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Introduction

The object of this work is the study of the continued fraction

1

𝑎1𝑧 +
1

𝑎2 +
1

𝑎3𝑧 + . . . + 1

𝑎2𝑛 +
1

𝑎2𝑛+1𝑧 + . . .

(I)

in which the 𝑎𝑖 are positive real numbers, while 𝑧 is a variable that may take any
real or imaginary value.

Denoting by 𝑃𝑛(𝑧)/𝑄𝑛(𝑧) the 𝑛th convergent, which depends only on the first
𝑛 coefficients 𝑎𝑖, we shall seek the cases in which this convergent tends to a limit
as 𝑛 → ∞, and we shall have to investigate the nature of that limit when regarded
as a function of 𝑧.

We shall summarize the most essential result of this study. Two cases must be
distinguished.

First case. The series ∞∑
𝑛=1

𝑎𝑛

is convergent.
In this case, for every finite value of 𝑧,

lim
𝑛→∞𝑃2𝑛(𝑧) = 𝑝(𝑧), lim

𝑛→∞𝑄2𝑛(𝑧) = 𝑞(𝑧),
lim
𝑛→∞𝑃2𝑛+1(𝑧) = 𝑝1(𝑧), lim

𝑛→∞𝑄2𝑛+1(𝑧) = 𝑞1(𝑧),
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where 𝑝(𝑧), 𝑞(𝑧), 𝑝1(𝑧), 𝑞1(𝑧) are functions holomorphic throughout the plane and
satisfy

𝑞(𝑧)𝑝1(𝑧) − 𝑞1(𝑧)𝑝(𝑧) = 1.

These functions are of genus zero and have only simple, real, negative zeros.
Thus the even-order convergents and the odd-order convergents each tend to a

limit, but the two limits are different. They may also be written as series of simple
fractions:

𝑝(𝑧)
𝑞(𝑧) =

𝜇1

𝑧 + 𝜆1
+ 𝜇2

𝑧 + 𝜆2
+ · · · + 𝜇𝑘

𝑧 + 𝜆𝑘
+ · · · ,

𝑝1(𝑧)
𝑞1(𝑧) =

𝜈0
𝑧

+ 𝜈1
𝑧 + 𝜃1

+ 𝜈2
𝑧 + 𝜃2

+ · · · + 𝜈𝑘
𝑧 + 𝜃𝑘

+ · · · ,

where 𝜇𝑘 ,𝜆𝑘 , 𝜈𝑘 , 𝜃𝑘 are positive real numbers.
Second case. The series ∞∑

𝑛=1
𝑎𝑛

is divergent.
In this case the convergents tend to a finite limit for every value of 𝑧, except

when 𝑧 is real and negative; the negative part of the real axis must therefore be
regarded as a cut. This limit is an analytic function of 𝑧 which may be written in
the form ∫ ∞

0

Φ(𝑢) 𝑑𝑢
(𝑧 + 𝑢)2 =

∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

.

Here Φ(𝑢) is a real increasing function (not analytic in general), which increases
from Φ(0) = 0 to Φ(∞) = 1/𝑎1. The function Φ(𝑢) may, moreover, have a finite
or infinite number of jumps. The cut will thus be a line of essential singularities
when Φ(𝑢) has discontinuities in every interval (which must be regarded as the
general case), or even when it is merely nonanalytic.

Continued fractions are often encountered in forms that differ somewhat from
(I) but in fact belong to its type, so that our theorems apply to them. First put

𝑏0 =
1
𝑎1

, 𝑏𝑛 =
1

𝑎𝑛𝑎𝑛+1
.
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Then the continued fraction (I) may be written

𝑏0

𝑧 + 𝑏1

1 + 𝑏2

𝑧 + 𝑏3

1 + 𝑏4

𝑧 + . . .

(Ia)

and, on putting 𝑡𝑧 = 1, as
𝑏0𝑡

1 + 𝑏1𝑡

1 + 𝑏2𝑡

1 + 𝑏3𝑡

1 + . . .

(Ib)

Using the identity

𝑧 + 𝑏1

1 + 𝑏2

𝜆

= 𝑧 + 𝑏1 − 𝑏1𝑏2
𝑏2 + 𝜆

,

the continued fraction (Ia) can be transformed into

𝑏0

𝑧 + 𝑏1 −
𝑏1𝑏2

𝑧 + 𝑏2 + 𝑏3 −
𝑏3𝑏4

𝑧 + 𝑏4 + 𝑏5 − . . .

(Ic)

The 𝑛th convergent of (Ic) is identical with the 2𝑛th convergent of (I), or of (Ia).
The fraction (Ic) has the form

𝜆0

𝑧 + 𝛼1 −
𝜆1

𝑧 + 𝛼2 −
𝜆2

𝑧 + 𝛼3 −
𝜆3

𝑧 + 𝛼4 − . . .

(Id)
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with positive values of the 𝜆𝑖 and 𝛼𝑖. This form is encountered rather frequently;
it is therefore useful to know whether it can be put in the form (Ic) with positive
values of the 𝑏𝑖 , so that our theorems are applicable. Identification gives

𝑏0 = 𝜆0, 𝑏1 = 𝛼1,
𝑏1𝑏2 = 𝜆1, 𝑏2 + 𝑏3 = 𝛼2,
𝑏3𝑏4 = 𝜆2, 𝑏4 + 𝑏5 = 𝛼3,
. . . . . .

from which 𝑏0, 𝑏1, 𝑏2, . . . are obtained successively, and in general

𝑏2𝑛 =
𝜆𝑛

𝛼𝑛 −
𝜆𝑛−1

𝛼𝑛−1 − . . . − 𝜆1

𝛼1

, 𝑏2𝑛−1 =
𝜆𝑛

𝑏2𝑛
.

The calculation of the 𝑏𝑖 may, however, become complicated. Since all that is
required is to determine whether these quantities are all positive, the following
proposition can sometimes be used to advantage.

Proposition. The quantities 𝑏𝑖 are certainly all positive if there exists a function 𝑃𝑛 of
𝑛, with 𝑃1 = 0 and 𝑃𝑛 > 0 for 𝑛 ≥ 2, such that

𝑃𝑛 < 𝛼𝑛 ,
𝜆𝑛

𝛼𝑛 − 𝑃𝑛
≤ 𝑃𝑛+1 (𝑛 = 1, 2, 3, . . .).

Indeed, 𝑏2 = 𝜆1/𝛼1 is positive and does not exceed 𝜆1/(𝛼1 − 𝑃1) ≤ 𝑃2. If 𝑏2𝑛−2
lies between 0 and 𝑃𝑛, then

𝑏2𝑛 =
𝜆𝑛

𝛼𝑛 − 𝑏2𝑛−2

is positive and smaller than
𝜆𝑛

𝛼𝑛 − 𝑃𝑛
≤ 𝑃𝑛+1.

Hence, in general,
0 < 𝑏2𝑛 ≤ 𝑃𝑛+1,

and then 𝑏2𝑛−1 = 𝜆𝑛/𝑏2𝑛 is also positive.
In particular, all the 𝑏𝑖 are positive in the following two cases:

1◦ when 𝛼𝑛 ≥ 1+𝜆𝑛, since the proposition applies by taking 𝑃1 = 0 and 𝑃𝑛 = 1
for 𝑛 ≥ 2;
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2◦ when 𝛼𝑛+1 ≥ 1 + 𝜆𝑛, for it is then enough to take 𝑃1 = 0 and 𝑃𝑛 = 𝜆𝑛−1 for
𝑛 ≥ 2.

Consider, for example, the continued fraction studied by Laguerre [1]. It is of
the form (Id), with

𝜆0 = 1, 𝜆𝑛 = 𝑛2, 𝛼𝑛 = 2𝑛 − 1 (𝑛 ≥ 1).
The calculation of the 𝑏𝑖 presents no difficulty here, and gives

𝑏0 = 1, 𝑏2𝑛−1 = 𝑏2𝑛 = 𝑛 (𝑛 ≥ 1),
and consequently

𝑎2𝑛−1 = 1, 𝑎2𝑛 =
1
𝑛
.

Laguerre proved, under the assumption that 𝑧 is positive and real, that the con-
tinued fraction converges and is equal to∫ ∞

0

𝑒−𝑢 𝑑𝑢
𝑧 + 𝑢

.

It now follows from our theory that this statement extends to all real or imaginary
values of 𝑧, except the negative real values.

As a second example, consider the continued fraction encountered in volume
III of these Annales [5]. Apart from replacing 𝑧 by 𝑧2, it is again of the form (Id).
We have

𝜆0 = 1, 𝜆𝑛 = (2𝑛 − 1)(2𝑛)2(2𝑛 + 1)𝑘2, 𝛼𝑛 = (2𝑛 − 1)2(1 + 𝑘2),
where 𝑘2 is positive. The calculation of the 𝑏𝑖 is more complicated here. But if we
take

𝑃𝑛 =
𝑛 − 1
2𝑛 − 1

𝛼𝑛 , 𝛼𝑛 − 𝑃𝑛 =
𝑛

2𝑛 − 1
𝛼𝑛 ,

the inequality in the proposition reduces to

4𝑘2 ≤ (1 + 𝑘2)2,
and is therefore satisfied. Thus the continued fraction in question also belongs to
the type studied here.
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Chapter I
Study of the Polynomials 𝑃𝑛(𝑧), 𝑄𝑛(𝑧)

1. Consider a sequence of numbers 𝑁, 𝑁1, 𝑁2, . . ., connected by the relations

𝑁 = 𝑎1𝑁1 + 𝑁2,

𝑁1 = 𝑎2𝑁2 + 𝑁3,
...

𝑁𝑘−1 = 𝑎𝑘𝑁𝑘 + 𝑁𝑘+1.

We may successively express 𝑁 in terms of 𝑁1, 𝑁2, then in terms of 𝑁2, 𝑁3, then
𝑁3, 𝑁4, and so on. Thus

𝑁 = (𝑎1𝑎2 + 1)𝑁2 + 𝑎1𝑁3 = (𝑎1𝑎2𝑎3 + 𝑎1 + 𝑎3)𝑁3 + (𝑎1𝑎2 + 1)𝑁4 + · · · .
Introduce a symbol

[𝑎1, 𝑎2, . . . , 𝑎𝑘],
defined by

[𝑎1] = 𝑎1, [𝑎1, 𝑎2] = 𝑎1𝑎2 + 1,
[𝑎1, 𝑎2, . . . , 𝑎𝑘] = [𝑎1, 𝑎2, . . . , 𝑎𝑘−1]𝑎𝑘 + [𝑎1, 𝑎2, . . . , 𝑎𝑘−2]. (1)

Then
𝑁 = [𝑎1, 𝑎2, . . . , 𝑎𝑘]𝑁𝑘 + [𝑎1, 𝑎2, . . . , 𝑎𝑘−1]𝑁𝑘+1. (2)

It is clear that 𝑁, 𝑁𝑘 , 𝑁𝑘+𝑙 are connected by a homogeneous linear relation, and
this relation is easy to obtain. Multiply (2) by 𝑎𝑘+1 and replace 𝑎𝑘+1𝑁𝑘+1 by 𝑁𝑘 −
𝑁𝑘+2; this gives

[𝑎𝑘+1]𝑁 = [𝑎1, 𝑎2, . . . , 𝑎𝑘+1]𝑁𝑘 − [𝑎1, 𝑎2, . . . , 𝑎𝑘−1]𝑁𝑘+2.

Multiplying by 𝑎𝑘+2 and adding (2) member by member, we obtain

[𝑎𝑘+1, 𝑎𝑘+2]𝑁 = [𝑎1, 𝑎2, . . . , 𝑎𝑘+2]𝑁𝑘 + [𝑎1, 𝑎2, . . . , 𝑎𝑘−1]𝑁𝑘+3,

and it is clear that, in general,

[𝑎𝑘+1, 𝑎𝑘+2, . . . , 𝑎𝑘+𝑙−1]𝑁 = [𝑎1, 𝑎2, . . . , 𝑎𝑘+𝑙−1]𝑁𝑘

+ (−1)𝑙+1[𝑎1, 𝑎2, . . . , 𝑎𝑘−1]𝑁𝑘+𝑙 .
(3)
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From this we shall deduce an identity needed below. Replacing 𝑘 by 𝛼 and 𝑙 by
𝛽 + 𝛾 + 1, we have

[𝑎𝛼+1, . . . , 𝑎𝛼+𝛽+𝛾]𝑁 = [𝑎1, . . . , 𝑎𝛼+𝛽+𝛾]𝑁𝛼

+ (−1)𝛽+𝛾[𝑎1, . . . , 𝑎𝛼−1]𝑁𝛼+𝛽+𝛾+1.
(4)

On the other hand, eliminate 𝑁𝛼+𝛽+1 between

[𝑎𝛼+1, . . . , 𝑎𝛼+𝛽]𝑁 = [𝑎1, . . . , 𝑎𝛼+𝛽]𝑁𝛼 + (−1)𝛽[𝑎1, . . . , 𝑎𝛼−1]𝑁𝛼+𝛽+1,

[𝑎𝛼+𝛽+2, . . . , 𝑎𝛼+𝛽+𝛾]𝑁 = [𝑎1, . . . , 𝑎𝛼+𝛽+𝛾]𝑁𝛼+𝛽+1 + (−1)𝛾+1[𝑎1, . . . , 𝑎𝛼+𝛽]𝑁𝛼+𝛽+𝛾+1.

The resulting relation between 𝑁, 𝑁𝛼 , 𝑁𝛼+𝛽+𝛾+1 is

Δ𝑁 = [𝑎1, . . . , 𝑎𝛼+𝛽]
([𝑎1, . . . , 𝑎𝛼+𝛽+𝛾]𝑁𝛼

+ (−1)𝛽+𝛾[𝑎1, . . . , 𝑎𝛼−1]𝑁𝛼+𝛽+𝛾+1
)
,

(5)

where

Δ = [𝑎1, . . . , 𝑎𝛼+𝛽+𝛾][𝑎𝛼+1, . . . , 𝑎𝛼+𝛽]
+ (−1)𝛽+1[𝑎1, . . . , 𝑎𝛼−1][𝑎𝛼+𝛽+2, . . . , 𝑎𝛼+𝛽+𝛾].

Comparison of (4) and (5) shows identically that

Δ = [𝑎1, . . . , 𝑎𝛼+𝛽][𝑎𝛼+1, . . . , 𝑎𝛼+𝛽+𝛾].
We therefore have the relation

[𝑎1, . . . , 𝑎𝛼+𝛽+𝛾][𝑎𝛼+1, . . . , 𝑎𝛼+𝛽]
= [𝑎1, . . . , 𝑎𝛼+𝛽][𝑎𝛼+1, . . . , 𝑎𝛼+𝛽+𝛾]

+ (−1)𝛽[𝑎1, . . . , 𝑎𝛼−1][𝑎𝛼+𝛽+2, . . . , 𝑎𝛼+𝛽+𝛾].
(A)

It is useful to record some special cases. For 𝛽 = 0,

[𝑎1, . . . , 𝑎𝛼+𝛾] = [𝑎1, . . . , 𝑎𝛼][𝑎𝛼+1, . . . , 𝑎𝛼+𝛾]
+ [𝑎1, . . . , 𝑎𝛼−1][𝑎𝛼+2, . . . , 𝑎𝛼+𝛾], (B)

and, for 𝛼 = 𝛾 = 1,

[𝑎1, . . . , 𝑎𝛽+2][𝑎2, . . . , 𝑎𝛽+1] = [𝑎1, . . . , 𝑎𝛽+1][𝑎2, . . . , 𝑎𝛽+2] + (−1)𝛽 . (C)

For 𝛾 = 1, (B) reproduces the recurrence (1); for 𝛼 = 1, it gives

[𝑎1, . . . , 𝑎𝛾+1] = 𝑎1[𝑎2, . . . , 𝑎𝛾+1] + [𝑎3, . . . , 𝑎𝛾+1]. (6)
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It follows readily that

[𝑎1, . . . , 𝑎𝑘]
[𝑎2, . . . , 𝑎𝑘] = 𝑎1 +

1

𝑎2 +
1

𝑎3 + . . . + 1
𝑎𝑘

.

On the other hand, (1) gives

[𝑎1, . . . , 𝑎𝑘]
[𝑎1, . . . , 𝑎𝑘−1] = 𝑎𝑘 +

1

𝑎𝑘−1 +
1

. . . + 1
𝑎1

.

By what precedes, the latter continued fraction is also equal to

[𝑎𝑘 , . . . , 𝑎1]
[𝑎𝑘−1, . . . , 𝑎1] ;

hence
[𝑎1, 𝑎2, . . . , 𝑎𝑘] = [𝑎𝑘 , 𝑎𝑘−1, . . . , 𝑎1]. (7)

The symbol [𝑎1, . . . , 𝑎𝑘 , . . . , 𝑎𝑛] is plainly linear in any one of its elements 𝑎𝑘 . From
(B) one easily obtains

[𝑎1, . . . , 𝑎𝑛] = [𝑎1, . . . , 𝑎𝑘−1][𝑎𝑘+1, . . . , 𝑎𝑛]𝑎𝑘 + ℛ , (8)

where ℛ is independent of 𝑎𝑘 and may be written

ℛ = [𝑎1, . . . , 𝑎𝑘−1, 0, 𝑎𝑘+1, . . . , 𝑎𝑛]
= [𝑎1, . . . , 𝑎𝑘−2, 𝑎𝑘−1 + 𝑎𝑘+1, 𝑎𝑘+2, . . . , 𝑎𝑛].

Finally, the following relations, in which 𝑚 is arbitrary, are also easily verified:{
[𝑚𝑎1, 𝑎2/𝑚, 𝑚𝑎3, 𝑎4/𝑚, . . . , 𝑚𝑎2𝑛−1, 𝑎2𝑛/𝑚] = [𝑎1, 𝑎2, . . . , 𝑎2𝑛],
[𝑚𝑎1, 𝑎2/𝑚, 𝑚𝑎3, 𝑎4/𝑚, . . . , 𝑚𝑎2𝑛−1, 𝑎2𝑛/𝑚, 𝑚𝑎2𝑛+1] = 𝑚[𝑎1, 𝑎2, . . . , 𝑎2𝑛+1]. (9)
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2. It is clear from the foregoing that the numerators and denominators of the
convergents of our continued fraction are expressed by the symbol just introduced
as follows:

𝑃2𝑛(𝑧) = [𝑎2, 𝑎3𝑧, 𝑎4, . . . , 𝑎2𝑛−1𝑧, 𝑎2𝑛],
𝑄2𝑛(𝑧) = [𝑎1𝑧, 𝑎2, 𝑎3𝑧, . . . , 𝑎2𝑛],

𝑃2𝑛+1(𝑧) = [𝑎2, 𝑎3𝑧, 𝑎4, . . . , 𝑎2𝑛 , 𝑎2𝑛+1𝑧],
𝑄2𝑛+1(𝑧) = [𝑎1𝑧, 𝑎2, . . . , 𝑎2𝑛 , 𝑎2𝑛+1𝑧].

We shall denote by 𝑃𝑘
𝑛(𝑧), 𝑄𝑘

𝑛(𝑧) what 𝑃𝑛(𝑧), 𝑄𝑛(𝑧) become when every 𝑎𝑖 is re-
placed by 𝑎𝑖+𝑘 . The formulas of § 1 therefore give identical relations among these
polynomials after replacing 𝑎𝑖 by 𝑎𝑖𝑧 whenever 𝑖 is odd.

Thus

𝑄2𝑛(𝑧) = 𝑎2𝑛𝑄2𝑛−1(𝑧) +𝑄2𝑛−2(𝑧), 𝑄2𝑛+1(𝑧) = 𝑎2𝑛+1𝑧𝑄2𝑛(𝑧) +𝑄2𝑛−1(𝑧).
In general we plainly have

𝑃2𝑛(𝑧) = 𝔄0 + 𝔄1𝑧 + · · · + 𝔄𝑛−1𝑧𝑛−1,

𝑄2𝑛(𝑧) = 𝔅0 +𝔅1𝑧 + · · · +𝔅𝑛𝑧𝑛 ,

𝑃2𝑛+1(𝑧) = ℭ0 + ℭ1𝑧 + · · · + ℭ𝑛𝑧𝑛 ,

𝑄2𝑛+1(𝑧) = 𝔇0 +𝔇1𝑧 + · · · +𝔇𝑛+1𝑧𝑛+1,

where the coefficients are polynomials in the 𝑎𝑖. Their general law is somewhat
complicated andwould be of no use to us; the following few expressions, however,
are easily recognized and will be useful:

𝔄0 = 𝑎2 + 𝑎4 + · · · + 𝑎2𝑛 ,

𝔄𝑛−2 = 𝔄𝑛−1

(
1

𝑎2𝑎3
+ 1

𝑎3𝑎4
+ · · · + 1

𝑎2𝑛−1𝑎2𝑛

)
,

𝔄𝑛−1 = 𝑎2𝑎3 · · · 𝑎2𝑛 ,

𝔅0 = 1,

𝔅1 =
𝑛∑

𝑘=1
(𝑎1 + 𝑎3 + · · · + 𝑎2𝑘−1)𝑎2𝑘 ,

𝔅𝑛−1 = 𝔅𝑛

(
1

𝑎1𝑎2
+ 1

𝑎2𝑎3
+ · · · + 1

𝑎2𝑛−1𝑎2𝑛

)
,

𝔅𝑛 = 𝑎1𝑎2 · · · 𝑎2𝑛 ,
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ℭ0 = 1,

ℭ1 =
𝑛∑

𝑘=1
(𝑎2 + 𝑎4 + · · · + 𝑎2𝑘)𝑎2𝑘+1,

ℭ𝑛−1 = ℭ𝑛

(
1

𝑎2𝑎3
+ 1

𝑎3𝑎4
+ · · · + 1

𝑎2𝑛𝑎2𝑛+1

)
,

ℭ𝑛 = 𝑎2𝑎3 · · · 𝑎2𝑛+1,

𝔇0 = 0,
𝔇1 = 𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1,

𝔇𝑛 = 𝔇𝑛+1

(
1

𝑎1𝑎2
+ 1

𝑎2𝑎3
+ · · · + 1

𝑎2𝑛𝑎2𝑛+1

)
,

𝔇𝑛+1 = 𝑎1𝑎2 · · · 𝑎2𝑛+1.

The identity
𝑄2𝑛(𝑧)𝑃2𝑛+1(𝑧) − 𝑃2𝑛(𝑧)𝑄2𝑛+1(𝑧) = 1

implies
𝔅1 + ℭ1 = 𝔄0𝔇1.

3. We now establish several propositions concerning the roots of the equations
obtained by setting the polynomials 𝑃 and 𝑄 equal to zero. The 𝑃’s do not differ
essentially from the 𝑄’s, and we shall concentrate chiefly on the latter. In relation
(A) of § 1, put

𝛼 = 2𝑛 − 3, 𝛽 = 1, 𝛾 = 2.

Replacing 𝑎𝑖 by 𝑎𝑖𝑧 whenever 𝑖 is odd gives

𝑎2𝑛−2𝑄2𝑛(𝑧) = [𝑎2𝑛−2, 𝑎2𝑛−1𝑧, 𝑎2𝑛]𝑄2𝑛−2(𝑧) − 𝑎2𝑛𝑄2𝑛−4(𝑧).
Thus

𝑄2𝑛(𝑧), 𝑄2𝑛−2(𝑧), 𝑄2𝑛−4(𝑧), . . . , 𝑄2(𝑧), 𝑄0(𝑧) = 1

form a Sturm sequence. At 𝑧 = −∞ this sequence has 𝑛 changes of sign, while at
𝑧 = 0 it has none. Consequently the 𝑛 roots of 𝑄2𝑛(𝑧) = 0 are real, distinct, and
negative, and are separated by the roots of 𝑄2𝑛−2(𝑧) = 0. As 𝑧 increases through
a root of 𝑄2𝑛(𝑧) = 0, the ratio 𝑄2𝑛−2(𝑧)/𝑄2𝑛(𝑧) jumps from −∞ to +∞.

Now put in (A)
𝛼 = 2𝑛 − 2, 𝛽 = 1, 𝛾 = 2.
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Then

𝑎2𝑛−1
𝑄2𝑛+1(𝑧)

𝑧
= [𝑎2𝑛−1𝑧, 𝑎2𝑛 , 𝑎2𝑛+1𝑧]𝑄2𝑛−1(𝑧)

𝑧
− 𝑎2𝑛+1

𝑄2𝑛−3(𝑧)
𝑧

;

hence
𝑄2𝑛+1(𝑧)

𝑧
,
𝑄2𝑛−1(𝑧)

𝑧
, . . . ,

𝑄1(𝑧)
𝑧

= 𝑎1

form a Sturm sequence. The 𝑛 roots of 𝑄2𝑛+1(𝑧)/𝑧 = 0 are real, distinct, and neg-
ative, and are separated by those of 𝑄2𝑛−1(𝑧)/𝑧 = 0. The ratio 𝑄2𝑛−1(𝑧)/𝑄2𝑛+1(𝑧)
again jumps from −∞ to +∞.

Next take
𝛼 = 2𝑛 − 2, 𝛽 = 1, 𝛾 = 1.

We obtain
𝑎2𝑛−1𝑄2𝑛(𝑧) = [𝑎2𝑛−1𝑧, 𝑎2𝑛]𝑄2𝑛−1(𝑧)

𝑧
− 𝑄2𝑛−3(𝑧)

𝑧
.

Therefore
𝑄2𝑛(𝑧), 𝑄2𝑛−1(𝑧)

𝑧
,
𝑄2𝑛−3(𝑧)

𝑧
, . . . ,

𝑄1(𝑧)
𝑧

= 𝑎1

form a Sturm sequence: the roots of 𝑄2𝑛(𝑧) = 0 are separated by those of
𝑄2𝑛−1(𝑧)/𝑧 = 0. Finally put

𝛼 = 2𝑛 − 1, 𝛽 = 1, 𝛾 = 1.

This gives
𝑎2𝑛𝑄2𝑛+1(𝑧) = [𝑎2𝑛 , 𝑎2𝑛+1𝑧]𝑄2𝑛(𝑧) −𝑄2𝑛−2(𝑧),

and hence
𝑄2𝑛+1(𝑧), 𝑄2𝑛(𝑧), 𝑄2𝑛−2(𝑧), . . . , 𝑄2(𝑧), 𝑄0(𝑧) = 1

form a Sturm sequence. The roots of 𝑄2𝑛+1(𝑧) = 0 are separated by those of
𝑄2𝑛(𝑧) = 0.

We have just seen that the roots of

𝑄2𝑛−1(𝑧)
𝑧

= [𝑎1, 𝑎2𝑧, 𝑎3, . . . , 𝑎2𝑛−2𝑧, 𝑎2𝑛−1] = 0

separate the roots of

𝑄2𝑛(𝑧) = [𝑎1, 𝑎2𝑧, 𝑎3, . . . , 𝑎2𝑛−1, 𝑎2𝑛𝑧] = 0.

By the reversal identity (7), the roots of

[𝑎2𝑛 , 𝑎2𝑛−1𝑧, 𝑎2𝑛−2, . . . , 𝑎3𝑧, 𝑎2] = 0
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therefore separate those of

[𝑎2𝑛 , 𝑎2𝑛−1𝑧, 𝑎2𝑛−2, . . . , 𝑎3𝑧, 𝑎2, 𝑎1𝑧] = 0.

This is equivalent to saying that the roots of 𝑃2𝑛(𝑧) = 0 separate the roots of
𝑄2𝑛(𝑧) = 0. Similarly, the assertion that the roots of 𝑄2𝑛(𝑧) = 0 separate those of
𝑄2𝑛+1(𝑧) = 0 is essentially the same as the assertion that the roots of 𝑃2𝑛+1(𝑧) = 0
separate those of 𝑄2𝑛+1(𝑧) = 0.

It follows that, in the partial-fraction decompositions

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑀1
𝑧 + 𝑥1

+ 𝑀2
𝑧 + 𝑥2

+ · · · + 𝑀𝑛

𝑧 + 𝑥𝑛
,

𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) =

𝑁0
𝑧

+ 𝑁1
𝑧 + 𝑥1

+ 𝑁2
𝑧 + 𝑥2

+ · · · + 𝑁𝑛

𝑧 + 𝑥𝑛
,

all the quantities 𝑀𝑖 , 𝑁𝑖 are positive. (The 𝑥𝑖 in the two formulas are, of course,
not the same.)

4. The roots of 𝑄𝑛(𝑧) = 0 are plainly functions of the first 𝑛 numbers 𝑎𝑖. Can
such a root nevertheless be independent of one of these 𝑎𝑖? We now examine this
question. Formula (B), with the notation introduced at the beginning of § 2, gives

𝑄2𝑛+2𝑛′(𝑧) = 𝑄2𝑛(𝑧)𝑄2𝑛
2𝑛′(𝑧) +𝑄2𝑛−1(𝑧)𝑃2𝑛

2𝑛′(𝑧), (1)
𝑄2𝑛+2𝑛′+1(𝑧) = 𝑄2𝑛(𝑧)𝑄2𝑛

2𝑛′+1(𝑧) +𝑄2𝑛−1(𝑧)𝑃2𝑛
2𝑛′+1(𝑧). (2)

We know that 𝑄𝑛(𝑧) and 𝑃𝑛(𝑧) never vanish for the same value of 𝑧, and neither
do 𝑄𝑛(𝑧) and 𝑄𝑛−1(𝑧). It follows at once from (1) that if 𝑧 = 𝑎 annihilates two of
the three functions

𝑄2𝑛+2𝑛′(𝑧), 𝑄2𝑛(𝑧), 𝑃2𝑛
2𝑛′(𝑧),

it also annihilates the third. Likewise, if 𝑧 = 𝑎 annihilates two of

𝑄2𝑛+2𝑛′(𝑧), 𝑄2𝑛−1(𝑧), 𝑄2𝑛
2𝑛′(𝑧),

it also annihilates the third.
In the right-hand side of (1), only the polynomial 𝑄2𝑛

2𝑛′(𝑧) depends on 𝑎2𝑛+1.
Displaying this coefficient gives

𝑄2𝑛+2𝑛′(𝑧) = 𝑎2𝑛+1𝑧𝑄2𝑛(𝑧)𝑃2𝑛
2𝑛′(𝑧) + 𝑅(𝑧), (3)

where 𝑅(𝑧) is independent of 𝑎2𝑛+1. Roots of 𝑄2𝑛+2𝑛′(𝑧) = 0 independent of 𝑎2𝑛+1
must therefore satisfy

𝑄2𝑛(𝑧)𝑃2𝑛
2𝑛′(𝑧) = 0, 𝑅(𝑧) = 0.
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Such a root must annihilate one of the polynomials 𝑄2𝑛(𝑧) and 𝑃2𝑛
2𝑛′(𝑧), and,

by the preceding observation, then annihilates the other as well. Conversely, if
𝑧 = 𝑎 annihilates both𝑄2𝑛(𝑧) and 𝑃2𝑛

2𝑛′(𝑧), it also annihilates𝑄2𝑛+2𝑛′(𝑧) by (1), and
then 𝑅(𝑧) by (3); it is consequently a root of 𝑄2𝑛+2𝑛′(𝑧) = 0 independent of 𝑎2𝑛+1.
Thus the roots of that equation which are independent of 𝑎2𝑛+1 coincide with the
common roots of

𝑄2𝑛(𝑧) = 0, 𝑃2𝑛
2𝑛′(𝑧) = 0.

These equations can indeed have common roots, since the first depends only on
𝑎1, 𝑎2, . . . , 𝑎2𝑛, while the second depends on 𝑎2𝑛+2, 𝑎2𝑛+3, . . . , 𝑎2𝑛+2𝑛′ . In general,
however–that is, unless the 𝑎𝑖 satisfy certain special conditions–no such roots ex-
ist.

The same argument shows that the roots of 𝑄2𝑛+2𝑛′(𝑧) = 0 which are indepen-
dent of 𝑎2𝑛 coincide with the common roots of

𝑄2𝑛−1(𝑧) = 0, 𝑄2𝑛
2𝑛′(𝑧) = 0.

Formula (2) yields analogous conclusions, which it is enough to state:

• the roots of 𝑄2𝑛+2𝑛′+1(𝑧) = 0 independent of 𝑎2𝑛 coincide with the common
roots of

𝑄2𝑛−1(𝑧) = 0, 𝑄2𝑛
2𝑛′+1(𝑧) = 0;

• the roots of𝑄2𝑛+2𝑛′+1(𝑧) = 0 independent of 𝑎2𝑛+1 coincide with the common
roots of

𝑄2𝑛(𝑧) = 0, 𝑃2𝑛
2𝑛′+1(𝑧) = 0.

5. We now establish the following propositions, which supplement those in § 3.

Proposition. The roots of 𝑄2𝑛+2𝑛′(𝑧) = 0 are separated by the roots of

𝑄2𝑛(𝑧)𝑃2𝑛
2𝑛′(𝑧) = 0,

and also by the roots of
𝑄2𝑛−1(𝑧)𝑄2𝑛

2𝑛′(𝑧)
𝑧

= 0.

The roots of 𝑄2𝑛+2𝑛′+1(𝑧)/𝑧 = 0 are separated by the roots of

𝑄2𝑛−1(𝑧)𝑄2𝑛
2𝑛′+1(𝑧)

𝑧2 = 0.

The roots of 𝑄2𝑛+2𝑛′+1(𝑧) = 0 are separated by the roots of

𝑄2𝑛(𝑧)𝑃2𝑛
2𝑛′+1(𝑧) = 0.
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For 𝑛′ = 0 or 1 these reduce to the propositions of § 3. It is enough to give the
proof of the first. Return to the relation

𝑄2𝑛+2𝑛′(𝑧) = 𝑄2𝑛(𝑧)𝑄2𝑛
2𝑛′(𝑧) +𝑄2𝑛−1(𝑧)𝑃2𝑛

2𝑛′(𝑧),
and denote the roots of 𝑄2𝑛(𝑧) = 0, in increasing order, by

𝛼 < 𝛼′ < 𝛼′′ < 𝛼′′′ < · · · ;

the roots of 𝑃2𝑛
2𝑛′(𝑧) = 0 by

𝛽 < 𝛽′ < 𝛽′′ < · · · ;

and the combined set of the 𝛼’s and 𝛽’s by

𝑥1 < 𝑥2 < 𝑥3 < · · · < 𝑥𝑛+𝑛′−1.

The assertion is equivalent to saying that the sequence

𝑄2𝑛+2𝑛′(𝑥𝑖) (𝑖 = 0, 1, 2, . . . , 𝑛 + 𝑛′),
where 𝑥0 = −∞ and 𝑥𝑛+𝑛′ = 0, consists entirely of changes of sign. First,
𝑄2𝑛+2𝑛′(𝑥0) has sign (−1)𝑛+𝑛′ . For 𝑄2𝑛+2𝑛′(𝑥1) two cases arise, according as 𝑥1 = 𝛼
or 𝑥1 = 𝛽. In the first case,

𝑄2𝑛+2𝑛′(𝑥1) = 𝑄2𝑛−1(𝛼)𝑃2𝑛
2𝑛′(𝛼);

in the second,
𝑄2𝑛+2𝑛′(𝑥1) = 𝑄2𝑛(𝛽)𝑄2𝑛

2𝑛′(𝛽).
In the first case, 𝑄2𝑛−1(𝛼) has sign (−1)𝑛 and 𝑃2𝑛

2𝑛′(𝛼) sign (−1)𝑛′+1, since 𝛼 is
smaller than the least root of 𝑄2𝑛−1(𝑧) = 0 and also smaller than 𝛽. In the sec-
ond case, 𝑄2𝑛(𝛽) has sign (−1)𝑛 and 𝑄2𝑛

2𝑛′(𝛽) sign (−1)𝑛′+1, because 𝛽 lies between
the two smallest roots of 𝑄2𝑛

2𝑛′(𝑧) = 0. Thus in every case 𝑄2𝑛+2𝑛′(𝑥1) has sign
(−1)𝑛+𝑛′+1, so that the terms at 𝑥0, 𝑥1 present a variation.

Suppose next that two consecutive roots 𝑥𝑘 , 𝑥𝑘+1 are both 𝛼-roots. Then

𝑄2𝑛+2𝑛′(𝑥𝑘) = 𝑄2𝑛−1(𝛼)𝑃2𝑛
2𝑛′(𝛼),

𝑄2𝑛+2𝑛′(𝑥𝑘+1) = 𝑄2𝑛−1(𝛼′)𝑃2𝑛
2𝑛′(𝛼′).

The consecutive roots 𝛼, 𝛼′ of 𝑄2𝑛(𝑧) = 0 enclose exactly one root of 𝑄2𝑛−1(𝑧) = 0,
so the first factors have opposite signs. By hypothesis there is no 𝛽-root between
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them, so the second factors have the same sign. The twodisplayed values therefore
present a variation. If 𝑥𝑘 = 𝛽, 𝑥𝑘+1 = 𝛽′, then

𝑄2𝑛+2𝑛′(𝑥𝑘) = 𝑄2𝑛(𝛽)𝑄2𝑛
2𝑛′(𝛽),

𝑄2𝑛+2𝑛′(𝑥𝑘+1) = 𝑄2𝑛(𝛽′)𝑄2𝑛
2𝑛′(𝛽′).

Here the first factors have the same sign and the second opposite signs, so there
is again a variation.

The same conclusion holds in the two remaining cases, 𝑥𝑘 = 𝛼, 𝑥𝑘+1 = 𝛽 and
𝑥𝑘 = 𝛽, 𝑥𝑘+1 = 𝛼. In the former case,

𝑄2𝑛+2𝑛′(𝑥𝑘) = 𝑄2𝑛−1(𝛼)𝑃2𝑛
2𝑛′(𝛼),

𝑄2𝑛+2𝑛′(𝑥𝑘+1) = 𝑄2𝑛(𝛽)𝑄2𝑛
2𝑛′(𝛽).

The function 𝑄2𝑛−1(𝑧)/𝑧 has, relative to 𝑄2𝑛(𝑧), the properties of the derivative
𝑄′

2𝑛(𝑧); furthermore, 𝑄2𝑛(𝛽) has the sign of 𝑄2𝑛(𝛼 + 𝜀), and 𝑄2𝑛−1(𝛼) the sign of
𝑄2𝑛−1(𝛼 + 𝜀), where 𝜀 > 0 is very small.

It follows that 𝑄2𝑛−1(𝛼)/𝑄2𝑛(𝛽) is negative. Likewise 𝑃2𝑛
2𝑛′(𝑧) has, relative to

𝑄2𝑛
2𝑛′(𝑧), the properties of the derivative; 𝑃2𝑛

2𝑛′(𝛼) has the sign of 𝑃2𝑛
2𝑛′(𝛽 − 𝜀), while

𝑄2𝑛
2𝑛′(𝛽) has the sign of 𝑄2𝑛

2𝑛′(𝛽 − 𝜀). Hence 𝑃2𝑛
2𝑛′(𝛼)/𝑄2𝑛

2𝑛′(𝛽) has the sign of

𝑃2𝑛
2𝑛′(𝛽 − 𝜀)

𝑄2𝑛
2𝑛′(𝛽 − 𝜀) ,

which is positive, because 𝛽 is a root of 𝑃2𝑛
2𝑛′(𝑧) = 0 lying between two consecutive

roots of 𝑄2𝑛
2𝑛′(𝑧) = 0. There is therefore again a variation.

Finally, in the case

𝑄2𝑛+2𝑛′(𝑥𝑘) = 𝑄2𝑛(𝛽)𝑄2𝑛
2𝑛′(𝛽),

𝑄2𝑛+2𝑛′(𝑥𝑘+1) = 𝑄2𝑛−1(𝛼)𝑃2𝑛
2𝑛′(𝛼),

one finds that 𝑄2𝑛(𝛽)/𝑄2𝑛−1(𝛼) is positive, whereas 𝑄2𝑛
2𝑛′(𝛽)/𝑃2𝑛

2𝑛′(𝛼) is negative.
Thus the first 𝑛 + 𝑛′ terms of the sequence

𝑄2𝑛+2𝑛′(𝑥𝑖) (𝑖 = 0, 1, 2, . . . , 𝑛 + 𝑛′)
present only variations; the penultimate term is negative and the last is positive.
This proves the proposition.

We have assumed that no 𝛼-root equals a 𝛽-root. This is the general situation,
but the nature of the proposition itself shows that exceptional cases can occur.
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Indeed, each of the 𝑛 + 𝑛′ − 1 intervals formed by the roots of 𝑄2𝑛+2𝑛′(𝑧) = 0
contains either an 𝛼-root or a 𝛽-root. It cannot be said a priori which intervals
contain one kind and which the other: their distribution varies from one choice of
the 𝑎𝑖 to another.

As the positive coefficients 𝑎𝑖 vary continuously, exceptional cases must arise
when this distribution changes. Such a change can occur only as follows. Of two
consecutive intervals, the first containing an 𝛼-root and the second a 𝛽-root, the
𝛼-root passes into the second while the 𝛽-root simultaneously enters the first.

At the critical moment the 𝛼- and 𝛽-roots coincide with a root of𝑄2𝑛+2𝑛′(𝑧) = 0.
This is precisely the exceptional case studied in § 4.

6. We may now establish very easily the following proposition. Let 𝑥𝑘 be a root
of 𝑄𝑛(𝑧) = 0.

Proposition. The root 𝑥𝑘 , regarded as a function of 𝑎𝑖, satisfies

𝜕𝑥𝑘
𝜕𝑎𝑖

≥ 0.

For the proof four cases must be distinguished according to the parities of 𝑛
and 𝑖; it is enough to give the argument in one case. Suppose

𝑄2𝑛+2𝑛′(𝑥𝑘) = 𝑎2𝑛+1𝑥𝑘𝑄2𝑛(𝑥𝑘)𝑃2𝑛
2𝑛′(𝑥𝑘) + 𝑅(𝑥𝑘) = 0.

Then
𝜕𝑥𝑘

𝜕𝑎2𝑛+1
= −𝑥𝑘𝑄2𝑛(𝑥𝑘)𝑃2𝑛

2𝑛′(𝑥𝑘)
𝑄′

2𝑛+2𝑛′(𝑥𝑘) .

We have proved that 𝑄2𝑛(𝑧)𝑃2𝑛
2𝑛′(𝑧) has, relative to 𝑄2𝑛+2𝑛′(𝑧), the properties of its

derivative; hence
𝑄2𝑛(𝑥𝑘)𝑃2𝑛

2𝑛′(𝑥𝑘)
𝑄′

2𝑛+2𝑛′(𝑥𝑘) > 0.

Since 𝑥𝑘 is nonpositive, the asserted property follows in the case where 𝑛 is even
and 𝑖 odd. Exceptionally, the derivative may be zero.
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Chapter II
The Expansion in Descending Powers of 𝑧

7. The formula
𝑃𝑛+1(𝑧)
𝑄𝑛+1(𝑧) −

𝑃𝑛(𝑧)
𝑄𝑛(𝑧) =

(−1)𝑛
𝑄𝑛(𝑧)𝑄𝑛+1(𝑧) ,

in which 𝑄𝑛(𝑧)𝑄𝑛+1(𝑧) is a polynomial of degree 𝑛 + 1, shows that when the con-
vergents 𝑃𝑛(𝑧)/𝑄𝑛(𝑧) and 𝑃𝑛+1(𝑧)/𝑄𝑛+1(𝑧) are expanded in descending powers of
𝑧, the first 𝑛 terms agree. Writing

𝑃𝑛(𝑧)
𝑄𝑛(𝑧) =

𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · · + (−1)𝑛−1 𝑐𝑛−1

𝑧𝑛
+ (−1)𝑛 𝛼𝑛

𝑛

𝑧𝑛+1 + (−1)𝑛+1𝛼
𝑛
𝑛+1

𝑧𝑛+2 + · · · , (1)

we thereby define a sequence

𝑐0, 𝑐1, 𝑐2, 𝑐3, . . .

which is completely determined and may be continued as far as desired. The 𝑐𝑖
are plainly rational functions of the 𝑎𝑖; if the 𝑏𝑖 of the Introduction are introduced,
the 𝑐𝑖 are polynomials in the 𝑏𝑖 with positive integral coefficients.

The most elegant way of obtaining the 𝑐𝑖 in terms of the 𝑏𝑖 seems to be the
following, which we obtained in the memoir published in volume III of these
Annales [5]. First compute the quantities 𝛼𝑖,𝑘 , 𝛽𝑖,𝑘 from

𝛼0,0 = 1, 𝛼𝑖 ,0 = 0 (𝑖 > 0),
𝛽0,𝑘 = 𝛼0,𝑘 + 𝑏2𝛼1,𝑘 ,

𝛽1,𝑘 = 𝛼1,𝑘 + 𝑏4𝛼2,𝑘 ,

𝛽2,𝑘 = 𝛼2,𝑘 + 𝑏6𝛼3,𝑘 ,
...

𝛽𝑖,𝑘 = 𝛼𝑖 ,𝑘 + 𝑏2𝑖+2𝛼𝑖+1,𝑘;

𝛼0,𝑘+1 = 𝑏1𝛽0,𝑘 ,

𝛼1,𝑘+1 = 𝑏3𝛽1,𝑘 + 𝛽0,𝑘 ,

𝛼2,𝑘+1 = 𝑏5𝛽2,𝑘 + 𝛽1,𝑘 ,
...

𝛼𝑖 ,𝑘+1 = 𝑏2𝑖+1𝛽𝑖,𝑘 + 𝛽𝑖−1,𝑘 .
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It follows that 𝛼𝑖 ,𝑘 = 𝛽𝑖,𝑘 = 0 when 𝑖 > 𝑘. Once the 𝛼𝑖,𝑘 , 𝛽𝑖 ,𝑘 have been obtained,
any coefficient 𝑐𝑛 may be calculated in several ways from either of the formulas

𝑐𝑖+𝑘 = 𝑏0𝛼0,𝑖𝛼0,𝑘 + 𝑏0𝑏1𝑏2𝛼1,𝑖𝛼1,𝑘 + 𝑏0𝑏1𝑏2𝑏3𝑏4𝛼2,𝑖𝛼2,𝑘 + · · · ,
𝑐𝑖+𝑘+1 = 𝑏0𝑏1𝛽0,𝑖𝛽0,𝑘 + 𝑏0𝑏1𝑏2𝑏3𝛽1,𝑖𝛽1,𝑘 + 𝑏0𝑏1𝑏2𝑏3𝑏4𝑏5𝛽2,𝑖𝛽2,𝑘 + · · · .

Having defined the coefficients 𝑐𝑛, consider the infinite series
𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − 𝑐3

𝑧4 + · · · .
Definition. This is called the expansion of the continued fraction in descending
powers of 𝑧.

The definition is purely formal. We shall soon see that the series is often diver-
gent for every value of 𝑧; for the moment it must therefore be regarded from the
purely formal point of view.

The 𝑐𝑛 are rational functions of the 𝑎𝑛. A little later we shall give formulas that
express the 𝑎𝑛 conversely in terms of the 𝑐𝑛. These formulas will therefore make
it possible to reduce formally a series in descending powers of 𝑧 to a continued
fraction.

8. We have
𝑃𝑛(𝑧)
𝑄𝑛(𝑧) =

1
𝑄0(𝑧)𝑄1(𝑧) −

1
𝑄1(𝑧)𝑄2(𝑧) + · · · + (−1)𝑛−1

𝑄𝑛−1(𝑧)𝑄𝑛(𝑧) .
Expanding the terms on the right in descending powers of 𝑧 gives

1
𝑄0(𝑧)𝑄1(𝑧) =

𝜀1
1
𝑧
,

− 1
𝑄1(𝑧)𝑄2(𝑧) = −𝜀2

2
𝑧2 + 𝜀2

3
𝑧3 − 𝜀2

4
𝑧4 + 𝜀2

5
𝑧5 − · · · ,

1
𝑄2(𝑧)𝑄3(𝑧) =

𝜀3
3
𝑧3 − 𝜀3

4
𝑧4 + 𝜀3

5
𝑧5 − · · · ,

− 1
𝑄3(𝑧)𝑄4(𝑧) = −𝜀4

4
𝑧4 + 𝜀4

5
𝑧5 − · · · ,

1
𝑄4(𝑧)𝑄5(𝑧) =

𝜀5
5
𝑧5 − · · · .

Adding the first 𝑛 series gives the expansion of 𝑃𝑛(𝑧)/𝑄𝑛(𝑧). But
𝑄𝑛−1(𝑧)𝑄𝑛(𝑧) = 𝑐𝑧(𝑧 + 𝑥1)(𝑧 + 𝑥2) · · · (𝑧 + 𝑥𝑛−1),
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where 𝑐, 𝑥1, 𝑥2, . . . , 𝑥𝑛−1 are positive. Hence all the coefficients 𝜀𝑖𝑘 are positive, and
in expansion (1) of 𝑃𝑛(𝑧)/𝑄𝑛(𝑧) the first 𝑛 coefficients 𝑐0, 𝑐1, . . . , 𝑐𝑛−1 are positive,
while the following coefficients 𝛼𝑛

𝑛 , 𝛼
𝑛
𝑛+1, 𝛼

𝑛
𝑛+2, . . . are respectively smaller than

𝑐𝑛 , 𝑐𝑛+1, 𝑐𝑛+2, . . ..
The expansion of a convergent may also be obtained by first decomposing it

into simple fractions. As in § 3, put

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑀1
𝑧 + 𝑥1

+ 𝑀2
𝑧 + 𝑥2

+ · · · + 𝑀𝑛

𝑧 + 𝑥𝑛
.

Then

𝑐𝑘 =
𝑛∑
𝑖=1

𝑀𝑖𝑥𝑘
𝑖 [𝑘 = 0, 1, 2, . . . , 2𝑛 − 1].

For an odd-order convergent,

𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) =

𝑁0
𝑧

+ 𝑁1
𝑧 + 𝑥1

+ 𝑁2
𝑧 + 𝑥2

+ · · · + 𝑁𝑛

𝑧 + 𝑥𝑛
,

and therefore

𝑐𝑘 =
𝑛∑
𝑖=0

𝑁𝑖𝑥𝑘
𝑖 (𝑘 = 0, 1, 2, . . . , 2𝑛), 𝑥0 = 0.

These expressions imply the following consequence.

Theorem. The quadratic form

𝑚−1∑
𝑖=0

𝑚−1∑
𝑘=0

𝑐𝑝+𝑖+𝑘𝑋𝑖𝑋𝑘

is positive definite; consequently the determinant���������
𝑐𝑝 𝑐𝑝+1 𝑐𝑝+2 · · · 𝑐𝑝+𝑚−1
𝑐𝑝+1 𝑐𝑝+2 𝑐𝑝+3 · · · 𝑐𝑝+𝑚
...

...
...

...
𝑐𝑝+𝑚−1 𝑐𝑝+𝑚 𝑐𝑝+𝑚+1 · · · 𝑐𝑝+2𝑚−2

���������
is positive.
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Indeed, choose 𝑛 so that 𝑝 + 2𝑚 − 2 ≤ 2𝑛 − 1. The quadratic form can then be
written

𝑛∑
𝑖=1

𝑀𝑖𝑥
𝑝
𝑖 (𝑋0 + 𝑋1𝑥𝑖 + 𝑋2𝑥2

𝑖 + · · · + 𝑋𝑚−1𝑥𝑚−1
𝑖 )2.

9. From what has just been proved,
𝑐𝑛+1
𝑐𝑛

<
𝑐𝑛+2
𝑐𝑛+1

,

so 𝑐𝑛+1/𝑐𝑛 increases with 𝑛. Two cases are possible. Either the ratio increases be-
yond every bound, in which case

𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · ·

always diverges; or it tends to a finite limit 𝜆, in which case the series converges
for |𝑧| > 𝜆.

On the other hand, we know that the largest root of 𝑄𝑛(−𝑧) = 0 also increases
with 𝑛.

We shall show that in the first case this root also grows beyond every bound,
and in the second it tends to 𝜆. Without distinguishing between even and odd 𝑛,
write

𝑃𝑛(𝑧)
𝑄𝑛(𝑧) =

𝑛′∑
𝑖=1

𝑚𝑖

𝑧 + 𝑥𝑖
,

where 𝑛′ = 𝑛/2 or (𝑛 + 1)/2, and 𝑥𝑛′ is the largest root. Then

𝑐𝑛−1
𝑐𝑛−2

=

∑𝑛′
𝑖=1 𝑚𝑖𝑥𝑛−1

𝑖∑𝑛′
𝑖=1 𝑚𝑖𝑥𝑛−2

𝑖

< 𝑥𝑛′ .

Consequently, if 𝑐𝑛+1/𝑐𝑛 grows beyond every bound, then so does 𝑥𝑛′ .
Now suppose

lim
𝑛→∞

𝑐𝑛+1
𝑐𝑛

= 𝜆.

The limit of 𝑥𝑛′ cannot be less than 𝜆; we claim that it equals 𝜆. It is enough to
show that 𝑥𝑛′ cannot become larger than 𝜆. Suppose, indeed, that 𝑥𝑛′ = 𝜆 + 𝜀,
with 𝜀 > 0, and consider the two series

𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · · , (1)

𝑃𝑛(𝑧)
𝑄𝑛(𝑧) =

𝑐0
𝑧
− 𝑐1

𝑧2 + · · · + (−1)𝑛−1 𝑐𝑛−1
𝑧𝑛

+ (−1)𝑛 𝛼𝑛
𝑛

𝑧𝑛+1 + (−1)𝑛+1𝛼
𝑛
𝑛+1

𝑧𝑛+2 + · · · . (2)
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Series (2) converges for |𝑧| > 𝑥𝑛′ = 𝜆+𝜀 but diverges for |𝑧| < 𝑥𝑛′ , and in particular
when

𝜆 < |𝑧| < 𝜆 + 𝜀.

Since 𝑐𝑛+1/𝑐𝑛 → 𝜆, series (1) converges for |𝑧| > 𝜆. Moreover, 𝛼𝑛
𝑛 < 𝑐𝑛 , 𝛼𝑛

𝑛+1 <
𝑐𝑛+1, . . ., so (2) must converge for the same values of 𝑧, and in particular when
𝜆 < |𝑧| < 𝜆 + 𝜀.

Thus the same series would be both convergent and divergent there. This con-
tradiction proves that 𝑥𝑛′ cannot increase beyond 𝜆, and hence

lim
𝑛→∞ 𝑥𝑛′ = 𝜆. Q.E.D.

10. Given the continued fraction, how can one tell whether 𝑐𝑛+1/𝑐𝑛 grows be-
yond every bound or tends to a finite limit? The answer is very simple. Consider
the numbers

𝑏𝑛 =
1

𝑎𝑛𝑎𝑛+1
(𝑛 = 1, 2, 3, . . .).

If these numbers are not bounded above, then 𝑐𝑛+1/𝑐𝑛 grows beyond every bound.
If they have an upper bound 𝑙, the ratio tends to a finite limit not exceeding 4𝑙.

If the 𝑏𝑛 have no upper bound, then, however large 𝑀 may be, an integer 𝑚
can always be found such that

𝑏𝑚 =
1

𝑎𝑚𝑎𝑚+1
> 𝑀.

According as the case requires, put 𝑚 = 2𝑛 or 𝑚 = 2𝑛 + 1, and arrange the roots
of

𝑄2𝑛(−𝑧) = 0, 𝑄2𝑛+2(−𝑧) = 0

in increasing order as

𝛼1, 𝛼2, . . . , 𝛼𝑛 , 𝛽1, 𝛽2, . . . , 𝛽𝑛+1.

By § 2,
𝛼1 + · · · + 𝛼𝑛 = 𝑏1 + 𝑏2 + · · · + 𝑏2𝑛−1,

𝛽1 + · · · + 𝛽𝑛+1 = 𝑏1 + 𝑏2 + · · · + 𝑏2𝑛+1,

and therefore

𝛽𝑛+1 − (𝛼𝑛 − 𝛽𝑛) − (𝛼𝑛−1 − 𝛽𝑛−1) − · · · − (𝛼1 − 𝛽1) = 𝑏2𝑛 + 𝑏2𝑛+1.
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Since the differences 𝛼1 − 𝛽1, . . . , 𝛼𝑛 − 𝛽𝑛 are positive, it follows that

𝛽𝑛+1 > 𝑏2𝑛 + 𝑏2𝑛+1 > 𝑀.

Thus the largest root of𝑄2𝑛+2(−𝑧) = 0, and consequently also the ratio 𝑐𝑛+1/𝑐𝑛,
grows beyond every bound.

If 𝑏1, 𝑏2, 𝑏3, . . . have an upper bound 𝑙, choose 𝐶 so that 𝐶𝑙 > 𝑏0, and consider
the continued fraction

𝐶𝑙

𝑧 + 𝑙

1 + 𝑙

𝑧 + 𝑙

1 + . . .

.

Since the 𝑐𝑛 are polynomials with positive coefficients in the 𝑏𝑛, the coefficients
obtained by expanding this continued fraction as a series are greater than the
corresponding coefficients of

𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · · .

The former series is readily seen to be the expansion of the algebraic function

𝐶
2

(√
1 + 4𝑙

𝑧
− 1

)
,

which converges for |𝑧| > 4𝑙. The expansion in the 𝑐𝑛 therefore also converges for
|𝑧| > 4𝑙, and 𝑐𝑛+1/𝑐𝑛 tends to a finite limit not exceeding 4𝑙.

11. The expansion
𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · ·

and that of 𝑃𝑛(𝑧)/𝑄𝑛(𝑧) differ only in the terms in 𝑧−(𝑛+1), 𝑧−(𝑛+2), . . .. It follows
that the expansion of

𝑄𝑛(𝑧)
( 𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · ·

)
differs from 𝑃𝑛(𝑧) only by terms in

𝑧−(𝑛−𝑛′+1), 𝑧−(𝑛−𝑛′+2), . . . ,
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where 𝑛′ is the degree of𝑄𝑛(𝑧). Consequently, in the displayed product the terms
in 1

𝑧
,

1
𝑧2 , . . . ,

1
𝑧𝑛−𝑛′

are absent. This condition determines 𝑄𝑛(𝑧) up to a constant factor.
First let the order be even and write

𝑄2𝑛(−𝑧) = 𝛼0 + 𝛼1𝑧 + 𝛼2𝑧2 + · · · + 𝛼𝑛𝑧𝑛 .

The absence of the terms 1/𝑧, . . . , 1/𝑧𝑛 from the productwith 𝑐0/𝑧+𝑐1/𝑧2+𝑐2/𝑧3+
· · · gives

𝛼0𝑐𝑘 + 𝛼1𝑐𝑘+1 + · · · + 𝛼𝑛𝑐𝑘+𝑛 = 0 (𝑘 = 0, 1, 2, . . . , 𝑛 − 1). (1)

Since 𝑄2𝑛(0) = 1,

𝑄2𝑛(−𝑧) =

�����������
1 𝑧 𝑧2 · · · 𝑧𝑛

𝑐0 𝑐1 𝑐2 · · · 𝑐𝑛
𝑐1 𝑐2 𝑐3 · · · 𝑐𝑛+1
...

...
...

...
𝑐𝑛−1 𝑐𝑛 𝑐𝑛+1 · · · 𝑐2𝑛−1

��������������������
𝑐1 𝑐2 · · · 𝑐𝑛
𝑐2 𝑐3 · · · 𝑐𝑛+1
...

...
...

𝑐𝑛 𝑐𝑛+1 · · · 𝑐2𝑛−1

���������
. (2)

For a simpler expression of (1), introduce a symbol 𝒮 𝑓 (𝑢) as follows: if 𝑓 (𝑢) is
a polynomial,𝒮 𝑓 (𝑢) denotes the result of replacing in 𝑓 (𝑢) the successive powers
𝑢0, 𝑢1, 𝑢2, . . . by 𝑐0, 𝑐1, 𝑐2, . . ., respectively. Then

𝒮{
𝑢𝑘𝑄2𝑛(−𝑢)

}
= 0 (𝑘 = 0, 1, 2, . . . , 𝑛 − 1). (3)

For an odd order write

𝑄2𝑛+1(−𝑧) = 𝛽1𝑧 + 𝛽2𝑧2 + · · · + 𝛽𝑛+1𝑧𝑛+1.

Then
𝒮{

𝑢𝑘𝑄2𝑛+1(−𝑢)
}
= 0 (𝑘 = 0, 1, 2, . . . , 𝑛 − 1). (4)
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The constant term in the product of𝑄2𝑛+1(−𝑧)with 𝑐0/𝑧+𝑐1/𝑧2+𝑐2/𝑧3+· · · equals
the constant term of −𝑃2𝑛+1(−𝑧), namely −1. Therefore

𝒮
{
𝑄2𝑛+1(−𝑢)

𝑢

}
= −1. (5)

This relation determines the constant factor left undetermined by (4), and

𝑄2𝑛+1(−𝑧) = −

�����������
𝑧 𝑧2 · · · 𝑧𝑛+1

𝑐1 𝑐2 · · · 𝑐𝑛+1
𝑐2 𝑐3 · · · 𝑐𝑛+2
...

...
...

𝑐𝑛 𝑐𝑛+1 · · · 𝑐2𝑛

��������������������
𝑐0 𝑐1 · · · 𝑐𝑛
𝑐1 𝑐2 · · · 𝑐𝑛+1
...

...
...

𝑐𝑛 𝑐𝑛+1 · · · 𝑐2𝑛

���������
. (6)

The coefficients of the highest powers of 𝑧 in 𝑄2𝑛(𝑧) and 𝑄2𝑛+1(𝑧) are known
from § 2. Comparison with (2) and (6) gives

𝑎1𝑎2 · · · 𝑎2𝑛 =
𝐴𝑛

𝐵𝑛
, 𝑎1𝑎2 · · · 𝑎2𝑛+1 =

𝐵𝑛

𝐴𝑛+1
,

where

𝐴𝑛 =

���������
𝑐0 𝑐1 · · · 𝑐𝑛−1
𝑐1 𝑐2 · · · 𝑐𝑛
...

...
...

𝑐𝑛−1 𝑐𝑛 · · · 𝑐2𝑛−2

��������� , 𝐵𝑛 =

���������
𝑐1 𝑐2 · · · 𝑐𝑛
𝑐2 𝑐3 · · · 𝑐𝑛+1
...

...
...

𝑐𝑛 𝑐𝑛+1 · · · 𝑐2𝑛−1

��������� , 𝐴0 = 𝐵0 = 1.

Hence
𝑎2𝑛 =

𝐴2
𝑛

𝐵𝑛𝐵𝑛−1
, 𝑎2𝑛+1 =

𝐵2
𝑛

𝐴𝑛𝐴𝑛+1
. (7)

These are the formulas expressing the 𝑎𝑖 in terms of the 𝑐𝑖 .
The coefficient of 𝑧 in 𝑄2𝑛+1(𝑧) is 𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1; hence (6) gives

𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1 =
𝐶𝑛

𝐴𝑛+1
, (8)
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where

𝐶𝑛 =

���������
𝑐2 𝑐3 · · · 𝑐𝑛+1
𝑐3 𝑐4 · · · 𝑐𝑛+2
...

...
...

𝑐𝑛+1 𝑐𝑛+2 · · · 𝑐2𝑛

��������� , 𝐶0 = 1.

12. The expressions for the numerators 𝑃2𝑛(𝑧), 𝑃2𝑛+1(𝑧) are a little more compli-
cated, but follow readily from the observation that the polynomial part of

𝑓 (𝑧)
( 𝑐0
𝑧
+ 𝑐1

𝑧2 + 𝑐2
𝑧3 + · · ·

)
is

𝒮
{
𝑓 (𝑧) − 𝑓 (𝑢)

𝑧 − 𝑢

}
.

It is enough to verify this for 𝑓 (𝑧) = 𝑧𝑘 . Thus

𝑃𝑛(−𝑧) = −𝒮
{
𝑄𝑛(−𝑧) −𝑄𝑛(−𝑢)

𝑧 − 𝑢

}
.

From (2) and (6) one readily obtains the following expressions. Put

𝑅0 = 𝑐0, 𝑅1 = 𝑐0𝑧 + 𝑐1, 𝑅2 = 𝑐0𝑧2 + 𝑐1𝑧 + 𝑐2, . . . ,

𝑅𝑘 = 𝑐0𝑧𝑘 + 𝑐1𝑧𝑘−1 + · · · + 𝑐𝑘 .

Then

𝑃2𝑛(−𝑧) = − 1
𝐵𝑛

�����������
0 𝑅0 𝑅1 · · · 𝑅𝑛−1
𝑐0 𝑐1 𝑐2 · · · 𝑐𝑛
𝑐1 𝑐2 𝑐3 · · · 𝑐𝑛+1
...

...
...

...
𝑐𝑛−1 𝑐𝑛 𝑐𝑛+1 · · · 𝑐2𝑛−1

�����������
. (9)

Likewise,

𝑃2𝑛+1(−𝑧) = 1
𝐴𝑛+1

�����������
𝑅0 𝑅1 · · · 𝑅𝑛

𝑐1 𝑐2 · · · 𝑐𝑛+1
𝑐2 𝑐3 · · · 𝑐𝑛+2
...

...
...

𝑐𝑛 𝑐𝑛+1 · · · 𝑐2𝑛

�����������
. (10)
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Putting 𝑧 = 0 in (9) yields

𝑎2 + 𝑎4 + · · · + 𝑎2𝑛 = − 1
𝐵𝑛

���������
0 𝑐0 · · · 𝑐𝑛−1
𝑐0 𝑐1 · · · 𝑐𝑛
...

...
...

𝑐𝑛−1 𝑐𝑛 · · · 𝑐2𝑛−1

��������� . (11)

Concerning the symbol 𝒮, we record the almost immediate observation that,
if 𝑉𝑛(𝑢) is a polynomial of degree 𝑛, then 𝒮{𝑉𝑛(𝑢)} is the coefficient of 1/𝑢 in the
expansion of

𝑉𝑛(−𝑢) 𝑃𝑚(𝑢)
𝑄𝑚(𝑢) ,

provided 𝑚 ≥ 𝑛 + 1. We write this as

𝒮{𝑉𝑛(𝑢)} = Res
{
𝑉𝑛(−𝑢) 𝑃𝑚(𝑢)

𝑄𝑚(𝑢)
}
.

For example,

𝒮{𝑄2
2𝑛(−𝑢)} = Res

{
𝑄2

2𝑛(𝑢)
𝑃2𝑛+1(𝑢)
𝑄2𝑛+1(𝑢)

}
= Res

{
𝑄2𝑛(𝑢)1 + 𝑃2𝑛(𝑢)𝑄2𝑛+1(𝑢)

𝑄2𝑛+1(𝑢)
}

= Res
{

𝑄2𝑛(𝑢)
𝑄2𝑛+1(𝑢)

}
=

1
𝑎2𝑛+1

.
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We collect here several formulas of this kind:

𝒮{𝑄2
2𝑛(−𝑢)} =

1
𝑎2𝑛+1

,

𝒮{𝑢𝑄2
2𝑛(−𝑢)} =

1
𝑎2𝑛+1

(
1

𝑎2𝑛𝑎2𝑛+1
+ 1

𝑎2𝑛+1𝑎2𝑛+2

)
,

𝒮
{ 1
𝑢
𝑄2

2𝑛+1(−𝑢)
}
=

1
𝑎2𝑛+2

,

𝒮
{ 1
𝑢2𝑄

2
2𝑛+1(−𝑢)

}
= 𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1,

𝒮
{ [𝑄2𝑛(−𝑢) − 1]2

𝑢

}
= −𝒮

{
𝑄2𝑛(−𝑢) − 1

𝑢

}
= 𝑎2 + 𝑎4 + · · · + 𝑎2𝑛 .

One final remark. If
𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑛∑
𝑖=1

𝑀𝑖

𝑧 + 𝑥𝑖
,

then

𝒮{𝑉𝑛(𝑢)} =
𝑛∑
𝑖=1

𝑀𝑖𝑉𝑛(𝑥𝑖).

It follows that if the polynomial 𝑉𝑛(𝑢) is nonnegative for 𝑢 > 0, then 𝒮{𝑉𝑛(𝑢)} is
always positive.
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Chapter III
Oscillation and Convergence of a Continued Fraction. Case

Where the Real Part of 𝑧 Is Positive

13. Suppose that 𝑧 = 1, and write 𝑃𝑛 , 𝑄𝑛 in place of 𝑃𝑛(1), 𝑄𝑛(1). The relations

𝑃𝑛 = 𝑎𝑛𝑃𝑛−1 + 𝑃𝑛−2, 𝑄𝑛 = 𝑎𝑛𝑄𝑛−1 +𝑄𝑛−2

show that
𝑃1 < 𝑃3 < 𝑃5 < · · · , 𝑃0 < 𝑃2 < 𝑃4 < · · · ,

𝑄1 < 𝑄3 < 𝑄5 < · · · , 𝑄0 < 𝑄2 < 𝑄4 < · · · ,
so that, on the right-hand side of

𝑃𝑛

𝑄𝑛
=

1
𝑄0𝑄1

− 1
𝑄1𝑄2

+ 1
𝑄2𝑄3

+ · · · + (−1)𝑛−1

𝑄𝑛−1𝑄𝑛
,

the terms decrease in magnitude.
It follows that the convergents of odd order decrease, without ever becoming

smaller than any convergent of even order. The convergents of even order increase,
without ever exceeding any convergent of odd order. Thus the convergents of odd
order always tend to a finite limit, and the same is true of the convergents of even
order:

lim
𝑛→∞

𝑃2𝑛+1
𝑄2𝑛+1

= 𝐿1, lim
𝑛→∞

𝑃2𝑛
𝑄2𝑛

= 𝐿, 𝐿1 ≥ 𝐿.

If the increasing quantity 𝑄𝑛−1𝑄𝑛 increases beyond every bound, then

𝐿1 = 𝐿;

if, on the contrary, 𝑄𝑛−1𝑄𝑛 tends to a limit 𝜆, then

𝐿1 = 𝐿 + 1
𝜆
.

Now it is readily seen that 𝑄2𝑛 > 1; hence

𝑄2𝑛+1 = 𝑎2𝑛+1𝑄2𝑛 +𝑄2𝑛−1 > 𝑄2𝑛−1 + 𝑎2𝑛+1,

and therefore
𝑄2𝑛+1 > 𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1.
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Next one obtains

𝑄2𝑛 = 𝑎2𝑛𝑄2𝑛−1 +𝑄2𝑛−2 > 𝑄2𝑛−2 + 𝑎1𝑎2𝑛 ,

whence
𝑄2𝑛 > 𝑎1(𝑎2 + 𝑎4 + · · · + 𝑎2𝑛).

Consequently, if the series
∞∑
𝑛=1

𝑎𝑛

diverges, at least one of the quantities 𝑄2𝑛 , 𝑄2𝑛+1 increases beyond every bound,
and

𝐿1 = 𝐿.

In this case we shall say that the continued fraction is convergent.
On the other hand, since

𝑄𝑛 = 𝑎𝑛𝑄𝑛−1 +𝑄𝑛−2,

we infer that

𝑄𝑛−1 +𝑄𝑛 = (1 + 𝑎𝑛)𝑄𝑛−1 +𝑄𝑛−2 < (1 + 𝑎𝑛)(𝑄𝑛−2 +𝑄𝑛−1),
and therefore

𝑄𝑛−1 +𝑄𝑛 < (1 + 𝑎1)(1 + 𝑎2) · · · (1 + 𝑎𝑛).
Now, if the series

∑∞
𝑛=1 𝑎𝑛 converges, the product

(1 + 𝑎1)(1 + 𝑎2)(1 + 𝑎3) · · ·
also converges and does not increase beyond a finite bound. In this case, therefore,
𝑄2𝑛 and 𝑄2𝑛+1 also tend to finite limits, and

𝐿1 > 𝐿.

The continued fraction is then oscillatory. If, in this case, we put

𝑠 =
∞∑
𝑛=1

𝑎𝑛 ,

then
𝑄𝑛−1 +𝑄𝑛 < 𝑒 𝑠 , 𝑄𝑛−1𝑄𝑛 <

1
4
𝑒2𝑠 , 𝐿1 − 𝐿 > 4𝑒−2𝑠 .
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The propositions concerning the convergence and oscillation of the continued
fraction were obtained long ago by Mr. Stern (Crelle’s Journal, vol. 37) [2].

In the oscillatory case we have just seen that𝑄2𝑛 and𝑄2𝑛+1 tend to finite limits;
it is clear that the same is true of 𝑃2𝑛 and 𝑃2𝑛+1.

14. Suppose now that 𝑧 = 𝑥 is real and positive. From what precedes we have

lim
𝑛→∞

𝑃2𝑛+1(𝑥)
𝑄2𝑛+1(𝑥) = 𝐹1(𝑥), lim

𝑛→∞
𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) = 𝐹(𝑥), 𝐹1(𝑥) ≥ 𝐹(𝑥).

There will be oscillation or convergence according as the series

𝑎1𝑥 + 𝑎2 + 𝑎3𝑥 + 𝑎4 + · · ·
converges or diverges. But it is clear that this does not depend in any way on the
particular value of 𝑥, and we reach the following conclusion: if the series

∞∑
𝑛=1

𝑎𝑛

converges, the continued fraction is oscillatory for every positive value of 𝑥, and

𝐹1(𝑥) > 𝐹(𝑥);
if, on the contrary, the series diverges, the continued fraction converges, and

𝐹1(𝑥) = 𝐹(𝑥) = lim
𝑛→∞

𝑃𝑛(𝑥)
𝑄𝑛(𝑥) .

15. Let us pass to imaginary values of 𝑧. In order to study separately the conver-
gents of even order and those of odd order, we observe that

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑎2
𝑄0(𝑧)𝑄2(𝑧) +

𝑎4
𝑄2(𝑧)𝑄4(𝑧) + · · · + 𝑎2𝑛

𝑄2𝑛−2(𝑧)𝑄2𝑛(𝑧) ,
𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) =

1
𝑎1𝑧

− 𝑎3𝑧
𝑄1(𝑧)𝑄3(𝑧) −

𝑎5𝑧
𝑄3(𝑧)𝑄5(𝑧) − · · · − 𝑎2𝑛+1𝑧

𝑄2𝑛−1(𝑧)𝑄2𝑛+1(𝑧) .

Thus it is a matter of studying the convergence of the series

∞∑
𝑘=1

𝑎2𝑘
𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧) , (1)
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and
1
𝑎1𝑧

−
∞∑
𝑘=1

𝑎2𝑘+1𝑧
𝑄2𝑘−1(𝑧)𝑄2𝑘+1(𝑧) . (2)

Suppose 𝑧 = 𝑥 + 𝑦𝑖, the real part of 𝑧 being positive, and consider any domain
𝑆 in which 𝑥 has a positive lower bound 𝜆. I say that in this domain the series (1)
converges uniformly; indeed,�����𝑛+𝑛′∑

𝑘=𝑛

𝑎2𝑘
𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)

����� < 𝑛+𝑛′∑
𝑘=𝑛

𝑎2𝑘
|𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)| .

Now it is clear that

𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧) = 𝐶(𝑧 + 𝛼1)(𝑧 + 𝛼2) · · · (𝑧 + 𝛼2𝑘−1),
where 𝐶, 𝛼1, 𝛼2, . . . , 𝛼2𝑘−1 are positive constants. For 𝑧 = 𝑥 + 𝑦𝑖, with 𝑥 positive,
we plainly have

|𝑧 + 𝛼𝑖 | > 𝑥 + 𝛼𝑖 ,

and hence
|𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)| > 𝑄2𝑘−2(𝑥)𝑄2𝑘(𝑥).

Since 𝑥 ≥ 𝜆, still more

|𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)| > 𝑄2𝑘−2(𝜆)𝑄2𝑘(𝜆);
therefore �����𝑛+𝑛′∑

𝑘=𝑛

𝑎2𝑘
𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)

����� < 𝑛+𝑛′∑
𝑘=𝑛

𝑎2𝑘
𝑄2𝑘−2(𝜆)𝑄2𝑘(𝜆) .

But the series ∞∑
𝑘=1

𝑎2𝑘
𝑄2𝑘−2(𝜆)𝑄2𝑘(𝜆) = 𝐹(𝜆) = lim

𝑛→∞
𝑃2𝑛(𝜆)
𝑄2𝑛(𝜆)

converges; consequently one can determine a number 𝜈 such that, for 𝑛 ≥ 𝜈,
𝑛+𝑛′∑
𝑘=𝑛

𝑎2𝑘
𝑄2𝑘−2(𝜆)𝑄2𝑘(𝜆) < 𝜀,

whatever 𝑛′ may be, 𝜀 being as small as desired. For the same values of 𝑛, there-
fore, �����𝑛+𝑛′∑

𝑘=𝑛

𝑎2𝑘
𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)

����� < 𝜀.
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Since 𝑧 is any point of the domain 𝑆, this proves that the series (1) converges
uniformly in 𝑆. Since, moreover, the terms of this series are holomorphic in 𝑆, it
follows from a familiar theorem that

𝐹(𝑧) =
∞∑
𝑘=1

𝑎2𝑘
𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧) = lim

𝑛→∞
𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧)

is also holomorphic in 𝑆.
It is readily seen that the same arguments apply, with scarcely any change, to

the series (2); it will suffice to state the following result. The series

𝐹1(𝑧) = 1
𝑎1𝑧

−
∞∑
𝑘=1

𝑎2𝑘+1𝑧
𝑄2𝑘−1(𝑧)𝑄2𝑘+1(𝑧) = lim

𝑛→∞
𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧)

converges uniformly in 𝑆, and 𝐹1(𝑧) is holomorphic in the same domain.
Thus, throughout the part of the plane in which the real part of 𝑧 is positive,

lim
𝑛→∞

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) = 𝐹(𝑧), lim

𝑛→∞
𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) = 𝐹1(𝑧),

where 𝐹(𝑧), 𝐹1(𝑧) are holomorphic functions. These functions are not identical
when

∑∞
𝑛=1 𝑎𝑛 converges; they are identical when this series diverges. Suppose

𝑧 = 𝑥 is real and positive, and let 𝑥 tend to zero. From the series expressions for
𝐹(𝑥), 𝐹1(𝑥) we readily obtain

lim
𝑥→0

𝐹(𝑥) = 𝑎2 + 𝑎4 + 𝑎6 + · · · , lim
𝑥→0

𝑥𝐹1(𝑥) = 1
𝑎1 + 𝑎3 + 𝑎5 + · · · .

If the series
∑

𝑎2𝑛 diverges, 𝐹(𝑥) increases beyond every bound. If the series∑
𝑎2𝑛−1 diverges, 𝑥𝐹1(𝑥) tends to zero.
Observe that

𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) =

𝑛∑
𝑘=1

𝑀𝑘

𝑥 + 𝑥𝑘

=
𝑛∑

𝑘=1

{
𝑀𝑘

𝑥
− 𝑀𝑘𝑥𝑘

𝑥2 + · · · + (−1)𝑝−1𝑀𝑘𝑥
𝑝−1
𝑘

𝑥𝑝
+ (−1)𝑝 𝑀𝑘𝑥

𝑝
𝑘

𝑥𝑝(𝑥 + 𝑥𝑘)

}
,

and hence

𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) =

𝑐0
𝑥

− 𝑐1
𝑥2 + · · · + (−1)𝑝−1 𝑐𝑝−1

𝑥𝑝
+ (−1)𝑝 𝜉𝑐𝑝

𝑥𝑝+1 , 0 < 𝜉 < 1.
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We shall therefore also have

𝐹(𝑥) = 𝑐0
𝑥

− 𝑐1
𝑥2 + · · · + (−1)𝑝−1 𝑐𝑝−1

𝑥𝑝
+ (−1)𝑝 𝜉𝑐𝑝

𝑥𝑝+1 , 0 < 𝜉 < 1,

and similarly

𝐹1(𝑥) = 𝑐0
𝑥

− 𝑐1
𝑥2 + · · · + (−1)𝑝−1 𝑐𝑝−1

𝑥𝑝
+ (−1)𝑝 𝜉

′𝑐𝑝
𝑥𝑝+1 , 0 < 𝜉′ < 1.

16. It remains to extend these results to the case where the real part of 𝑧 is nega-
tive. This is readily donewith the aid of a proposition from the theory of functions
which we shall establish later. Before undertaking that study, however, we shall
examine the case in which the series

∑∞
𝑛=1 𝑎𝑛 converges. This case can be treated

by a special method, owing to the circumstance that the polynomials

𝑃2𝑛(𝑥), 𝑄2𝑛(𝑥), 𝑃2𝑛+1(𝑥), 𝑄2𝑛+1(𝑥)
tend to finite limits.
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Chapter IV
Study of the Case Where the Series

∑
𝑎𝑛 Is Convergent

17. We have identically

𝑃2𝑛(𝑧) =
𝑛∑

𝑘=1
𝑎2𝑘𝑃2𝑘−1(𝑧),

𝑄2𝑛(𝑧) = 1 +
𝑛∑

𝑘=1
𝑎2𝑘𝑄2𝑘−1(𝑧),

𝑃2𝑛+1(𝑧) = 1 +
𝑛∑

𝑘=1
𝑎2𝑘+1𝑧𝑃2𝑘(𝑧),

𝑄2𝑛+1(𝑧) =
𝑛∑

𝑘=0
𝑎2𝑘+1𝑧𝑄2𝑘(𝑧).

Consequently, assuming that the series

∞∑
𝑛=1

𝑎𝑛

converges, the series

∞∑
𝑘=1

𝑎2𝑘𝑃2𝑘−1(𝑧), 1 +
∞∑
𝑘=1

𝑎2𝑘𝑄2𝑘−1(𝑧),

1 +
∞∑
𝑘=1

𝑎2𝑘+1𝑧𝑃2𝑘(𝑧),
∞∑
𝑘=0

𝑎2𝑘+1𝑧𝑄2𝑘(𝑧)

converge when 𝑧 is real and positive.
Consider any domain 𝑆 in which the modulus of 𝑧 has a finite upper bound 𝜆.

I say that the preceding series converge uniformly in 𝑆; and, since their terms are
holomorphic there, it follows that they represent holomorphic functions in 𝑆. It
will suffice to consider the first series. We have�����𝑛+𝑛′∑

𝑘=𝑛

𝑎2𝑘𝑃2𝑘−1(𝑧)
����� < 𝑛+𝑛′∑

𝑘=𝑛

𝑎2𝑘 |𝑃2𝑘−1(𝑧)|.
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Now 𝑃2𝑘−1(𝑧) is a polynomial with positive coefficients; hence

|𝑃2𝑘−1(𝑧)| < 𝑃2𝑘−1(|𝑧|) ≤ 𝑃2𝑘−1(𝜆),
since |𝑧| ≤ 𝜆, and therefore�����𝑛+𝑛′∑

𝑘=𝑛

𝑎2𝑘𝑃2𝑘−1(𝑧)
����� < 𝑛+𝑛′∑

𝑘=𝑛

𝑎2𝑘𝑃2𝑘−1(𝜆).

Since the series ∞∑
𝑘=1

𝑎2𝑘𝑃2𝑘−1(𝜆)

converges, one can determine a number 𝜈 such that, for 𝑛 ≥ 𝜈,
𝑛+𝑛′∑
𝑘=𝑛

𝑎2𝑘𝑃2𝑘−1(𝜆) < 𝜀,

whatever 𝑛′ may be, with 𝜀 as small as desired. For the same values of 𝑛, therefore,�����𝑛+𝑛′∑
𝑘=𝑛

𝑎2𝑘𝑃2𝑘−1(𝑧)
����� < 𝜀,

and, since 𝑧 is any point of the domain 𝑆, this proves that the series under consid-
eration converges uniformly in 𝑆.

It follows that

𝑝(𝑧) =
∞∑
𝑘=1

𝑎2𝑘𝑃2𝑘−1(𝑧) = lim
𝑛→∞𝑃2𝑛(𝑧),

𝑞(𝑧) = 1 +
∞∑
𝑘=1

𝑎2𝑘𝑄2𝑘−1(𝑧) = lim
𝑛→∞𝑄2𝑛(𝑧),

𝑝1(𝑧) = 1 +
∞∑
𝑘=1

𝑎2𝑘+1𝑧𝑃2𝑘(𝑧) = lim
𝑛→∞𝑃2𝑛+1(𝑧),

𝑞1(𝑧) =
∞∑
𝑘=0

𝑎2𝑘+1𝑧𝑄2𝑘(𝑧) = lim
𝑛→∞𝑄2𝑛+1(𝑧),

the four functions 𝑝(𝑧), 𝑞(𝑧), 𝑝1(𝑧), 𝑞1(𝑧) being holomorphic throughout the plane.
They are plainly connected by the relation

𝑝1(𝑧)𝑞(𝑧) − 𝑝(𝑧)𝑞1(𝑧) = 1.
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18. It is clear from what precedes that the series

∞∑
𝑘=1

𝑎2𝑘𝑃2𝑘−1(𝑧)

is absolutely convergent, and even that the new series obtained by replacing
𝑃2𝑘−1(𝑧) by its expression as a polynomial in 𝑧 is absolutely convergent. In the
new series it is therefore permissible to arrange the terms according to the powers
of 𝑧, giving

𝑝(𝑧) =
∞∑
𝑘=0

𝛼𝑘𝑧𝑘 ,

and the coefficient 𝛼𝑘 is the limit of the coefficient 𝔄𝑘 of 𝑧𝑘 in 𝑃2𝑛(𝑧) (§ 2). The
same conclusions plainly apply to 𝑞(𝑧), 𝑝1(𝑧), 𝑞1(𝑧).

We have just seen that 𝑃2𝑛(𝑧) tends uniformly to 𝑝(𝑧), and it is clear that 𝑝(𝑧) is
a continuous function of 𝑧. We may conclude that if

𝑧1, 𝑧2, 𝑧3, . . .

is an infinite sequence of numbers and lim 𝑧𝑛 = 𝑍 as 𝑛 → ∞, then also

lim
𝑛→∞𝑃2𝑛(𝑧𝑛) = 𝑝(𝑍).

Indeed, surround the limiting point 𝑍, assumed finite, by a circle 𝐶. From some
𝑛 ≥ 𝜈 onward, 𝑧𝑛 lies inside the circle; and, by uniform convergence,

|𝑃2𝑛(𝑧) − 𝑝(𝑧)| < 𝜀 (1)

for 𝑛 ≥ 𝜈′, where 𝑧 is any point inside 𝐶. On the other hand, since 𝑧𝑛 tends to 𝑍,
we also have

|𝑝(𝑧𝑛) − 𝑝(𝑍)| < 𝜀

from some 𝑛 ≥ 𝜈′′ onward. Now

|𝑃2𝑛(𝑧𝑛) − 𝑝(𝑍)| < |𝑃2𝑛(𝑧𝑛) − 𝑝(𝑧𝑛)| + |𝑝(𝑧𝑛) − 𝑝(𝑍)|,
and in (1) it is permissible to replace 𝑧 by 𝑧𝑛. Consequently

|𝑃2𝑛(𝑧𝑛) − 𝑝(𝑍)| < 2𝜀

for 𝑛 ≥ 𝑁 , where 𝑁 is the largest of 𝜈, 𝜈′, 𝜈′′.
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Finally, by considering the series

𝑝(𝑧 + ℎ) =
∞∑
𝑘=1

𝑎2𝑘𝑃2𝑘−1(𝑧 + ℎ),

one readily finds that its right-hand sidemay be arranged according to the powers
of ℎ, and hence that the series

𝑝(𝑧) =
∞∑
𝑘=1

𝑎2𝑘𝑃2𝑘−1(𝑧)

may be differentiated as many times as desired. Thus

𝑝′(𝑧) = lim
𝑛→∞𝑃′

2𝑛(𝑧),

and the convergence of 𝑃′
2𝑛(𝑧) to 𝑝′(𝑧) is uniform in every domain 𝑆 in which |𝑧|

is bounded. If lim 𝑧𝑛 = 𝑍, then also

lim
𝑛→∞𝑃′

2𝑛(𝑧𝑛) = 𝑝′(𝑍).

19. We shall now obtain the functions 𝑝(𝑧), etc., in the form of infinite products,
confining ourselves to the development of the argument in the case

𝑞(𝑧) = lim
𝑛→∞𝑄2𝑛(𝑧).

The polynomials 𝑃 do not differ essentially from the polynomials 𝑄. We have
already observed at the end of § 3 that

𝑃2𝑛(𝑧) = 1
𝑧
𝑄1

2𝑛−1(𝑧), 𝑃2𝑛+1(𝑧) = 𝑄1
2𝑛(𝑧),

and it will therefore be easy to extend to 𝑝(𝑧), 𝑝1(𝑧), 𝑞1(𝑧) the result that we shall
establish for 𝑞(𝑧). We have

𝑄2𝑛(𝑧) =
(
1 + 𝑧

𝑥1

) (
1 + 𝑧

𝑥2

)
· · ·

(
1 + 𝑧

𝑥𝑛

)
.

We suppose the 𝑥𝑘 arranged in increasing order of magnitude. Then

1
𝑥1

+ 1
𝑥2

+ · · · + 1
𝑥𝑛

= 𝔅1 < 𝛽1,



38

where 𝛽1 is the coefficient of 𝑧 in the expansion

𝑞(𝑧) =
∞∑
𝑘=0

𝛽𝑘𝑧𝑘 .

When 𝑛 is replaced by 𝑛 + 1, we know that 𝑥1, 𝑥2, . . . , 𝑥𝑘 decrease; but clearly we
shall always have

𝑥𝑘 >
1
𝛽1

.

Consequently, as 𝑛 → ∞, 𝑥𝑘 tends to a positive limit, which we denote by 𝜆𝑘 , and

𝜆1 ≤ 𝜆2 ≤ 𝜆3 ≤ 𝜆4 ≤ · · · .
I first claim that the series

1
𝜆1

+ 1
𝜆2

+ 1
𝜆3

+ · · ·

converges. Indeed, let 𝑘 be any finite number. On taking 𝑛 > 𝑘, we have

1
𝜆1

+ 1
𝜆2

+ · · · + 1
𝜆𝑘

>
1
𝑥1

+ 1
𝑥2

+ · · · + 1
𝑥𝑘

,

since 𝑥𝑖 always decreases toward 𝜆𝑖. But, on the other hand, since 𝜆𝑖 is the limit
of 𝑥𝑖, we may suppose 𝑛 so large that the difference(

1
𝜆1

+ · · · + 1
𝜆𝑘

)
−

(
1
𝑥1

+ · · · + 1
𝑥𝑘

)
is less than 𝜀. Then

1
𝜆1

+ · · · + 1
𝜆𝑘

<
1
𝑥1

+ · · · + 1
𝑥𝑘

+ 𝜀 <
1
𝑥1

+ · · · + 1
𝑥𝑛

+ 𝜀,

and therefore
1
𝜆1

+ 1
𝜆2

+ · · · + 1
𝜆𝑘

< 𝛽1 + 𝜀.

This proves that the series
∑∞

𝑘=1 1/𝜆𝑘 converges and that its sum cannot exceed
𝛽1.

Since 𝑥𝑘 tends to 𝜆𝑘 , we have

lim
𝑛→∞𝑄2𝑛(−𝑥𝑘) = 0 = 𝑞(−𝜆𝑘);
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the 𝜆𝑘 are zeros of the function 𝑞(−𝑧).

20. Can several of the 𝜆’s be equal? Suppose, for example, that

𝜆𝑘+1 = 𝜆𝑘+2 = · · · = 𝜆𝑘+𝑖 ,

with 𝜆𝑘 < 𝜆𝑘+1 and 𝜆𝑘+𝑖+1 > 𝜆𝑘+𝑖. First, 𝑖 must necessarily be finite, since the
series

∑∞
𝑘=1 1/𝜆𝑘 converges. Next we may take 𝑛 so large that

𝑥1, . . . , 𝑥𝑘 , 𝑥𝑘+1, . . . , 𝑥𝑘+𝑖 , 𝑥𝑘+𝑖+1

differ as little as desired from their limits

𝜆1, . . . ,𝜆𝑘 ,𝜆𝑘+1, . . . ,𝜆𝑘+𝑖 ,𝜆𝑘+𝑖+1.

We may therefore suppose that

𝑥𝑘+1, 𝑥𝑘+2, . . . , 𝑥𝑘+𝑖

all lie in the interval (𝜆𝑘+1,𝜆𝑘+𝑖+1).
We can then find a number 𝑛′ such that the roots

𝑥′𝑘+1, 𝑥
′
𝑘+2, . . . , 𝑥

′
𝑘+𝑖

of
𝑄2𝑛+2𝑛′(−𝑧) = 0

all lie in the interval (𝜆𝑘+1, 𝑥𝑘+1), while 𝑥′𝑘+𝑖+1 remains greater than 𝜆𝑘+𝑖+1.
In this way we see that the interval

(𝑥′𝑘+𝑖 , 𝑥′𝑘+𝑖+1)
between two consecutive roots of 𝑄2𝑛+2𝑛′(−𝑧) = 0 contains the roots

𝑥𝑘+1, 𝑥𝑘+2, . . . , 𝑥𝑘+𝑖

of 𝑄2𝑛(−𝑧) = 0. But we saw in § 5 that, in the interval between two consecutive
roots of

𝑄2𝑛+2𝑛′(−𝑧) = 0,

there lies either one root of 𝑄2𝑛(−𝑧) = 0, or one root of

𝑃2𝑛
2𝑛′(−𝑧) = 0.
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We must therefore have 𝑖 = 1; that is, no two of the numbers

𝜆1,𝜆2,𝜆3, . . .

are equal.

21. Let 𝜀 be an arbitrarily small positive number. Since the product

𝒫 =
∞∏
𝑘=1

(
1 + 𝑧

𝜆𝑘

)
(1)

converges for every finite value of 𝑧, it is possible to determine a number 𝑚 such
that ����� ∞∏

𝑘=𝑚+1

(
1 + |𝑧|

𝜆𝑘

)
− 1

����� < 𝜀.

Here 𝑧 is supposed to have some fixed finite value. Put

𝑀 =
∞∏
𝑘=1

(
1 + |𝑧|

𝜆𝑘

)
.

It is clear that ����� 𝑚∏
𝑘=1

(
1 + 𝑧

𝜆𝑘

)����� < 𝑀,

and also ����� ∞∏
𝑘=𝑚+1

(
1 + 𝑧

𝜆𝑘

)
− 1

����� < 𝜀.

Since

𝒫 =
𝑚∏
𝑘=1

(
1 + 𝑧

𝜆𝑘

) ∞∏
𝑘=𝑚+1

(
1 + 𝑧

𝜆𝑘

)
,

we readily infer

𝒫 =
𝑚∏
𝑘=1

(
1 + 𝑧

𝜆𝑘

)
+ 𝑀𝜀′, |𝜀′| < 𝜀. (2)

On the other hand, for 𝑛 > 𝑚, consider the expression

𝑄2𝑛(𝑧) =
𝑚∏
𝑘=1

(
1 + 𝑧

𝑥𝑘

) 𝑛∏
𝑘=𝑚+1

(
1 + 𝑧

𝑥𝑘

)
.
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Clearly we again have����� 𝑚∏
𝑘=1

(
1 + 𝑧

𝑥𝑘

)����� < 𝑀,

����� 𝑛∏
𝑘=𝑚+1

(
1 + 𝑧

𝑥𝑘

)
− 1

����� < 𝜀,

whence

𝑄2𝑛(𝑧) =
𝑚∏
𝑘=1

(
1 + 𝑧

𝑥𝑘

)
+ 𝑀𝜀′′, |𝜀′′| < 𝜀. (3)

As 𝑛 increases indefinitely,

𝑚∏
𝑘=1

(
1 + 𝑧

𝑥𝑘

)
tends to

𝑚∏
𝑘=1

(
1 + 𝑧

𝜆𝑘

)
.

Comparison of (2) and (3) therefore shows that

lim
𝑛→∞𝑄2𝑛(𝑧) = 𝒫 ;

that is, the holomorphic function 𝑞(𝑧) may be written

𝑞(𝑧) =
∞∏
𝑘=1

(
1 + 𝑧

𝜆𝑘

)
.

Thus 𝑞(𝑧) is of genus zero and has no zeros other than the −𝜆𝑘 , which are simple
zeros. Entirely similar conclusions hold for 𝑝(𝑧), 𝑝1(𝑧), 𝑞1(𝑧).

22. For every value of 𝑧 which does not annul 𝑞(𝑧) or 𝑞1(𝑧), we have

lim
𝑛→∞

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑝(𝑧)
𝑞(𝑧) , lim

𝑛→∞
𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) =

𝑝1(𝑧)
𝑞1(𝑧) .

We shall obtain these limits also in the form of a series of simple fractions. For this
purpose consider the partial-fraction decomposition

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑀1
𝑧 + 𝑥1

+ 𝑀2
𝑧 + 𝑥2

+ · · · + 𝑀𝑛

𝑧 + 𝑥𝑛
, 𝑀𝑘 =

𝑃2𝑛(−𝑥𝑘)
𝑄′

2𝑛(−𝑥𝑘)
.

As 𝑛 → ∞, 𝑥𝑘 tends to 𝜆𝑘 , and hence 𝑀𝑘 also tends to a finite limit 𝜇𝑘 ≥ 0, where

𝜇𝑘 =
𝑝(−𝜆𝑘)
𝑞′(−𝜆𝑘) .
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It is clear that 𝜇𝑘 is positive, since, by the relation

𝑝1(𝑧)𝑞(𝑧) − 𝑝(𝑧)𝑞1(𝑧) = 1,

the functions 𝑝(𝑧) and 𝑞(𝑧) cannot vanish for the same value 𝑧 = −𝜆𝑘 .
The series

𝜇1 + 𝜇2 + 𝜇3 + · · ·
converges. Indeed, on taking 𝑛 sufficiently large,

𝜇1 + 𝜇2 + · · · + 𝜇𝑘

differs as little as desired from

𝑀1 + 𝑀2 + · · · + 𝑀𝑘;

hence
𝜇1 + · · · + 𝜇𝑘 < 𝑀1 + 𝑀2 + · · · + 𝑀𝑘 + 𝜀,

and
𝜇1 + · · · + 𝜇𝑘 < 𝑀1 + · · · + 𝑀𝑛 + 𝜀 =

1
𝑎1

+ 𝜀.

It follows that
∑∞

𝑘=1 𝜇𝑘 converges and that its sum cannot exceed 1/𝑎1.
Since the numbers 𝜆1,𝜆2,𝜆3, . . . increase beyond every bound, it is clear that

the series

𝑠 =
∞∑
𝑘=1

𝜇𝑘

𝑧 + 𝜆𝑘

defines a meromorphic function throughout the plane.
Let 𝜀 be an arbitrarily small positive number. Since 𝜆𝑘 increases beyond every

bound, we can find an integer 𝑚 such that

𝜆𝑚+1 − |𝑧| > 1
𝜀
,

and then, a fortiori,

𝜆𝑚+𝑖 − |𝑧| > 1
𝜀

(𝑖 = 1, 2, 3, . . .).

It follows that

|𝜆𝑚+𝑖 + 𝑧| > 𝜆𝑚+𝑖 − |𝑧| > 1
𝜀
,

1
|𝜆𝑚+𝑖 + 𝑧| < 𝜀 (𝑖 = 1, 2, 3, . . .).
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Writing

𝑠 =
𝑚∑
𝑘=1

𝜇𝑘

𝑧 + 𝜆𝑘
+

∞∑
𝑘=𝑚+1

𝜇𝑘

𝑧 + 𝜆𝑘
,

we have ����� ∞∑
𝑘=𝑚+1

𝜇𝑘

𝑧 + 𝜆𝑘

����� < ∞∑
𝑘=𝑚+1

𝜇𝑘

|𝑧 + 𝜆𝑘 | < 𝜀
∞∑

𝑘=𝑚+1
𝜇𝑘 <

𝜀
𝑎1

,

and hence

𝑠 =
𝑚∑
𝑘=1

𝜇𝑘

𝑧 + 𝜆𝑘
+ 𝜀′

𝑎1
, |𝜀′| < 𝜀. (4)

On the other hand,

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑚∑
𝑘=1

𝑀𝑘

𝑧 + 𝑥𝑘
+

𝑛∑
𝑘=𝑚+1

𝑀𝑘

𝑧 + 𝑥𝑘
,

and, remembering that 𝑥𝑘 > 𝜆𝑘 , we conclude����� 𝑛∑
𝑘=𝑚+1

𝑀𝑘

𝑧 + 𝑥𝑘

����� < 𝑛∑
𝑘=𝑚+1

𝑀𝑘

|𝑧 + 𝑥𝑘 | < 𝜀
𝑛∑

𝑘=𝑚+1
𝑀𝑘 <

𝜀
𝑎1
.

Thus
𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑚∑
𝑘=1

𝑀𝑘

𝑧 + 𝑥𝑘
+ 𝜀′′

𝑎1
, |𝜀′′| < 𝜀. (5)

Now, as 𝑛 → ∞,

lim
𝑛→∞

𝑚∑
𝑘=1

𝑀𝑘

𝑧 + 𝑥𝑘
=

𝑚∑
𝑘=1

𝜇𝑘

𝑧 + 𝜆𝑘
,

and comparison of (4) and (5) therefore gives

lim
𝑛→∞

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑝(𝑧)
𝑞(𝑧) = 𝑠. Q.E.D.

23. We have just seen that the series
∑∞

𝑘=1 𝜇𝑘 converges. More generally,
∞∑
𝑘=1

𝜇𝑘𝜆
𝑖
𝑘 = 𝑐𝑖 (𝑖 = 0, 1, 2, 3, . . .).

First, the series in question does converge, for the sum

𝜇1𝜆
𝑖
1 + 𝜇2𝜆

𝑖
2 + · · · + 𝜇𝑘𝜆

𝑖
𝑘
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differs as little as desired from

𝑀1𝑥 𝑖1 + 𝑀2𝑥 𝑖2 + · · · + 𝑀𝑘𝑥 𝑖𝑘;

consequently it is less than

𝑀1𝑥 𝑖1 + · · · + 𝑀𝑘𝑥 𝑖𝑘 + 𝜀,

and, a fortiori, less than 𝑐𝑖 + 𝜀, since

𝑐𝑖 =
𝑛∑

𝑘=1
𝑀𝑘𝑥 𝑖𝑘 .

Put, then,

𝜎 =
∞∑
𝑘=1

𝜇𝑘𝜆
𝑖
𝑘 .

We have 𝜎 ≤ 𝑐𝑖. Choose 𝑚 such that
𝑐𝑖+1
𝜆𝑚+1

< 𝜀.

Then

𝜎 =
𝑚∑
𝑘=1

𝜇𝑘𝜆
𝑖
𝑘 + 𝜀′, 0 ≤ 𝜀′ < 𝜀. (6)

Indeed,
∞∑

𝑘=𝑚+1
𝜇𝑘𝜆

𝑖
𝑘 <

1
𝜆𝑚+1

∞∑
𝑘=𝑚+1

𝜇𝑘𝜆
𝑖+1
𝑘 <

1
𝜆𝑚+1

∞∑
𝑘=1

𝜇𝑘𝜆
𝑖+1
𝑘 ≤ 𝑐𝑖+1

𝜆𝑚+1
< 𝜀.

On the other hand,

𝑐𝑖 =
𝑚∑
𝑘=1

𝑀𝑘𝑥 𝑖𝑘 +
𝑛∑

𝑘=𝑚+1
𝑀𝑘𝑥 𝑖𝑘 ,

and clearly
𝑛∑

𝑘=𝑚+1
𝑀𝑘𝑥 𝑖𝑘 <

1
𝑥𝑚+1

𝑛∑
𝑘=𝑚+1

𝑀𝑘𝑥 𝑖+1
𝑘 <

𝑐𝑖+1
𝜆𝑚+1

< 𝜀.

Thus

𝑐𝑖 =
𝑚∑
𝑘=1

𝑀𝑘𝑥 𝑖𝑘 + 𝜀′′, 0 ≤ 𝜀′′ < 𝜀. (7)
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As 𝑛 → ∞,

lim
𝑛→∞

𝑚∑
𝑘=1

𝑀𝑘𝑥 𝑖𝑘 =
𝑚∑
𝑘=1

𝜇𝑘𝜆
𝑖
𝑘 .

Comparison of (6) and (7) therefore gives

𝜎 = 𝑐𝑖 . Q.E.D.

24. It will suffice to state the analogous conclusions obtained by studying the
formula

𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) =

𝑁0
𝑧

+ 𝑁1
𝑧 + 𝑥1

+ · · · + 𝑁𝑛

𝑧 + 𝑥𝑛
as 𝑛 → ∞. We have

𝜈𝑘 = lim
𝑛→∞𝑁𝑘 (𝑘 = 0, 1, 2, 3, . . .), 𝜃𝑘 = lim

𝑛→∞ 𝑥𝑘 (𝑘 = 1, 2, 3, . . .),

lim
𝑛→∞

𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) =

𝑝1(𝑧)
𝑞1(𝑧) =

𝜈0
𝑧

+
∞∑
𝑘=1

𝜈𝑘
𝑧 + 𝜃𝑘

,

𝑐0 =
∞∑
𝑘=0

𝜈𝑘 , 𝑐𝑖 =
∞∑
𝑘=1

𝜈𝑘𝜃
𝑖
𝑘 (𝑖 = 1, 2, 3, . . .).

Consider a positive distribution ofmass on an infinite straight line𝑂𝑋 . . ., with
the mass 𝑚𝑖 concentrated at distance 𝜉𝑖 from the origin 𝑂. The sum∑

𝑖

𝑚𝑖𝜉
𝑘
𝑖

may be called the moment of order 𝑘 of the mass with respect to the origin. It
follows from the preceding formulas that the system of masses

(𝜇𝑖 ,𝜆𝑖) (𝑖 = 1, 2, 3, . . .)
has moment of order 𝑘 equal to 𝑐𝑘 (𝑘 = 0, 1, 2, 3, . . .). Similarly, the system of
masses

(𝜈𝑖 , 𝜃𝑖) (𝑖 = 0, 1, 2, 3, . . .),
where 𝜃0 = 0, has the same moments 𝑐𝑘 .

We shall call the following problem the moment problem:

Find a positive distribution of mass on a straight line (𝑂∞), the moments of
order 𝑘, 𝑘 = 0, 1, 2, 3, . . ., being given.



46

Denote these moments by 𝑐𝑘 , and observe first that the data of the problem must
satisfy certain inequalities. Indeed, suppose that it is possible to find 𝑚𝑖 , 𝜉𝑖 such
that

𝑐𝑘 =
∑
𝑖

𝑚𝑖𝜉
𝑘
𝑖 ;

it follows (see the end of § 8) that all the determinants���������
𝑐𝑝 𝑐𝑝+1 · · · 𝑐𝑝+𝑚−1
𝑐𝑝+1 𝑐𝑝+2 · · · 𝑐𝑝+𝑚
...

... . . . ...
𝑐𝑝+𝑚−1 𝑐𝑝+𝑚 · · · 𝑐𝑝+2𝑚−2

���������
must be positive, and in particular the determinants 𝐴𝑛 , 𝐵𝑛 of § 11. We conclude
that if the series

𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · ·

is expanded as a continued fraction, one must obtain a continued fraction of the
type studied here, with positive values of the 𝑎𝑖.

We shall distinguish two cases in the moment problem: the determinate case
and the indeterminate case.

The indeterminate case occurswhen the data 𝑐𝑘 are such that the series
∑∞

𝑛=1 𝑎𝑛
converges. The designation is readily justified: we have just seen that in this case
the problem has at least two solutions, one given by the system of masses (𝜇𝑖 ,𝜆𝑖),
the other by the system (𝜈𝑖 , 𝜃𝑖); and it is then easy to see that there are infinitely
many solutions. We shall show later that there are even always infinitely many
solutions in which the mass is distributed continuously along the axis, with a
finite density at every point.

The determinate case occurs when the series
∑∞

𝑛=1 𝑎𝑛 diverges. We shall show
that in this case the moment problem always has one and only one solution.
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Chapter V
On Some Theorems from the Theory of Functions, and Their

Application to the Theory of Our Continued Fraction

25. Let
𝑓1(𝑧), 𝑓2(𝑧), 𝑓3(𝑧), . . .

be an infinite sequence of analytic functions, all holomorphic in a circle 𝐶 drawn
about the origin with radius 𝑅. Thus

𝑓𝑘(𝑧) =
∞∑
𝑖=0

𝐴𝑘
𝑖 𝑧

𝑖 ,

these series converging as long as |𝑧| < 𝑅.
Consider the series ∞∑

𝑘=1
𝑓𝑘(𝑧).

We suppose it to converge uniformly for |𝑧| ≤ 𝑅1, that is, in the interior and on the
circumference of a circle 𝐶1 drawn about the origin with radius 𝑅1 < 𝑅.

Let 𝑅′ be a number less than 𝑅, but capable of differing from 𝑅 by as little as
desired. We further suppose that the modulus of the sum

𝑓1(𝑧) + 𝑓2(𝑧) + · · · + 𝑓𝑛(𝑧)
has an upper bound 𝐿, whatever 𝑛 may be and whatever value 𝑧 may have in
the interior or on the circumference of the circle 𝐶′ drawn about the origin with
radius 𝑅′. The finite number 𝐿may, of course, increase beyond every bound as 𝑅′
tends to 𝑅.

Under these conditions we shall prove the following theorem.
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Theorem. The series ∞∑
𝑘=1

𝑓𝑘(𝑧)

converges uniformly for |𝑧| ≤ 𝑅′.

By a familiar theorem of Mr. Weierstrass, which we have already applied more
than once (§ 15 and § 17), one may add that this series represents a holomorphic
function in the circle 𝐶. This will, moreover, also follow from our proof.

26. First recall the following lemma.

Lemma. If the series

𝑓 (𝑧) =
∞∑
𝑖=0

𝑎𝑖𝑧 𝑖

converges uniformly for |𝑧| = 𝑅, then

|𝑎𝑖 | < 𝑀
𝑅𝑖

,

where 𝑀 is the maximum of | 𝑓 (𝑧)| for |𝑧| = 𝑅.

It is well known that uniform convergence of the series for |𝑧| = 𝑅 is assured
when its radius of convergence exceeds 𝑅. We could also have considered a series

𝑓 (𝑧) =
∞∑

𝑖=−∞
𝑎𝑖𝑧 𝑖;

the bound
|𝑎𝑖 | < 𝑀

𝑅𝑖

then holds for positive as well as negative values of 𝑖.
The series

∑∞
𝑘=1 𝑓𝑘(𝑧) being uniformly convergent for |𝑧| ≤ 𝑅1, this means that,

given an arbitrarily small number 𝜀, it is possible to find an integer 𝑛 such that�����𝑛+𝑛′∑
𝑘=𝑛

𝑓𝑘(𝑧)
����� < 𝜀,

whatever 𝑛′ may be, for all values of 𝑧 whose modulus does not exceed 𝑅1.
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The sum
𝑛+𝑛′∑
𝑘=𝑛

𝑓𝑘(𝑧)

is a sum of a finite number of series
∞∑
𝑖=0

𝐴𝑘
𝑖 𝑧

𝑖 ,

all convergent in the circle 𝐶. It can therefore itself be put in the form of such a
series:

𝑛+𝑛′∑
𝑘=𝑛

𝑓𝑘(𝑧) =
∞∑
𝑖=0

𝑧 𝑖
(
𝑛+𝑛′∑
𝑘=𝑛

𝐴𝑘
𝑖

)
.

Applying the preceding lemma to this series, with |𝑧| = 𝑅1, gives�����𝑛+𝑛′∑
𝑘=𝑛

𝐴𝑘
𝑖

����� < 𝜀

𝑅𝑖
1
.

This bound shows that the series
∞∑
𝑘=1

𝐴𝑘
𝑖

converges; put

𝑐𝑖 =
∞∑
𝑘=1

𝐴𝑘
𝑖 .

27. In the interior or on the circumference of the circle 𝐶′, we have

| 𝑓1(𝑧) + 𝑓2(𝑧) + · · · + 𝑓𝑛(𝑧)| < 𝐿.

But this sum can again be put in the form of a series

∞∑
𝑖=0

𝑧 𝑖
(

𝑛∑
𝑘=1

𝐴𝑘
𝑖

)
,

convergent in the circle 𝐶. Applying the lemma for |𝑧| = 𝑅′, we obtain����� 𝑛∑
𝑘=1

𝐴𝑘
𝑖

����� < 𝐿
𝑅′𝑖 .
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This bound holds for every 𝑛. We already know that, as 𝑛 increases indefinitely,
𝑛∑

𝑘=1
𝐴𝑘

𝑖

tends to the finite limit 𝑐𝑖. It follows that

|𝑐𝑖 | ≤ 𝐿
𝑅′𝑖 ,

and hence the series

𝐹(𝑧) =
∞∑
𝑖=0

𝑐𝑖𝑧 𝑖

converges in the circle 𝐶, since it converges in the circle 𝐶′, which may be taken
to differ from 𝐶 by as little as desired.

28. Let 𝜀 be arbitrarily small. We have seen that one can determine a number 𝑛
such that �����𝑛+𝑛′∑

𝑘=𝑛

𝐴𝑘
𝑖

����� < 𝜀

𝑅𝑖
1
,

and hence also ����� ∞∑
𝑘=𝑛

𝐴𝑘
𝑖

����� ≤ 𝜀

𝑅𝑖
1
.

Since
∞∑

𝑘=𝑛+𝑛′+1
𝐴𝑘

𝑖 =
∞∑
𝑘=𝑛

𝐴𝑘
𝑖 −

𝑛+𝑛′∑
𝑘=𝑛

𝐴𝑘
𝑖 ,

we have ����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝜀
𝑅𝑖

1
.

We obtain another bound for the same expression by the following argument. By
hypothesis, ����� 𝑛+𝑛′+𝑛′′∑

𝑘=𝑛+𝑛′+1
𝑓𝑘(𝑧)

����� < 2𝐿

as long as |𝑧| ≤ 𝑅′. But
𝑛+𝑛′+𝑛′′∑
𝑘=𝑛+𝑛′+1

𝑓𝑘(𝑧) =
∞∑
𝑖=0

𝑧 𝑖
(
𝑛+𝑛′+𝑛′′∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

)
.
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Applying the lemma for |𝑧| = 𝑅′ gives����� 𝑛+𝑛′+𝑛′′∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝐿
𝑅′𝑖 ,

and hence, on letting 𝑛′′ increase indefinitely,����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� ≤ 2𝐿
𝑅′𝑖 .

29. We shall now prove the stated theorem, showing at the same time that the
sum of the series is 𝐹(𝑧).

For this purpose consider

𝐹(𝑧) −
𝑛+𝑛′∑
𝑘=1

𝑓𝑘(𝑧),

and let 𝑅′′ be a number slightly less than 𝑅′, with 𝑅′−𝑅′′ as small as desired. Let
𝜀 be arbitrarily small. We shall show that one can always find an integer 𝑛 such
that �����𝐹(𝑧) − 𝑛+𝑛′∑

𝑘=1
𝑓𝑘(𝑧)

����� < 𝜀,

whatever 𝑛′ may be and whatever the value of 𝑧, provided only that its modulus
does not exceed 𝑅′′.

Here is how this number 𝑛 is obtained. First choose an integer 𝑝 such that

2𝐿
(
𝑅′′
𝑅′

)𝑝+1 1
1 − 𝑅′′/𝑅′ <

1
2
𝜀.

This is possible since 𝑅′′ < 𝑅′. Next put

𝑀 = 1 + 𝑅′′
𝑅1

+
(
𝑅′′
𝑅1

)2

+ · · · +
(
𝑅′′
𝑅1

)𝑝
,

and choose a positive number 𝜀′ such that

2𝑀𝜀′ < 1
2
𝜀.
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Having obtained 𝜀′, determine 𝑛 by the condition�����𝑛+𝑛′∑
𝑘=𝑛

𝑓𝑘(𝑧)
����� < 𝜀′

as long as |𝑧| ≤ 𝑅1. This choice is possible because the series
∑∞

𝑘=1 𝑓𝑘(𝑧) is assumed
to converge uniformly for |𝑧| ≤ 𝑅1.

From § 26 and § 28 we infer����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝜀′

𝑅𝑖
1
,

����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� ≤ 2𝐿
𝑅′𝑖 .

Now

𝐹(𝑧) −
𝑛+𝑛′∑
𝑘=1

𝑓𝑘(𝑧) =
∞∑
𝑖=0

𝑧 𝑖
(
𝑐𝑖 −

𝑛+𝑛′∑
𝑘=1

𝐴𝑘
𝑖

)
,

or, recalling the definition of 𝑐𝑖,

𝐹(𝑧) −
𝑛+𝑛′∑
𝑘=1

𝑓𝑘(𝑧) =
∞∑
𝑖=0

𝑧 𝑖
( ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

)
.

Consequently, as long as |𝑧| ≤ 𝑅′′,�����𝐹(𝑧) − 𝑛+𝑛′∑
𝑘=1

𝑓𝑘(𝑧)
����� < ∞∑

𝑖=0
𝑅′′𝑖

����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� .
This upper bound equals

𝑝∑
𝑖=0

𝑅′′𝑖
����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� + ∞∑
𝑖=𝑝+1

𝑅′′𝑖
����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� ,
and is consequently less than

𝑝∑
𝑖=0

𝑅′′𝑖 2𝜀′

𝑅𝑖
1
+

∞∑
𝑖=𝑝+1

𝑅′′𝑖 2𝐿
𝑅′𝑖 ,

that is, less than

2𝑀𝜀′ + 2𝐿
(
𝑅′′
𝑅′

)𝑝+1 1
1 − 𝑅′′/𝑅′ ,
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and therefore, finally, less than 𝜀. Our theorem is thus proved, since replacing 𝑅′
by 𝑅′′ is of no consequence.

30. Consider now an infinite sequence of functions

𝑓1(𝑧), 𝑓2(𝑧), 𝑓3(𝑧), . . . ,

holomorphic in an arbitrary region 𝑆, whose boundary we denote by 𝑠. Suppose
that the series ∞∑

𝑘=1
𝑓𝑘(𝑧)

converges uniformly in the interior and on the circumference of a circle 𝐶1, drawn
about a point 𝑧0 of 𝑆 as center with radius 𝑅1, this domain of convergence having
no point in common with 𝑠. Suppose further that the modulus of the sum

𝑓1(𝑧) + 𝑓2(𝑧) + · · · + 𝑓𝑛(𝑧)
has an upper bound independent of 𝑛 in every region 𝑆′ lying inside 𝑆 and having
no point in common with 𝑠.

Theorem. The series

𝐹(𝑧) =
∞∑
𝑘=1

𝑓𝑘(𝑧)

converges uniformly in 𝑆′ and represents a holomorphic function in 𝑆.

This theorem is readily deduced from the one just proved. About 𝑧0 as center
draw a circle 𝐶 with the largest possible radius that does not extend outside 𝑆.
Let 𝑅 > 𝑅1 be its radius, and let 𝑅′ < 𝑅 be the radius of a concentric circle 𝐶′ that
does not extend outside 𝑆′. We can plainly apply the theorem just proved and
conclude that the series in question converges uniformly in 𝐶′ and represents
a holomorphic function in 𝐶. In this way the domain of convergence has been
extended from the circle 𝐶1 to the circle 𝐶′.

Now let 𝑧′0 be any point inside 𝐶′, and draw about it a circle 𝐶′
1, with radius 𝑅′

1,
lying wholly inside 𝐶′. The series is then uniformly convergent for |𝑧 − 𝑧′0| ≤ 𝑅′

1.
We may repeat the same argument used for the point 𝑧0 and the circle 𝐶1; and,
continuing in this way, we ultimately recognize that the series

𝐹(𝑧) =
∞∑
𝑘=1

𝑓𝑘(𝑧)
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converges uniformly in every region 𝑆′′ lying inside 𝑆′ and having no point in
commonwith the boundary of 𝑆′. At the same time it is plain that 𝐹(𝑧) is holomor-
phic. This is the asserted theorem, since replacing 𝑆′ by 𝑆′′ is of no consequence.

It is known that the maximum of | 𝑓1(𝑧) + · · · + 𝑓𝑛(𝑧)| in 𝑆′ always occurs on
the boundary of 𝑆′. In the statement of our theorem, therefore, we could merely
have required that | 𝑓1(𝑧) + · · · + 𝑓𝑛(𝑧)| on the boundary of 𝑆′ remain below a fixed
number.

Finally, it would be easy to generalize our theorem to a series whose terms are
functions of two imaginary variables.

31. Our first theorem can be given a somewhat more general form by consider-
ing a sequence of functions

𝑓1(𝑧), 𝑓2(𝑧), 𝑓3(𝑧), . . .

holomorphic for 𝑟 < |𝑧| < 𝑅, and consequently expandable in series

𝑓𝑘(𝑧) =
∞∑

𝑖=−∞
𝐴𝑘

𝑖 𝑧
𝑖 ,

convergent for
𝑟 < |𝑧| < 𝑅.

Although the arguments are entirely analogous to those already given, we must
nevertheless indicate them briefly, because they lead to an observation that will
be indispensable later.

Suppose that the series
∞∑
𝑘=1

𝑓𝑘(𝑧)

converges uniformly for 𝑟1 ≤ |𝑧| ≤ 𝑅1, where

𝑟 < 𝑟1 < 𝑅1 < 𝑅.

Next, if 𝑟′ is any number greater than 𝑟, and 𝑅′ any number less than 𝑅, with

𝑟 < 𝑟′ < 𝑟1 < 𝑅1 < 𝑅′ < 𝑅,

suppose that for 𝑟′ ≤ |𝑧| ≤ 𝑅′ the modulus of the sum

𝑓1(𝑧) + 𝑓2(𝑧) + · · · + 𝑓𝑛(𝑧)
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has an upper bound independent of 𝑛. Then the series

𝐹(𝑧) =
∞∑
𝑘=1

𝑓𝑘(𝑧)

converges uniformly for 𝑟′ ≤ |𝑧| ≤ 𝑅′. At the same time 𝐹(𝑧) is holomorphic for
𝑟 < |𝑧| < 𝑅.

We can first determine a number 𝑛 such that�����𝑛+𝑛′∑
𝑘=𝑛

𝑓𝑘(𝑧)
����� < 𝜀

for 𝑟1 ≤ |𝑧| ≤ 𝑅1. It follows that�����𝑛+𝑛′∑
𝑘=𝑛

𝐴𝑘
𝑖

����� < 𝜀

𝑅𝑖
1
,

�����𝑛+𝑛′∑
𝑘=𝑛

𝐴𝑘
𝑖

����� < 𝜀

𝑟 𝑖1
,

for positive and negative values of 𝑖, respectively.
Hence the series

𝑐𝑖 =
∞∑
𝑘=1

𝐴𝑘
𝑖

converges. For 𝑟′ ≤ |𝑧| ≤ 𝑅′, we have����� 𝑛∑
𝑘=1

𝑓𝑘(𝑧)
����� < 𝐿,

whence ����� 𝑛∑
𝑘=1

𝐴𝑘
𝑖

����� < 𝐿
𝑅′𝑖 ,

����� 𝑛∑
𝑘=1

𝐴𝑘
𝑖

����� < 𝐿
𝑟′𝑖

,

for positive and negative 𝑖, respectively, and then

|𝑐𝑖 | < 𝐿
𝑅′𝑖 , |𝑐𝑖 | < 𝐿

𝑟′𝑖
.

It follows that the Laurent series

𝐹(𝑧) =
∞∑

𝑖=−∞
𝑐𝑖𝑧 𝑖
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converges for 𝑟 < |𝑧| < 𝑅, since it converges for 𝑟′ < |𝑧| < 𝑅′.
It is then easy to see that, with 𝜀 arbitrarily small,����� ∞∑

𝑘=𝑛+𝑛′+1
𝐴𝑘

𝑖

����� < 2𝜀
𝑅𝑖

1
,

����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝜀
𝑟 𝑖1

,

for positive and negative 𝑖, respectively, and also����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝐿
𝑅′𝑖 ,

����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝐿
𝑟′𝑖

.

32. By a suitable choice of 𝑛, we can now make�����𝐹(𝑧) − 𝑛+𝑛′∑
𝑘=1

𝑓𝑘(𝑧)
����� < 𝜀

for 𝑟′′ ≤ |𝑧| ≤ 𝑅′′, where 𝑟′ < 𝑟′′ and 𝑅′′ < 𝑅′.
For this purpose first determine integers 𝑝 and 𝑞 from the conditions

2𝐿
(
𝑅′′
𝑅′

)𝑝+1 1
1 − 𝑅′′/𝑅′ <

1
4
𝜀,

2𝐿
(
𝑟′
𝑟′′

) 𝑞+1 1
1 − 𝑟′/𝑟′′ <

1
4
𝜀.

Next let 𝑀 be the larger of the two numbers

1 + 𝑅′′
𝑅1

+
(
𝑅′′
𝑅1

)2

+ · · · +
(
𝑅′′
𝑅1

)𝑝
,

𝑟1
𝑟′′ +

( 𝑟1
𝑟′′

)2 + · · · +
( 𝑟1
𝑟′′

) 𝑞
,

and choose a positive number 𝜀′ such that

2𝑀𝜀′ < 1
4
𝜀.

Having obtained 𝜀′, determine 𝑛 by the condition�����𝑛+𝑛′∑
𝑘=𝑛

𝑓𝑘(𝑧)
����� < 𝜀′
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as long as 𝑟1 ≤ |𝑧| ≤ 𝑅1.
To see that this choice of 𝑛 does indeed satisfy the stated condition, observe

first that ����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝜀′

𝑅𝑖
1
,

����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝜀′

𝑟 𝑖1
,

and also ����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝐿
𝑅′𝑖 ,

����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� < 2𝐿
𝑟′𝑖

.

Next,

𝐹(𝑧) −
𝑛+𝑛′∑
𝑘=1

𝑓𝑘(𝑧) =
∞∑

𝑖=−∞
𝑧 𝑖

( ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

)
.

For 𝑟′′ ≤ |𝑧| ≤ 𝑅′′, therefore,�����𝐹(𝑧) − 𝑛+𝑛′∑
𝑘=1

𝑓𝑘(𝑧)
����� < ∞∑

𝑖=0
𝑅′′𝑖

����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

�����
+

−1∑
𝑖=−∞

𝑟′′𝑖
����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� .
This upper bound equals

𝑝∑
𝑖=0

𝑅′′𝑖
����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� + ∞∑
𝑖=𝑝+1

𝑅′′𝑖
����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

�����
+

−1∑
𝑖=−𝑞

𝑟′′𝑖
����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� + −(𝑞+1)∑
𝑖=−∞

𝑟′′𝑖
����� ∞∑
𝑘=𝑛+𝑛′+1

𝐴𝑘
𝑖

����� ,
and is consequently less than

𝑝∑
𝑖=0

𝑅′′𝑖 2𝜀′

𝑅𝑖
1
+

∞∑
𝑖=𝑝+1

𝑅′′𝑖 2𝐿
𝑅′𝑖 +

−1∑
𝑖=−𝑞

𝑟′′𝑖 2𝜀
′

𝑟 𝑖1
+

−(𝑞+1)∑
𝑖=−∞

𝑟′′𝑖 2𝐿
𝑟′𝑖

,

that is, less than

2𝑀𝜀′ + 2𝐿
(
𝑅′′
𝑅′

)𝑝+1 1
1 − 𝑅′′/𝑅′ + 2𝑀𝜀′ + 2𝐿

(
𝑟′
𝑟′′

) 𝑞+1 1
1 − 𝑟′/𝑟′′ ,
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and therefore less than 𝜀.
It follows from this proof that in the expansion

𝐹(𝑧) =
∞∑

𝑖=−∞
𝑐𝑖𝑧 𝑖 ,

the coefficient 𝑐𝑖 is the limit, as 𝑛 → ∞, of the coefficient of 𝑧 𝑖 in the expansion of

𝑛∑
𝑘=1

𝑓𝑘(𝑧).

This observation will be useful later.

33. We saw in § 15 that, as long as the real part of 𝑧 is positive, the convergent

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑛∑
𝑘=1

𝑎2𝑘
𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)

tends, as 𝑛 → ∞, to a limit 𝐹(𝑧) which is a holomorphic function of 𝑧. The series

∞∑
𝑘=1

𝑎2𝑘
𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧)

converges uniformly in every domain 𝑆 in which the real part of 𝑧 has a positive
lower bound.

Put
𝑓𝑘(𝑧) = 𝑎2𝑘

𝑄2𝑘−2(𝑧)𝑄2𝑘(𝑧) ;
then

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑛∑
𝑘=1

𝑓𝑘(𝑧),

that is,
𝑛∑

𝑘=1
𝑓𝑘(𝑧) =

𝑛∑
𝑘=1

𝑀𝑘

𝑧 + 𝑥𝑘
.

Let 𝑧 have any value not on the cut. Then����� 𝑛∑
𝑘=1

𝑓𝑘(𝑧)
����� < 𝑛∑

𝑘=1

𝑀𝑘

|𝑧 + 𝑥𝑘 | .
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Denote by 𝜌(𝑧) the minimum of |𝑧 + 𝑢| as 𝑢 runs from zero to infinity through all
positive real values. It is clear that when the real part of 𝑧 is positive or zero,

𝜌(𝑧) = |𝑧|,
whereas, if 𝑧 = 𝛼 + 𝛽𝑖 and 𝛼 is negative,

𝜌(𝑧) = |𝛽|.
Thus 𝜌(𝑧) is positive and nonzero as long as 𝑧 is not on the cut. Since, by definition,

|𝑧 + 𝑥𝑖 | ≥ 𝜌(𝑧),
we obtain ����� 𝑛∑

𝑘=1
𝑓𝑘(𝑧)

����� < 1
𝜌(𝑧)

𝑛∑
𝑘=1

𝑀𝑘 ,

or ����� 𝑛∑
𝑘=1

𝑓𝑘(𝑧)
����� < 1

𝑎1𝜌(𝑧) .

Now consider any domain 𝑆 that remains at a finite distance from the cut. In
this domain 𝜌(𝑧) has a positive lower bound 𝜆. Throughout 𝑆, therefore,����� 𝑛∑

𝑘=1
𝑓𝑘(𝑧)

����� < 1
𝑎1𝜆

,

and this upper bound is independent of 𝑛.
Let 𝑎 be any point of the plane not on the cut. We shall show that the series∑∞
𝑘=1 𝑓𝑘(𝑧) converges at 𝑧 = 𝑎, and that the convergence is uniform in a neighbor-

hood of 𝑎, that is, in a circle 𝐶 drawn about 𝑎 with radius small enough to have
no point in common with the cut.

Choose arbitrarily a point 𝑧0 and a circle 𝐶1, centered at 𝑧0, lying wholly in the
part of the plane in which the real part of 𝑧 is positive. In infinitely many ways
we can construct a domain 𝑆 containing the circles 𝐶 and 𝐶1, and remaining at
a finite distance from the cut. In this domain 𝑆, as just seen, the modulus of the
sum

𝑛∑
𝑘=1

𝑓𝑘(𝑧)
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has an upper bound independent of 𝑛. On the other hand, we know that in the
circle 𝐶1 the series

𝐹(𝑧) =
∞∑
𝑘=1

𝑓𝑘(𝑧)

converges uniformly. We may therefore apply the theorem of § 30 and assert that
this series converges uniformly in 𝑆, and hence in 𝐶. At the same time we know
that 𝐹(𝑧) is holomorphic in 𝑆.

This amounts to saying that the convergents

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑛∑
𝑘=1

𝑓𝑘(𝑧)

tend to a holomorphic function 𝐹(𝑧) as long as 𝑧 is not on the cut.

34. The study of the convergents of odd order,

𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) =

1
𝑎1𝑧

−
𝑛∑

𝑘=1

𝑎2𝑘+1𝑧
𝑄2𝑘−1(𝑧)𝑄2𝑘+1(𝑧) ,

is carried out in the same manner and leads to the same result. We know that the
series

𝐹1(𝑧) = 1
𝑎1𝑧

−
∞∑
𝑘=1

𝑎2𝑘+1𝑧
𝑄2𝑘−1(𝑧)𝑄2𝑘+1(𝑧)

converges uniformly in every domain 𝑆 where the real part of 𝑧 has a positive
lower bound. By means of the theorem of § 30, we may conclude that the series
converges throughout the plane outside the cut and represents a holomorphic
function. That theorem applies, indeed, by virtue of the bound���� 𝑃2𝑛+1(𝑧)

𝑄2𝑛+1(𝑧)
���� < 1

𝑎1𝜌(𝑧) ,
which is obtained without difficulty.

In all that precedes, we have not had to distinguish the two cases in which the
series

∑∞
𝑛=1 𝑎𝑛 converges or diverges. In the first case the functions 𝐹(𝑧) and 𝐹1(𝑧)

are distinct, but we learn nothing new, this case having already been studiedmore
thoroughly.

In the second case, however, the functions 𝐹(𝑧) and 𝐹1(𝑧) are plainly identical,
and for any point of the plane not on the cut we may write

lim
𝑛→∞

𝑃𝑛(𝑧)
𝑄𝑛(𝑧) = 𝐹(𝑧),
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the convergence being uniform in a neighborhood of the point considered.
The nature of the function 𝐹(𝑧) is thus brought to light; the only obscure point

that remains to be clarified is the nature of the cut. For this purposewe shall obtain
another analytic expression for 𝐹(𝑧), more explicit than the series by which we
have defined it thus far. But this inquiry still encounters serious difficulties and
requires rather delicate considerations.

35. Let us first study a special case in which a segment of the cut presents no
singularity of any kind for the function 𝐹(𝑧). Let

𝜈1, 𝜈2, 𝜈3, . . . , 𝜈𝑘 , . . .

be an infinite increasing sequence of positive integers. Evidently, as 𝑛 runs
through this sequence,

lim
𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) = 𝐹(𝑧),

and the convergence is still uniform in a neighborhood of the point 𝑧. Let 𝑎, 𝑏, with
0 < 𝑎 < 𝑏, be two positive numbers, and suppose that for 𝑛 = 𝜈𝑘 the equation

𝑄2𝑛(𝑧) = 0

never has a root between −𝑏 and −𝑎.
Consider a circle 𝐶 whose center is the point − 𝑎+𝑏

2 and whose radius 𝑅 is
slightly less than (𝑏 − 𝑎)/2. It is readily verified that for every point in the inte-
rior or on the circumference of this circle,���� 𝑃2𝑛(𝑧)

𝑄2𝑛(𝑧)
���� < 1

𝑎1
( 𝑏−𝑎

2 − 𝑅
) ,

where throughout 𝑛 = 𝜈𝑘 . It follows readily from our theorem that, if we put, for
𝑛 = 𝜈𝑘 ,

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) = 𝑓1(𝑧) + 𝑓2(𝑧) + · · · + 𝑓𝑘(𝑧),

then the series ∞∑
𝑘=1

𝑓𝑘(𝑧)

converges uniformly throughout the circle 𝐶 and represents a holomorphic func-
tion. Thus in this case the function 𝐹(𝑧) is holomorphic even in a domain contain-
ing part of the cut in its interior, and 𝐹(𝑧) has no singularities on the segment of
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the cut between −𝑏 and −𝑎. It must, however, be observed that in this case, if 𝑧
lies on the cut between −𝑏 and −𝑎, the relation

lim
𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) = 𝐹(𝑧)

holds only while 𝑛 runs through the numbers 𝜈𝑘 .
Let 𝑟1, 𝑅1, with 𝑟1 < 𝑅1, be two numbers between 𝑎 and 𝑏. The functions 𝑓𝑘(𝑧)

are all holomorphic for
𝑎 < |𝑧| < 𝑏;

and for 𝑟1 ≤ |𝑧| ≤ 𝑅1 the series
∞∑
𝑘=1

𝑓𝑘(𝑧)

converges uniformly, as follows readily from what has just been said and from
what we proved earlier. We are therefore under the conditions of the theorem of
§ 31, and may conclude that, for 𝑎 < |𝑧| < 𝑏, the series

𝐹(𝑧) =
∞∑
𝑘=1

𝑓𝑘(𝑧)

represents a holomorphic function which can be written in the form

𝐹(𝑧) =
∞∑

𝑖=−∞
𝑐𝑖𝑧 𝑖 .

By the observation at the end of § 32, the coefficient 𝑐𝑖 is the limit of the coefficient
of 𝑧 𝑖 in the expansion of

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) (𝑛 = 𝜈𝑘).

Thus 𝑐−1 is the limit of the coefficient of 𝑧−1 in the expansion of

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑀1
𝑧 + 𝑥1

+ 𝑀2
𝑧 + 𝑥2

+ · · · + 𝑀𝑛

𝑧 + 𝑥𝑛
.

If 𝑥𝑝 ≤ 𝑎 and 𝑥𝑝+1 ≥ 𝑏, this coefficient is plainly

𝑀1 + 𝑀2 + · · · + 𝑀𝑝 ,
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for, when 𝑎 < |𝑧| < 𝑏,

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑝∑
𝑘=1

𝑀𝑘

(
1
𝑧
− 𝑥𝑘

𝑧2 + 𝑥2
𝑘

𝑧3 − · · ·
)

+
𝑛∑

𝑘=𝑝+1
𝑀𝑘

(
1
𝑥𝑘

− 𝑧
𝑥2
𝑘

+ 𝑧2

𝑥3
𝑘

− · · ·
)
.

36. We shall express this result somewhat differently by introducing an increas-
ing, discontinuous function 𝜑𝑛(𝑢), which will play an important role in what fol-
lows.

Having put
𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑛∑
𝑘=1

𝑀𝑘

𝑧 + 𝑥𝑘
,

we define 𝜑𝑛(𝑢) as follows:

𝜑𝑛(𝑢) = 0, 0 ≤ 𝑢 < 𝑥1,
𝜑𝑛(𝑢) = 𝑀1, 𝑥1 ≤ 𝑢 < 𝑥2,
𝜑𝑛(𝑢) = 𝑀1 + 𝑀2, 𝑥2 ≤ 𝑢 < 𝑥3,
𝜑𝑛(𝑢) = 𝑀1 + 𝑀2 + 𝑀3, 𝑥3 ≤ 𝑢 < 𝑥4,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
𝜑𝑛(𝑢) = 𝑀1 + 𝑀2 + · · · + 𝑀𝑛−1, 𝑥𝑛−1 ≤ 𝑢 < 𝑥𝑛 ,
𝜑𝑛(𝑢) = 𝑀1 + 𝑀2 + · · · + 𝑀𝑛 , 𝑥𝑛 ≤ 𝑢 < ∞.

If 𝑐 is a number between 𝑎 and 𝑏, then

𝑀1 + 𝑀2 + · · · + 𝑀𝑝 = 𝜑𝑛(𝑐).
Thus, in the special case under consideration,

𝐹(𝑧) =
∞∑

𝑖=−∞
𝑐𝑖𝑧 𝑖

for 𝑎 < |𝑧| < 𝑏, and the value of 𝑐−1 is given by

𝑐−1 = lim 𝜑𝑛(𝑐),
where 𝑛 continues to run through the numbers 𝜈𝑘 .
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Chapter VI
Remarks on Increasing Functions and Definite Integrals

37. The moment problem which we posed in no. 24 will lead us to consider an
arbitrary distribution of mass on a straight line 𝑂𝑥. Such a distribution will be
perfectly determined if we know how to calculate the total mass distributed over
the segment𝑂𝑥. Thiswill evidently be an increasing function of 𝑥; and conversely,
given an increasing function of 𝑥, one may always imagine that it represents, in
the manner indicated, a distribution of mass. This leads us to make a few remarks
on increasing functions.

Let 𝜑(𝑥) be an increasing function defined on the interval (𝑎, 𝑏), and let

𝜀1, 𝜀2, 𝜀3, . . .

be an infinite decreasing sequence of positive numbers tending to zero. The num-
bers

𝜑(𝑥 + 𝜀𝑛) (𝑛 = 1, 2, 3, . . .)
will also decrease, but they will remain greater than or equal to 𝜑(𝑥). They there-
fore tend to a definite limit 𝐴. Let

𝜀′1, 𝜀
′
2, 𝜀

′
3, . . .

be another infinite decreasing sequence of positive numbers tending to zero; we
shall again have

lim
𝑛→∞𝜑(𝑥 + 𝜀′𝑛) = 𝐵.

But it is easy to see that 𝐴 = 𝐵, and we may say that 𝜑(𝑥 + 𝜀) tends to a definite
limit whenever the positive quantity 𝜀 tends to zero in an arbitrary manner. We
shall write

lim
𝜀↓0

𝜑(𝑥 + 𝜀) = 𝜑+(𝑥),
and it is clear that, similarly, 𝜑(𝑥 − 𝜀) tends to a limit which we shall denote by
𝜑−(𝑥).

We have evidently
𝜑−(𝑥) ≤ 𝜑(𝑥) ≤ 𝜑+(𝑥).

When 𝜑+(𝑥) = 𝜑−(𝑥), we shall say that 𝑥 is a point of continuity; when 𝜑+(𝑥) >
𝜑−(𝑥), 𝑥 is a point of discontinuity, and 𝜑+(𝑥) − 𝜑−(𝑥) is the magnitude of the
discontinuity.
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In every interval (𝛼, 𝛽) there are points of continuity. Indeed, put

𝜆 = 𝜑(𝛽) − 𝜑(𝛼),
and choose four numbers 𝑝, 𝑞, 𝑟, 𝑠 such that

𝛼 < 𝑝 < 𝑞 < 𝑟 < 𝑠 < 𝛽.

It is clear that at least one of the two differences

𝜑(𝑞) − 𝜑(𝑝), 𝜑(𝑠) − 𝜑(𝑟)
will be less than 𝜆/2. Suppose, for example, that it is the first of these differences.
Write 𝑝 = 𝛼′, 𝑞 = 𝛽′; we now have an interval (𝛼′, 𝛽′) such that

𝜑(𝛽′) − 𝜑(𝛼′) < 𝜆
2
, 𝛼 < 𝛼′ < 𝛽′ < 𝛽.

In the sameway, starting from the interval (𝛼′, 𝛽′), one canfind an interval (𝛼′′, 𝛽′′)
such that

𝜑(𝛽′′) − 𝜑(𝛼′′) < 𝜆
4
, 𝛼′ < 𝛼′′ < 𝛽′′ < 𝛽′.

Continuing in this way, one obtains infinitely many intervals

(𝛼, 𝛽), (𝛼′, 𝛽′), (𝛼′′, 𝛽′′), . . . , (𝛼(𝑛), 𝛽(𝑛)), . . . ,
such that

𝜑(𝛽(𝑛)) − 𝜑(𝛼(𝑛)) < 𝜆
2𝑛

.

They may be chosen so that

lim
𝑛→∞ 𝛼(𝑛) = lim

𝑛→∞ 𝛽(𝑛) = 𝛾.

Now 𝛾 must necessarily be a point of continuity, since

𝜑+(𝛾) − 𝜑−(𝛾)
cannot exceed 𝜑(𝛽(𝑛)) − 𝜑(𝛼(𝑛)) for any 𝑛; this difference is therefore zero. It is
nearly evident that the sum of the discontinuities which 𝜑(𝑥) can have in the in-
terior of the interval (𝑎, 𝑏) can never exceed 𝜑(𝑏) − 𝜑(𝑎). Hence the number of
discontinuities exceeding a given number is finite, and it is clear from this that
the discontinuities may be arranged in decreasing order of magnitude.



66

The points of discontinuity in the interval (𝑎, 𝑏) may therefore be arranged in
a simply infinite sequence with positive integral indices,

𝑥1, 𝑥2, 𝑥3, 𝑥4, . . . .

This remains true even when the interval under consideration extends to infinity:
divide it into the intervals

(𝑎, 𝑏), (𝑏, 𝑐), (𝑐, 𝑑), (𝑑, 𝑒), . . . .
One obtains an infinite sequence of discontinuities for each interval; the totality of
the discontinuities forms a doubly indexed sequence, which can be arranged as a
simple sequence. It follows again, by a theorem ofMr. Cantor, that there are points
of continuity in every interval. In fact, that theorem has already been proved by
the preceding considerations.

38. If we now wish to associate the picture of a distribution of mass with this
notion of an increasing function, we are led to say that at a point of discontinuity
a finitemass is concentrated. Such a point is amaterial point ofmass 𝜑+(𝑥)−𝜑−(𝑥);
superposed upon these masses concentrated at points, there will be a continuous
distribution of mass. It is convenient always to regard 𝜑(𝑏) − 𝜑(𝑎) as the mass
contained in the interval (𝑎, 𝑏). The interval (𝑂𝑥) then contains the mass 𝜑(𝑥) −
𝜑(0), or simply 𝜑(𝑥) if 𝜑(0) = 0. We see that 𝜑(𝑥) − 𝜑−(𝑥) is that part of the mass
concentrated at the point 𝑥 which is regarded as belonging to the interval 𝑂𝑥,
while the mass 𝜑+(𝑥)−𝜑(𝑥) is regarded as belonging to the interval (𝑥, 𝑥′), where
𝑥′ > 𝑥. Thus, by changing the value of 𝜑(𝑥) at a point of discontinuity—subject,
of course, always to

𝜑−(𝑥) ≤ 𝜑(𝑥) ≤ 𝜑+(𝑥),
we do not change the distribution of mass at all; we merely adopt a new con-
vention as to how a mass concentrated at 𝑥 is to be counted as belonging to the
intervals (0, 𝑥) and (𝑥, 𝑥′).

Let us now consider the moment, with respect to the origin, of such a distribu-
tion of mass. Put 𝑎 = 𝑥0, 𝑏 = 𝑥𝑛, and insert between 𝑥0 and 𝑥𝑛 the 𝑛 − 1 values

𝑥0 < 𝑥1 < 𝑥2 < · · · < 𝑥𝑛−1 < 𝑥𝑛 .

Next choose 𝑛 numbers 𝜉1, 𝜉2, . . . , 𝜉𝑛 such that

𝑥𝑘−1 ≤ 𝜉𝑘 ≤ 𝑥𝑘 .
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By definition, the limit of the sum

𝜉1[𝜑(𝑥1) − 𝜑(𝑥0)] + 𝜉2[𝜑(𝑥2) − 𝜑(𝑥1)] + · · · + 𝜉𝑛[𝜑(𝑥𝑛) − 𝜑(𝑥𝑛−1)]
is the moment. More generally, consider the sum

𝑓 (𝜉1)[𝜑(𝑥1) − 𝜑(𝑥0)] + 𝑓 (𝜉2)[𝜑(𝑥2) − 𝜑(𝑥1)] + · · · + 𝑓 (𝜉𝑛)[𝜑(𝑥𝑛) − 𝜑(𝑥𝑛−1)]. (A)

It too has a limit, which we shall denote by∫ 𝑏

𝑎
𝑓 (𝑢) 𝑑𝜑(𝑢).

We shall have to consider only a few very simple cases, such as 𝑓 (𝑢) = 𝑢𝑘 and
𝑓 (𝑢) = 1/(𝑧+𝑢), and there is no advantage in giving the function 𝑓 (𝑢) its full gen-
erality. It will suffice, for example, to suppose that 𝑓 (𝑢) is continuous; the proof
then presents no difficulty, and we need not give it, since it proceeds as in the
ordinary case of a definite integral.

The value of such an integral is unchanged if one changes the value of 𝜑(𝑥)
at points of discontinuity lying in the interior of the interval (𝑎, 𝑏). Indeed, since
there are points of continuity in every interval, there is nothing to prevent us from
always taking 𝑥1, 𝑥2, . . . , 𝑥𝑛−1 to be points of continuity. It must only be observed
that 𝑎 and 𝑏 may themselves be points of discontinuity; a change in the value
at those points does affect the value of the integral, since 𝜑(𝑎) and 𝜑(𝑏) occur
explicitly in the definition of the integral as the limit of (A).

Put 𝑎 = 𝜉0, 𝑏 = 𝜉𝑛+1. Expression (A) may be written

𝑓 (𝑏)𝜑(𝑏) − 𝑓 (𝑎)𝜑(𝑎) − 𝜑(𝑥0)[ 𝑓 (𝜉1) − 𝑓 (𝜉0)]
− 𝜑(𝑥1)[ 𝑓 (𝜉2) − 𝑓 (𝜉1)] − · · ·
− 𝜑(𝑥𝑛)[ 𝑓 (𝜉𝑛+1) − 𝑓 (𝜉𝑛)],

where
𝜉𝑘 ≤ 𝑥𝑘 ≤ 𝜉𝑘+1.

Passing to the limit therefore gives∫ 𝑏

𝑎
𝑓 (𝑢) 𝑑𝜑(𝑢) = 𝑓 (𝑏)𝜑(𝑏) − 𝑓 (𝑎)𝜑(𝑎) −

∫ 𝑏

𝑎
𝜑(𝑢) 𝑑 𝑓 (𝑢).

In the case 𝑓 (𝑢) = 1/(𝑢 + 𝑥), 𝑎 = 0 = 𝜑(0),∫ 𝑏

0

𝑑𝜑(𝑢)
𝑢 + 𝑥

=
𝜑(𝑏)
𝑏 + 𝑥

+
∫ 𝑏

0

𝜑(𝑢) 𝑑𝑢
(𝑢 + 𝑥)2 .
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Letting 𝑏 increase indefinitely and supposing that 𝜑(𝑏) remains finite, we obtain∫ ∞

0

𝑑𝜑(𝑢)
𝑢 + 𝑥

=
∫ ∞

0

𝜑(𝑢) 𝑑𝑢
(𝑢 + 𝑥)2 .

It was important to leave no doubt concerning the legitimacy of integration by
parts under the present circumstances.

39. Let 𝜑(𝑢) still be an increasing function such that

𝜑(0) = 0, 𝜑(∞) = 𝑐,

and put

𝐹(𝑧) =
∫ ∞

0

𝑑𝜑(𝑢)
𝑧 + 𝑢

.

We thereby define a function holomorphic throughout the plane except on the cut
consisting of the negative part of the real axis. The function 𝜑(𝑢) characterizes a
certain distribution of total mass 𝑐 on a straight line 𝑂𝑋.

Let 𝜑1(𝑢) be a function of the same nature as 𝜑(𝑢),
𝜑1(0) = 0, 𝜑1(∞) = 𝑐1,

and put

𝐹1(𝑧) =
∫ ∞

0

𝑑𝜑1(𝑢)
𝑧 + 𝑢

.

Theorem. If the functions 𝐹(𝑧) and 𝐹1(𝑧) are identical, then the functions 𝜑(𝑢) and
𝜑1(𝑢) characterize the same distribution of mass. They can differ only at points of dis-
continuity, and may be regarded as identical when only the distribution of mass is in
question.

Proof. It is first easy to see that one may write

𝐹(𝑧) =
∫ ∞

0

𝜑(𝑢) 𝑑𝑢
(𝑧 + 𝑢)2 ,

and then that 𝐹(𝑧) = Φ′(𝑧) on putting

Φ(𝑧) =
∫ ∞

0

( 1
𝑎 + 𝑢

− 1
𝑧 + 𝑢

)
𝜑(𝑢) 𝑑𝑢.



69

Let 𝑥 now be positive, and let 𝜀 be positive and tend to zero. Following the exam-
ple of M. Hermite, consider the difference

Φ(−𝑥 + 𝜀𝑖) −Φ(−𝑥 − 𝜀𝑖) =
∫ ∞

0

2𝜀𝑖 𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 .

We shall see that as 𝜀 → 0 this expression has a finite limit. Split the integral into
two parts,T1 ∫ 𝑥

0

2𝜀𝑖 𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 +

∫ ∞

𝑥

2𝜀𝑖 𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 .

I claim that

lim
𝜀→0

∫ 𝑥

0

2𝜀𝑖 𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 = 𝜋𝑖 𝜑−(𝑥),

lim
𝜀→0

∫ ∞

𝑥

2𝜀𝑖 𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 = 𝜋𝑖 𝜑+(𝑥).

Indeed, write∫ 𝑥

0

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 =

∫ 𝑥−√𝜀

0

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 +

∫ 𝑥

𝑥−√𝜀

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 .

We have ∫ 𝑥−√𝜀

0

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 < 𝑐

∫ 𝑥−√𝜀

0

𝜀 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2

= 𝑐

(
arctan 𝑥

𝜀
− arctan 1√

𝜀

)
,

and hence

lim
𝜀→0

∫ 𝑥−√𝜀

0

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 = 0.

On the other hand, in the integral∫ 𝑥

𝑥−√𝜀

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 ,

the function 𝜑(𝑢), for 𝑥 − √
𝜀 ≤ 𝑢 < 𝑥, assumes values infinitely close to 𝜑−(𝑥). It

is true that the value 𝜑(𝑥) may exceed 𝜑−(𝑥) by a finite amount, but that single
T1Translator’s note. The source prints 0 as the lower limit of the second integral in this display. We

use 𝑥, as required by the stated decomposition and by the immediately following limit.
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value of 𝜑(𝑥) has no influence on the integral. The last integral therefore differs
by an infinitesimal amount from

𝜑−(𝑥)
∫ 𝑥

𝑥−√𝜀

𝜀 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 = 𝜑−(𝑥) arctan 1√

𝜀
.

Consequently,

lim
𝜀→0

∫ 𝑥

𝑥−√𝜀

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 =

𝜋
2
𝜑−(𝑥) = lim

𝜀→0

∫ 𝑥

0

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 .

Similarly, without difficulty, one finds

lim
𝜀→0

∫ ∞

𝑥

𝜀𝜑(𝑢) 𝑑𝑢
(𝑢 − 𝑥)2 + 𝜀2 =

𝜋
2
𝜑+(𝑥),

and hence
lim
𝜀→0

[Φ(−𝑥 + 𝜀𝑖) −Φ(−𝑥 − 𝜀𝑖)] = 𝜋𝑖[𝜑−(𝑥) + 𝜑+(𝑥)].
Now put

Φ1(𝑧) =
∫ ∞

0

( 1
𝑎 + 𝑢

− 1
𝑧 + 𝑢

)
𝜑1(𝑢) 𝑑𝑢.

Then 𝐹1(𝑧) = Φ′
1(𝑧); and since we suppose 𝐹(𝑧) = 𝐹1(𝑧), the functions Φ(𝑧) and

Φ1(𝑧) can differ only by a constant. Thus

Φ(−𝑥 + 𝜀𝑖) −Φ(−𝑥 − 𝜀𝑖) = Φ1(−𝑥 + 𝜀𝑖) −Φ1(−𝑥 − 𝜀𝑖),
and, on letting 𝜀 tend to zero,

𝜑−(𝑥) + 𝜑+(𝑥) = 𝜑−
1 (𝑥) + 𝜑+

1 (𝑥).
This relation holds for every positive value of 𝑥, while we suppose 𝜑(0) = 𝜑1(0) =
0. It follows that 𝜑(𝑢) and 𝜑1(𝑢) characterize the same distribution of mass. In-
deed, when only a distribution of mass is to be characterized, the values of 𝜑(𝑢)
and 𝜑1(𝑢) at points of discontinuity may be chosen arbitrarily. Nothing therefore
prevents us from always taking

𝜑(𝑥) = 𝜑−(𝑥) + 𝜑+(𝑥)
2

, 𝜑1(𝑥) =
𝜑−

1 (𝑥) + 𝜑+
1 (𝑥)

2
.

In this waywe see that 𝜑(𝑥) = 𝜑1(𝑥) for every positive 𝑥; and since 𝜑(0) = 𝜑1(0) =
0, the two functions are identical.
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Chapter VII
Proof of the Fundamental Theorem

40. Let
𝑢1, 𝑢2, 𝑢3, . . .

be an infinite sequence of numbers, which we suppose bounded above and below.
The same is then true of the numbers

𝑢𝑛 , 𝑢𝑛+1, 𝑢𝑛+2, 𝑢𝑛+3, . . . ,

which therefore possess a maximum, or upper limit 𝐿𝑛, and likewise a minimum,
or lower limit 𝑙𝑛. The number 𝐿𝑛 has the following properties:

1◦ None of the numbers 𝑢𝑛 , 𝑢𝑛+1, 𝑢𝑛+2, . . . can exceed 𝐿𝑛.
2◦ At least one of these numbers is equal to 𝐿𝑛; or, if this does not occur, one can

find at least one which exceeds 𝐿𝑛−𝜀, where 𝜀 is an arbitrary positive number. As
𝑛 increases, 𝐿𝑛 can only decrease, while 𝑙𝑛 can only increase. It is therefore clear
that, as 𝑛 → ∞,

lim 𝐿𝑛 = 𝐿, lim 𝑙𝑛 = 𝑙 , 𝐿 ≥ 𝑙.

The number 𝐿 now has the following properties.
I. The numbers 𝑢1, 𝑢2, 𝑢3, . . ., from some rank onward, are all less than 𝐿+ 𝜀, where 𝜀

is an arbitrary positive number.
Indeed, since 𝐿𝑛 decreases to 𝐿, one can always choose 𝑛 so that 𝐿𝑛 < 𝐿 + 𝜀;

and none of the numbers 𝑢𝑛 , 𝑢𝑛+1, 𝑢𝑛+2, . . . exceeds 𝐿𝑛, so all of them are also less
than 𝐿 + 𝜀.

Among the numbers 𝑢1, 𝑢2, 𝑢3, . . . there is always one which either equals 𝐿1
or exceeds 𝐿1 − 𝜀. Let this number be 𝑢𝑘 ; it plainly exceeds 𝐿 − 𝜀, since 𝐿1 ≥ 𝐿.
Next, among

𝑢𝑘+1, 𝑢𝑘+2, 𝑢𝑘+3, . . .

there is one which either equals 𝐿𝑘+1 or exceeds 𝐿𝑘+1 − 𝜀. Call it 𝑢𝑙 ; it too exceeds
𝐿 − 𝜀. Likewise, among

𝑢𝑙+1, 𝑢𝑙+2, 𝑢𝑙+3, . . .

there is always a number 𝑢𝑚 exceeding 𝐿𝑙+1 − 𝜀, and hence also 𝐿 − 𝜀.
Continuing in this way, it is clear that in the sequence 𝑢1, 𝑢2, 𝑢3, . . . one can find

infinitely many numbers
𝑢𝑘 , 𝑢𝑙 , 𝑢𝑚 , . . .
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all exceeding 𝐿 − 𝜀. The indices 𝑘, 𝑙, 𝑚, . . . increase; but we already know that
all terms of the original sequence, from some rank onward, are less than 𝐿 + 𝜀.
The same is therefore true of the subsequence 𝑢𝑘 , 𝑢𝑙 , 𝑢𝑚 , . . ., and we arrive at the
following result:

II. In the sequence 𝑢1, 𝑢2, 𝑢3, . . . there are always infinitely many numbers lying be-
tween 𝐿 − 𝜀 and 𝐿 + 𝜀, where 𝜀 is an arbitrary positive number.

In the same way one finds:
I◦. The numbers 𝑢1, 𝑢2, 𝑢3, . . ., from some rank onward, are all greater than 𝑙 − 𝜀.
II◦. In the sequence 𝑢1, 𝑢2, 𝑢3, . . . there are always infinitely many numbers lying be-

tween 𝑙 − 𝜀 and 𝑙 + 𝜀.
The consideration of the numbers 𝐿 and 𝑙 is due toMr. du Bois-Reymond, who

presented it in a book published in 1882 and translated into French byMessrs.Mil-
haud and Girot [6]. Mr. du Bois-Reymond calls 𝐿 and 𝑙 the limits of indeterminacy
of the numbers 𝑢𝑛; indeed, as 𝑛 becomes infinite, 𝑢𝑛 ultimately oscillates between
these limits. It is also evident that the numbers 𝑢𝑛 tend to a definite limit only
when 𝐿 = 𝑙.

The first application of this idea seems due toMr.Hadamard [7], who observed
that, when

𝑢𝑛 = 𝑛
√
|𝑐𝑛 |,

the radius of convergence of the series

∞∑
𝑛=0

𝑐𝑛𝑧𝑛

is equal to 1/𝐿.

41. I now return to the function 𝜑𝑛(𝑢) defined in no. 36. It is an increasing func-
tion, well determined even at its points of discontinuity. It varies only between
the limits

𝜑𝑛(0) = 0, 𝜑𝑛(∞) = 1
𝑎1
.

Let 𝑢 now be a fixed nonnegative number, and consider the infinite sequence

𝜑1(𝑢), 𝜑2(𝑢), 𝜑3(𝑢), . . . .
These numbers are bounded. I shall denote the corresponding limits 𝐿 and 𝑙

by
𝐿 = 𝜓(𝑢), 𝑙 = 𝜒(𝑢),
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so that
𝜓(𝑢) ≥ 𝜒(𝑢).

Clearly 𝜓(0) = 𝜒(0) = 0; and if, for some particular value of 𝑢,

𝜓(𝑢) = 𝜒(𝑢),
then, by what precedes, we may conclude that as 𝑛 → ∞,

lim
𝑛→∞𝜑𝑛(𝑢) = 𝜓(𝑢) = 𝜒(𝑢).

Since 𝜑𝑛(𝑢) is increasing, it follows immediately that 𝜓(𝑢) and 𝜒(𝑢) are also in-
creasing functions. Thus, if 𝑎 < 𝑏, we have

𝜓(𝑎) ≤ 𝜓(𝑏), (1)
𝜒(𝑎) ≤ 𝜒(𝑏). (2)

To these inequalities we shall add another of very great importance:

𝜓(𝑎) ≤ 𝜒(𝑏). (3)

The proof of this inequality requires some preparation.

42. Let us first calculate the integral∫ ∞

0

[
1
𝑎1

− 𝜑𝑛(𝑢)
]
𝑢𝑘 𝑑𝑢.

Its value is evidently

1
𝑘 + 1

(𝑀1 + 𝑀2 + · · · + 𝑀𝑛)𝑥𝑘+1
1

+ 1
𝑘 + 1

(𝑀2 + 𝑀3 + · · · + 𝑀𝑛)(𝑥𝑘+1
2 − 𝑥𝑘+1

1 )
+ 1

𝑘 + 1
(𝑀3 + · · · + 𝑀𝑛)(𝑥𝑘+1

3 − 𝑥𝑘+1
2 ) + · · ·

+ 1
𝑘 + 1

𝑀𝑛(𝑥𝑘+1
𝑛 − 𝑥𝑘+1

𝑛−1),

that is,
1

𝑘 + 1
(𝑀1𝑥𝑘+1

1 + 𝑀2𝑥𝑘+1
2 + · · · + 𝑀𝑛𝑥𝑘+1

𝑛 ).
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Hence ∫ ∞

0

[
1
𝑎1

− 𝜑𝑛(𝑢)
]
𝑢𝑘 𝑑𝑢 =

𝑐𝑘+1
𝑘 + 1

(𝑘 = 0, 1, 2, 3, . . . , 2𝑛 − 2).

Similarly,∫ ∞

0

[
1
𝑎1

− 𝜑𝑛+𝑛′(𝑢)
]
𝑢𝑘 𝑑𝑢 =

𝑐𝑘+1
𝑘 + 1

(𝑘 = 0, 1, 2, 3, . . . , 2𝑛 + 2𝑛′ − 2),

and consequently∫ ∞

0
[𝜑𝑛(𝑢) − 𝜑𝑛+𝑛′(𝑢)]𝑢𝑘 𝑑𝑢 = 0 (𝑘 = 0, 1, 2, 3, . . . , 2𝑛 − 2).

By a well-known argument due to Legendre, it follows that the function

𝜑𝑛(𝑢) − 𝜑𝑛+𝑛′(𝑢)
must change sign at least 2𝑛−1 times. Nowboth 𝜑𝑛(𝑢) and 𝜑𝑛+𝑛′(𝑢) are increasing
functions, and 𝜑𝑛(𝑢) is constant in each of the intervals

(𝑥1, 𝑥2), (𝑥2, 𝑥3), . . . , (𝑥𝑛−1, 𝑥𝑛).
In each such interval, 𝜑𝑛(𝑢) − 𝜑𝑛+𝑛′(𝑢) can change sign at most once. There may
then be a change of sign at each of the points of discontinuity 𝑥1, . . . , 𝑥𝑛, giving
at most 𝑛 further changes; altogether there are therefore at most 2𝑛 − 1. But since

𝜑𝑛(0) = 𝜑𝑛+𝑛′(0) = 0, 𝜑𝑛(∞) = 𝜑𝑛+𝑛′(∞) = 1
𝑎1

,

there can plainly be no other changes of sign. Thus there must in fact be one
change of sign in each interval

(𝑥1, 𝑥2), . . . , (𝑥𝑛−1, 𝑥𝑛),
and one at

𝑢 = 𝑥𝑘 (𝑘 = 1, 2, . . . , 𝑛).
For 𝑢 = 𝑥𝑘 one must therefore have

𝜑−
𝑛 (𝑥𝑘) < 𝜑𝑛+𝑛′(𝑥𝑘) < 𝜑+

𝑛 (𝑥𝑘).
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Even if 𝜑𝑛+𝑛′(𝑢) also has a discontinuity at 𝑢 = 𝑥𝑘—whichmay happen exception-
ally when the equations

𝑄2𝑛(𝑧) = 0, 𝑄2𝑛+2𝑛′(𝑧) = 0

have common roots—we have

𝜑−
𝑛 (𝑥𝑘) < 𝜑−

𝑛+𝑛′(𝑥𝑘) < 𝜑+
𝑛+𝑛′(𝑥𝑘) < 𝜑+

𝑛 (𝑥𝑘).
Next observe that, since 𝜑𝑛(𝑢)−𝜑𝑛+𝑛′(𝑢)must change sign in (𝑥𝑘 , 𝑥𝑘+1) and 𝜑𝑛(𝑢)
is constant there, 𝜑𝑛+𝑛′(𝑢)must actually increase in that interval. But this function
increases only by abrupt jumps, its points of discontinuity being the roots of

𝑄2𝑛+2𝑛′(−𝑧) = 0.

It follows that this equation must have at least one root in (𝑥𝑘 , 𝑥𝑘+1). We thus re-
cover a proposition already obtained more completely in no. 5.

43. To prove inequality (3), suppose the contrary, namely

𝜓(𝑎) > 𝜒(𝑏).
Then one can find a positive number 𝜀 such that

𝜓(𝑎) − 𝜀 > 𝜒(𝑏) + 𝜀.

By the properties of the limits of indeterminacy, there exists an infinite increasing
sequence of indices

𝜈1, 𝜈2, 𝜈3, . . . , 𝜈𝑘 , . . .

such that 𝜑𝑛(𝑎), for 𝑛 = 𝜈𝑘 , is always greater than 𝜓(𝑎) − 𝜀. There is likewise a
second increasing sequence of indices

𝜈′1, 𝜈
′
2, 𝜈

′
3, . . . , 𝜈

′
𝑘 , . . .

such that 𝜑𝑛(𝑏), for 𝑛 = 𝜈′𝑘 , is always less than 𝜒(𝑏) + 𝜀.
I now say that, for 𝑛 = 𝜈𝑘 and also for 𝑛 = 𝜈′𝑘 , the equation

𝑄2𝑛(−𝑧) = 0

can never have a root between 𝑎 and 𝑏. Indeed, suppose that for 𝑛 = 𝜈𝑘 it has
a root 𝑐 between 𝑎 and 𝑏. Then 𝜑𝑛(𝑢) has a discontinuity at 𝑢 = 𝑐, and since
𝜑𝑛(𝑎) > 𝜓(𝑎) − 𝜀, we have

𝜑−
𝑛 (𝑐) > 𝜓(𝑎) − 𝜀, 𝜑𝑛(𝑐) > 𝜓(𝑎) − 𝜀.
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In the sequence 𝜈′1, 𝜈
′
2, . . . one can always choose a number 𝜈′𝑟 = 𝑛′ greater than

𝑛 = 𝜈𝑘 . We should then have

𝜑−
𝑛 (𝑐) < 𝜑𝑛′(𝑐) < 𝜑+

𝑛 (𝑐).
But this is plainly absurd, since

𝜑𝑛′(𝑐) ≤ 𝜑𝑛′(𝑏) < 𝜒(𝑏) + 𝜀,

whereas
𝜑−
𝑛 (𝑐) > 𝜓(𝑎) − 𝜀 > 𝜒(𝑏) + 𝜀.

Thus 𝑄2𝑛(−𝑧) = 0 has no root between 𝑎 and 𝑏 when 𝑛 = 𝜈𝑘 ; the same argument
proves the assertion for 𝑛 = 𝜈′𝑘 .

Since, for infinitely many values 𝑛 = 𝜈𝑘 , the equation 𝑄2𝑛(−𝑧) = 0 has no root
between 𝑎 and 𝑏, we know from no. 35 and no. 36 that the function 𝐹(𝑧) has an
expansion

+∞∑
𝑖=−∞

𝑐𝑖𝑧 𝑖

convergent for 𝑎 < |𝑧| < 𝑏, and that 𝑐−1 is the limit of 𝜑𝑛(𝑐), where 𝑐 is fixed be-
tween 𝑎 and 𝑏 and 𝑛 runs through the values 𝜈1, 𝜈2, 𝜈3, . . .. But the same reasoning
may be applied with 𝑛 running through 𝜈′1, 𝜈

′
2, 𝜈

′
3, . . .; and since in the two cases

the function 𝐹(𝑧) is the same, we should have

𝑐−1 = lim
𝑘→∞

𝜑𝜈𝑘 (𝑐) = lim
𝑘→∞

𝜑𝜈′𝑘 (𝑐).
This is plainly absurd, since every 𝜑𝜈𝑘 (𝑐) exceeds 𝜓(𝑎) − 𝜀, while every 𝜑𝜈′𝑘 (𝑐) is
less than

𝜒(𝑏) + 𝜀 < 𝜓(𝑎) − 𝜀.

The contradiction shows that the assumption 𝜓(𝑎) > 𝜒(𝑏) must be rejected. In-
equality (3) is proved.

44. This important point being established, we may introduce the function
which plays the principal role in our fundamental theorem. Put

Φ(𝑢) = 𝜓(𝑢) + 𝜒(𝑢)
2

.

It follows immediately from (1) and (2) that this is an increasing function. More-
over, Φ(0) = 0, and, like 𝜓(𝑢) and 𝜒(𝑢), it cannot increase beyond 1/𝑎1. Clearly

Φ(𝑢 + 𝜀) ≥ 𝜒(𝑢 + 𝜀) ≥ 𝜓(𝑢),
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and hence
Φ+(𝑢) ≥ 𝜓(𝑢).

Similarly,
Φ−(𝑢) ≤ 𝜒(𝑢).

Thus, when 𝜓(𝑢) > 𝜒(𝑢),Φ(𝑢) is discontinuous and the magnitude of its disconti-
nuity is not less than𝜓(𝑢)−𝜒(𝑢), though it may be greater. The functionΦ(𝑢)may
also be discontinuous at points where 𝜓(𝑢) = 𝜒(𝑢). But since Φ(𝑢) is increasing,
it has points of continuity in every interval.

Now, if
Φ+(𝑢) = Φ−(𝑢),

then
𝜓(𝑢) = 𝜒(𝑢) = lim

𝑛→∞𝜑𝑛(𝑢).
Hence every interval contains points 𝑢 for which 𝜑𝑛(𝑢) tends to a finite limit as
𝑛 → ∞.

We shall need the following property of Φ(𝑢). Consider 𝜑𝑛(𝑢); it is discontinu-
ous at 𝑢 = 𝑥𝑘 , and for 𝑛′ > 𝑛 one has

𝜑−
𝑛 (𝑥𝑘) < 𝜑𝑛′(𝑥𝑘) < 𝜑+

𝑛 (𝑥𝑘).
It follows that 𝜓(𝑥𝑘) and 𝜒(𝑥𝑘), the limits of indeterminacy of 𝜑𝑛′(𝑥𝑘) as 𝑛′ → ∞,
also lie between 𝜑−

𝑛 (𝑥𝑘) and 𝜑+
𝑛 (𝑥𝑘); therefore

𝜑−
𝑛 (𝑥𝑘) ≤ Φ(𝑥𝑘) ≤ 𝜑+

𝑛 (𝑥𝑘).

45. Consider now the equations

𝑄2𝑛(−𝑧) = 0 (𝑛 = 1, 2, 3, . . .)
and an arbitrary interval (𝑎, 𝑏), where

0 ≤ 𝑎 < 𝑏.

Two cases may occur. Either there are only finitely many equations 𝑄2𝑛(−𝑧) = 0
having no root between 𝑎 and 𝑏, or there are infinitely many. In the first case we
shall call (𝑎, 𝑏) an interval of the first kind; in the second, an interval of the second
kind.
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When (𝑎, 𝑏) is of the first kind, there is a number 𝜈 such that, for 𝑛 > 𝜈, the
equation

𝑄2𝑛(−𝑧) = 0

always has at least one root between 𝑎 and 𝑏; this property plainly characterizes
an interval of the first kind. Thus, if for some particular value of 𝑛 the equation
has two roots between 𝑎 and 𝑏, the interval is always of the first kind, for all sub-
sequent equations of higher degree will have at least one root between these two
roots.

Suppose that (𝑎, 𝑏) is of the second kind and, in addition, that 𝑎 and 𝑏 are points
of continuity of Φ(𝑢) and of all the functions 𝜑𝑛(𝑢). It follows that

Φ(𝑎) = lim
𝑛→∞𝜑𝑛(𝑎), Φ(𝑏) = lim

𝑛→∞𝜑𝑛(𝑏).

I claim that necessarily Φ(𝑎) = Φ(𝑏). Suppose, on the contrary, that

Φ(𝑎) < Φ(𝑏).
One can choose a positive number 𝜀 such that

Φ(𝑎) + 𝜀 < Φ(𝑏) − 𝜀.

For all 𝑛 exceeding some bound 𝑛 > 𝜈, we have

|𝜑𝑛(𝑎) −Φ(𝑎)| < 𝜀, |𝜑𝑛(𝑏) −Φ(𝑏)| < 𝜀.

It follows that, for those same values of 𝑛,

𝜑𝑛(𝑎) < 𝜑𝑛(𝑏).
Thus 𝜑𝑛(𝑢) must actually increase as 𝑢 goes from 𝑎 to 𝑏. This is possible only if
𝑄2𝑛(−𝑧) = 0 has at least one root between 𝑎 and 𝑏. Since this must occur for every
𝑛 > 𝜈, the interval (𝑎, 𝑏) would be of the first kind, contrary to the hypothesis.
Hence indeed

Φ(𝑎) = Φ(𝑏).
For 𝑛 > 𝜈 we always have

|𝜑𝑛(𝑎) −Φ(𝑎)| < 𝜀, |𝜑𝑛(𝑏) −Φ(𝑏)| < 𝜀;

and since Φ(𝑎) = Φ(𝑏), it plainly follows that

|𝜑𝑛(𝑢) −Φ(𝑢)| < 𝜀 (𝑎 ≤ 𝑢 ≤ 𝑏).
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This is an important result. It assumes that (𝑎, 𝑏) is of the second kind and that 𝑎
and 𝑏 are points of continuity of Φ(𝑢) and of all the functions 𝜑𝑛(𝑢).

When 𝑎 = 0, the interval (0, 𝑏) can be of the second kind only under the follow-
ing circumstances. The equation 𝑄2𝑛(−𝑧) = 0 must never have a root equal to or
less than 𝑏; for, if this happened, the equation

𝑄2𝑛′(−𝑧) = 0

would always, for 𝑛′ > 𝑛, have a root in (0, 𝑏), making that interval one of the first
kind. Thus, if (0, 𝑏) is of the second kind, one always has

𝜑𝑛(𝑏) = 0,

and consequently Φ(𝑏) = 0. The functions 𝜑𝑛(𝑢) and Φ(𝑢) vanish identically
throughout

0 ≤ 𝑢 ≤ 𝑏.

46. Let 𝐿 be any positive number and consider the integral∫ 𝐿

0
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢.

Between 0 and 𝐿 insert, in an arbitrary manner, 𝑘 − 1 numbers 𝑢1, 𝑢2, . . . , 𝑢𝑘−1,

𝑢0 = 0 < 𝑢1 < 𝑢2 < · · · < 𝑢𝑘−1 < 𝑢𝑘 = 𝐿.

Let 𝜀 denote the length of the largest interval (𝑢𝑖−1, 𝑢𝑖), 𝑖 = 1, 2, . . . , 𝑘.
To simplify the reasoning, suppose that no point 𝑢𝑖 (𝑖 = 1, 2, . . . , 𝑘) is a root of

an equation 𝑄2𝑛(−𝑧) = 0 or a point of discontinuity of Φ(𝑢). Since all the roots
and all the discontinuities of Φ(𝑢) can be arranged in an infinite sequence, such
points 𝑢𝑖 exist in every interval. The point 𝑢0 = 0 is not a root, though it may be a
point of discontinuity of Φ(𝑢). This can never occur, however, when (𝑢0, 𝑢1) is of
the second kind, since then Φ(𝑢) vanishes throughout the interval.

Associate with each interval (𝑢𝑖−1, 𝑢𝑖) an integer 𝜈𝑖 as follows. If the interval is
of the first kind, choose 𝜈𝑖 so that, for 𝑛 > 𝜈𝑖, the equation𝑄2𝑛(−𝑧) = 0 has at least
one root in the interval. If it is of the second kind, choose 𝜈𝑖 so that, for 𝑛 > 𝜈𝑖 and
𝑢𝑖−1 ≤ 𝑢 ≤ 𝑢𝑖,

|𝜑𝑛(𝑢) −Φ(𝑢)| < 𝜀′,

where 𝜀′ is an arbitrary positive number, the same for all intervals of the second
kind.
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Let 𝑁 be the greatest of the numbers 𝜈1, 𝜈2, . . . , 𝜈𝑘 . Henceforth suppose 𝑛 > 𝑁 ,
and seek an upper bound for∫ 𝐿

0
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢.

For this purpose decompose it into the sum of 𝑘 integrals

𝑘∑
𝑖=1

∫ 𝑢𝑖

𝑢𝑖−1

|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢.

If (𝑢𝑖−1, 𝑢𝑖) is of the first kind, 𝜑𝑛(𝑢) has at least one abrupt jump in the interval,
say at 𝑢 = 𝑐, and

𝜑−
𝑛 (𝑐) ≤ Φ(𝑐) ≤ 𝜑+

𝑛 (𝑐).
The two intervals

[𝜑𝑛(𝑢𝑖−1), 𝜑𝑛(𝑢𝑖)] and [Φ(𝑢𝑖−1),Φ(𝑢𝑖)]
therefore have at least one point in common, and consequently

𝜑𝑛(𝑢𝑖) ≥ Φ(𝑢𝑖−1), Φ(𝑢𝑖) ≥ 𝜑𝑛(𝑢𝑖−1).
Throughout the interval we plainly have

𝜑𝑛(𝑢𝑖−1) −Φ(𝑢𝑖) ≤ 𝜑𝑛(𝑢) −Φ(𝑢) ≤ 𝜑𝑛(𝑢𝑖) −Φ(𝑢𝑖−1),
and hence, a fortiori,

𝜑𝑛(𝑢) −Φ(𝑢) ≤ 𝜑𝑛(𝑢𝑖) − 𝜑𝑛(𝑢𝑖−1) +Φ(𝑢𝑖) −Φ(𝑢𝑖−1),
𝜑𝑛(𝑢) −Φ(𝑢) ≥ 𝜑𝑛(𝑢𝑖−1) − 𝜑𝑛(𝑢𝑖) +Φ(𝑢𝑖−1) −Φ(𝑢𝑖).

That is,
|𝜑𝑛(𝑢) −Φ(𝑢)| ≤ 𝜑𝑛(𝑢𝑖) − 𝜑𝑛(𝑢𝑖−1) +Φ(𝑢𝑖) −Φ(𝑢𝑖−1).

It follows that∫ 𝑢𝑖

𝑢𝑖−1

|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢 ≤ 𝜀{𝜑𝑛(𝑢𝑖) − 𝜑𝑛(𝑢𝑖−1) +Φ(𝑢𝑖) −Φ(𝑢𝑖−1)}.

The factormultiplying 𝜀 is the sum of the variations of 𝜑𝑛(𝑢) andΦ(𝑢) in (𝑢𝑖−1, 𝑢𝑖).
The sum of all such integrals belonging to intervals of the first kind therefore has
upper bound

𝜀(𝜎1 + 𝜎2),
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where 𝜎1 is the sum of the variations of 𝜑𝑛(𝑢) in those intervals and 𝜎2 the sum of
the variations of Φ(𝑢). Clearly 𝜎1 is less than the total variation of 𝜑𝑛(𝑢), namely

𝜑𝑛(∞) − 𝜑𝑛(0) = 1
𝑎1
.

Likewise 𝜎2 is less than the total variation of Φ(𝑢), which also cannot exceed 1/𝑎1.
Thus 2𝜀/𝑎1 may be taken as an upper bound for the sum in question.

If (𝑢𝑖−1, 𝑢𝑖) is of the second kind, then throughout it, since 𝑛 > 𝑁 ≥ 𝜈𝑖 ,

|𝜑𝑛(𝑢) −Φ(𝑢)| < 𝜀′,
∫ 𝑢𝑖

𝑢𝑖−1

|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢 < 𝜀′(𝑢𝑖 − 𝑢𝑖−1).

The sum of all integrals of this kind is therefore less than 𝐿𝜀′, since the sum of the
intervals is plainly less than 𝐿.

Proposition. Given arbitrary positive numbers 𝐿, 𝜀, 𝜀′, there exists an integer 𝑁 such
that, for 𝑛 > 𝑁 , ∫ 𝐿

0
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢 <

2𝜀
𝑎1

+ 𝐿𝜀′.

47. It is evident that

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

∫ ∞

0

𝑑𝜑𝑛(𝑢)
𝑧 + 𝑢

=
∫ ∞

0

𝜑𝑛(𝑢) 𝑑𝑢
(𝑧 + 𝑢)2 ,

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) −

∫ ∞

0

Φ(𝑢) 𝑑𝑢
(𝑧 + 𝑢)2 =

∫ ∞

0

𝜑𝑛(𝑢) −Φ(𝑢)
(𝑧 + 𝑢)2 𝑑𝑢,

where 𝑧 is any point not on the cut. Hence���� 𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) −

∫ ∞

0

Φ(𝑢) 𝑑𝑢
(𝑧 + 𝑢)2

���� < ∫ ∞

0

|𝜑𝑛(𝑢) −Φ(𝑢)|
|𝑧 + 𝑢|2 𝑑𝑢.

The upper bound may be written∫ 𝐿

0

|𝜑𝑛(𝑢) −Φ(𝑢)|
|𝑧 + 𝑢|2 𝑑𝑢 +

∫ ∞

𝐿

|𝜑𝑛(𝑢) −Φ(𝑢)|
|𝑧 + 𝑢|2 𝑑𝑢.

Choose two positive numbers 𝜀, 𝜀′ and determine 𝑁 as in no. 46. Then, for
𝑛 > 𝑁 , ∫ 𝐿

0

|𝜑𝑛(𝑢) −Φ(𝑢)|
|𝑧 + 𝑢|2 𝑑𝑢 <

1
𝜌(𝑧)2

(
2𝜀
𝑎1

+ 𝐿𝜀′
)
,
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where, as in no. 33, 𝜌(𝑧) denotes the minimum of |𝑧 + 𝑢| as 𝑢 varies from 0 to ∞.
For the integral from 𝐿 to ∞, observe that

|𝜑𝑛(𝑢) −Φ(𝑢)| < 1
𝑎1

;

and, if 𝑧 = 𝛼 + 𝛽𝑖,
|𝑧 + 𝑢|2 = (𝑢 + 𝛼)2 + 𝛽2 ≥ (𝑢 + 𝛼)2.

Thus, supposing 𝐿 + 𝛼 > 0,∫ ∞

𝐿

|𝜑𝑛(𝑢) −Φ(𝑢)|
|𝑧 + 𝑢|2 𝑑𝑢 <

1
𝑎1

∫ ∞

𝐿

𝑑𝑢
(𝑢 + 𝛼)2 =

1
𝑎1(𝐿 + 𝛼) .

It follows that���� 𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) −

∫ ∞

0

Φ(𝑢) 𝑑𝑢
(𝑧 + 𝑢)2

���� < 1
𝜌(𝑧)2

(
2𝜀
𝑎1

+ 𝐿𝜀′
)
+ 1

𝑎1(𝐿 + 𝛼) .

Since 𝐿, 𝜀, 𝜀′ are arbitrary (or nearly so), the upper bound can be made as small
as desired. Thus, for every point 𝑧 not on the cut,

lim
𝑛→∞

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

∫ ∞

0

Φ(𝑢) 𝑑𝑢
(𝑧 + 𝑢)2 =

∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

.

We already knew that 𝑃2𝑛(𝑧)/𝑄2𝑛(𝑧) tends to a holomorphic function 𝐹(𝑧); we
now see that

𝐹(𝑧) =
∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

.

As for uniformity, the preceding bound shows that convergence is uniform in ev-
ery domain 𝑆 in which the real part of −𝑧 and 1/𝜌(𝑧) are bounded above. Such a
domain may extend to infinity.

48. The odd-order convergentsmay be studied in the sameway as the even-order
ones, and one finds

lim
𝑛→∞

𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) = 𝐹1(𝑧) =

∫ ∞

0

𝑑Φ1(𝑢)
𝑧 + 𝑢

,

where Φ1(𝑢) is again an increasing function characterizing a certain distribution
of mass on an axis 𝑂𝑋.
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It is scarcely necessary, however, to carry out this investigation, for the only
case which interests us is that in which

∞∑
𝑛=1

𝑎𝑛

diverges. We then know that 𝐹(𝑧) = 𝐹1(𝑧), and a separate investigation to obtain
a more explicit analytic form for 𝐹1(𝑧) becomes unnecessary. By the theorem of
no. 39, the functions Φ(𝑢) and Φ1(𝑢) necessarily characterize the same distribu-
tion.

When
∑∞

𝑛=1 𝑎𝑛 converges, the distributions of mass characterized by Φ(𝑢) and
Φ1(𝑢) are plainly those given by the systems

(𝜇𝑖 ,𝜆𝑖), 𝑖 = 1, 2, 3, . . . , (𝜈𝑖 , 𝜃𝑖), 𝑖 = 0, 1, 2, 3, . . . ,

considered in no. 24. The integrals∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

,
∫ ∞

0

𝑑Φ1(𝑢)
𝑧 + 𝑢

then reduce to the series
∞∑
𝑖=1

𝜇𝑖

𝑧 + 𝜆𝑖
,

∞∑
𝑖=0

𝜈𝑖
𝑧 + 𝜃𝑖

.

We saw in no. 15 that, for positive real 𝑥,

𝐹(𝑥) = 𝑐0
𝑥

− 𝑐1
𝑥2 + · · · + (−1)𝑛−1 𝑐𝑛−1

𝑥𝑛
+ (−1)𝑛 𝜉𝑐𝑛

𝑥𝑛+1 , 0 < 𝜉 < 1. (1)

On the other hand,

𝑥𝐹(𝑥) =
∫ ∞

0

𝑥
𝑥 + 𝑢

𝑑Φ(𝑢).
It is easy to see that as 𝑥 → +∞ the right-hand side tends to∫ ∞

0
𝑑Φ(𝑢) = Φ(∞).

Indeed, since this integral is finite, one may choose 𝐿 so that∫ ∞

𝐿
𝑑Φ(𝑢) = 𝜀1,
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where 𝜀1 is smaller than an arbitrary number 𝜀. Then∫ ∞

𝐿

𝑥
𝑥 + 𝑢

𝑑Φ(𝑢) = 𝜀′1,

where 𝜀′1 < 𝜀. Next, 𝑥 may clearly be taken large enough that∫ 𝐿

0

𝑥
𝑥 + 𝑢

𝑑Φ(𝑢) =
∫ 𝐿

0
𝑑Φ(𝑢) − 𝜀′′1 ,

where 𝜀′′1 < 𝜀. Consequently,∫ ∞

0

𝑥
𝑥 + 𝑢

𝑑Φ(𝑢) =
∫ 𝐿

0
𝑑Φ(𝑢) + 𝜀′1 − 𝜀′′1 =

∫ ∞

0
𝑑Φ(𝑢) − 𝜀1 + 𝜀′1 − 𝜀′′1 .

But by (1),
lim
𝑥→∞ 𝑥𝐹(𝑥) = 𝑐0 =

1
𝑎1

;

hence ∫ ∞

0
𝑑Φ(𝑢) = 𝑐0.

This being established, we may write

𝐹(𝑥) =
∫ ∞

0

[
1
𝑥
− 𝑢

𝑥(𝑥 + 𝑢)
]
𝑑Φ(𝑢) = 𝑐0

𝑥
− 1

𝑥

∫ ∞

0

𝑢
𝑥 + 𝑢

𝑑Φ(𝑢),

and therefore
𝑥2

[
𝐹(𝑥) − 𝑐0

𝑥

]
= −

∫ ∞

0

𝑥
𝑥 + 𝑢

𝑢 𝑑Φ(𝑢). (2)

We know that, as 𝑥 → ∞,

lim 𝑥2
[
𝐹(𝑥) − 𝑐0

𝑥

]
= −𝑐1.

It follows that the integral ∫ ∞

0
𝑢 𝑑Φ(𝑢) (3)

is finite and has the value 𝑐1. For if
∫ 𝐿

0 𝑢 𝑑Φ(𝑢) grew beyond every bound with 𝐿,
the right-hand side of (2) would likewise grow beyond every bound as 𝑥 → ∞,
which cannot occur. Integral (3) therefore has a finite value; and to obtain that
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value it suffices to let 𝑥 grow indefinitely in (2). Continuing this reasoning gives,
in general, ∫ ∞

0
𝑢𝑘 𝑑Φ(𝑢) = 𝑐𝑘 .

Thus the distribution of mass characterized by Φ(𝑢) is a solution of the moment
problem.

When the series ∞∑
𝑛=1

𝑎𝑛

diverges,T2 this yields only one solution of the problem; and indeedwe shall soon
prove that in this case there are no others.

We saw in no. 42 that∫ ∞

0

[
1
𝑎1

− 𝜑𝑛(𝑢)
]
𝑢𝑘 𝑑𝑢 =

𝑐𝑘+1
𝑘 + 1

[𝑘 = 0, 1, 2, . . . , 2𝑛 − 2],

and the result just obtained gives at once∫ ∞

0

[
1
𝑎1

−Φ(𝑢)
]
𝑢𝑘 𝑑𝑢 =

𝑐𝑘+1
𝑘 + 1

(𝑘 = 0, 1, 2, 3, . . .).

It follows that 𝜑𝑛(𝑢) −Φ(𝑢) must change sign at least 2𝑛 − 1 times. If 𝑥𝑘 is a point
of discontinuity of 𝜑𝑛(𝑢), it is easy to conclude that

𝜑−
𝑛 (𝑥𝑘) < Φ−(𝑥𝑘) ≤ Φ+(𝑥𝑘) < 𝜑+

𝑛 (𝑥𝑘).
This sharpens the result obtained at the end of no. 44. It is also clear that, in an
interval on which Φ(𝑢) is constant, the equation

𝑄2𝑛(−𝑧) = 0

can have at most one root.

49. Return to the proposition of no. 46; for 𝑛 > 𝑁 ,∫ 𝐿

0
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢 <

2𝜀
𝑎1

+ 𝐿𝜀′.

T2Translator’s note. The source prints
∑∞

𝑛=0 𝑎𝑛 . We use 𝑛 = 1, consistently with the indexing of the
continued fraction throughout the paper.
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We have just seen that Φ(∞) = 𝜑𝑛(∞) = 𝑐0. Hence 𝑐0 − 𝜑𝑛(𝑢) and 𝑐0 − Φ(𝑢) are
never negative; and since

𝜑𝑛(𝑢) −Φ(𝑢) = 𝑐0 −Φ(𝑢) − [𝑐0 − 𝜑𝑛(𝑢)],
we have

|𝜑𝑛(𝑢) −Φ(𝑢)| ≤ |𝑐0 −Φ(𝑢)| + |𝑐0 − 𝜑𝑛(𝑢)|.
It is easy to see that

|𝑐0 − 𝜑𝑛(𝑢)| < 𝑐2
𝑢2 , |𝑐0 −Φ(𝑢)| < 𝑐2

𝑢2 .

Indeed, consider the distribution of mass characterized by Φ(𝑢) (or by 𝜑𝑛(𝑢)).
Its second-order moment is 𝑐2; the total mass contained in the segment from 𝑢 to
∞ is 𝑐0 −Φ(𝑢), and the second-order moment of this mass is less than 𝑐2. Concen-
trating this mass at the point 𝑢 decreases that moment still further; hence

𝑢2|𝑐0 −Φ(𝑢)| < 𝑐2.

Thus
|𝜑𝑛(𝑢) −Φ(𝑢)| < 2𝑐2

𝑢2 ,

and ∫ ∞

𝐿
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢 <

2𝑐2
𝐿

.

Consequently, ∫ ∞

0
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢 <

2𝜀
𝑎1

+ 𝐿𝜀′ + 2𝑐2
𝐿

.

By a suitable choice of 𝐿, 𝜀, 𝜀′, the upper bound can be made smaller than any
prescribed number; therefore

lim
𝑛→∞

∫ ∞

0
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢 = 0.

50. Here is an interpretation of this result. Let 𝐷𝑛 and 𝐷 denote the distribu-
tions of mass characterized by 𝜑𝑛(𝑢) and Φ(𝑢). One may pass from 𝐷𝑛 to 𝐷 by a
certain transport of masses. Let us agree that transporting amass𝑚 through a dis-
tance 𝑙 requires an amount of work measured by 𝑚𝑙. It is then easy to see that the
minimum total work required to pass from 𝐷𝑛 to 𝐷 (or conversely) is measured
by ∫ ∞

0
|𝜑𝑛(𝑢) −Φ(𝑢)| 𝑑𝑢.
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We shall also denote this minimum work by {𝐷𝑛 , 𝐷}, and it seems natural to say
that 𝐷𝑛 differs infinitesimally from 𝐷 when {𝐷𝑛 , 𝐷} is infinitesimal. Thus 𝐷 may
be regarded as the limit of 𝐷𝑛.

In general, given an infinite sequence of distributions

𝐷1, 𝐷2, 𝐷3, . . . ,

and a distribution 𝐷 such that {𝐷𝑛 , 𝐷} becomes less than 𝜀 as soon as 𝑛 exceeds
some bound, we shall say that 𝐷 is the limit of 𝐷𝑛.

One objection to this definition is that the limit 𝐷 itself enters into it. Since

{𝐷𝑛 , 𝐷𝑛+𝑛′} ≤ {𝐷𝑛 , 𝐷} + {𝐷, 𝐷𝑛+𝑛′} < 2𝜀,

one might be led to adopt the following definition: the sequence 𝐷1, 𝐷2, 𝐷3, . . .
tends to a limit if one can choose 𝑛 so that

{𝐷𝑛 , 𝐷𝑛+𝑛′} < 𝜀,

where 𝜀 is an arbitrary positive number. But it is clear that this definition has no
precise meaning until it has been proved that there actually exists a distribution
𝐷 for which {𝐷𝑛 , 𝐷} becomes infinitesimal. We merely wished to point out this
question, which we shall not examine here.

Since
𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) =

𝑛∑
𝑖=1

𝑀𝑖

𝑧 + 𝑥𝑖
,

the convergent itself may be regarded as a kind of parametric moment, depending
on the parameter 𝑧, of the distribution 𝐷𝑛. The principal result of our researches
thus amounts to saying that the parametric moment of𝐷𝑛 tends to the parametric
moment of 𝐷.

Now consider the definite integral expressing the parametric moment of 𝐷,
and recall the definition of a definite integral as the limit of a certain sum. For
that sum one may take precisely the parametric moment of 𝐷𝑛, that is, the 2𝑛th
convergent of the continued fraction. We may therefore say that the continued
fraction is an identical transformation of the definite integral. We first observed this
remarkable reduction of two such different analytic expressions—a definite inte-
gral and a continued fraction—to one another in the special case where 𝑄2𝑛(𝑧) is
a Legendre polynomial 𝑋𝑛. (See Comptes rendus, vol. XCIX, p. 508; 1884.) [3]

It was the desire to generalize this result that led us to undertake the researches
presented here.
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Chapter VIII

Study of the Integral
∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

51. Let 𝜓(𝑢) be any increasing function, with 𝜓(0) = 0. We shall suppose only
that the distribution ofmasswhich it represents has finitemoments of every order,
and we shall put

𝑐𝑘 =
∫ ∞

0
𝑢𝑘 𝑑𝜓(𝑢).

Consider now the integral ∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

,

which represents a function holomorphic throughout the plane except for the cut.
If the function 𝜓(𝑢) is constant from 𝑢 = 𝑎 onward, the integral reduces to∫ 𝑎

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

,

and the cut extends only from 𝑧 = 0 to 𝑧 = −𝑎.T3 All themoments are then finite as
soon as this is the case for 𝑐0 = 𝜓(𝑎). The integral evidently admits the asymptotic
expansion

𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · · ,

which is divergent in general, and convergent for |𝑧| > 𝑎 in the particular case just
mentioned.

But when 𝑧 = 𝑥 is real and positive, one always has∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

=
𝑐0
𝑥

− 𝑐1
𝑥2 + · · · + (−1)𝑛−1 𝑐𝑛−1

𝑥𝑛
+ (−1)𝑛 𝜉𝑐𝑛

𝑥𝑛+1 , 0 < 𝜉 < 1.

The expansion into a continued fraction of this integral, or, more precisely, of its
asymptotic expansion, has been the subject of investigations by Chebyshev, Heine,
and Darboux.

We shall resume this study here, focusing especially on the question of conver-
gence, which was scarcely considered in the earlier works just mentioned, and in
T3Translator’s note. The source writes 𝑢 = 0 and 𝑢 = −𝑎. We use 𝑧 because this is a cut in the

complex 𝑧-plane.
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which the continued fraction was always taken in the form (I𝑑) (see the Introduc-
tion).

To reduce the series to a continued fraction, one need only apply the formulas
of no. 11; the determinants 𝐴𝑛 and 𝐵𝑛 will be positive, as determinants of the
positive quadratic forms∫ ∞

0

(
𝑋0 + 𝑢𝑋1 + 𝑢2𝑋2 + · · · + 𝑢𝑛−1𝑋𝑛−1

)2 𝑑𝜓(𝑢),∫ ∞

0
𝑢
(
𝑋0 + 𝑢𝑋1 + 𝑢2𝑋2 + · · · + 𝑢𝑛−1𝑋𝑛−1

)2 𝑑𝜓(𝑢).
Thus one obtains a continued fraction of the type which we have studied, the 𝑎𝑖
being positive.

We may therefore apply the results obtained by the direct study of the contin-
ued fraction.

Two cases must be distinguished:
First case: the series

∑∞
𝑛=1 𝑎𝑛 is convergent.

In this case,

lim
𝑛→∞

𝑃2𝑛(𝑧)
𝑄2𝑛(𝑧) = 𝐹(𝑧) = 𝑝(𝑧)

𝑞(𝑧) =
∞∑
𝑖=1

𝜇𝑖

𝑧 + 𝜆𝑖
=

∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

,

lim
𝑛→∞

𝑃2𝑛+1(𝑧)
𝑄2𝑛+1(𝑧) = 𝐹1(𝑧) = 𝑝1(𝑧)

𝑞1(𝑧) =
∞∑
𝑖=0

𝜈𝑖
𝑧 + 𝜃𝑖

=
∫ ∞

0

𝑑Φ1(𝑢)
𝑧 + 𝑢

.

Second case: the series
∑∞

𝑛=1 𝑎𝑛 is divergent.
In this case,

lim
𝑛→∞

𝑃𝑛(𝑧)
𝑄𝑛(𝑧) = 𝐹(𝑧) =

∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

.

But what relation do these limits bear to the integral∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

,

from which the continued fraction originated?

52. To answer this question, first suppose that 𝑧 = 𝑥 is real and positive.We then
have the following theorem (see Comptes rendus, vol. CVIII, p. 1297; 1889) [4].
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Theorem. The minimum of the expression∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

[
1 + 𝑋1(𝑥 + 𝑢) + 𝑋2(𝑥 + 𝑢)2 + · · · + 𝑋𝑛(𝑥 + 𝑢)𝑛]2

is equal to ∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

− 𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) ,

and consequently one necessarily has∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

>
𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) .

Proof. The verification is easy. Put

ℒ = 1 + 𝑋1(𝑥 + 𝑢) + 𝑋2(𝑥 + 𝑢)2 + · · · + 𝑋𝑛(𝑥 + 𝑢)𝑛 .
The conditions for the minimum are∫ ∞

0
(𝑥 + 𝑢)𝑘ℒ 𝑑𝜓(𝑢) = 0, 𝑘 = 0, 1, 2, . . . , 𝑛 − 1. (1)

These relations are visibly equivalent to∫ ∞

0
𝑢𝑘ℒ 𝑑𝜓(𝑢) = 0, 𝑘 = 0, 1, 2, . . . , 𝑛 − 1,

or, recalling the symbol 𝒮 introduced in no. 11,

𝒮{𝑢𝑘ℒ} = 0, 𝑘 = 0, 1, 2, . . . , 𝑛 − 1.

By (3), the polynomial ℒ, in the case of the minimum, therefore differs only by a
constant factor from 𝑄2𝑛(−𝑢); and since ℒ reduces to unity for 𝑢 = −𝑥, we have

ℒ =
𝑄2𝑛(−𝑢)
𝑄2𝑛(𝑥) .

The minimum is∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

ℒ2 =
∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

ℒ [
1 + 𝑋1(𝑥 + 𝑢) + · · · + 𝑋𝑛(𝑥 + 𝑢)𝑛] ,

which, by virtue of (1), reduces to∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

ℒ =
∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

− 1
𝑄2𝑛(𝑥)

∫ ∞

0

𝑄2𝑛(𝑥) −𝑄2𝑛(−𝑢)
𝑥 + 𝑢

𝑑𝜓(𝑢).
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The last integral is evidently equal to

𝒮
[
𝑄2𝑛(𝑥) −𝑄2𝑛(−𝑢)

𝑥 + 𝑢

]
= 𝑃2𝑛(𝑥),

which completes the proof.

The following second theorem is verified just as easily.

Theorem. The minimum of the expressionT4∫ ∞

0

𝑢 𝑑𝜓(𝑢)
𝑥(𝑥 + 𝑢)

[
1 + 𝑋1(𝑥 + 𝑢) + 𝑋2(𝑥 + 𝑢)2 + · · · + 𝑋𝑛(𝑥 + 𝑢)𝑛]2

is equal to
𝑃2𝑛+1(𝑥)
𝑄2𝑛+1(𝑥) −

∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

,

and consequently one necessarily has

𝑃2𝑛+1(𝑥)
𝑄2𝑛+1(𝑥) >

∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

.

To these theorems I add the following observation. In the first theorem,ℒ is the
most general polynomial in 𝑢 which reduces to unity for 𝑢 = −𝑥. Now (−𝑢/𝑥)𝑛 is
also such a polynomial; hence∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

− 𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) <

∫ ∞

0

𝑢2𝑛 𝑑𝜓(𝑢)
𝑥2𝑛(𝑥 + 𝑢) ,

that is,
𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) >

𝑐0
𝑥

− 𝑐1
𝑥2 + 𝑐2

𝑥3 − · · · − 𝑐2𝑛−1
𝑥2𝑛 ,

and in the same way one finds

𝑃2𝑛+1(𝑥)
𝑄2𝑛+1(𝑥) <

𝑐0
𝑥

− 𝑐1
𝑥2 + · · · + 𝑐2𝑛

𝑥2𝑛+1 .

Wehad already obtained these inequalities in no. 15, but let us now compare them
with

𝑃2𝑛(𝑥)
𝑄2𝑛(𝑥) <

∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

<
𝑃2𝑛+1(𝑥)
𝑄2𝑛+1(𝑥) .

T4Translator’s note. After 𝑑𝜓(𝑢), the source also prints a final 𝑑𝑢. We omit this evident duplicate
differential.
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To calculate numerically the integral∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

,

one may use the series, even when divergent,
𝑐0
𝑥

− 𝑐1
𝑥2 + 𝑐2

𝑥3 − · · · ;

the sum of an even number of terms will always give a lower bound, and the sum
of an odd number of terms an upper bound. But one may also reduce the series
to a continued fraction: the successive convergents will likewise give, alternately,
upper and lower bounds.

We now see that there is always an advantage in reducing the series to a con-
tinued fraction: the bounds given by the convergents are closer than those given
by the series.

The limit of the approximation obtainable from the continued fraction is char-
acterized by the inequalities

𝐹(𝑥) ≤
∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

≤ 𝐹1(𝑥).

53. It is now easy to answer the question posed at the end of no. 51.
In the first case, when the series

∞∑
𝑛=1

𝑎𝑛

is convergent, we know that the moment problem is indeterminate (no. 24). That
is, there exists an infinity of integrals∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

,
∫ ∞

0

𝑑𝜓1(𝑢)
𝑧 + 𝑢

,
∫ ∞

0

𝑑𝜓2(𝑢)
𝑧 + 𝑢

, . . . ,

which are distinct holomorphic functions of 𝑧, butwhich give the same asymptotic
expansion

𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · ·

and consequently also the same continued fraction.
Calculation of the convergents of this continued fraction leads to the two limits∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

=
𝑝(𝑧)
𝑞(𝑧) =

∞∑
𝑖=1

𝜇𝑖

𝑧 + 𝜆𝑖
,
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0

𝑑Φ1(𝑢)
𝑧 + 𝑢

=
𝑝1(𝑧)
𝑞1(𝑧) =

∞∑
𝑖=0

𝜈𝑖
𝑧 + 𝜃𝑖

;

but evidently no precise connection can be established between these two per-
fectly determined functions and an integral such as∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

,

since this function is capable of varying.
The only assertion that can be made is that, for 𝑧 = 𝑥, one will always have

𝑝(𝑥)
𝑞(𝑥) ≤

∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

≤ 𝑝1(𝑥)
𝑞1(𝑥) .

The functions Φ(𝑢) and Φ1(𝑢) themselves occur among the possible determina-
tions of 𝜓(𝑢).

For a particular value 𝑥 = 𝑥0, one cannot have

𝑝(𝑥0)
𝑞(𝑥0) =

∫ ∞

0

𝑑𝜓(𝑢)
𝑥0 + 𝑢

without having identically throughout the plane

𝑝(𝑧)
𝑞(𝑧) =

∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

=
∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

,

and the functions 𝜓(𝑢) and Φ(𝑢) may be regarded as identical, since they charac-
terize the same distribution of mass.

Indeed, we have seen that∫ ∞

0

𝑑𝜓(𝑢)
𝑥0 + 𝑢

− 𝑃2𝑛(𝑥0)
𝑄2𝑛(𝑥0) =

∫ ∞

0

𝑑𝜓(𝑢)
𝑥0 + 𝑢

[
𝑄2𝑛(−𝑢)
𝑄2𝑛(𝑥0)

]2

.

Now if the right-hand side tends to zero as 𝑛 → ∞, as we suppose here, this will
hold all the more when 𝑥0 is replaced by a larger number. Consequently,

𝑝(𝑧)
𝑞(𝑧) =

∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

as soon as 𝑧 is real, positive, and greater than 𝑥0. But then this equality holds
throughout the plane.
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One sees in the same way that the equality

𝑝1(𝑥0)
𝑞1(𝑥0) =

∫ ∞

0

𝑑𝜓(𝑢)
𝑥0 + 𝑢

implies the identity
𝑝1(𝑧)
𝑞1(𝑧) =

∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

.

So long as the distribution of mass characterized by 𝜓(𝑢) is not identical with one
of those represented by Φ(𝑢) and Φ1(𝑢), one has

𝑝(𝑥)
𝑞(𝑥) <

∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

<
𝑝1(𝑥)
𝑞1(𝑥) ,

equality being excluded.

54. In the second case, the continued fraction is convergent and, for 𝑧 = 𝑥, one
has ∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

= lim
𝑛→∞

𝑃𝑛(𝑥)
𝑄𝑛(𝑥) =

∫ ∞

0

𝑑Φ(𝑢)
𝑥 + 𝑢

,

because in this case 𝐹(𝑥) = 𝐹1(𝑥). It follows that∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

=
∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

;

for this equality cannot hold for 𝑧 = 𝑥 without holding throughout the plane.
The functions 𝜓(𝑢) and Φ(𝑢) will be identical, or at least will represent the same
distribution of mass.

It is also seen that the moment problem is determinate in the present case, and
admits no solution other than that characterized by the function Φ(𝑢) or 𝜓(𝑢).
Indeed, if the problem had another solution characterized by 𝜓1(𝑢), the integral∫ ∞

0

𝑑𝜓1(𝑢)
𝑧 + 𝑢

would always give the same continued fraction, and it would follow that∫ ∞

0

𝑑𝜓1(𝑢)
𝑧 + 𝑢

=
∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

=
∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

.

It should be observed that this second casemay occur evenwhen the expansion
𝑐0
𝑧
− 𝑐1

𝑧2 + 𝑐2
𝑧3 − · · ·
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is always divergent. Indeed, this occurs when

𝑐𝑛+1
𝑐𝑛

increases beyond every bound.We know that for this it is necessary and sufficient
that the numbers

1
𝑎𝑛𝑎𝑛+1

(𝑛 = 1, 2, 3, . . .)
should not be bounded above. Now it is clear that this in no way prevents the
series

𝑎1 + 𝑎2 + 𝑎3 + · · ·
from being divergent. One could, for example, take all the 𝑎𝑖 arbitrarily, except
those of a certain infinite sequence

𝑎𝑝 , 𝑎𝑞 , 𝑎𝑟 , 𝑎𝑠 , . . . ,

and then determine these so that the numbers
1

𝑎𝑝𝑎𝑝+1
,

1
𝑎𝑞𝑎𝑞+1

,
1

𝑎𝑟𝑎𝑟+1
, . . .

increase beyond every bound.

55. To give an example of the theory just set forth, consider the integral∫ ∞

0

[
1 + 𝜆 sin( 4√𝑢)] 𝑒− 4√𝑢

𝑧 + 𝑢
𝑑𝑢, −1 ≤ 𝜆 ≤ 1.

Since
𝑑𝜓(𝑢) = [

1 + 𝜆 sin( 4√𝑢)] 𝑒− 4√𝑢 𝑑𝑢,

we are dealing here with a distribution of mass having a finite density. This distri-
bution moreover varies with the parameter 𝜆. But if the moments are calculated,
one finds

𝑐𝑘 =
∫ ∞

0
𝑢𝑘𝑒−

4√𝑢 𝑑𝑢 (𝑘 = 0, 1, 2, 3, . . .);
they do not depend on the parameter 𝜆. Indeed, one verifies without difficulty
that the integrals∫ ∞

0
𝑢𝑘 sin( 4√𝑢)𝑒− 4√𝑢 𝑑𝑢 = 4

∫ ∞

0
𝑢4𝑘+3 sin 𝑢 𝑒−𝑢 𝑑𝑢 (𝑘 = 0, 1, 2, 3, . . .)
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all vanish. The moment problem therefore manifestly has infinitely many solu-
tions; we are in the indeterminate case, and it is certain that the values of the 𝑎𝑖
are such that the series ∞∑

𝑛=1
𝑎𝑛

is convergent. The continued fraction will give two limits

𝑝(𝑧)
𝑞(𝑧) =

∞∑
𝑖=1

𝜇𝑖

𝑧 + 𝜆𝑖
,

𝑝1(𝑧)
𝑞1(𝑧) =

∞∑
𝑖=0

𝜈𝑖
𝑧 + 𝜃𝑖

,

and the distributions of mass (𝜇𝑖 ,𝜆𝑖) and (𝜈𝑖 , 𝜃𝑖)will again constitute two particu-
lar solutions of themoment problem. But no precise connection can be established
between the value of the integral and the limits furnished by the continued frac-
tion. Nevertheless, when 𝑧 = 𝑥 is real and positive, upper and lower bounds for
the integral can always be obtained by calculating the convergents. But since the
𝑐𝑘 and the 𝑎𝑘 do not depend on 𝜆, one sees that no account is taken of the part

𝜆

∫ ∞

0

sin( 4√𝑢)𝑒− 4√𝑢

𝑥 + 𝑢
𝑑𝑢 = 𝜋𝜆𝑒−

4√4𝑥 .

Since 𝜆 may vary from −1 to +1, it necessarily follows that

𝑝1(𝑥)
𝑞1(𝑥) −

𝑝(𝑥)
𝑞(𝑥) > 2𝜋𝑒−

4√4𝑥 .

The continued fraction can give only a limited approximation, as is also the case
with the series expansion. On calculating 𝑎1, 𝑎2, . . ., one sees that these numbers
follow a very complicated law, so that the convergence of the series

∞∑
𝑛=1

𝑎𝑛

cannot be verified directly.

56. I shall give another example in which this verification can be made.
Let 𝑓 (𝑢) be an odd and periodic function of 𝑢, with

𝑓
(
𝑢 + 1

2

)
= ± 𝑓 (𝑢).
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Then the integral ∫ ∞

0
𝑢𝑘𝑢− log 𝑢 𝑓 (log 𝑢) 𝑑𝑢,

where 𝑘 is any positive, zero, or negative integer, always vanishes. To see this, it
suffices to observe that ∫ +∞

−∞
𝑒−𝑣2

𝑓 (𝑣) 𝑑𝑣 = 0

and to make the substitution

𝑣 = − 𝑘 + 1
2

+ log 𝑢.

Thus, in the case 𝑓 (𝑢) = sin(2𝜋𝑢),∫ ∞

0
𝑢𝑘𝑢− log 𝑢 sin(2𝜋 log 𝑢) 𝑑𝑢 = 0.

I now consider the integral

1√
𝜋

∫ ∞

0

1 + 𝜆 sin(2𝜋 log 𝑢)
𝑧 + 𝑢

𝑢− log 𝑢 𝑑𝑢, −1 ≤ 𝜆 ≤ +1.

We see that matters proceed as in the preceding example: the value of

𝑐𝑘 =
1√
𝜋

∫ ∞

0
𝑢𝑘𝑢− log 𝑢 𝑑𝑢 =

1√
𝜋

∫ +∞

−∞
𝑒−𝑢2+(𝑘+1)𝑢 𝑑𝑢 = 𝑒

1
4 (𝑘+1)2

is independent of the parameter 𝜆.
The continued fraction must therefore be oscillatory; this is verified directly

here, since

𝑎2𝑛 = (1 − 𝑒−1/2)(1 − 𝑒−1)(1 − 𝑒−3/2) · · · (1 − 𝑒−(𝑛−1)/2)𝑒−𝑛/2,

𝑎2𝑛+1 =
𝑒−(2𝑛+1)/4

(1 − 𝑒−1/2)(1 − 𝑒−1)(1 − 𝑒−3/2) · · · (1 − 𝑒−𝑛/2) .
Because 𝑒 > 1, the convergence of the series∑

𝑎2𝑛 ,
∑

𝑎2𝑛+1

is manifest. For brevity, I omit the calculation giving the values of the 𝑎𝑛 (and
which remains valid without the need to suppose that 𝑒 has the particular value
2.71828 . . .).
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In the present case, the difference

𝑝1(𝑥)
𝑞1(𝑥) −

𝑝(𝑥)
𝑞(𝑥)

must necessarily exceed

2√
𝜋

∫ ∞

0

sin(2𝜋 log 𝑢)
𝑥 + 𝑢

𝑢− log 𝑢 𝑑𝑢 = 2𝑒−𝜋2√
𝜋 𝑥− log 𝑥 .

57. As an example of the determinate case, I shall first recall the continued frac-
tion studied by Laguerre, of which we spoke in the Introduction. Since in this
case

𝑎2𝑛−1 = 1, 𝑎2𝑛 =
1
𝑛
,

the continued fraction is convergent and represents, throughout the plane except
on the cut, the integral ∫ ∞

0

𝑒−𝑢 𝑑𝑢
𝑧 + 𝑢

.

Here the mass extends to infinity and, indeed, the numbers

𝑏𝑛 =
1

𝑎𝑛𝑎𝑛+1

are not bounded above.
When the mass does not extend to infinity, the continued fraction is naturally

always convergent, for the series expansion is then itself convergent for sufficiently
large values of 𝑧. As an example of this case, consider a periodic continued fraction
such that

𝑏2𝑛 = 𝑝, 𝑏2𝑛−1 = 𝑞.

In this case the function 𝐹(𝑧) is known immediately:

𝐹(𝑧) =
√
𝑧2 + 2(𝑝 + 𝑞)𝑧 + (𝑝 − 𝑞)2 − 𝑧 + 𝑝 − 𝑞

2𝑧
,

and
𝑎2𝑛 =

(
𝑝
𝑞

)𝑛
, 𝑎2𝑛+1 =

1
𝑝

(
𝑞
𝑝

)𝑛
;

one of the two series ∞∑
𝑘=1

𝑎2𝑘 ,
∞∑
𝑘=0

𝑎2𝑘+1
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will always be divergent. But the function 𝐹(𝑧) must be expressible in the form∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

,

and we saw in no. 39 how 𝐹(𝑧)may be put into this form when its explicit expres-
sion is known.

This calculation leads here to the following results. Two cases must be distin-
guished according as 𝑝 ⋛ 𝑞.

First case: 𝑝 > 𝑞.
Put

𝛼 = (√𝑝 − √
𝑞)2, 𝛽 = (√𝑝 + √

𝑞)2;

then

𝐹(𝑧) =
√
𝛼𝛽

𝑧
+ 1

2𝜋

∫ 𝛽

𝛼

√(𝑢 − 𝛼)(𝛽 − 𝑢)
𝑢

𝑑𝑢
𝑧 + 𝑢

.

Thus there is at the origin a concentration of mass equal to√
𝛼𝛽 = 𝑝 − 𝑞,

followed by a continuous distribution of mass in the interval (𝛼, 𝛽).
Second case: 𝑝 < 𝑞.
One finds simply

𝐹(𝑧) = 1
2𝜋

∫ 𝛽

𝛼

√(𝑢 − 𝛼)(𝛽 − 𝑢)
𝑢

𝑑𝑢
𝑧 + 𝑢

;

the mass concentrated at the origin in the first case has disappeared. In the partic-
ular case 𝑝 = 𝑞, one has 𝛼 = 0, and either of the formulas found may be applied.
There is nomass concentrated at the origin, but the density becomes infinite there.

In the first case, the series ∞∑
𝑘=0

𝑎2𝑘+1

is convergent, and its sum is 1/(𝑝 − 𝑞).

58. We shall show that, still in the determinate case, the mass concentrated at
the origin is

1
∞∑
𝑘=0

𝑎2𝑘+1

;
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it is zero when the series diverges.
In the indeterminate case,

1
∞∑
𝑘=0

𝑎2𝑘+1

is the maximum mass that can be concentrated at the origin; it is in fact found in
the distribution

(𝜈𝑖 , 𝜃𝑖),
since

𝜃0 = 0, 𝜈0 =
1

∞∑
𝑘=0

𝑎2𝑘+1

;

but in every other distribution the mass concentrated at the origin is smaller.
Recall the bound ∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

≤ 𝐹1(𝑥);
we know from no. 15 that

lim
𝑥→0

𝑥𝐹1(𝑥) = 1
∞∑
𝑘=0

𝑎2𝑘+1

.

We shall show that
lim
𝑥→0

∫ ∞

0

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

= lim
𝜀→0

𝜓(𝜀) = 𝜇,

where 𝜇 denotes the mass concentrated at the origin.
Indeed,∫ ∞

0

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

=
∫ 𝑥2

0

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

+
∫ √

𝑥

𝑥2

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

+
∫ ∞
√
𝑥

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

,

and it is evident that ∫ 𝑥2

0

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

=
𝜓(𝑥2)
1 + 𝜉𝑥

, 0 < 𝜉 < 1,∫ √
𝑥

𝑥2

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

< 𝜓(√𝑥) − 𝜓(𝑥2),
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√
𝑥

𝑥 𝑑𝜓(𝑢)
𝑥 + 𝑢

<

√
𝑥

1 + √
𝑥

[
𝜓(∞) − 𝜓(√𝑥)] .

The first integral tends to 𝜇, and the other two to zero. In the determinate case,∫ ∞

0

𝑑𝜓(𝑢)
𝑥 + 𝑢

= 𝐹1(𝑥);

hence
𝜇 =

1
∞∑
𝑘=0

𝑎2𝑘+1

.

In the indeterminate case one can conclude only that

𝜇 ≤ 1
∞∑
𝑘=0

𝑎2𝑘+1

,

and this holds for all equivalent distributions which give the same moments and
the same continued fraction.

We know, moreover, that for the distribution characterized by Φ1(𝑢),

𝜇 = 𝜈0 =
1

∞∑
𝑘=0

𝑎2𝑘+1

.

Proposition. For every other solution of the moment problem,

𝜇 <
1

∞∑
𝑘=0

𝑎2𝑘+1

.

Proof. Suppose that for Φ1(𝑢) and Ψ(𝑢) one had

𝜇 =
1

∞∑
𝑘=0

𝑎2𝑘+1

.

If from each of these two distributions, which are supposed different, the mass 𝜇
concentrated at the origin is removed, there remain two systems of masses giving
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the same moments, that is, two equivalent systems. There then exists a third dis-
tribution of mass, equivalent to these two, and having at the origin a finite mass
𝜇′. This distribution is characterized by a function Φ′

1(𝑢) analogous to Φ1(𝑢). If
the mass 𝜇 is now restored, one would have a solution of the original moment
problem with a mass 𝜇 + 𝜇′ at the origin greater than

1
∞∑
𝑘=0

𝑎2𝑘+1

.

This is impossible, which proves the stated proposition.

59. When the series ∞∑
𝑘=1

𝑎𝑘

is divergent, we have seen that the continued fraction is convergent and that the
limit of its convergents is

𝐹(𝑧) =
∫ ∞

0

𝑑Φ(𝑢)
𝑧 + 𝑢

.

It is now clear that the function Φ(𝑢) which occurs here is subject, in any inter-
val (𝑎, 𝑏), to no restrictive condition other than that of being increasing. It follows
that in general the cut is indeed a singular line across which it is impossible to
continue the function 𝐹(𝑧) analytically. Indeed, for this analytic continuation to
be possible across the interval (−𝑎,−𝑏) of the cut, the function Φ(𝑢) must be an
analytic function of 𝑢 in the interval (𝑎, 𝑏). But this is a very restrictive condition
which will not in general be satisfied.

If, however, one wishes to give particular examples, one can scarcely begin by
prescribing the 𝑎𝑘 ; this is possible only in very restricted cases. One must resign
oneself to taking some analytic function forΦ(𝑢); this explainswhy in factwe have
been unable to give any example of the general case in which the cut is a singular
line. In all our examples the cut is only an artificial cut.

60. The function 𝜓(𝑢), or the distribution of mass which it represents, being
given, how can one know whether the continued fraction for∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢
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is convergent or divergent? This problem presents some analogies with that of
deciding the convergence or divergence of a given series. A general solution can
scarcely be given; all that can be done is to give a few rules which permit the
question to be answered in a certain number of particular cases.

When the continued fraction is convergent, the moment problem admits only
one solution; in that case we shall also say that the distribution of mass repre-
sented by 𝜓(𝑢) is determinate. One can scarcely vary this distribution, if the mo-
ments are to be preserved, without introducing negative masses. But negative
masses will always be excluded. The distribution of mass is indeterminate, on the
contrary, when the continued fraction is not convergent but oscillatory.

Here first are a few almost evident remarks. If newmasses are added to an inde-
terminate distribution of mass, one will always remain in the indeterminate case.
If from a determinate distribution part of the mass is removed, always without
introducing negative masses, one will remain in the determinate case.

As soon as two equivalent distributions which are not identical are found, one
is certainly in the indeterminate case.

Refer now to formulas (8) and (11) of no. 11 and no. 12, respectively, by which
the sums

𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1, 𝑎2 + 𝑎4 + · · · + 𝑎2𝑛

are expressed in terms of the 𝑐𝑘 . One readily finds that

𝑛∑
𝑖=0

𝑛∑
𝑘=0

𝐶𝑖 ,𝑘𝑋𝑖𝑋𝑘 = 𝔉(𝑋0, 𝑋1, 𝑋2, . . . , 𝑋𝑛)

is a positive definite quadratic form, and that the minimum of

𝔉(1, 𝑋1, 𝑋2, . . . , 𝑋𝑛)
is expressed by ���������

𝐶0,0 𝐶0,1 · · · 𝐶0,𝑛
𝐶1,0 𝐶1,1 · · · 𝐶1,𝑛
...

...
...

𝐶𝑛,0 𝐶𝑛,1 · · · 𝐶𝑛,𝑛

����������������
𝐶1,1 · · · 𝐶1,𝑛
...

...
𝐶𝑛,1 · · · 𝐶𝑛,𝑛

�������
.
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It follows that the minimum of∫ ∞

0
(1 + 𝑋1𝑢 + · · · + 𝑋𝑛𝑢𝑛)2 𝑑𝜓(𝑢)

is equal to
1

𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1
,

and that the maximum of∫ ∞

0

[
1 − (1 + 𝑋1𝑢 + 𝑋2𝑢2 + · · · + 𝑋𝑛𝑢𝑛)2] 𝑑𝜓(𝑢)

𝑢

is equal to
𝑎2 + 𝑎4 + · · · + 𝑎2𝑛 .

One readily finds, moreover, that in the first case

1 + 𝑋1𝑢 + · · · + 𝑋𝑛𝑢𝑛 =
𝑄2𝑛+1(−𝑢)
−𝑢𝑄′

2𝑛+1(0)
,

and in the second,
1 + 𝑋1𝑢 + · · · + 𝑋𝑛𝑢𝑛 = 𝑄2𝑛(−𝑢).

For brevity, we write the first result as

{𝑑𝜓(𝑢)}𝑛 =
1

𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1
.

Observe that the integral whose minimum is {𝑑𝜓(𝑢)}𝑛 has, at 𝑢 = 0, an element
equal to the mass 𝜇 concentrated at the origin; hence

𝜇 < {𝑑𝜓(𝑢)}𝑛 ,
so that in this way we recover the bound

𝜇 ≤ 1
∞∑
𝑘=0

𝑎2𝑘+1

.

As 𝑛 increases, {𝑑𝜓(𝑢)}𝑛 can only decrease; for 𝑛 → ∞ this expression tends to a
positive or zero limit, which we shall denote by

{𝑑𝜓(𝑢)}∞ =
1

∞∑
𝑘=0

𝑎2𝑘+1

.
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61. Consider first the case in which there is no mass concentrated at the origin.
We know that in the determinate case the mass concentrated at the origin equals

1
∞∑
𝑘=0

𝑎2𝑘+1

,

and hence
{𝑑𝜓(𝑢)}∞ = 0.

But in the indeterminate case the series
∞∑
𝑘=0

𝑎2𝑘+1

is convergent, and consequently

{𝑑𝜓(𝑢)}∞ > 0.

Proposition. If there is no concentration of mass at the origin, the continued fraction
will be convergent or oscillatory according as {𝑑𝜓(𝑢)}∞ is zero or positive.

If the distribution 𝜔 represented by𝜓(𝑢) has amass 𝜇 at the origin, remove this
mass and let 𝜔′ be the distribution thus modified. Suppose that, in one way or
another, for example by means of the preceding proposition, it is known whether
the distribution 𝜔′ is determinate or indeterminate.Whatmay one conclude from
this about 𝜔?

If the distribution 𝜔′ is indeterminate, 𝜔 is also indeterminate. If, on the con-
trary, 𝜔′ is determinate, I say that 𝜔 also is determinate in general; exceptionmust
be made only for a singular case which we shall indicate.

Indeed, here is how one may reason in the case where 𝜔 is indeterminate and
𝜔′ determinate. Let 𝜔1 be the distribution equivalent to 𝜔 but having at the origin
the greatest possible concentration of mass, this mass being 𝜇1. It is given by a
function Φ1: ∫ ∞

0

𝑑Φ1(𝑢)
𝑧 + 𝑢

=
𝑝1(𝑧)
𝑞1(𝑧) =

∞∑
𝑖=0

𝜈𝑖
𝑧 + 𝜃𝑖

,

and 𝜈0 = 𝜇1. So long as 𝜔 is not identical with 𝜔1, one has

𝜇1 > 𝜇.
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Remove from 𝜔1 the mass 𝜇, which can be done without introducing a negative
mass; one obtains a distribution 𝜔′

1 equivalent to 𝜔′. Thus, if 𝜔′ is determinate,
𝜔′

1 and 𝜔′ must be identical, and consequently 𝜔 and 𝜔1 must also be identical.
One may therefore say that if 𝜔′ is determinate, then 𝜔 is also determinate in

general; there is an exception only when 𝜔 is a distribution of the type (𝜈𝑖 , 𝜃𝑖).

62. I shall now suppose, as happens in the particular examples which can be
treated, that

𝑑𝜓(𝑢) = 𝑓 (𝑢) 𝑑𝑢,
where 𝑓 (𝑢) is a positive and generally continuous function. Here

{ 𝑓 (𝑢) 𝑑𝑢}𝑛 = min
𝑋1 ,...,𝑋𝑛

∫ ∞

0
𝑓 (𝑢)(1 + 𝑋1𝑢 + · · · + 𝑋𝑛𝑢𝑛)2 𝑑𝑢.

First, in certain particular cases, this minimum can be calculated, or the continued
fraction can be obtained. Thus, for example, in the case

𝑏𝑎

Γ(𝑎)
∫ ∞

0

𝑢𝑎−1𝑒−𝑏𝑢
𝑧 + 𝑢

𝑑𝑢,

one finds
𝑎1 = 1, 𝑎2𝑛+1 =

𝑎(𝑎 + 1) · · · (𝑎 + 𝑛 − 1)
1 · 2 · · · 𝑛 ,

𝑎2 =
𝑏
𝑎
, 𝑎2𝑛 =

1 · 2 · 3 · · · (𝑛 − 1)𝑏
𝑎(𝑎 + 1) · · · (𝑎 + 𝑛 − 1) ,

𝑎1 + 𝑎3 + · · · + 𝑎2𝑛+1 =
(𝑎 + 1)(𝑎 + 2) · · · (𝑎 + 𝑛)

1 · 2 · · · 𝑛 .

Since 𝑎 > 0, the series
∑∞

𝑘=0 𝑎2𝑘+1 is divergent, and hence

{𝑢𝑎−1𝑒−𝑏𝑢 𝑑𝑢}∞ = 0.

It is clear that, 𝑐 being a positive constant,

{ 𝑓 (𝑐𝑢) 𝑑𝑢}𝑛 =
1
𝑐
{ 𝑓 (𝑢) 𝑑𝑢}𝑛 ,

{ 𝑓 (𝑐𝑢) 𝑑𝑢}∞ =
1
𝑐
{ 𝑓 (𝑢) 𝑑𝑢}∞.

On the other hand, if
𝑓1(𝑢)
𝑓 (𝑢)
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remains less than a fixed number, then

{ 𝑓1(𝑢) 𝑑𝑢}∞ = 0

as soon as it is known that
{ 𝑓 (𝑢) 𝑑𝑢}∞ = 0.

If, on the contrary, the ratio
𝑓1(𝑢)
𝑓 (𝑢)

is constantly greater than a positive number, then certainly

{ 𝑓1(𝑢) 𝑑𝑢}∞ > 0

as soon as it is known that
{ 𝑓 (𝑢) 𝑑𝑢}∞ > 0.

63. Onemay go further in this direction, andwe shall prove the following propo-
sition.

Proposition. Suppose that
{ 𝑓 (𝑢) 𝑑𝑢}∞ = 0,

and that the ratio 𝑓1(𝑢) : 𝑓 (𝑢) has a finite maximum 𝑀𝛼 in the interval (𝛼,∞) (the
number 𝑀𝛼 may, moreover, increase indefinitely as 𝛼 tends to zero). Then

{ 𝑓1(𝑢) 𝑑𝑢}∞ = 0.

Proof. Let 𝜀 be an arbitrarily small positive number. First choose a positive number
𝛼 by the condition ∫ 𝛼

0
𝑓1(𝑢) 𝑑𝑢 <

1
2
𝜀.

Next let 𝑓 (𝑢̄) be a function which is zero in the interval (0, 𝛼) and equal to 𝑓 (𝑢)
for 𝑢 > 𝛼. We shall have

{ 𝑓 (𝑢̄) 𝑑𝑢}𝑛 =
∫ ∞

0
𝑓 (𝑢̄)ℒ(𝑢̄)2 𝑑𝑢 =

∫ ∞

𝛼
𝑓 (𝑢)ℒ(𝑢̄)2 𝑑𝑢,

whereℒ(𝑢̄) is a certain polynomial of degree 𝑛 in 𝑢 which reduces to unity when
𝑢 = 0.
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On the other hand, if

{ 𝑓 (𝑢) 𝑑𝑢}𝑛 =
∫ ∞

0
𝑓 (𝑢)ℒ(𝑢)2 𝑑𝑢,

then

{ 𝑓 (𝑢̄) 𝑑𝑢}𝑛 <

∫ ∞

0
𝑓 (𝑢̄)ℒ(𝑢)2 𝑑𝑢 =

∫ ∞

𝛼
𝑓 (𝑢)ℒ(𝑢)2 𝑑𝑢 < { 𝑓 (𝑢) 𝑑𝑢}𝑛 .

Therefore, since we suppose that

{ 𝑓 (𝑢) 𝑑𝑢}∞ = 0,

we shall also have
{ 𝑓 (𝑢̄) 𝑑𝑢}∞ = 0.

Next I observe that

{ 𝑓1(𝑢) 𝑑𝑢}𝑛 <

∫ ∞

0
𝑓1(𝑢)ℒ(𝑢̄)2 𝑑𝑢 =

∫ 𝛼

0
𝑓1(𝑢)ℒ(𝑢̄)2 𝑑𝑢 +

∫ ∞

𝛼
𝑓1(𝑢)ℒ(𝑢̄)2 𝑑𝑢.

Now the polynomialℒ(𝑢̄) is determined, apart from a factor, by the conditions∫ ∞

0
𝑓 (𝑢̄)ℒ(𝑢̄)𝑢𝑘 𝑑𝑢 = 0 (𝑘 = 1, 2, . . . , 𝑛),

or ∫ ∞

𝛼
𝑓 (𝑢)ℒ(𝑢̄)𝑢𝑘 𝑑𝑢 = 0.

It follows that all the roots of
ℒ(𝑢̄) = 0

are positive and greater than 𝛼. And since ℒ(0̄) = 1, we see that in the interval
(0, 𝛼)

0 < ℒ(𝑢̄) ≤ 1,

and consequently ∫ 𝛼

0
𝑓1(𝑢)ℒ(𝑢̄)2 𝑑𝑢 <

∫ 𝛼

0
𝑓1(𝑢) 𝑑𝑢 <

1
2
𝜀.

Next, ∫ ∞

𝛼
𝑓1(𝑢)ℒ(𝑢̄)2 𝑑𝑢 < 𝑀𝛼

∫ ∞

𝛼
𝑓 (𝑢)ℒ(𝑢̄)2 𝑑𝑢 = 𝑀𝛼{ 𝑓 (𝑢̄) 𝑑𝑢}𝑛;
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hence
{ 𝑓1(𝑢) 𝑑𝑢}𝑛 <

1
2
𝜀 + 𝑀𝛼{ 𝑓 (𝑢̄) 𝑑𝑢}𝑛 .

But there exists a number 𝜈 such that, for 𝑛 > 𝜈,

𝑀𝛼{ 𝑓 (𝑢̄) 𝑑𝑢}𝑛 <
1
2
𝜀,

and it is clear from this that
{ 𝑓1(𝑢) 𝑑𝑢}∞ = 0. Q.E.D.

In the case
𝑓 (𝑢) = 4

𝑒2𝜋
√
𝑢 − 𝑒−2𝜋

√
𝑢
,

the continued fraction (see below, § 86 of the continuation) is obtained with the
simple values

𝑎𝑘 =
4
𝑘

;

consequently {
4 𝑑𝑢

𝑒2𝜋
√
𝑢 − 𝑒−2𝜋

√
𝑢

}
∞
= 0,

and also, 𝑐 being a positive constant,{
𝑑𝑢

𝑒 𝑐
√
𝑢 − 𝑒−𝑐

√
𝑢

}
∞
= 0.

This being so, put

𝑓1(𝑢) = 𝑢𝑎−1𝑒−𝑏𝑢𝜆
𝐺(𝑢), 𝑓 (𝑢) = 1

𝑒 𝑐
√
𝑢 − 𝑒−𝑐

√
𝑢
,

where 𝑎 > 0, 𝑏 > 0, 𝜆 ≥ 1
2 , while we suppose 𝑐 < 𝑏. Further, 𝐺(𝑢) is to be a positive

function of 𝑢 which, in every interval (𝛼,∞), remains less than a fixed number.We
have

𝑓1(𝑢) : 𝑓 (𝑢) = 𝑢𝑎−1𝐺(𝑢)𝑒−𝑏𝑢𝜆+𝑐√𝑢 (1 − 𝑒−2𝑐
√
𝑢 ) ,

andwe see that this ratio tends to zerowhen 𝑢 = ∞.Wemay apply the proposition
just proved and conclude that

{𝑢𝑎−1𝑒−𝑏𝑢𝜆
𝐺(𝑢) 𝑑𝑢}∞ = 0.

https://afst.centre-mersenne.org/articles/10.5802/afst.109/
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Thus the integral ∫ ∞

0

𝑢𝑎−1𝑒−𝑏𝑢𝜆
𝐺(𝑢)

𝑧 + 𝑢
𝑑𝑢

gives a convergent continued fraction whenever 𝜆 ≥ 1
2 . Suppose 𝐺(𝑢) = 1; the

continued fraction will be oscillatory for 𝜆 < 1
2 . For brevity, I omit the proof.

64. Let us apply this result to Stirling’s series. It is known that, on putting

log Γ(𝑧) =
(
𝑧 − 1

2

)
log 𝑧 − 𝑧 + 1

2
log(2𝜋) + 𝐽(𝑧),

we have
𝐽(𝑧) = 1

𝜋

∫ ∞

0

𝑧 𝑑𝑢
𝑧2 + 𝑢2 log

( 1
1 − 𝑒−2𝜋𝑢

)
,

or
𝐽(𝑧) = 1

2𝜋

∫ ∞

0

𝑧𝑢−1/2 𝑑𝑢
𝑧2 + 𝑢

log
(

1
1 − 𝑒−2𝜋

√
𝑢

)
.

This is an integral such as the one we have studied; only 𝑧 has been replaced by
𝑧2, and the result multiplied by 𝑧. The series expansion therefore takes the form

𝐵1
1 · 2 𝑧 − 𝐵2

3 · 4 𝑧3 + 𝐵3
5 · 6 𝑧5 − · · · , (A)

and the continued fraction becomes

1

𝑎1𝑧 +
1

𝑎2𝑧 +
1

𝑎3𝑧 + . . .

. (B)

Here
𝑓 (𝑢) = 1

2𝜋
𝑢−1/2 log

(
1

1 − 𝑒−2𝜋
√
𝑢

)
=

1
2𝜋

𝑢−1/2𝑒−2𝜋
√
𝑢𝐺(𝑢),

𝐺(𝑢) = 𝑒2𝜋
√
𝑢 log

(
1

1 − 𝑒−2𝜋
√
𝑢

)
.

Here 𝐺(𝑢) tends to unity when 𝑢 = ∞, and thus satisfies the condition imposed
upon this function in our statement. It therefore suffices to transform Stirling’s
series (A) into the continued fraction (B) to obtain a convergent expression which
represents 𝐽(𝑧) whenever the real part of 𝑧 is positive.
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The continued fraction changes sign with 𝑧, as does Binet’s integral, of which
it is an identical transformation; but when the sign of 𝑧 is thus changed, these
expressions give −𝐽(𝑧), not 𝐽(−𝑧). The imaginary axis is a cut, for the integral as
well as for the continued fraction.

The calculation of the 𝑎𝑘 is very laborious; one finds

𝑎1 = 12, 𝑎2 =
5
2
, 𝑎3 =

84
53

, 𝑎4 =
2809
2340

, 𝑎5 =
1003860
1218947

, . . . ;

the law of these numbers appears extremely complicated.

65. We conclude here our study of the integral∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

by stating the following propositions, whose proofs follow easily from the formu-
las which we shall give below (§ 76 of the continuation, § 77 of the continuation,
§ 78 of the continuation).

Proposition (I). If the integral ∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

gives a convergent continued fraction, then the expression

𝜇

𝑧
+

∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

,

where 𝜇 is a positive constant, also has a convergent continued fraction, except in one
singular case. This singular case occurs when the distribution of mass characterized by
𝜓(𝑢) is identical with the one given by a function Φ1(𝑢),

(𝜈𝑖 , 𝜃𝑖),
from which the mass 𝜈0 concentrated at the origin has been removed.

https://afst.centre-mersenne.org/articles/10.5802/afst.109/
https://afst.centre-mersenne.org/articles/10.5802/afst.109/
https://afst.centre-mersenne.org/articles/10.5802/afst.109/
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Proposition (II). If the integral ∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

gives a convergent continued fraction, the integral∫ ∞

0

𝑢 𝑑𝜓(𝑢)
𝑧 + 𝑢

will also give a convergent continued fraction, except in one singular case.
The exceptional singular case is the same as for Proposition I.

Proposition (III). If the integral ∫ ∞

0

𝑑𝜓(𝑢)
𝑧 + 𝑢

gives a convergent continued fraction, the integral∫ ∞

𝜆

𝑑𝜓(𝑢 − 𝜆)
𝑧 + 𝑢

,

where 𝜆 is a positive constant, will also give a convergent continued fraction, except in
one singular case.

This singular case occurs when the distribution of mass characterized by 𝜓(𝑢) is

(𝜇𝑖 ,𝜆𝑖 − 𝜆1) (𝑖 = 1, 2, 3, . . .);
that is, when this distribution is obtained by bringing nearer to the origin, by the amount
𝜆1, the masses of a distribution (𝜇𝑖 ,𝜆𝑖) arising from a function Φ(𝑢),

𝑝(𝑧)
𝑞(𝑧) =

∞∑
𝑖=1

𝜇𝑖

𝑧 + 𝜆𝑖
.

(To be continued.)

Errata

Page J.85, line 11 from the top: after of Φ(𝑢), add and of all the functions 𝜑𝑛(𝑢).
Page J.86, line 11 from the top: after of Φ(𝑢), add and of all the functions 𝜑𝑛(𝑢).
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