P Op´π,πq.

(1) (Isotony) If O1 Ă O2, then

ϖ?
O2

ˇ

ˇ

Bclp
?
O1q

“ ϖ?
O1

(2) (Bulk-bulk locality) Suppose that O1, O2 are spacelike separated (and hence
?
O1,

?
O2 are

spacelike separated). Then
“

ϖ?
O1

pBclp
a

O1qq, ϖ?
O2

pBclp
a

O2qq
‰

“ 0
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(3) (Extension property) Let O correspond to prI, rJq. For each x P Ap
?
Iq and y P Ap´

?
Jq,

noting that

π`
?
0b

?
0,

?
I
pxq P Bclp

?
Oq π´

?
0b

?
0,´

?
J

pyq P Bclp
?
Oq

by the extension property in Thm. 3.33, we have

ϖ?
O

`

π`
?
0b

?
0,

?
I
pxq

˘

“ πibj,
?
Ipxq

ϖ?
O

`

π´
?
0b

?
0,´

?
J

pyq
˘

“ πibj,´
?
Jpyq

(4) (Conformal covariance) Suppose that g P Gc and O P Op´π,πq satisfy pg, gq
?
O P

a

Op´π,πq. Then for each A P Bclp
?
Oq, noting that Uclpg, gqAUclpg, gq˚ belongs to

Bclppg, gq
?
Oq by the conformal covariance in Thm. 3.33, we have

Uibjpgqϖ?
OpAqUibjpgq˚ “ ϖ

pg,gq
?
OpUclpg, gqAUclpg, gq˚q

(5) (Bulk-boundary Haag duality) Let rE` and rE´ be the intersections of the spacelike comple-
ment of

?
O with B`R1,1

op and B´R1,1
op respectively, i.e., for each ˘ P t`,´u,

rE˘ “ Inttp P B˘R1,1
op : p is spacelike separated from elements of

?
Ou

where the interior is with respect to B˘R1,1
op . Then rE` P rJ` and rE´ P rJ´. Moreover, by

viewing rE`, rE´ P rJ via the equivalence (4.2), we have

ϖL
rE`

`

Boppiqp
rE`q

˘

_ϖR
rE´

`

B1
oppjqp

rE´q
˘

“ ϖ?
O

`

Bclp
?
Oq

˘1

Proof. Isotony: This is obvious.
Bulk-bulk locality: Since ϖ?

O is normal for each O, by the additivity of Bcl (Cor. 3.40)
and Lem. 3.42, it suffices to assume that O1, O2 Ă O for some standard O P Op´π,πq. In
that case, we have ϖ?

Oi
pBclp

?
Oiqq “ ϖ?

OpBclp
?
Oiqq. Thus the commutativity follows

from the locality in Thm. 3.33.
Extension property: See Lem. 4.21.
Conformal covariance: See Lem. 4.22.
Bulk-boundary Haag duality: Let prI, rJq satisfy (3.8) and correspond to O. Choose

rK`, rK´ P rJ such that K`,K´ are the two components of the interior of S1zp
?
I Y ´

?
Jq,

and satisfying (4.7). By viewing rK` P rJ` and rK´ P rJ´, one checks (e.g. by projecting
rE`, rE´ onto the u´-axis, cf. (4.3b)) that

rE` “ rK`
rE´ “ rK´ (4.9)

This proves the first part of the Haag duality.
By Def. 4.18, we have

ϖ?
O

`

Bclp
?
Oq

˘

“ AdV pξ0,η0q

`

Ap
?
I,´

?
Jq
˘

(a)
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By Prop. 2.54, we have

EndApE1
`qpHiq “ Ad

Lpξ0, rE`q|H0
pApE`qq

Therefore, since rE´ is clockwise to rE`, by (2.34) we have

πL
rE`

`

EndApE1
`qpHiq

˘ˇ

ˇ

HibHj
“ Ad

Rpη0, rE´q

`

EndApE1
`qpHiq

˘

“ AdV pξ0,η0qpApE`qq

It follows from Def. 4.13 that

ϖL
rE`

`

Boppiqp
rE`q

˘

“ AdV pξ0,η0qpApE`qq (b)

A similar argument shows that

ϖR
rE´

`

B1
oppjqp

rE´q
˘

“ AdV pξ0,η0qpApE´qq (c)

Combining (a), (b), (c) with the relation (cf. Def. 3.28)

ApE`q _ ApE´q “ Ap
?
I,´

?
Jq1

the proof of the second part of the Haag duality is finished.

Lemma 4.21. The extension property in Prop. 4.20 holds.

Proof. We prove the relation for x. The relation for y can be proved in a similar way.
Choose g`, g´ P Gc as in Def. 4.16. Let px P ApIq such that the isomorphism Q?

rI
: ApIq Ñ

Ap
?
Iq in Def. 3.5 sends px to x, that is,

Q?
rI
ppxq ” U0pg`qpxU0pg`q˚ “ x (‹)

Choose ξ0, η0 and rK as in Def. 4.18. In view of the commutative diagram (4.8), the proof
will be finished if we can show for the element x P Ap

?
Iq that

x πibj,
?
Ipxq

π`
?
0b

?
0,I

ppxq π`
?
0b

?
0,

?
I
pxq

AdV pξ0,η0q

πL
ĂK

ˇ

ˇ

ˇ

H?
0

bH?
0

Q?
O

The top horizontal arrow is due to (2.20). By (‹) and Def. 3.7, we have

π?
0,rI

ppxb 1q “ x

By viewing x P Ap
?
I,´

?
Jq Ă EndAb2p rK1q

pH?
0q (cf. (3.10)), it follows that

πL
rK

pxq
ˇ

ˇ

H?
0bH?

0

“ πL
rK

pπ?
0,rI

ppxb 1qq
ˇ

ˇ

H?
0bH?

0
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Rem.2.58
ùùùùùùùπL

rI
pπ?

0,rI
ppxb 1qq

ˇ

ˇ

H?
0bH?

0

(2.35)
ùùùùù π?

0b
?
0,I

ppxb 1q

where the last term is exactly π`
?
0b

?
0,I

ppxq by Def. 3.1. This proves the left vertical arrow.

By Def. 4.16,

Q?
O

`

π`
?
0b

?
0,I

ppxq
˘

“ AdUclpg`,g´q

`

π`
?
0b

?
0,I

ppxq
˘

Recall from Def. 3.31 that Uclpg`, g´q “ U`
?
0b

?
0
pg`qU´

?
0b

?
0
pg´q. By Rem. 3.3,

U´
?
0b

?
0
pg´q commutes with π`

?
0b

?
0,I

ppxq. Hence

Q?
O

`

π`
?
0b

?
0,I

ppxq
˘

“ AdU`
?
0b

?
0

pg`q

`

π`
?
0b

?
0,I

ppxq
˘

Cor.2.22
ùùùùùùπ`

?
0b

?
0,

?
I
pU0pg`qpxU0pg`q˚q

(‹)
ùùù π`

?
0b

?
0,

?
I
pxq

This proves the bottom horizontal arrow.

Lemma 4.22. The conformal covariance in Prop. 4.20 holds.

Proof. Step 1. In this step, we prove the relation

Uibjpgqϖ?
OpAqUibjpgq˚ “ ϖ

pg,gq
?
OpUclpg, gqAUclpg, gq˚q (a)

when O P Op´π,πq corresponds to prI, rJq, A P Bclp
?
Oq, and g P Gc fixes pointwise

a

rI Y

´

a

rJ (by viewing S1 “ R{2πZ), i.e., g P Gcpp
?
Iq1q X Gcpp´

?
Jq1q). Note that pg, gq

?
O “?

O P
a

Op´π,πq.

By the conformal covariance in Thm. 3.33, we have Uclpg, gq P Bclp
?
O

1
q. Therefore, by

the locality in Thm. 3.33, the RHS of (a) equals ϖ?
OpAq. Let us prove that the LHS equals

ϖ?
OpAq.
Let rK˘ and ξ0 P HipK`q, η0 P HjpK´q be as in Def. 4.18, and assume more over that

the interior of S1zp
?
I Y ´

?
Jq is the disjoint union of K` and K´. By the commuting

diagram (4.8), there exists a P Ap
?
I,´

?
Jq such that

ϖ?
OpAq “ AdV pξ0,η0qpaq

By the conformal covariance in Thm. 2.39 and the fact that gK` “ K` and gK´ “ K´,
we have

UibjpgqV pξ0, η0q “ V pξ1, η1qU0pgq

where ξ1 “ gξ0g
´1 P HipK`q is K`-unitary, and η1 “ gη0g

´1 P HjpK´q is K´-unitary, cf.
Exp. 2.53. On the other hand, since g fixes points of

?
I Y ´

?
J , we can write g “ g1g2

where g1 P GcpK`q and g2 P GcpK´q. So U0pgq belongs to ApK`q _ ApK´q, and hence
commutes with any element of Ap

?
I,´

?
Jq. Thus

Uibjpgqϖ?
OpAqUibjpgq˚ “ AdUibjpgqAdV pξ0,η0qpaq “ AdV pξ1,η1qAdU0pgqpaq “ AdV pξ1,η1qpaq
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where the last term equals ϖ?
OpAq by Rem. 4.19.

Step 2. In this step, we prove (a) for O P Op´π,πq and A P Bclp
?
Oq and g P Gc, under

the additional assumption thatO is contained in a standard double coneD corresponding
to p rK, rKq where rK P rJ , and that g fixes points outside p

a

rK Y ´

a

rKq ` 2πZ (by viewing
S1 “ R{2πZ). Note that in this case, we have pg, gq

?
O Ă pg, gq

?
D “

?
D P

a

Op´π,πq. By
the isotony in Prop. 4.20, it suffices to prove

Uibjpgqϖ?
DpAqUibjpgq˚ “ ϖ?

DpUclpg, gqAUclpg, gq˚q (b)

By assumption, we can write g “ g1g2 “ g2g1 where g1 P Gcp
?
Kq and g2 P Gcp´

?
Kq.

Therefore, by Thm. 2.19 and the extension property in Prop. 4.20 (proved in Lem. 4.21),
we have

Uibjpg1q “ πibj,
?
KpU0pg1qq “ ϖ?

D

`

π`
?
0b

?
0,

?
K

pU0pg1qq
˘

“ ϖ?
DpU`

cl pg1qq

and, similarly,

Uibjpg2q “ πibj,´
?
KpU0pg2qq “ ϖ?

D

`

π´
?
0b

?
0,´

?
K

pU0pg2qq
˘

“ ϖ?
DpU´

cl pg2qq

Therefore

Uibjpgq “ ϖ?
DpU`

cl pg1qU´
cl pg2qq “ ϖ?

DpUclpg1, g2qq

By the conformal covariance in Thm. 3.33, the element Uclpg2, g1q belongs to Bclp
?
D

1
q,

and hence commutes with A by the locality in Thm. 3.33. Therefore, from the fact that
pg, gq “ pg1, g2qpg2, g1q we conclude

AdUclpg1,g2qpAq “ AdUclpg,gqpAq

and hence the LHS of (b) equals

Adϖ?
DpUclpg1,g2qqpϖ?

DpAqq “ ϖ?
DpAdUclpg1,g2qpAqq “ ϖ?

DpAdUclpg,gqpAqq

where the last term is the RHS of (b).

Step 3. Let X be a (smooth) 2π-periodic vector field on R. The flow αX : s P R ÞÑ

αXs generated by this vector field is a one-parameter subgroup of G , cf. (2.3) for the
description of elements of G . For each s, we choose a lift of αXs to Gc, also denoted by αXs .

In this step, we prove that for each O P Op´π,πq, there exists ε ą 0 such that for each
´ε ď s ď ε, we have pαXs , α

X
s q

?
O P

a

Op´π,πq, and that (a) holds for any A P Bclp
?
Oq

and g “ αXs . The structure of the proof is similar to that of Lem. 3.35.
Let O correspond to prI, rJq. Since O is compactly contained in a standard double cone,

by viewing S1 “ R{2πZ, there exists rK P rJ such that rI, rJ Ť rK. Let

rE3 “

a

rK rF3 “ ´

a

rK
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and choose rE1, rE2, rF1, rF2 P rJ and ε ą 0 such that

rE1 Ť rE2 Ť rE3
rF1 Ť rF2 Ť rF3

ď

|s|ďε

αXs
`

a

rI
˘

Ă rE1

ď

|s|ďε

αXs
`

´

a

rJ
˘

Ă rF1

In particular, we have
a

rI Ă rE1 and ´

a

rJ Ă rF1.
Let Y be a 2π-periodic vector field on R which equals X on rE2 Y rF2, and which van-

ishes outside p rE3 Y rF3q ` 2πZ. For each s, we choose a lift of αYs to Gc, also denoted by
αYs .

By shrinking ε, we have

ď

|s|ďε

αXs p rE1q Ă rE2

ď

|s|ďε

αXs p rF1q Ă rF2

We now fix s satisfying |s| ď ε. Then

h :“ pαYs q´1αXs

fixes pointwise rE1 Y rF1, and hence satisfies the assumption in Step 1. Therefore, for each
A P Bclp

?
Oq, Step 1 implies

AdUibjphq

`

ϖ?
OpAq

˘

“ ϖ
ph,hq

?
OpAdUclph,hqpAqq

and ph, hq
?
O “

?
O.

Since αYs satisfies the assumption in Step 2, we have

AdUibjpαYs q

`

ϖ
ph,hq

?
OpAdUclph,hqpAqq

˘

“ ϖ
pαXs ,α

X
s q

?
O

`

AdUclpαYs ,α
Y
s qAdUclph,hqpAqq

˘

“ϖ
pαXs ,α

X
s q

?
O

`

AdUclpαXs ,α
X
s qpAqq

˘

where pαXs , α
X
s q

?
O P

a

Op´π,πq. Combining the above two computations together, we
obtain (a) for g “ αXs .

Step 4. Let G be the set of all g P Gc such that the relation (a) holds for eachO P Op´π,πq

satisfying pg, gq
?
O P

a

Op´π,πq, and for each A P Bclp
?
Oq. The proof of the conformal

covariance in Prop. 4.20 will be finished by showing that G “ Gc.
By [Eps70, Her71, Thu74], Diff`pS1q is a simple group. Thus, since the subsemigroup

generated (algebraically) by the exponentials of vector fields of S1 is a normal subgroup,
it is equal to Diff`pS1q. It follows that the subsemigroup generated (algebraically) by the
exponentials of 2π-periodic vector fields of R is equal to G . Therefore, it suffices to show
that G is a subsemigroup of Gc containing any lift of αXs where X is a 2π-periodic vector
field of R, and s P R.

Suppose that g1, g2 P G. By uniform continuity, there exists δ ą 0 such that for each
O P Op´π,πq with side lengths ă δ, the double cones pg2, g2q

?
O and pg1g2, g1g2q

?
O have

side lengths ă π in the u`u´-coordinates, and hence belong to
a

Op´π,πq, cf. Rem. 4.8.
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Then (a) holds for allO P Op´π,πq with side lengths ă δ, and forA P Bclp
?
Oq and g “ g1g2.

By the additivity of Bcl (Cor. 3.40), (a) holds for all O P Op´π,πq with pg1g2, g1g2q
?
O P

a

Op´π,πq, and for A P Bclp
?
Oq and g “ g1g2. Thus g1g2 P G. This proves that G is a

subsemigroup.
Now let X a 2π-periodic vector field of R. For each s P R, choose an arbitrary lift

of αXs , also denoted by αXs . (Note that we have αXs1α
X
s2 “ αXs1`s2 up to a phase, and any

phase does not affect the proof of (a).) Choose any R ą 0. Let us prove that αXs P G for
each |s| ď R. Choose any O P Op´π,πq.

In the special case where pαXs , α
X
s q

?
O P

a

Op´π,πq for each |s| ď R, Step 3 implies that
for each s P r´R,Rs, there exists εs ą 0 such that (a) holds for g “ αXt whenever |t| ď εs,
and for any A P Bclppαs, αsq

?
Oq. Thus (a) holds for g “ αXs2´s1 and A P Bclppαs1 , αs1q

?
Oq

whenever s1, s2 P rs ´ εs, s ` εss. It follows from the compactness of r´R,Rs (and the
Lebesgue number lemma) that (a) holds for g “ αXs and A P Bclp

?
Oq, where s P r´R,Rs.

In the general case, each p P O is contained in a double cone Op Ă O such that
pαXs , α

X
s q

a

Op has side lengths ă π (and hence belongs to
a

Op´π,πq) for each s P r´R,Rs.
Therefore, by the previous special case, (a) holds for g “ αXs whenever s P r´R,Rs,
and for each A P Bclp

a

Opq. By the additivity of Bcl (Cor. 3.40), (a) also holds for all
A P Bclp

?
Oq.

4.5 Extending the action Bcl

ˇ

ˇ?
Op´π,πq

ñ Hoppi,jq to Bcl

ˇ

ˇ

Op0,πq
ñ Hoppi,jq

Fix Hi,Hj P ReppAq.

Theorem 4.23. The collection ϖoppi,jq “ pϖoppi,jq,OqOP
?

Op´π,πq
defined in Def. 4.18 can be

extended uniquely to a collection of normal representations

ϖoppi,jq,O : BclpOq Ñ LpHoppi,jqq for each O P Op0,πq

abbreviated toϖOϖOϖO when no confusion arises, such that the following property holds:

(1) (Isotony) If O1, O2 P Op0,πq and O1 Ă O2, then ϖO2

ˇ

ˇ

BclpO1q
“ ϖO1 .

Moreover, the following properties hold for each O,O1, O2 P Op0,πq.

(2) (Bulk-bulk locality) Suppose that O1, O2 are spacelike separated. Then
“

ϖO1pBclpO1qq, ϖO2pBclpO2qq
‰

“ 0

(3) (Extension property) Let O correspond to prI, rJq. For each x P ApIq and y P ApJq, noting
that

π`
?
0b

?
0,I

pxq P BclpOq π´
?
0b

?
0,J

pyq P BclpOq

by the extension property in Thm. 3.33, we have

ϖO

`

π`
?
0b

?
0,I

pxq
˘

“ πibj,Ipxq

ϖO

`

π´
?
0b

?
0,J

pyq
˘

“ πibj,Jpyq
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(4) (Conformal covariance) Suppose that g P Gc and O P Op0,πq. Then for each A P BclpOq,
noting that Uclpg, gqAUclpg, gq˚ belongs to Bclppg, gqOq by the conformal covariance in
Thm. 3.33, we have

UibjpgqϖOpAqUibjpgq˚ “ ϖpg,gqOpUclpg, gqAUclpg, gq˚q

(5) (Bulk-boundary Haag duality) Let rE` and rE´ be the intersections of the spacelike com-
plement of O with B`R1,1

op and B´R1,1
op respectively, i.e., for each ˘ P t`,´u,

rE˘ “ Inttp P B˘R1,1
op : p is spacelike separated from elements of Ou

where the interior is with respect to B˘R1,1
op . Then rE` P rJ` and rE´ P rJ´. Moreover, by

viewing rE`, rE´ P rJ via the equivalence (4.2), we have

ϖL
rE`

`

Boppiqp
rE`q

˘

_ϖR
rE´

`

B1
oppjqp

rE´q
˘

“ ϖO

`

BclpOq
˘1

The bulk-boundary Haag duality implies the bulk-boundary locality: If rE` P

rJ` and rE´ P rJ´ are spacelike separated from O, then both ϖL
rE`

`

Boppiqp
rE`q

˘

and

ϖR
rE´

`

B1
oppjq

p rE´q
˘

commute with ϖO

`

BclpOq
˘

.

Proof. The uniqueness follows directly from the isotony, and from the additivity of Bcl

(Cor. 3.40). To prove the existence, for each O P Op0,πq, choose any g P Gc such that
pg, gqO P

a

Op´π,πq, and define ϖO by

ϖOpAq “ Uibjpgq˚ϖpg,gqOpUclpg, gqAUclpg, gq˚qUibjpgq

for each A P BclpOq. The conformal covariance in Prop. 4.20 implies that this is well-
defined (i.e. independent of the choice of g), and that the conformal covariance in the
present theorem holds true. Moreover, if O P

a

Op´π,πq, this definition agrees with the
one in Def. 4.18 since one can choose g “ 1 in this case.

The isotony in this theorem follows from that in Prop. 4.20 and our construction of
ϖOpAq in the previous paragraph. The extension property in this theorem follows from
that in Prop. 4.20, together with the additivity of A.

Bulk-bulk locality: By the additivity of Bcl (Cor. 3.40), it suffices to assume that the
closures of O1 and O2 are spacelike separated. Let prI1, rJ1q correspond to O1 and prI2, rJ2q

correspond to O2. By Rem. 3.16 (or Fig. 3.1) and a possible exchange of the subscripts 1
and 2, the following arg-valued intervals are in clockwise order:

rI2, rI1, rJ1, rJ2

and I2, I1, J1, J2 have mutually disjoint closures. By the conformal covariance in this
theorem, after applying some g P Gc to these four arg-valued intervals, we assume that
O1 “

?
D1 and O2 “

?
D2 where D1, D2 P Op´π,πq have spacelike separated closures.

Thus, the bulk-bulk locality in this theorem follows from that in Prop. 4.20.
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Bulk-boundary Haag duality: Let prI, rJq correspond to O such that rJ is clockwise to
rI (cf. Rem. 4.8). Choose rK`, rK´ P rJ such that K`,K´ are the two components of the
interior of S1zpI Y Jq, and that

rI, rK`, rJ, rK´ are in clockwise order

Similar to (4.9), one has

rE` “ rK`
rE´ “ rK´ (4.10)

This proves the first part of the Haag duality. The second part follows from the Haag
duality in Prop. 4.20, together with the conformal covariance in this theorem and the
conformal covariance in Thm. 4.15.

Figure 4.2. Bulk-boundary Haag duality in R1,1
op

Theorem 4.24 (Bulk-boundary Haag duality). Let n ě 1. Let O1, . . . , On P Op0,πq whose
closures are mutually spacelike separated, and which are contained in a common double cone O P

Op0,πq. Let Σ be the spacelike complement of O1, . . . , On in R1,1
op . Let D1, . . . , Dn´1 P Op0,πq such

that D1, . . . , Dn´1 are the connected components of Σ that are contained in R1,1
p0,πq

. Let

rE` “ Σ X B`R1,1
op

rE´ “ Σ X B´R1,1
op

Then rE` P rJ` and rE´ P rJ´, and the following two von Neumann algebras on Hoppi,jq are
commutants of each other:

n
ł

j“1

ϖOj

`

BclpOjq
˘

ϖL
rE`

`

Boppiqp
rE`q

˘

_ϖR
rE´

`

B1
oppjqp

rE´q
˘

_

n´1
ł

j“1

ϖDj

`

BclpDjq
˘

Proof. The case n “ 1 follows from Thm. 4.23. Now assume n ą 1. We assume that
O1, . . . , On are listed from left to right. By shrinking O, we assume that the left corners
of O1 and O are the same, and the right corners of On and O are the same. Then rE˘ is

80



the intersection of the spacelike complement of O (in R1,1
op ) with B˘R1,1

op , which belongs to
rJ˘ by Thm. 4.23. Moreover, by Thm. 4.23, the commutant of ϖO

`

BclpOq
˘

is generated by
ϖL

rE`

`

Boppiqp
rE`q

˘

and ϖR
rE´

`

B1
oppjq

p rE´q
˘

. Therefore, it suffices to show that

ϖO

`

BclpOq
˘

X

´

n´1
ł

j“1

ϖO

`

BclpDjq
˘

¯1

“

n
ł

j“1

ϖO

`

BclpOjq
˘

This follows from the faithfulness of the normal representation ϖO, together with the fact
that the relative commutant of

Žn´1
j“1 BclpDjq in BclpOq is equal to

Žn
j“1 BclpOjq (as implied

by Thm. 3.62 or by its proof).

4.6 Nets of boundary algebroids changing the boundary conditions

For each Hi P ReppAq, in Sec. 4.2 and 4.3, we have considered the nets Boppiq,B1
oppiq of

(left and right) boundary operators preserving the boundary condition i. From Def. 4.10,
for each rI P rJ we have isomorphisms

Boppiqp
rIq » EndApI 1qpHiq B1

oppiqp
rIq » EndApI 1qpHiq

More generally, for each Hi,Hk P ReppAq, we view

rI P rJ ÞÑ BoppiÑkqp
rIqBoppiÑkqp
rIqBoppiÑkqp
rIq “ HomApI 1qpHi,Hkq

as the net of von Neumann algebroids of left boundary operators changing the boundary
condition from i to k. Similarly, for each Hj ,Hl P ReppAq, we view

rI P rJ ÞÑ B1
oppjÑlqp

rIqB1
oppjÑlqp

rIqB1
oppjÑlqp

rIq “ HomApI 1qpHj ,Hlq

as the net of von Neumann algebroids of right boundary operators changing the bound-
ary condition from j to l.

The nets BoppiÑkq and B1
oppjÑlq act on boundary state spaces as follows: For each Hb P

ReppAq, define

ϖL
rI
: BoppiÑkqp

rIq Ñ LpHoppi,bq,Hoppk,bqq

A ÞÑ Rpψ, rI 1qARpψ, rI 1q˚|HibHb

where ψ P HbpI
1q is chosen to be I 1-unitary. This definition is independent of the choice

of ψ. Indeed, if we choose I-unitary vectors ξi P HipIq and ξk P HkpIq, then by Prop. 2.54,

A “ Lpξk, rIqxLpξi, rIq˚|Hi

for some x P ApIq. Hence, by the locality in Thm. 2.39,

ϖL
rI

`

Lpξk, rIqxLpξi, rIq˚|Hi

˘

ˇ

ˇ

ˇ

HibHb

“ Lpξk, rIqxLpξi, rIq˚
ˇ

ˇ

ˇ

HibHb
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Similarly, we define

ϖR
rI
: B1

oppjÑlqp
rIq Ñ LpHoppb,jq,Hoppb,lqq

B ÞÑ Lpϕ, ‵rIqBLpϕ, ‵rIq˚|HbbHj

where ϕ P HbpI
1q is I 1-unitary. For each x P ApIq and each I-unitary ηj P HjpIq, ηl P HlpIq,

one checks

ϖR
rI

`

Rpηl,
rIqxRpηj ,

rIq˚|Hj

˘

ˇ

ˇ

ˇ

HbbHj

“ Rpηl,
rIqxRpηj ,

rIq˚
ˇ

ˇ

ˇ

HbbHj

The following trick allows us to generalize directly many properties in the previous
sections of this chapter to BoppiÑkq and B1

oppjÑlq: By (2.31), the fusion product of two
isometric morphisms of A-modules is isometric. Therefore, we may view Hi b Hj and
Hk b Hl as A-submodules of Hi‘k b Hj‘l. By viewing

BoppiÑkqp
rIq Ă Boppi‘kqp

rIq B1
oppjÑlqp

rIq Ă B1
oppj‘lqp

rIq

the representation ϖL
rI

of Boppi‘kqp
rIq restricts to that of BoppiÑkqp

rIq, and the representation

ϖR
rI

of B1
oppj‘lqp

rIq restricts to that of B1
oppjÑlqp

rIq. Using this observation, one can for in-
stance generalize the bulk-boundary locality in Thm. 4.23 to BoppiÑkq, B1

oppjÑlq, and the
bulk net Bcl.

A Consequences of Eq. (2.20) and conditions (1)–(4) of Thm. 2.39

Let A be a conformal net, and let G Ñ AutpAq be a group homomorphism. Through-
out this chapter, we do not assume Convention 2.33, except in Sec. A.5.

The goal of this chapter is to show that Eq. (2.20) together with properties (1)–(4)
of Thm. 2.39 already implies the remaining properties in that theorem, as well as the
compatibility conditions in Rem. 2.32 and the balancing condition. This provides a more
algebraic approach to these results, in contrast to the more geometric proofs in [MS26a,
MS26b], which rely on path continuation.

Neither the remaining properties of Thm. 2.39, nor the compatibility conditions in
Rem. 2.32, nor the balancing condition is needed for the construction of open/closed
CFTs carried out in this paper. The only exception is the conformal covariance property
in Thm. 2.39, which is used in Ch. 4 to verify the conformal covariance of the open CFT.
Readers interested only in the construction of open/closed CFTs may therefore safely skip
this chapter.

A.1 G-covariance

We begin the proof of the G-covariance by proving the following special case:

Lemma A.1. Let Hi P RepGpAq and ϕ P G. Then for each rI P rJ and ξ P HipIq, the following
identities hold as bounded linear operators H0 Ñ Hϕi.

ΓϕLpξ, rIq
ˇ

ˇ

H0
“ LpΓϕξ, rIqϕ

ˇ

ˇ

H0
ΓϕRpξ, rIq

ˇ

ˇ

H0
“ RpΓϕξ, rIqϕ

ˇ

ˇ

H0
(A.1)
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Proof. By Rem. 2.37, the operator ΓϕLpξ, rIqϕ´1|H0 belongs to HomAprI 1q
pH0,Hϕiq, and

hence is the unique element in that set sending Ω to

ΓϕLpξ, rIqϕ´1Ω “ ΓϕLpξ, rIqΩ “ Γϕξ

So it equals LpΓϕξ, rIq|H0 . The second identity can be proved in the same way.

Remark A.2. In Lem. A.1, the operators ΓϕLpξ, rIq
ˇ

ˇ

H0
and LpΓϕξ, rIqϕ

ˇ

ˇ

H0
originally have

codomains Hϕpib0q and Hϕi b H0, respectively. To ensure that the first identity in (A.1)
holds, we identify Hϕpib0q » Hϕi » Hϕib0 using the unitors in (2.11d). Similarly, to obtain
the second identity in (A.1), we identify Hϕp0biq » Hϕi » H0bϕi using the unitors in
(2.11c). This observation will be needed in the proofs of (2.11c) and (2.11d) in Subsec.
A.2.

Theorem A.3. For each Hi,Hj P RepGpAq and ϕ P G, there is a (necessarily unique) unitary
isomorphism of G-twisted A-modules

Dϕ,i,j : Hϕi b Hϕj Ñ Hϕpibjq

satisfying Def. 2.42.

Proof. Step 1. It suffices to construct Dϕ,i,j satisfying the first relation of (2.30), since the
second one will follow immediately from Prop. 2.45.

For each ξ1, ξ2 P HipIq and η1, η2 P Hj , by Prop. 2.49,

xLpΓϕξ2, rIqΓϕη2|LpΓϕξ1, rIqΓϕη1y “ xΓϕη2|LpΓϕξ2, rIq˚LpΓϕξ1, rIqΓϕη1y

“xΓϕη2|LpLpΓϕξ2, rIq˚Γϕξ1, rIqΓϕη1y

Set x “ LpΓϕξ2, rIq˚LpΓϕξ1, rIq|H0 , which belongs to ApIq. Then the above expression
equals

xη2|Γ´1
ϕ LpxΩ, rIqΓϕη1y “ xη2|Γ´1

ϕ π
rI
pxqΓϕη1y “ xη2|π

rI
pϕ´1xϕqη1y

where Prop. 2.47 and (2.7) are used. By Lem. A.1,

ϕ´1xϕ “ pLpΓϕξ2, rIqϕ|H0q˚pLpΓϕξ1, rIqϕ|H0q “ Lpξ2, rIq˚Lpξ1, rIq|H0

Thus

xLpΓϕξ2, rIqΓϕη2|LpΓϕξ1, rIqΓϕη1y “ xη2|π
rI
pLpξ2, rIq˚Lpξ1, rIq|H0qη1y

A similar (and indeed simpler) computation shows

xLpξ2, rIqη2|Lpξ1, rIqη1y “ xη2|π
rI
pLpξ2, rIq˚Lpξ1, rIq|H0qη1y

Thus, by the density of fusion products in Thm. 2.39, there is a unitary map

D
rI
ϕ,i,j : Hϕi b Hϕj Ñ Hϕpibjq LpΓϕξ, rIqΓϕη ÞÑ ΓϕLpξ, rIqη
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for each ξ P HipIq, η P Hj .

Step 2. If rI1, rI2 P rJ are close in the sense that there exists rI0 P rJ satisfying rI0 Ă rI1

and rI0 Ă rI2, then D
rI1
ϕ,i,j and D

rI2
ϕ,i,j agree on vectors of the form LpHϕipI0q, rI0qHϕj , and

hence agree on Hϕi bHϕj by the density of fusion products. If rI1 and rI2 are not close, one
can connect them by a chain of arg-valued intervals such that each interval in the chain
is close to the preceding one. It follows that D

rI1
ϕ,i,j and D

rI2
ϕ,i,j also agree in this general

case. We have thus proved that DrI
ϕ,i,j is independent of the choice of rI , and hence can be

denoted by Dϕ,i,j .

Step 3. For each rJ P rJ and y P ApJq, and for each rI anticlockwise to rJ and each
ξ P HipIq, η P Hj , we compute using (2.7) that

Dϕ,i,jπ rJ
pyqLpΓϕξ, rIqΓϕη “ Dϕ,i,jLpΓϕξ, rIqπ

rJ
pyqΓϕη

“Dϕ,i,jLpΓϕξ, rIqΓϕπ rJ
pϕ´1yϕqη “ ΓϕLpξ, rIqπ

rJ
pϕ´1yϕqη

“Γϕπ rJ
pϕ´1yϕqLpξ, rIqη “ π

rJ
pyqΓϕLpξ, rIqη “ π

rJ
pyqDϕ,i,jLpΓϕξ, rIqΓϕη

This proves that Dϕ,i,j is a morphism of G-twisted A-modules.

A.2 The compatibility conditions in Rem. 2.32

A.2.1 Equations (2.11)

Proof of (2.11a). Choose any rI P rJ , ξ P HipIq, η P Hj , we have

pTϕpSq b TϕpT qqLpΓϕξ, rIqΓϕη “ pΓϕSΓ
´1
ϕ b ΓϕTΓ

´1
ϕ qLpΓϕξ, rIqΓϕη

“LpΓϕSξ, rIqΓϕTη

where Prop. 2.48 is used. Thus, by Def. 2.42,

Dϕ,ri,rjpTϕpSq b TϕpT qqLpΓϕξ, rIqΓϕη “ ΓϕLpSξ, rIqTη

Def. 2.42 and Prop. 2.48 also imply

TϕpS b T qDϕ,i,jLpΓϕξ, rIqΓϕη “ ΓϕpS b T qΓ´1
ϕ ¨ ΓϕLpξ, rIqη

“ΓϕLpSξ, rIqTη

This proves (2.11a), thanks to the density of fusion products.

Proof of (2.11b). Choose any rI, rK P rJ with rK clockwise to rI . Then for each ξ P HipIq, η P

Hj , χ P HkpKq,

Dϕ,i,jbkp1 b Dϕ,j,kqLpΓϕξ, rIqRpΓϕχ, rKqΓϕη

“Dϕ,i,jbkLpΓϕξ, rIqDϕ,j,kRpΓϕχ, rKqΓϕη

“Dϕ,i,jbkLpΓϕξ, rIqΓϕRpχ, rKqη “ ΓϕLpξ, rIqRpχ, rKqη
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where the naturality in Thm. 2.39 is used. Similarly,

Dϕ,ibj,kpDϕ,i,j b 1qRpΓϕχ, rKqLpΓϕξ, rIqΓϕη

“Dϕ,ibj,kRpΓϕχ, rKqDϕ,i,jLpΓϕξ, rIqΓϕη

“Dϕ,ibj,kRpΓϕχ, rKqΓϕLpξ, rIqη “ ΓϕRpχ, rKqLpξ, rIqη

This finishes the proof, thanks to the locality and the density of fusion products in Thm.
2.39.

Proof of (2.11c). For each rI P rJ , ξ P HipIq, χ P H0, we compute

pBϕ b 1qRpΓϕξ, rIqϕχ “ RpΓϕξ, rIqBϕϕχ “ RpΓϕξ, rIqΓϕχ

where the naturality in Thm. 2.39 and the definition of Bϕ are used. By Def. 2.42,

Dϕ,0,ipBϕ b 1qRpΓϕξ, rIqϕχ “ Dϕ,0,iRpΓϕξ, rIqΓϕχ “ ΓϕRpξ, rIqχ

Identify H0 b Hϕi » Hϕi » Hϕp0biq using the unitors. Then, by Lem. A.1 and Rem. A.2,
we have

Dϕ,0,ipBϕ b 1qRpΓϕξ, rIqϕχ “ RpΓϕξ, rIqϕχ

By the density of fusion products, Dϕ,0,ipBϕ b 1q equals the identity.

Proof of (2.11d). This is similar to the proof of (2.11c), and hence is omitted.

A.2.2 Equations (2.12)

Proof of (2.12a). Choose any rI P rJ and ξ P HipIq, η P Hj . By the definition of A (in Rem.
2.32) and Prop. 2.48,

pAi b AjqLpξ, rIqη “ LpAiξ, rIqAjη “ LpΓeξ, rIqΓeη

By Def. 2.42,

De,i,jpAi b AjqLpξ, rIqη “ ΓeLpξ, rIqη

Since Lpξ, rIqη P Hibj , by the definition of A,

AibjLpξ, rIqη “ ΓeLpξ, rIqη

The proof is thus finished by the density of fusion products in Thm. 2.39.

Proof of (2.12b). By the definitions of A and B in Rem. 2.32,

Be “ Γe ˝ e´1|H0 “ Γe|H0 “ A0

This finishes the proof.
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A.2.3 Equations (2.13)

Proof of (2.13a). Choose any rI P rJ and ξ P HipIq, η P Hj . Then the vector

χ :“ LpΓϕΓψξ, rIqΓϕΓψη

belongs to Hϕpψiq b Hϕpψjq, the top left corner of (2.13a). By the definition of C in Rem.
2.32-(c), we have

Cϕ,ψ,iΓϕΓψξ “ Γϕψξ Cϕ,ψ,jΓϕΓψη “ Γϕψη

Therefore, by Prop. 2.48, we have

pCϕ,ψ,i b Cϕ,ψ,jqχ “ LpΓϕψξ, rIqΓϕψη

By Def. 2.42,

Dϕψ,i,jpCϕ,ψ,i b Cϕ,ψ,jqχ “ ΓϕψLpξ, rIqη

On the other hand, by Def. 2.42,

Dϕ,ψi,ψjχ “ ΓϕLpΓψξ, rIqΓψη

Therefore, since TϕpDψ,i,jq “ Γϕ ˝ Dψ,i,j ˝ Γ´1
ϕ , Def. 2.42 implies

TϕpDψ,i,jqDϕ,ψi,ψjχ “ Γϕ ˝ ΓψLpξ, rIqη

By the definition of C,

Cϕ,ψ,ibjTϕpDψ,i,jqDϕ,ψi,ψjχ “ ΓϕψLpξ, rIqη

This finishes the proof, thanks to the density of fusion products in Thm. 2.39.

Proof of (2.13b). Choose any χ P H0. By the definition of B in Rem. 2.32, we have
Bϕ ¨ ϕψχ “ Γϕ ¨ ψχ, and hence

TϕpBψq ¨ Bϕ ¨ ϕψχ “ TϕpBψq ¨ Γϕ ¨ ψχ “ ΓϕBψ ¨ ψχ “ ΓϕΓψχ

By the definitions of C and B,

Cϕ,ψ,0 ¨ TϕpBψq ¨ Bϕ ¨ ϕψχ “ Cϕ,ψ,0 ¨ ΓϕΓψχ “ Γϕψχ “ Bϕψ ¨ ϕψχ

This finishes the proof.
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A.3 Braiding

The braiding in RepGpAq is defined to be the unique operation satisfying (5) of Thm.
2.39. In this subsection, we explain how (5) follows directly from (2.20) and (1)–(4) of
Thm. 2.39.

Lemma A.4. Suppose that Hi P RepϕpAq. Then for each rI P rJ and ξ P HipIq, we have

Lpξ, rIq
ˇ

ˇ

H0
“ Rpξ, rIqϕ

ˇ

ˇ

H0

Proof. This is a direct reformulation of Lem. 2.35.

Theorem A.5. For each ϕ P G,Hi P RepϕpAq,Hj P RepGpAq, there is a unique unitary map
(which is also a G-twisted A-module isomorphism) Bi,j : Hi b Hj Ñ Hϕj b Hi such that

Bi,jLpξ, rIqη “ Rpξ, rIqΓϕη for each ξ P HipIq, η P Hj

Proof. The uniqueness is clear from the density of fusion products in Thm. 2.39. By the
computation in the proof of Thm. A.3, for each ξ1, ξ2 P HipIq and η1, η2 P Hj , we have

xLpξ2, rIqη2|Lpξ1, rIqη1y “ xη2|π
rI
pLpξ2, rIq˚Lpξ1, rIq|H0qη1y (A.2a)

xRpξ2, rIqη2|Rpξ1, rIqη1y “ xη2|π
rI
pRpξ2, rIq˚Rpξ1, rIq|H0qη1y (A.2b)

Therefore, by (2.7) and Lem. A.4,

xRpξ2, rIqΓϕη2|Rpξ1, rIqΓϕη1y “ xη2|Γ´1
ϕ π

rI
pRpξ2, rIq˚Rpξ1, rIq|H0qΓϕη1y

“xη2|π
rI
pϕ´1Rpξ2, rIq˚Rpξ1, rIqϕ|H0qη1y “ xη2|π

rI
pLpξ2, rIq˚Lpξ1, rIq|H0qη1y

“xLpξ2, rIqη2|Lpξ1, rIqη1y

Therefore, there is a unitary map BrI
i,j : Hi b Hj Ñ Hϕj b Hi sending each Lpξ, rIqη to

Rpξ, rIqΓϕη. As in Step 2 of the proof of Thm. A.3, this map is independent of rI , and hence
can be written as Bi,j .

For each x P ApIq, by Prop. 2.47 and 2.49 we have

Bi,jπ
rI
pxqLpξ, rIqη “ Bi,jLpπ

rI
pxqξ, rIqη “ Rpπ

rI
pxqξ, rIqΓϕη

“π
rI
pxqRpξ, rIqΓϕη “ π

rI
pxqBi,jLpξ, rIqη

This proves that Bi,j is a G-twisted A-module morphism.

A.4 Conformal covariance

Proof of Thm. 2.39-(6). Fix rI P rJ . By Lem. 2.20, it suffices to prove (2.25) when ξ P HipIq

and g P GApJq, where rJ P rJ is such that rI and rJ can be covered by some rK P rJ . By Rem.
2.37, we have

UpgqLpξ, rIqUpgq´1|H0 P HomApgrI 1q
pH0,Hiq
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and hence

gξg´1 :“ UpgqLpξ, rIqUpgq´1Ω P HipgIq

By Thm. 2.19 and Prop. 2.47, we have

Upgq “ π
rK

pU0pgqq “ LpU0pgqΩ, rKq

when acting on any object of RepGpAq. Therefore, by Prop. 2.49 and isotony (Cor. 2.46),

UpgqLpξ, rIqUpgq´1 “ LpU0pgqΩ, rKqLpξ, rKqLpU0pg´1qΩ, rKq

“LpU0pgqΩ, rKqLpLpξ, rKqU0pg´1qΩ, rKq “ LpLpU0pgqΩ, rKqLpξ, rKqU0pg´1qΩ, rKq

“LpUpgqLpξ, rKqUpgq´1Ω, rKq “ Lpgξg´1, rKq

This proves the first identity in (2.25). The second identity follows by a similar argument.

A.5 Balancing

Assume Convention 2.33. (In fact, it suffices to assume the identifications Hϕpψiq “

Hpϕψqi and Hϕibϕj “ Hϕpibjq via C and D, respectively. Accordingly, we will use the
identity ΓϕΓω “ Γϕω as well as (2.26).)

The following proposition generalizes its untwisted counterpart in [Gui25, Lem. 1.5].

Proposition A.6. Let ϕ, ω P G, Hi P RepϕpAq, Hj P RepωpAq, rI P rJ , ξ P HipIq, and η P Hj .
Then, as elements of Hϕωi b Hϕωj , we have

ΓϕωLpξ, ϱp2πqrIqη “ Bϕωj,ϕiBϕi,ωjLpΓϕξ, rIqΓωη

Proof. Let rI1 “ ϱp2πqrI . Assume without loss of generality that η P HjpI
1q “ HjpI

1
1q. Then

by Prop. 2.45 and the braiding in Thm. 2.39, and noting ΓϕΓω “ Γϕω,

Bϕωj,ϕiBϕi,ωjLpΓϕξ, rIqΓωη “ Bϕωj,ϕiRpΓϕξ, rIqΓϕωη “ Bϕωj,ϕiRpΓϕξ, rI
2
1 qΓϕωη

“Bϕωj,ϕiLpΓϕωη, rI
1
1qΓϕξ “ RpΓϕωη, rI

1
1qΓϕωϕ´1Γϕξ “ RpΓϕωη, rI

1
1qΓϕωξ

“LpΓϕωξ, rI1qΓϕωη “ ΓϕωLpξ, ϱp2πqrIqη

where the G-covariance in Thm. 2.39 is used for the last equality.

Recall that for each Hi P RepϕpAq, the balancing ϑi P HomApHi,Hϕiq is defined by
Γϕ ˝ UipϱAp2πqq.

Theorem A.7. For each Hi P RepϕpAq and Hj P RepωpAq, we have

Tϕpϑiq “ ϑϕi ϑibj “ Bϕωj,ϕiBϕi,ωjpϑi b ϑjq
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Proof. By Rem. 2.28,

Tϕpϑiq “ ΓϕϑiΓ
´1
ϕ |Hϕi

“ ΓϕΓϕUipϱAp2πqqΓ´1
ϕ |Hϕi

“ ΓϕUϕipϱAp2πqq|Hϕi
“ ϑϕi

For each ξ, η as in Prop. A.6, by Prop. 2.48,

Bϕωj,ϕiBϕi,ωjpϑi b ϑjqLpξ, rIqη “ Bϕωj,ϕiBϕi,ωjLpϑiξ, rIqϑjη

“Bϕωj,ϕiBϕi,ωjLpΓϕϱAp2πqξ, rIqΓωϱAp2πqη

“ΓϕωLpϱAp2πqξ, ϱp2πqrIqϱAp2πqη “ ΓϕωϱAp2πqLpξ, rIqη

where the conformal covariance in Thm. 2.39 is used in the last equality.
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[FFFS02] G. Felder, J. Fröhlich, J. Fuchs, and C. Schweigert. Correlation functions and boundary conditions
in RCFT and three-dimensional topology. Compos. Math. 131 (2002), no. 2, 189–237.

[FFRS06] J. Fjelstad, J. Fuchs, I. Runkel, and C. Schweigert. TFT construction of RCFT correlators V: Proof
of modular invariance and factorisation. Theory Appl. Categ. 16 (2006), 342–433.

[FRS02] J. Fuchs, I. Runkel, and C. Schweigert. TFT construction of RCFT correlators I: Partition functions.
Nucl. Phys. B 646 (2002), no. 3, 353–497.

[FRS05] J. Fuchs, I. Runkel, and C. Schweigert. TFT construction of RCFT correlators IV: Structure con-
stants and correlation functions. Nucl. Phys. B 715 (2005), 539–638.

[GF93] F. Gabbiani and J. Fröhlich. Operator algebras and conformal field theory. Comm. Math. Phys.
155 (1993), no. 3, 569–640.

[GKRV21] C. Guillarmou, A. Kupiainen, R. Rhodes, and V. Vargas. Segal’s axioms and bootstrap for Liou-
ville theory. Ann. of Math. (2), to appear. arXiv:2112.14859 [math.PR].

[GKRV24] C. Guillarmou, A. Kupiainen, R. Rhodes, and V. Vargas. Conformal bootstrap in Liouville theory.
Acta Math. 233 (2024), no. 1, 33–194.

[GL96] D. Guido and R. Longo. The Conformal Spin and Statistics Theorem. Comm. Math. Phys. 181
(1996), 11–36.

[GRW24] C. Guillarmou, R. Rhodes, and B. Wu. Conformal bootstrap for surfaces with boundary in Liou-
ville CFT. Part 1: Segal axioms. Trans. Amer. Math. Soc., to appear. arXiv:2408.13133 [math-ph].

[Gui21a] B. Gui. Categorical extensions of conformal nets. Comm. Math. Phys. 383 (2021), 763–839.
[Gui21b] B. Gui. Bisognano–Wichmann property for rigid categorical extensions and non-local extensions

of conformal nets. Ann. Henri Poincaré 22 (2021), 4017–4062.
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