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Introduction

The object of this work is the study of the continued fraction
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in which the a; are positive real numbers, while z is a variable that may take any
real or imaginary value.

Denoting by P, (z)/Qn(z) the nth convergent, which depends only on the first
n coefficients a;, we shall seek the cases in which this convergent tends to a limit
as n — oo, and we shall have to investigate the nature of that limit when regarded
as a function of z.

We shall summarize the most essential result of this study. Two cases must be
distinguished.

First case. The series

o

>

n=1
is convergent.
In this case, for every finite value of z,

nli_r)rgo Pon(z) = p(z), nlgl’io Qa2n(z) = q(2),

nlgrgo Pou+1(z) = pi(z), nlgrgo Qan+1(2) = 91(2),
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where p(z), 9(z), p1(2), g1(z) are functions holomorphic throughout the plane and
satisfy

q4(z2)p1(z) — g1(z)p(z) = 1.

These functions are of genus zero and have only simple, real, negative zeros.

Thus the even-order convergents and the odd-order convergents each tend to a
limit, but the two limits are different. They may also be written as series of simple
fractions:

p(z) _ U1 2% R Hk
g(z) z+A  z+ A zZ+ Ay ’
pi(z) _vo V2 Vi

— + + .+ + ...
gi(z) z z+61 z+069 z + O ’
where i, Ak, vk, O are positive real numbers.
Second case. The series
[ee]
D

n=1
is divergent.
In this case the convergents tend to a finite limit for every value of z, except
when z is real and negative; the negative part of the real axis must therefore be
regarded as a cut. This limit is an analytic function of z which may be written in

the form
c>oCI)(u)clu_/ood(l)(u)
0o (+u? ), z+u’

Here ®(u) is a real increasing function (not analytic in general), which increases
from ©(0) = 0 to P(c0) = 1/a;. The function P(u) may, moreover, have a finite
or infinite number of jumps. The cut will thus be a line of essential singularities
when ®(u) has discontinuities in every interval (which must be regarded as the
general case), or even when it is merely nonanalytic.

Continued fractions are often encountered in forms that differ somewhat from
(I) but in fact belong to its type, so that our theorems apply to them. First put
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Then the continued fraction (I) may be written

b
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and, on putting tz = 1, as
bot
° )
byt
1+
bot
1+
bst
1+
1+-
Using the identity
by b1by
z+ b2_z+b1_b2+)\’
1 -
T
the continued fraction (I?) can be transformed into
b
0 (x)
b1bs
z+ l’)1 -
bsby
Z+ by + bg —
Z+byg+bs—"-.

The nth convergent of (I°) is identical with the 2nth convergent of (I), or of (I?).
The fraction (I°) has the form

Ao
Al
Ao
A3

(1)

zZ+ o —

Z+ a9 —

Z+ az—
zZ+aq4— .
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with positive values of the A; and «;. This form is encountered rather frequently;
it is therefore useful to know whether it can be put in the form (I°) with positive
values of the b;, so that our theorems are applicable. Identification gives

bo=Ao, bi=a,
biby = Ay, ba+b3=asy,
bsby = Aa, by+bs=as,

from which by, by, bs, . . . are obtained successively, and in general

An A
by, = , boy_q = —.
2n )\n_l 2n-1 b2n

M
An-1— .
1

an_

The calculation of the b; may, however, become complicated. Since all that is
required is to determine whether these quantities are all positive, the following
proposition can sometimes be used to advantage.

Proposition. The quantities b; are certainly all positive if there exists a function P, of
n, with Py = 0 and P,, > 0 for n > 2, such that

An

Oy — 'y

P, < a,, <P,;1 (n=1,2,3,...).

Indeed, by = A1/a; is positive and does not exceed A1 /(a1 — P1) < Pa. If b2
lies between 0 and P,,, then

An
by = ————
"y = bano
is positive and smaller than
An
< Ppsi.
a, — P, n+l

Hence, in general,
0< b2n <P n+l,

and then by,—1 = A, /by, is also positive.
In particular, all the b; are positive in the following two cases:

1° when a,, > 1+ A, since the proposition applies by taking Py = 0and P, = 1
forn > 2;



5

2° when a1 > 1 + Ay, for it is then enough to take P = 0 and P, = A,,_; for
n>2.

Consider, for example, the continued fraction studied by Laguerre [1]. It is of
the form (I¢), with

Ao =1, A, =n?, a,=2n—-1 (n>1).
The calculation of the b; presents no difficulty here, and gives
by =1, boy1=boy=n (n=1),

and consequently
1

azp-1 =1, Agp = —.
n
Laguerre proved, under the assumption that z is positive and real, that the con-
tinued fraction converges and is equal to

“e " du
0o zZHu
It now follows from our theory that this statement extends to all real or imaginary
values of z, except the negative real values.
As a second example, consider the continued fraction encountered in volume

11 of these Annales [5]. Apart from replacing z by z2, it is again of the form (I%).
We have

Ao =1, Ap = (2n = 1)(2n)%(2n + 1)k?, an = (2n —1)2(1 + k?),

where k2 is positive. The calculation of the b; is more complicated here. But if we

take
n—la g _ P = n
on—1 " T oan—1

the inequality in the proposition reduces to

P, = &n,

4k? < (1 +k%)?,

and is therefore satisfied. Thus the continued fraction in question also belongs to
the type studied here.



Chapter I
Study of the Polynomials P,(z), Q.(z)

1. Consider a sequence of numbers N, Ny, No, ..., connected by the relations

N =a1Ny + Ny,
Ni =asNs + N3,

Ng-1 = agNk + Ni41.

We may successively express N in terms of Ny, Ny, then in terms of Ny, N3, then
N3, Ny, and so on. Thus

N = ((11(12 + 1)N2 + a1N3 = ((11(12(13 + a1 + ﬂg)Ng + (LZ1[Z2 + 1)N4 + .-

Introduce a symbol
[a].l az,..., ak]/

defined by
[a1] = a1, [ai, a2] = ara2 +1,
_ (1)
[all as,..., ak] - [all as,..., ak—l]ak + [all as,..., ak—Q]'
Then
N = [a].l ag, ..., ak]Nk + [al, az,..., ak—l]Nk-f-l- (2)

It is clear that N, N, N4 are connected by a homogeneous linear relation, and
this relation is easy to obtain. Multiply (2) by a4, and replace a1 Nj+1 by Ni —
N9, this gives

lak1]IN = [a1,az, ..., ak41]Nk = [a1, a2, ..., ag-1]Niyo.
Multiplying by a2 and adding (2) member by member, we obtain
(@41, ak2]N = [a1, a2, ..., k2] Ni + [a1, a2, . .., ak-1]Niss,
and it is clear that, in general,

[ak+1, aks2, .o akri-1]N = [a1, a2, ..., ag41-1] Nk

+ (_1)l+1[a1/ as, ..., ak—l]Nk+l-

©)
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From this we shall deduce an identity needed below. Replacing k by a and I by
p+7y+1, wehave

[aa+1/ sy aa+ﬁ+7/]N = [alr sy aa+ﬁ+]/]Na
+ (_1)ﬁ+7/[a1/ ceey aa—l]Na+ﬁ+)/+1-

(4)

On the other hand, eliminate Ny.4+1 between
[aa+1/ ceey aa+ﬁ]N = [all ceey aa+/3]Na + (_1)ﬁ[a1/ ceey a(x—l]Na+ﬁ+1r
[aa+ﬁ+2/ ceey aa+ﬁ+y]N =lay,..., ﬂa+ﬁ+y]Na+ﬁ+1 + (_1)7/“[511/ ceey ﬂa+ﬁ]Na+ﬁ+y+1-

The resulting relation between N, Ny, Ng+g+y+1 18

AN =ay, ..., a0+]([a1, ..., GaspryINg
+(=1)P*7[ay, ..., a0-1]Naspy+1),

)

where

A= [a].l sy aa+ﬁ+7/][aa+1/ ceey aa+ﬁ]
F P a, ez, Barpey ]

Comparison of (4) and (5) shows identically that
A=lar,..., aasgllacs, . Gaspey .
We therefore have the relation

[a]./ sy ua+ﬁ+y][aa+1/ sy aa+ﬁ]
= [alr sy aa+‘8][aa+1r R aa-l—ﬁﬂ/] (A)
+ (_1)ﬁ[a1/ sy aa—l][aa+ﬁ+2; ceey aa+ﬁ+7/]-

It is useful to record some special cases. For g = 0,

lay, ..., aa+7/] =lay, ..., aqllaa+1, -, aa+7/]

+ [all ceey aa—l][aa+2/ ceey a&H—y]/

(B)

and, fora =y =1,
lay, ..., 61/3+2][612, cey aﬁ+1] =lay, ..., ﬂﬁ+1][f12, ceey 615+2] + (—1)ﬁ- (©)
For y =1, (B) reproduces the recurrence (1); for o = 1, it gives

lay, ..., a4yl = ailaz, ..., ap1] +asz, ..., 4y41] (6)
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It follows readily that
1
ai,...,a
a1, ... ak] _ it
[as, ..., ak] 1
as +
1
as+ .+ —
ak
On the other hand, (1) gives
1
ai,...,a
[ 1, s k] = ay +
[a1,. .., ak-1] 1
Ap-1 +
1
N
ay

By what precedes, the latter continued fraction is also equal to

lak, ..., a1]
lak—1,...,a1]

hence
[a1/a21---/ak] = [akr ak—ll"‘/al]' (7)

The symbol [ay, ..., ak, ..., a,]is plainly linear in any one of its elements ax. From
(B) one easily obtains

[all ey an] = [[11, ceey ak—l][ak+1/ ceey an]ak + R/ (8)
where R is independent of a; and may be written

R = [a].l‘ . 'Iak—llol Ak+1, - -/ai’l]

= [all e Ak—2,0k-1 T Ak+1, Ak+2, - - - » aTl]'

Finally, the following relations, in which m is arbitrary, are also easily verified:

©)

[may, as/m,mas,as/m,..., mag,_1,as,/m| =la,as,...,a2,),
[may,as/m, mas,as/m, ..., mas,_1,a0,/m, masy1| = mlay,as, ..., a2,41]-
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2. Itis clear from the foregoing that the numerators and denominators of the
convergents of our continued fraction are expressed by the symbol just introduced
as follows:

P3,y(z) = [az,a3z,a4,...,02,-12, 24],

Qon(2) = a1z, a2, a3z, ..., a2,],
Poy+1(z) = [az, a3z, a4, ..., 424, A2n+12],
Qon+1(z) = [a1z, a2, . .., azy, A2u112].

We shall denote by PX(z), Qk(z) what P,(z), Q,(z) become when every a; is re-
placed by a;,¢. The formulas of § 1 therefore give identical relations among these

polynomials after replacing a; by 4,z whenever i is odd.
Thus

Qan(z) = 421 Q2n-1(2) + Q2n—2(2),  Qon+1(2) = 424412Q20(2) + Q2n-1(2).
In general we plainly have

Poy(2) = Mo+ Ayz 4 -+ 90,12

Qon(z) = By + Biz + -+ + B,z",
P2n+1(Z) =C+Cz+---+ (gnzn’
Qont1(z) =D+ Dz +--- + Dn+1zn+1’

where the coefficients are polynomials in the a;. Their general law is somewhat
complicated and would be of no use to us; the following few expressions, however,
are easily recognized and will be useful:

910:a2+a4+---+a2n,

1 1 1
Wy o=W 4 |—+—+--+—,
agaz  Aasdy aon-149n
WA,_1 =asxas---agy,,

QS0 = ]-/
n
By = Z(ﬂl +as 4+ -+ agg_1)ask,
k=1

1 1 1
B, 1 =B, |—+—+-+—],
ayas  dgds A2n-142n
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1 1 1
¢=¢,|—+—+-+—],
aod3  A3d4 A2nA2n+1

1 1 1
L =Ppu|l—+—++—],
aipdg  dods A2nA2n+1

Dys1 =a1az -+ A2p41.

The identity
Q21(2)P2n+1(2) — P2,(2)Q2411(z) = 1
implies
231 + @1 = 210@1.

3. We now establish several propositions concerning the roots of the equations
obtained by setting the polynomials P and Q equal to zero. The P’s do not differ
essentially from the Q’s, and we shall concentrate chiefly on the latter. In relation
(A)of §1, put

a=2n-3, g=1, Y =2.

Replacing a; by a;z whenever i is odd gives
A2n-2Q2n(2) = [A2n-2, 42n-12, A20]Q2n-2(2) = A24 Q2n-4(2).

Thus
Q2n(z), Qan-2(2), Q2n-4(2), ..., Q2(z), Qo(z) = 1

form a Sturm sequence. At z = —oo this sequence has n changes of sign, while at
z = 0 it has none. Consequently the n roots of Q2,(z) = 0 are real, distinct, and
negative, and are separated by the roots of Q2,-2(z) = 0. As z increases through
a root of Q2,(z) = 0, the ratio Q2,-2(z)/Q2,(z) jumps from —co to +oco.
Now put in (A)
a=2n-2, g=1, Y =2.
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Then
Qan+1(z) Qan-1(2) Qan-3(2)
Z )

Aop—1——— 2 = [agn-12, a2n, A2 12| ———— - — A2n+1

hence
Qon+1(2) Qa2n-1(2) Qi(z) _
z z 7z T
form a Sturm sequence. The 1 roots of Q2,+1(z)/z = 0 are real, distinct, and neg-
ative, and are separated by those of Q2,-1(z)/z = 0. The ratio Q2,-1(2)/Q2n+1(2)
again jumps from —oo to +oo.

Next take
a=2n-2, g=1, y =1.
We obtain 0 @ 0 )
_1(z _3(z
a2n-1Q2n(2) = [a2n-12, a2,] Qn; - 21123 :
Therefore
an 1(Z) Qan- 3(2) Q1(Z) _
1’1( ) sy -
z z
form a Sturm sequence: the roots of Q2,(z) = 0 are separated by those of

Q2n-1(z)/z = 0. Finally put
a=2n-1, ﬁ=1, y =1
This gives
127 Q2n+1(2) = [a20, A21412] Q20 (2) — Q2n-2(2),
and hence
Q9141(2), Q2,(2), Q2,-2(2), ..., Q2(2), Qo(z) = 1

form a Sturm sequence. The roots of Q2,+1(z) = 0 are separated by those of

Qau(z) = 0.

We have just seen that the roots of

Qon- 1(2)

. =ay,a2z,a3,...,00,-22,02,-1] =0

separate the roots of
Q2Yl(z) = [all asz,Aas3,...,02n-1, 6121’12] = O
By the reversal identity (7), the roots of

a2y, asn-1z,a27-2, .. .,a32,a2] =0
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therefore separate those of
[a2n, A2n-12, A2n—2, . .., a32, 4, 8:2] = 0.

This is equivalent to saying that the roots of Py,(z) = 0 separate the roots of
Q2n(z) = 0. Similarly, the assertion that the roots of Q2,(z) = 0 separate those of
Qan+1(z) = 0 is essentially the same as the assertion that the roots of Pa,+1(z) =0
separate those of Q2,+1(z) = 0.

It follows that, in the partial-fraction decompositions

Pyu(z) _ My M et M,
Qon(z) z+x1 z+x z+x,
P2n+1(z) _ &-i- N N Ny

I S A + 4+ e+
Qons1(z)  z  z+x1 z+x z+x,

all the quantities M;, N; are positive. (The x; in the two formulas are, of course,
not the same.)

4. The roots of Q,(z) = 0 are plainly functions of the first n numbers a;. Can
such a root nevertheless be independent of one of these 4,? We now examine this
question. Formula (B), with the notation introduced at the beginning of § 2, gives

Qonsom(2) = Qan(2)Q3%(2) + Qan-1(z)Pal(2), (1)
Qonron+1(2z) = Qon(z)Q3 1 (2) + Q24-1(z)P31,, (2). 2)

We know that Q,(z) and P,,(z) never vanish for the same value of z, and neither
do Q,(z) and Q,-1(z). It follows at once from (1) that if z = a annihilates two of
the three functions

Q2n+2n’(z)/ QQn (Z)/ PSZ' (Z)/
it also annihilates the third. Likewise, if z = a annihilates two of

Qan+on(z),  Qan-1(z), Q3(2),
it also annihilates the third.
In the right-hand side of (1), only the polynomial Q%Z,(z) depends on ag,1.
Displaying this coefficient gives
Qan+on'(z) = a2n+12Q2n(z)P3(2) + R(2), 3)

where R(z) is independent of a2,,+1. Roots of Q2,42,/(z) = 0 independent of a,,+1
must therefore satisfy

Qan(z)P31(z) = 0, R(z) = 0.
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Such a root must annihilate one of the polynomials Qs,(z) and P3"(z), and,
by the preceding observation, then annihilates the other as well. Conversely, if
z = a annihilates both Qs,(z) and P3",(z), it also annihilates Qg+, (2) by (1), and
then R(z) by (3); it is consequently a root of Q2,+2,/(z) = 0 independent of a3;,41.
Thus the roots of that equation which are independent of a5, coincide with the
common roots of

Qun(z)=0,  Pj(z)=0
These equations can indeed have common roots, since the first depends only on
ai,as,...,a,, while the second depends on agy,+2, 4243, . .., A2,42. In general,
however-that is, unless the a; satisfy certain special conditions—no such roots ex-
ist.

The same argument shows that the roots of Q2,+2,/(z) = 0 which are indepen-
dent of as,, coincide with the common roots of

Quu-1(2) =0, Qiu(z) =
Formula (2) yields analogous conclusions, which it is enough to state:

e the roots of Qa+247+1(2z) = 0 independent of as, coincide with the common

roots of
QQn—l(Z) =0, 2;/1 +1(Z) =0;
e the roots of Q2,+2n/+1(z) = 0 independent of as,,+1 coincide with the common
roots of

QQTl(Z) = Or PQQZ’+1(Z) =
5. We now establish the following propositions, which supplement those in § 3.

Proposition. The roots of Qan+2n7(z) = 0 are separated by the roots of

QQn(Z)PQQZ'(Z) =0,

and also by the roots of
Q2n-1(2)Q3%,(2)

z
The roots of Qan+2n+1(2)/z = 0 are separated by the roots of

Q2n 1(Z)Q2n +1(Z)
72
The roots of Qan+2n+1(2) = 0 are separated by the roots of

QQTI(Z)PQn +1(Z) = 0.

=0.

= 0.
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For n’ = 0 or 1 these reduce to the propositions of § 3. It is enough to give the
proof of the first. Return to the relation

Qansan(z) = Qon(2)Qin (2) + Qan-1(2)P3 (2),
and denote the roots of Q2,(z) = 0, in increasing order, by
a<a <a’ <o <

the roots of P2",(z) = 0 by

ﬁ<ﬁ’<ﬁ”<...;

and the combined set of the a’s and f’s by
X1 < X9 <X3<-:- < Xpt+n'—1-
The assertion is equivalent to saying that the sequence

Q2n+2n'(xi) (i:O,l,Q,...,n+n,),

where xg = —oo and x,4» = 0, consists entirely of changes of sign. First,
. 4 . .

Qan+2n7(x0) has sign (=1)"*" . For Qap+2,/(x1) two cases arise, according as x1 = «

or x; = f. In the first case,

Qanson(x1) = Q2n—1(a)P222/(a)3

in the second,

Qaonson (x1) = Qan(B)Q3L(B).

In the first case, Q2,-1(a) has sign (-1)" and P%Z,(a) sign (-1
smaller than the least root of Q2,-1(z) = 0 and also smaller than . In the sec-
ond case, Q2,(p) has sign (-1)" and Q3",(B) sign (=1)""*1, because f lies between
the two smallest roots of Q%Z,(z) = 0. Thus in every case Qa,+2,/(x1) has sign
(=1)"*"+1 5o that the terms at xg, X1 present a variation.

Suppose next that two consecutive roots xi, xx+1 are both a-roots. Then

Qaonron(xk) = QQn—l(a)PQQZ'(a)/
Qonson (Xk+1) = an_l(a’)PSZ,(a’).

’ . .
YW+ since a is

The consecutive roots a, a’ of Q2,(z) = 0 enclose exactly one root of Q2,-1(z) =0,
so the first factors have opposite signs. By hypothesis there is no f-root between
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them, so the second factors have the same sign. The two displayed values therefore
present a variation. If x; =, xx4+1 = 8/, then

Qanson (xk) = Q2n(ﬁ)Q§Zf(,B)/
Q2n+2n’(xk+1) = an(ﬁ')ngl(ﬁ/)

Here the first factors have the same sign and the second opposite signs, so there
1s again a variation.

The same conclusion holds in the two remaining cases, xx = «, x¢+; = p and
Xk = B, Xk+1 = a. In the former case,

Qonton (xk) = Q2n—1(a)P22;rql'(a)r
Q2n+2n’(xk+1) = QQn(ﬁ)Q%Z/(ﬁ)

The function Q2,-1(z)/z has, relative to Q2,(z), the properties of the derivative
Qj}, (z); furthermore, Q,(p) has the sign of Qa,(a + ¢), and Q2,-1(a) the sign of
Qan-1(a + €), where ¢ > 0 is very small.

It follows that Qa,—1(a)/Q2,(B) is negative. Likewise P%’j,(z) has, relative to
Q%Z,(z) the properties of the derivative; P2”,(a) has the sign of P;’;, (B — €), while
Q3",(B) has the sign of Q2" (B — ¢). Hence P3",(a)/Q3",(B) has the sign of

P%l}(ﬁ - e)
(B —e)

which is positive, because f is a root of P3",(z) = 0 lying between two consecutive
roots of Q%Z,(z) = 0. There is therefore agam a variation.
Finally, in the case

Qaonvon (xk) = Qan(B)Q5m (B),
Qanton (Xk41) = an_l(a)ng,(a),

one finds that Q,(8)/Q2x-1() is positive, whereas Q;’;,(ﬁ) / P%Z,(a) is negative.
Thus the first n + n’ terms of the sequence

Qonron(x7) (i=0,1,2,...,n+n")

present only variations; the penultimate term is negative and the last is positive.
This proves the proposition.

We have assumed that no a-root equals a f-root. This is the general situation,
but the nature of the proposition itself shows that exceptional cases can occur.
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Indeed, each of the n + n’ — 1 intervals formed by the roots of Qa,+2,/(z) = 0
contains either an a-root or a B-root. It cannot be said a priori which intervals
contain one kind and which the other: their distribution varies from one choice of
the a; to another.

As the positive coefficients a; vary continuously, exceptional cases must arise
when this distribution changes. Such a change can occur only as follows. Of two
consecutive intervals, the first containing an a-root and the second a p-root, the
a-root passes into the second while the f-root simultaneously enters the first.

At the critical moment the a- and -roots coincide with a root of Q2,+24(z) = 0.
This is precisely the exceptional case studied in § 4.

6. We may now establish very easily the following proposition. Let x; be a root
of Q,(z) =0.

Proposition. The root xy, regarded as a function of a;, satisfies

9%k 5
8&11-

For the proof four cases must be distinguished according to the parities of n
and i; it is enough to give the argument in one case. Suppose

Qan+2n (xk) = agn+1xkQan(xk) P, (xk) + R(xx) = 0.

Then )
X _kugn(xk)PQZ/(xk)

aaQn—i—l - Qén+2n/(xk)

We have proved that an(z)P%, (z) has, relative to Q2,+2./(z), the properties of its

derivative; hence
Qan (xi)P3", (x1) S

Q;n+2n’(xk)

Since x is nonpositive, the asserted property follows in the case where 7 is even
and i odd. Exceptionally, the derivative may be zero.
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Chapter I1

The Expansion in Descending Powers of z

7. The formula
Ppii(z)  Pulz) _ (=1)"

Qui1(z)  Qu(z)  Qu(2)Qui1(2)’
in which Q,(z)Qy+1(z) is a polynomial of degree n + 1, shows that when the con-
vergents Py, (z)/Qn(z) and P,+1(z)/Qn+1(z) are expanded in descending powers of
z, the first n terms agree. Writing

Py,(z) ¢ c¢1 o 16n-1 +1 Z+1
o= st YT Y S ()

we thereby define a sequence

Cp,C1,C2,C3, ...

which is completely determined and may be continued as far as desired. The c;
are plainly rational functions of the a;; if the b; of the Introduction are introduced,
the c; are polynomials in the b; with positive integral coefficients.

The most elegant way of obtaining the ¢; in terms of the b; seems to be the
following, which we obtained in the memoir published in volume III of these
Annales [5]. First compute the quantities «; k, fi  from

apo = 1, ajo= 0 (l > 0),
Bok = @k + baayk,
Bik = aik+biasy,
Bok = az + beas,

Bik =ik + baiaiik;

apk+1 = b1Bok,
a1 k+1 = D3Pk + Bok,
ask+1 = bsPok + Bik,

i k1 = boiv1Bik + PBi-1,k-
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It follows that a; x = Bix = 0 when i > k. Once the a; k, fi x have been obtained,
any coefficient c, may be calculated in several ways from either of the formulas

Ci+k = boavg,icvg k + bobibaary iy i + bob1babsbacs janj + -+,
Civk+1 = bob1Po,ifok + bob1babsf1,if1,k + bob1babsbabsfa ifai + - .

Having defined the coefficients c,, consider the infinite series
Cob €1  C2 C3

z 2228z
Definition. This is called the expansion of the continued fraction in descending

powers of z.

The definition is purely formal. We shall soon see that the series is often diver-
gent for every value of z; for the moment it must therefore be regarded from the
purely formal point of view.

The c,, are rational functions of the a,,. A little later we shall give formulas that
express the a,, conversely in terms of the c¢;,. These formulas will therefore make
it possible to reduce formally a series in descending powers of z to a continued
fraction.

8. We have
Pu(z) _ 1 ~ 1 o (=11
Qn(z)  Qo(z)Qi(z) Qi1(2)Qa(z) Qu-1(2)Qu(z)

Expanding the terms on the right in descending powers of z gives

1
1 &

Q2)Qi(z)  z’

2 2 2 2

_;z_iJri_ﬁJri_...
Q1(2)Q2(z) z2  z3 ozt 2° '
3 3 3
R S L5
Q2(2)Qs(z) 2z z* 2z ’
Q3(z)Qu(z) A A ’
1 €

Qi()Qs5(z) =
Adding the first n series gives the expansion of P,(z)/Qy(z). But

Qn-1(z2)Qn(z) = cz(z + x1)(z + x2) -+ (z + Xp-1),
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where c, x1, x2, ..., x,-1 are positive. Hence all the coefficients s;{ are positive, and
in expansion (1) of P,(z)/Qn(z) the first n coefficients cy, c1, . .., c4,—1 are positive,

. . iy 0o 0 :
while the following coefficients aj;, a’ , @’ ,, ... are respectively smaller than

CnsCn+lsCn42,- - -
The expansion of a convergent may also be obtained by first decomposing it
into simple fractions. As in § 3, put

Pon(z) — My My M,

= +...+ .
Qon(z) z+x1 z+Xx9 Z+ Xy

Then ;
Ck = ZM,-x{F [k=0,1,2,...,2n —1].
i=1

For an odd-order convergent,

P z N, N N N
Powtr(z) _No N2 No . Nu
Qon+1(2) z zZ+XxX] Z+ X9 Z+ Xy

and therefore
n
Cr = ZNixf.‘ (k=0,1,2,...,2n),  x0=0.
i=0

These expressions imply the following consequence.

Theorem. The quadratic form

3
AR
3
AR

Cp+i+kXiXk
0

Il
o
=~

Il

i

is positive definite; consequently the determinant

Cp Cp+1 Cp+2  °° Cp+m-1
Cp+1 Cp+2  Cp+3 Cp+m
Cp+m-1 Cp+m Cp+m+1 " Cp+2m-2

is positive.
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Indeed, choose n so that p + 2m — 2 < 2n — 1. The quadratic form can then be
written

n
D M (Xo + Xaxi + Xox? + -+ Xpg xIH2,
i=1

9. From what has just been proved,

Cn+1 < Cn+2 ’
Cn Cn+1
SO Cp+1/Cy increases with n. Two cases are possible. Either the ratio increases be-
yond every bound, in which case
o C1  C2
z z2 z3
always diverges; or it tends to a finite limit A, in which case the series converges
for |z| > A.
On the other hand, we know that the largest root of Q,(—z) = 0 also increases
with 7.
We shall show that in the first case this root also grows beyond every bound,
and in the second it tends to A. Without distinguishing between even and odd n,
write

Py(z) _ < M
Qu(z) _;Z"‘xi’

where n’ =n /2 or (n +1)/2, and x,; is the largest root. Then

’

Cn—
n-l = 1’1/ 2 < xn’.
Cn-2 Y mx!”

Consequently, if ¢,,+1/c, grows beyond every bound, then so does x,,.
Now suppose
c
lim -~ ).
n—oo C1’l

The limit of x, cannot be less than A; we claim that it equals A. It is enough to
show that x,» cannot become larger than A. Suppose, indeed, that x,, = A + ¢,
with € > 0, and consider the two series

co €1 ¢

iU S A (1)

(SZ((?) - Czo ; + (=" 1Cn . + (= 1)" adf — + (- 1)”+1QZ:21 +o. (2
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Series (2) converges for |z| > x,» = A+ ¢ but diverges for |z| < x,/, and in particular
when
A<zl <A+e.

Since cy41/cyn — A, series (1) converges for [z| > A. Moreover, aj < ¢, a),, <
Cn+1, - - -, SO (2) must converge for the same values of z, and in particular when
A<zl <A +e.

Thus the same series would be both convergent and divergent there. This con-
tradiction proves that x,,» cannot increase beyond A, and hence

lim x, = A. Q.E.D.
n—oo
10. Given the continued fraction, how can one tell whether c,+1/c, grows be-
yond every bound or tends to a finite limit? The answer is very simple. Consider
the numbers

b, = — n=1,2,3,...).
Anln+1
If these numbers are not bounded above, then c,,+1/c,, grows beyond every bound.
If they have an upper bound I, the ratio tends to a finite limit not exceeding 4.
If the b, have no upper bound, then, however large M may be, an integer m
can always be found such that
b, = 1 > M.

AmAm+1

According as the case requires, put m = 2n or m = 2n + 1, and arrange the roots
of

Qa2n(-2) =0, Qant2(=2) =0

in increasing order as
ay, &2,...,0y, ,Bllﬁ21°--/ﬁn+1-

By §2,
041+-~+an:b1+b2+~-~+b2n_1,

Bi+---+ Bus1 = b1+ ba+ -+ baps,

and therefore

Bn+1 — (an = Bu) — (@n—1 — Pn-1) — -+ — (a1 — B1) = bay + bay41.
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Since the differences a1 — 1, ..., @y — B, are positive, it follows that
Br+1 > boy + bapy1 > M.

Thus the largest root of Q2,,+2(—z) = 0, and consequently also the ratio c,,+1/cy,
grows beyond every bound.

If by, by, b3, ... have an upper bound /, choose C so that C/ > b,, and consider
the continued fraction -

!

zZ+

1+
/

z+
1+
Since the ¢, are polynomials with positive coefficients in the b,, the coefficients
obtained by expanding this continued fraction as a series are greater than the
corresponding coefficients of

cop €1  C2

z z2 zZ3

The former series is readily seen to be the expansion of the algebraic function

9( _l)
2 z

which converges for |z| > 41. The expansion in the c,, therefore also converges for
|z| > 41, and ¢y, +1/cy, tends to a finite limit not exceeding 41.

11. The expansion
o

z 22 23
and that of P,(z)/Q,(z) differ only in the terms in z=("*D, z=("+2) Tt follows
that the expansion of

c

0_¢&  ©
Qn(z) (;—2—24‘——"')
differs from P, (z) only by terms in

—(n—-n"+1 —(n—-n'+2
zZ ( ),Z ( ),...,
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where n’ is the degree of Q,(z). Consequently, in the displayed product the terms
1

m
. Zn_n/

1 1
z' z2""
are absent. This condition determines Q,(z) up to a constant factor.

First let the order be even and write

an(—Z) =y t+ta1z+ 0(222 + -4+ OénZn.

The absence of the terms 1/z, ..., 1/z" from the product with c¢o/z+c; /22 +ca/z3+

-+ glves
QoCk + A1Cks1 + -+ A Chyn =0 (k=0,1,2,...,n—=1). (1)
Since Q2,(0) =1,
1 z z2 ... z"
Cob C1 (€2 Cn
Ct Cy €3 -+ Cp+l
Cn-1 Cn Cp+1 *°° Cop-1
Qan(-2z) = : 2)
1 €2 Cn
Co €3 -+ Cp+1
Cn Cp+1 - Con-1

For a simpler expression of (1), introduce a symbol S f (1) as follows: if f(u) is
a polynomial, S f (1) denotes the result of replacing in f (1) the successive powers
u®,ul,u?,.. . byco,ci,ca,..., respectively. Then

S{1*Qon(—u)} = 0 ()

(k=0,1,2,...,n—1).

For an odd order write

Qons1(=2) = f1z + faz? + -+ + Bur1z" .

Then
(k=0,1,2,...,n—1). (4)

S{qu2n+1(_u)} =0
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The constant term in the product of Qay+1(—z) with ¢g/z+c¢1/z%+c2/z% +- - - equals
the constant term of —Ps,,+1(—z), namely —1. Therefore

—u
S{QzL()} -1 (5)
u
This relation determines the constant factor left undetermined by (4), and

z Z2 . Zn+1
it C2 - Cn+l
C2 €3 - Cp+2
Cn Cp+1 -+ Con

Qan+1(—2) = - - (6)
Co C1 e Cn
ci1 C2 - Cpn4l
Cn Cn+1 "+ Con

The coefficients of the highest powers of z in Q2,(z) and Q2,+1(z) are known
from § 2. Comparison with (2) and (6) gives

An BTl
ayagz---Aaop = 5, ayag---Aop+1 = ’
Bn An+1
where
Co €1 -+ Cup- i €2 - Cn
Ci1 Co -+ Cn Ca C3 ++ Cp4l
Ai’l = ’ Bn = . ’ AO - BO =1
Cn-1 Cp -+ Cop-2 Cn Cn+1 *°° Cop-1
Hence ) )
Aopn = A ’ Aon+1 = i ()
Ban—l AnAn-H
These are the formulas expressing the a; in terms of the c;.
The coefficient of z in Q2,+1(z) is a1 + a3 + - - - + a2,41; hence (6) gives
Cn
a,+ag+ -+ adous1 = (8)

7
An+1
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where
C2 €3 -+ Cp+l
C3 Cq4 - Cp42
Cn = Vi CO —_ 1
Cn+1 Cp+2 -+ Copn

12. The expressions for the numerators Py, (z), P2,+1(z) are a little more compli-
cated, but follow readily from the observation that the polynomial part of

Cop C1 C2 )
Dl—+—=+=+---
f()(z z2  z3

- s{feL=se)

Z—U

It is enough to verify this for f(z) = z*. Thus

-z) — —u
zZ—U
From (2) and (6) one readily obtains the following expressions. Put
Ry = ¢y, Ry =cpz + ¢y, Ry = coz? 4+ c1z + ¢, ,
Ry = cozk + c1zFV + - + ¢4
Then
0 Ry Ry -+ Ry
1 cop €1 C2 ¢ Cn
Poy(—z) =——| €1 C2 €3 =+ Cn+1]. 9)
By | . .. .
Cn-1 Cn Cn+1 *+° Cop-1
Likewise,
Ry Ry R,
1 i1 €2 - Cn+l
Popi1(—2) = €2 €3 - Cnt2|. (10)
/4n+1 .
Cn Cn+1 -+ Cop
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Putting z = 0 in (9) yields

0 Co Cn-1
1 1¢. ¢ - Cn
as +dyg + - +612n——B—
n
Cn-1 Cp -+ Cop-1

(11)

Concerning the symbol S, we record the almost immediate observation that,
if V},(u) is a polynomial of degree 1, then S{V,(u)} is the coefficient of 1/u in the

expansion of
Py (1)

(remmy

provided m > n + 1. We write this as

_ P(u)
S{V,(u)} = ReS{Vn(—u)Qm(u)} .

For example,

S{an( Ll)} ReS{an( )P2n+1(1/l)}

Qan+1(1)

= Res{an(”)1 u PSQ(ZLQ(%H(LL)}

— Re { Qan (1) } 1

Q2n+1(u) A2n+1 .
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We collect here several formulas of this kind:

S{Q2, (~u)} = ——,

A2n+1

SuQ2, (—u)) = 1( 1,1 )

A2n+1 \A2n2n+1  A2n+142n+2

S{3Qh -} = —,

aA2n+2

1
S{EQ;@H(_”)} =ay+az+---+ a1,

S{[an(—u)—l]Q} _ _S{M} byt gy,

u u

One final remark. If

Poy(2) _Zn} M;

Qan(2) - — Z +x;

then )
S{Va(u)} = ) MiVu(x:).
i=1

It follows that if the polynomial V, (1) is nonnegative for u > 0, then S{V,, (1)} is

always positive.
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Chapter III

Oscillation and Convergence of a Continued Fraction. Case
Where the Real Part of z Is Positive

13. Suppose that z = 1, and write P,;, Q, in place of P,(1), Q,(1). The relations

P, =a,Py_1+ Py_o, Qn=0,Qn-1+Qu-o

show that
P1<P3<P5<"', P()<p2<P4<'-',

Qr<Q3<Qs<-+,  Qo<Q2<Qyu<--,
so that, on the right-hand side of

P, 1 1 1 . (-1)"1

Or 0001 Q10 T 0205 T 00

the terms decrease in magnitude.

It follows that the convergents of odd order decrease, without ever becoming
smaller than any convergent of even order. The convergents of even order increase,
without ever exceeding any convergent of odd order. Thus the convergents of odd
order always tend to a finite limit, and the same is true of the convergents of even

order:

P P
lim =2~ lim —2% =L, Li>L.

n—oo oy 41 n—oo Qg

If the increasing quantity Q,_1Q, increases beyond every bound, then
L1 = L;

if, on the contrary, Q,-1Q, tends to a limit A, then

1
L1=L+x.

Now it is readily seen that Q2, > 1; hence

Qon+1 = a2041Q2n + Q21 > Qop—1 + d2n41,

and therefore
Qons1 > a1 +as+---+ag41.
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Next one obtains

Qon = a2, Q2n-1 + Q2n—2 > Qop—2 + aiasy,,

whence
Qaon > ai1(az+as + -+ + asy).

Consequently, if the series

o0

>

n=1
diverges, at least one of the quantities Q2;,, Q2,+1 increases beyond every bound,
and

Li=L.

In this case we shall say that the continued fraction is convergent.
On the other hand, since

Qn=0a,Qn-1+ Qu-2,
we infer that
Qun-1+Qn=010+a,)Qu-1+Quo2<(1+a,)(Qn-2+Qu-1),

and therefore
Quna+Qn<(1+ al)(l + a2) T (1 + an)-

Now, if the series -, a, converges, the product
(I+a)d+a))(1+asz)---

also converges and does not increase beyond a finite bound. In this case, therefore,
Q9 and Q9,41 also tend to finite limits, and

Ly > L.

The continued fraction is then oscillatory. If, in this case, we put

(o]
$= ),
n=1

then .
Qn_l + Qn < es, Qn_lQn < Zer, Ll - L > 46_25.
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The propositions concerning the convergence and oscillation of the continued
fraction were obtained long ago by Mr. Stern (Crelle’s Journal, vol. 37) [2].

In the oscillatory case we have just seen that Q2, and Q2,41 tend to finite limits;
it is clear that the same is true of Py, and Py, 1.

14. Suppose now that z = x is real and positive. From what precedes we have

. Poyi(x) . Pou(x)
nh—r}c}o Qons1(x) B, nlg"rgo Qau(x)

There will be oscillation or convergence according as the series

= F(x), Fi(x) > F(x).

ax+ag+asx +aqg+---

converges or diverges. But it is clear that this does not depend in any way on the
particular value of x, and we reach the following conclusion: if the series

[ee]
D
n=1

converges, the continued fraction is oscillatory for every positive value of x, and
Fi(x) > F(x);

if, on the contrary, the series diverges, the continued fraction converges, and

_ L Py(x)
Fi(x) = F(x) = nlgxgo 0n(0)

15. Let us pass to imaginary values of z. In order to study separately the conver-
gents of even order and those of odd order, we observe that

Py (z) _ as N a4 s Aoy
Qa2n(z)  Qo(2)Q2(z)  Q2(2)Qu(z) Q2n-2(2)Qa2n(2)’
Pyyi1(z) 1 asz asz A2p+1Z

oo

Quun(2)  aiz Qi(2)Q(z) Q(2)Q5(2)  Qon-1(2)Qanri(2)

Thus it is a matter of studying the convergence of the series

N a2k
kzzl‘ Qak—2(2)Qak(z)’ (1)
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and

LN Agjer12
— - . 2
a1z ; Q2k-1(2)Q2k+1(2) @
Suppose z = x + yi, the real part of z being positive, and consider any domain

S in which x has a positive lower bound A. I say that in this domain the series (1)
converges uniformly; indeed,

n+n’

A2k
) kZ [Qai2(2)Qax(2)]

n+n’

Z a2k
p— Qak—2(2)Qa2k(2)

Now it is clear that

Qok-2(2)Qaoxk(z) = C(z + a1)(z + a2) - (z + agk—1),

where C, a1, as, ..., as-1 are positive constants. For z = x + yi, with x positive,
we plainly have
|z + ai| > x + ay,

and hence
|Q2k-2(2)Q2k(2) > Qak—2(x)Q2k(x).

Since x > A, still more

|Q2k-2(2)Q2k(2)] > Qak-2(A)Q2k(A);

therefore
n+n’

A2k
) kZ Qot2(M) QM)

n+n’

Z a2k
p— Qak—2(2)Q2k(z)

But the series
N A2k _ -1 Pa, (M)
2 G0 = O = i

converges; consequently one can determine a number v such that, forn > v,

n+n’

S,
= Qop—2(MQ2(A)

whatever n’ may be, ¢ being as small as desired. For the same values of 7, there-

fore,
n+n’

Z a2k
k=n Qa2k-2(2)Q2x(2)

< E.
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Since z is any point of the domain S, this proves that the series (1) converges
uniformly in S. Since, moreover, the terms of this series are holomorphic in S, it
follows from a familiar theorem that

RS A2k ~ lim Poy(2)
Fe) = kzz; Qok-2(2)Qax(z) ”1—“’0 Qan(2)

is also holomorphicin S.
It is readily seen that the same arguments apply, with scarcely any change, to
the series (2); it will suffice to state the following result. The series

1 > a2k+1Z . P2n+1(z)
Fi(z) = — — = lim ————=
1(2) a1z Z{ Qak

~1(2)Qak+1(z)  n—> Qou41(2)

converges uniformly in S, and F;(z) is holomorphic in the same domain.
Thus, throughout the part of the plane in which the real part of z is positive,

. Poyy(2) _ ‘m Pony1(z)
nh—rgo an(Z) - F(Z), ”1_’00 Q2n+1(z)

where F(z), F1(z) are holomorphic functions. These functions are not identical
when 7, 4, converges; they are identical when this series diverges. Suppose
z = x is real and positive, and let x tend to zero. From the series expressions for
F(x), F1(x) we readily obtain

= Fi(2),

1
a1 +az+as+---

lim F(x) =as+as+ag+---, lim xFi(x) =
x—0 x—0

If the series ), a9, diverges, F(x) increases beyond every bound. If the series
2. a1 diverges, xFi(x) tends to zero.

Observe that
Py, (x) _ Zn} My
QQn(x) e X + Xk
MxP ™ M;x?
- Z e R e e
xP xP(x + xx)
and hence

Pou(x) co _16p-1 <Cp
=— =+ + (=) —+(-1) ,
Qon(x) x  x2 (=1) xP (=1 xP+l
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We shall therefore also have

_00 O e S
F)=—-g+ + O+ )P oy, 0<E<,
and similarly
4
_O O, s :
Fi(x) = ” x2+ +(=1) 7 +(=1) Y 0<& <1.

16. It remains to extend these results to the case where the real part of z is nega-
tive. This is readily done with the aid of a proposition from the theory of functions
which we shall establish later. Before undertaking that study, however, we shall
examine the case in which the series ;- 4, converges. This case can be treated
by a special method, owing to the circumstance that the polynomials

Pyu(x), Qan(x), Pount1(x), Qaur1(x)

tend to finite limits.
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Chapter IV
Study of the Case Where the Series }; a,, Is Convergent

17. We have identically

Py, (z) = Z asxPar-1(z),

k=1

Qonl(z) =1+ Z a2k Q2k-1(2),
k=1

n
Poyii(z) =1+ Z a2k+12Pax(z),
k=1
n

Qan+1(z) = Z A2k +12Q2x(2).

k=0

Consequently, assuming that the series

converges, the series

Z askPor-1(z), 1+ Z a2k Qaxk-1(z),
k=1 k=1
1+ Z A2k+12Pax(2), Z A2k+12Q2k(2)
k=1 k=0

converge when z is real and positive.

Consider any domain S in which the modulus of z has a finite upper bound A.
I say that the preceding series converge uniformly in S; and, since their terms are
holomorphic there, it follows that they represent holomorphic functions in S. It
will suffice to consider the first series. We have

n+n’ n+n’
Z agkPor-1(2)| < Z a9k |Pok-1(2)|.
k=n k=n
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Now Pyg_1(z) is a polynomial with positive coefficients; hence
|Pok-1(z)| < Pak-1(|z]) < Por-1(2),

since |z| < A, and therefore

’

n+n’ n+n
Z Aok Pok—1(z)| < Z Ak Par-1 (7).
k=n k=n
Since the series .
Z askPox—1(A)
k=1

converges, one can determine a number v such that, forn > v,

n+n’

Z agkPor-1(A) < g,

k=n
whatever n’ may be, with ¢ as small as desired. For the same values of 1, therefore,

n+n’

Z a9k Pox_1(z)

k=n

<eg,

and, since z is any point of the domain S, this proves that the series under consid-
eration converges uniformly in S.

It follows that
p(z) = ) asPo1(z) = lim Pay(2),
k=1

7(2) = 1+ ) 05Qai1(2) = lim Qun(2),
k=1

pi(2) = 1+ ) as1zPai(2) = lim Pousa(2),

k=1
q1(z) = Z A2k+12Q2k(z) = nh_fgo Q2n+1(2),
k=0

the four functions p(z), q(z), p1(z), 41(z) being holomorphic throughout the plane.
They are plainly connected by the relation

p1(2)q(z) — p(z)q1(z) = 1.
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18. Itis clear from what precedes that the series

(o)

Z a9k Pox_1(z)

k=1

is absolutely convergent, and even that the new series obtained by replacing
Pyk-1(z) by its expression as a polynomial in z is absolutely convergent. In the
new series it is therefore permissible to arrange the terms according to the powers

of z, giving
pz) = )z,
k=0

and the coefficient ay is the limit of the coefficient A of z* in Py, (z) (§ 2). The
same conclusions plainly apply to 4(z), pi(z), g1(2).

We have just seen that Py,(z) tends uniformly to p(z), and it is clear that p(z) is
a continuous function of z. We may conclude that if

21,29,23,++-

is an infinite sequence of numbers and lim z,, = Z as n — oo, then also
n—oo

Indeed, surround the limiting point Z, assumed finite, by a circle C. From some
n > v onward, z, lies inside the circle; and, by uniform convergence,

IP2n(z) = p(2)l < € (1)

for n > v’, where z is any point inside C. On the other hand, since z,, tends to Z,
we also have

plz) = p(2)] < ¢
from some n > v"" onward. Now

\P2u(zn) = p(Z)] < |P2n(zn) = p(zn)| + |p(20) = p(2)],
and in (1) it is permissible to replace z by z,. Consequently

|Pon(zn) — p(Z)| < 2¢

for n > N, where N is the largest of v, v’,v".
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Finally, by considering the series

(o8]

p(z+h) = > anPo(z +h),
k=1

one readily finds that its right-hand side may be arranged according to the powers
of h, and hence that the series

[ee]

p(z) = D asiPosa ()

k=1
may be differentiated as many times as desired. Thus
p'(z) = lim Py, (2),

and the convergence of P} (z) to p’(z) is uniform in every domain S in which |z
is bounded. If lim z,, = Z, then also

lim P} (z,) =p'(2).

19. We shall now obtain the functions p(z), etc., in the form of infinite products,
confining ourselves to the development of the argument in the case

7(z) = lim Qan ()

The polynomials P do not differ essentially from the polynomials Q. We have
already observed at the end of § 3 that

Pan(2) = 2Qh(2),  Para(®) = Q4,0

and it will therefore be easy to extend to p(z), p1(z), 71(z) the result that we shall
establish for g(z). We have

Qanl(z) = (1+xi1) (1+xiz)---(1+;—n).

We suppose the x; arranged in increasing order of magnitude. Then

1 1 1
—+— 4+ — =B <y,
X1 X2 Xn
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where f is the coefficient of z in the expansion

q(z) = Z Brz*.
=0

When 7 is replaced by n + 1, we know that x1, x3, ..., xx decrease; but clearly we

shall always have

1
X > —.
1

Consequently, as n — oo, xi tends to a positive limit, which we denote by Ak, and

AMSA<A3< A<

I first claim that the series

since x; always decreases toward A;. But, on the other hand, since A; is the limit
of x;, we may suppose n so large that the difference

N I
A Ak X1 Xk

is less than ¢. Then

1 1 1 1 1 1

—+ ot —<—4- -+ —F+e<—+-+—+g,

A Ak x1 Xk X1 Xy

and therefore
! + ! +oe ! <pi1+
—_— —_— oo _— E.
A Ag e
This proves that the series ;. ; 1/A converges and that its sum cannot exceed

p1-

Since x; tends to Ax, we have

nli_{fgo Qan(=xx) = 0 = q(=Ag);
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the Ay are zeros of the function g(-z).

20. Can several of the A’s be equal? Suppose, for example, that
Akr1 = Az = - = Ay,

with Ay < Ags1 and Agyip1 > Ay First, i must necessarily be finite, since the
series )., 1/Ax converges. Next we may take # so large that

X1yeoo s Xky Xktls e oo s Xktis Xk+i+1

differ as little as desired from their limits

Al/ R Ak/ Ak+1/ R Ak+i/ /\k+i+1-

We may therefore suppose that

Xk+1s Xk42,+++ s Xk+i

all lie in the interval (Ax41, Aksiz1)-
We can then find a number n’ such that the roots
’ / 4
w17 Xaor oo r Xy

of
Qonson(=2) =0

all lie in the interval (Ax+1, Xk+1), while x; . remains greater than Ag41.
In this way we see that the interval

4 /
(xk+i’ xk+i+1)
between two consecutive roots of Qo;,49,/(—2z) = 0 contains the roots

Xk4+1, Xk+2/+ « « s Xk+i

of Q2,(=z) = 0. But we saw in § 5 that, in the interval between two consecutive
roots of

Q2n+2n’ (_Z) = Or

there lies either one root of Qs,(—z) = 0, or one root of

P3"(-z) = 0.
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We must therefore have i = 1; that is, no two of the numbers
Ay, Ao, As, ..
are equal.

21. Let € be an arbitrarily small positive number. Since the product

le—[(1+/\ik) (1)

converges for every finite value of z, it is possible to determine a number m such
that

It is clear that
m
n (1 + i) <M,
Ak
k=1
and also
[ (1+ i) “1l<e
k=m+1 k
Since . .
z z
le—[(1+—) 1—[ (1+—),
k=1 M) i Ak
we readily infer
m
Z ’ 4
Pzg 1+/\—k)+Me, le’| < e. (2)

On the other hand, for n > m, consider the expression

an(Z):ﬁ(Hxik) ﬁ (1+xik).

k=1 k=m+1
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Clearly we again have

El[(uxik)

<M,

& Z
['] (1+—)—1 <e
Xg

k=m+1

whence

:|§

Qon(z) = (1 + —) + Me”, le”’| < e. 3)

k=1
As n increases indefinitely,

m m
Z Z
l_[ (1 + x—k) tends to ]_[ (1 + /\_k)

k=1 k=1

Comparison of (2) and (3) therefore shows that
lim Qon(z) =P
n—-oo
that is, the holomorphic function g(z) may be written

= z
q(z):n(1+A—k).

k=1

Thus g(z) is of genus zero and has no zeros other than the —A, which are simple
zeros. Entirely similar conclusions hold for p(z), p1(z), q1(z).

22. For every value of z which does not annul 4(z) or g1(z), we have

Iim Pou(z)  p(2) lim P 41(2) _ p1(z)
n— Qon(z)  q(z)’ n—co Qoni1(z)  q1(z)

We shall obtain these limits also in the form of a series of simple fractions. For this
purpose consider the partial-fraction decomposition

Pyn(z) _ M, + My et M, ) M, = P%n(_xk)‘

Qon(z) z+x1 z+x2 Z + Xp Q5 (=xx)

As n — oo, xi tends to Ak, and hence My also tends to a finite limit ux > 0, where

p(=Ag)
q'(=Ak)

M =
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It is clear that uy is positive, since, by the relation

p1(z)q(z) — p(2)q1(z) = 1,

the functions p(z) and g(z) cannot vanish for the same value z = —A.
The series

pit+ po+ g+

converges. Indeed, on taking n sufficiently large,
p1+ U2+ -+ U
differs as little as desired from
Mq+ My + -+ + My;

hence
pi+ o+ e < My + Mo+ -+ Mg + ¢,

and

1
g1+t <Mi+--+ My, +e=—+e¢.
ai

It follows that };7 ; tx converges and that its sum cannot exceed 1/a;.
Since the numbers A1, A3, A3, ... increase beyond every bound, it is clear that
the series

defines a meromorphic function throughout the plane.
Let ¢ be an arbitrarily small positive number. Since Ay increases beyond every
bound, we can find an integer m such that

1
Am+1 - |Z| > =,
€
and then, a fortiori,
1 .
Amsi — |z| > . (i=1,2,3,...).

It follows that

1

1
Amsi + 2| > Apgi — 2| > = — <
| m+i | m+1 | | S’ |Am+l+z|

e (i=1,2,3,...).
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Writing
m 00
k k
=TTt X Te
o 2T S BTk
we have
k k €
v R w B IR
kol k = z k k=m+1 a
and hence .
e € )
s = + —, &'l < e. 4
Z z+Ar @ 1€’ @)
k=1
On the other hand,
m n
P2n(z) _ My My
) Z z+xp Z z+xi
Qan(z k=1 L St k
and, remembering that x; > A, we conclude
n n n
M M e
I R Y e YR
k=m+1 Z T Xk k=m+1 Z T Xk k=m+1 M
Thus -
Py, (z M e’
211( ) — Z k +—, |€N| < e, (5)
Qu(z) Hz+x m
Now, as n — oo,
v My ik
lim =

n—00 = Z+ Xy = z+ Ag
and comparison of (4) and (5) therefore gives

Pl p@)
n—0oo QQn(z) Q(Z)

Q.E.D.
23.  We have just seen that the series . ; ux converges. More generally,

Dwdi=c  (i=0,1,23,..).
k=1

First, the series in question does converge, for the sum

[Jlﬂll + #QAIZ + .-+ [le)\;(
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differs as little as desired from
Mixt + Moxh + -+ + ka;'{;
consequently it is less than
Mix| + -+ Mexi + ¢,

and, a fortiori, less than c¢; + ¢, since

Put, then,

k=1
We have o < ¢;. Choose m such that
Ci+l <
Am+1
Then
m
G:Z[JkA;(+€/, 0<ée <e. (6)
k=1
Indeed,
Z[“lkA;{</\ Z”/\;(+1<A ZH/\;(+1SA1+1<€
k=m+1 Ml m+l 3 m+l1
On the other hand,
m n
c; = Z:kafC + Z Mix,,
k=1 k=m+1

and clearly

n n
. 1 . Ci
Z Myx}, < Z Myxitt < A’—“ <e
X
k=m+1 m+1 k=m+1 m+1

Thus
m
ci = Z:ka;c +&”, 0<e’ <e. (7)
k=1
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Asn — oo,
m m
- i_ i
Jim ) Mixi = ) i
k=1 k=1
Comparison of (6) and (7) therefore gives

o =¢;. Q.E.D.

24. It will suffice to state the analogous conclusions obtained by studying the

formula b N N N
2n+1(z) _ _0+ 1 I n

Q2n+1(z) oz Z+Xx Z+ Xy

as n — oo. We have
vip=lim Ny (k=0,1,2,3,...), Or = lim xx (k=1,2,3,...),
n—o0 n—0o0

. Poyi(z)  pi(z) v Vk
1 = = — 4+ ,
s Qon+1(z)  qi(z) z Z z + Ok

k=1

co = ka, ¢i = kae,i (i=1,2,3,...).
k=0 k=1

Consider a positive distribution of mass on an infinite straight line OX . . ., with
the mass m; concentrated at distance &; from the origin O. The sum

Z m;EX

may be called the moment of order k of the mass with respect to the origin. It
follows from the preceding formulas that the system of masses

(ui, Ai) (i=1,2,3,...)

has moment of order k equal to ¢, (k = 0,1,2,3,...). Similarly, the system of
masses

(vi, 6;) (i=0,1,2,3,...),

where 0y = 0, has the same moments cy.
We shall call the following problem the moment problem:

Find a positive distribution of mass on a straight line (Ooo), the moments of
order k, k =0,1,2,3,..., being given.
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Denote these moments by cx, and observe first that the data of the problem must
satisfy certain inequalities. Indeed, suppose that it is possible to find m;, &; such

that
ek =) mick;
i

it follows (see the end of § 8) that all the determinants

Cp Cp+1 " Cp+m-1
Cp+1  Cp+2 Cp+m
Cp+m-1 Cp+m **° Cp+2m-2

must be positive, and in particular the determinants A,, B,, of § 11. We conclude

that if the series
Co C1 Co

z z2 2z
is expanded as a continued fraction, one must obtain a continued fraction of the
type studied here, with positive values of the a;.

We shall distinguish two cases in the moment problem: the determinate case
and the indeterminate case.

The indeterminate case occurs when the data ck are such that the series Y, 4,
converges. The designation is readily justified: we have just seen that in this case
the problem has at least two solutions, one given by the system of masses (u;, A;),
the other by the system (v;, 0;); and it is then easy to see that there are infinitely
many solutions. We shall show later that there are even always infinitely many
solutions in which the mass is distributed continuously along the axis, with a
finite density at every point.

The determinate case occurs when the series ', 4, diverges. We shall show
that in this case the moment problem always has one and only one solution.
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Chapter V

On Some Theorems from the Theory of Functions, and Their
Application to the Theory of Our Continued Fraction

25. Let
fz),  folz),  f3(2),

be an infinite sequence of analytic functions, all holomorphic in a circle C drawn
about the origin with radius R. Thus

[ee]

filz) = ) Ak,

i=0
these series converging as long as |z| < R.

Consider the series .
Z f(2).
k=1

We suppose it to converge uniformly for |z| < Ry, that is, in the interior and on the
circumference of a circle C; drawn about the origin with radius R; < R.

Let R’ be a number less than R, but capable of differing from R by as little as
desired. We further suppose that the modulus of the sum

[(2) + folz) + -+ fu(2)

has an upper bound L, whatever n may be and whatever value z may have in
the interior or on the circumference of the circle C’ drawn about the origin with
radius R’. The finite number L may, of course, increase beyond every bound as R’
tends to R.

Under these conditions we shall prove the following theorem.
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Theorem. The series .
> k()
k=1

converges uniformly for |z| < R’.

By a familiar theorem of Mr. Weierstrass, which we have already applied more
than once (§ 15 and § 17), one may add that this series represents a holomorphic
function in the circle C. This will, moreover, also follow from our proof.

26. First recall the following lemma.

Lemma. If the series
fl2) =) a7
i=0
converges uniformly for |z| = R, then

M
|ﬂ1‘| < =,
Rl

where M is the maximum of | f (z)| for |z| = R.

It is well known that uniform convergence of the series for |z| = R is assured
when its radius of convergence exceeds R. We could also have considered a series

o0

fley= ), aiz'

i=—o00

the bound

then holds for positive as well as negative values of i.
The series } ;- fk(z) being uniformly convergent for |z| < R;, this means that,
given an arbitrarily small number ¢, it is possible to find an integer n such that

n+n’

Z fi(2)
k=n

whatever n” may be, for all values of z whose modulus does not exceed R;.

<g,




The sum

is a sum of a finite number of series

o

ZAfzi,

i=0
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all convergent in the circle C. It can therefore itself be put in the form of such a

series:
n+n’ 00 n+n’
PIAOEDIEA DIRY
k=n =0 k=n

Applying the preceding lemma to this series, with |z| = Ry, gives

n+n e
kl « =

Z Ar| < Tk

k:n 1

This bound shows that the series
k

2N

k=1
converges; put

C; = Z A:.(.
k=1

27. In the interior or on the circumference of the circle C’, we have

|f1(z) + fa(z) + -+ fu(2)] < L.

But this sum can again be put in the form of a series
2.7 Z A7)
i=0

convergent in the circle C. Applying the lemma for |z| = R’, we obtain

ZAk

R/Z
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This bound holds for every n. We already know that, as n increases indefinitely,

n
k
W
k=1
tends to the finite limit ¢;. It follows that
|Ci| < 7

R/l
and hence the series

F(z) = Z ciz!
i=0
converges in the circle C, since it converges in the circle C’, which may be taken
to differ from C by as little as desired.

28. Let ¢ be arbitrarily small. We have seen that one can determine a number n
such that

’

n+n
Z Ak < i
7
k=n RZ
and hence also
(oe)
k &
DA <7
k=7’l 1
Since
1’l+7’l
>, 4t ZA" Z A%,
k=n+n’+1
we have
- 2¢€
kl o 2
Z Ai < R
k=n+n’+1 1

We obtain another bound for the same expression by the following argument. By
hypothesis,

n+n’+n’”

> k)

k=n+n’+1

< 2L

as long as |z| < R’. But

n+n’+n’”

k=n+n’+1 i=0

fi(z) = iz( Zn Al
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Applying the lemma for |z| = R’ gives

n+n’+n"

> 4

k=n+n’+1

2L
< —,
R’

and hence, on letting n”” increase indefinitely,

(o)

2, A

k=n+n’+1

2L
<

29. We shall now prove the stated theorem, showing at the same time that the
sum of the series is F(z).
For this purpose consider

n+n’

Fz) - ) fil2),
k=1

and let R” be a number slightly less than R’, with R’ — R” as small as desired. Let
¢ be arbitrarily small. We shall show that one can always find an integer n such
that

n+n’

F@)- ). fi(2)

k=1

<e,

whatever n’ may be and whatever the value of z, provided only that its modulus
does not exceed R"”.
Here is how this number 7 is obtained. First choose an integer p such that

R” p+1 1 1
2L [ — — < —¢.
(R') 1-R7/R ~2°

This is possible since R” < R’. Next put
” 7\ 2 1\ P
R R R

M=14+—+|=—]| +-+ =],
Ry (Rl) (Rl)

and choose a positive number ¢’ such that

1
IMe' < —e.
e 25
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Having obtained ¢’, determine n by the condition

n+n’

Z fi(2)
k=n

as long as |z| < R;. This choice is possible because the series 3., fx(z) is assumed
to converge uniformly for |z| < R;.

<¢é

From § 26 and § 28 we infer
N 2¢’ N 2L
Z Akl < R Z AN < 2
k=n+n’+1 k=n+n’+1
Now

F@:§ﬂ® i (:iﬂ

i=0

or, recalling the definition of c;,

n+n’

P@—Zﬂ@=i (i A
k=

i=0

Consequently, as long as |z| < R”,

n+n’

F@—Zﬂ@

S

e

k=n+n’+1
This upper bound equals
F’ ” N N k
i i

and is consequently less than

ZP‘AR’“?{—% i R”i;—i,

i=0 1 i=p+1
that is, less than

m\p+l
2M€’+2L(R ) !

R 1-R"/R”
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and therefore, finally, less than ¢. Our theorem is thus proved, since replacing R’
by R” is of no consequence.

30. Consider now an infinite sequence of functions

h@), fo2), filz2), ...,

holomorphic in an arbitrary region S, whose boundary we denote by s. Suppose

that the series -
Z fi(2)
k=1

converges uniformly in the interior and on the circumference of a circle C;, drawn
about a point z( of S as center with radius R, this domain of convergence having
no point in common with s. Suppose further that the modulus of the sum

@)+ folz) +--- + ful(2)

has an upper bound independent of 7 in every region S’ lying inside S and having
no point in common with s.

Theorem. The series .
Fz)= ) fi(2)
k=1
converges uniformly in S’ and represents a holomorphic function in S.

This theorem is readily deduced from the one just proved. About z; as center
draw a circle C with the largest possible radius that does not extend outside S.
Let R > Ry be its radius, and let R’ < R be the radius of a concentric circle C’ that
does not extend outside S’. We can plainly apply the theorem just proved and
conclude that the series in question converges uniformly in C’ and represents
a holomorphic function in C. In this way the domain of convergence has been
extended from the circle C; to the circle C’.

Now let z| be any point inside C’, and draw about it a circle C}, with radius R/,
lying wholly inside C’. The series is then uniformly convergent for |z — z| < Rj.
We may repeat the same argument used for the point zy and the circle Cy; and,
continuing in this way, we ultimately recognize that the series

Fz)= ) filz)
k=1
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converges uniformly in every region S” lying inside S’ and having no point in
common with the boundary of S’. At the same time it is plain that F(z) is holomor-
phic. This is the asserted theorem, since replacing S’ by S” is of no consequence.

It is known that the maximum of |fi(z) + --- + fu(z)| in S’ always occurs on
the boundary of S’. In the statement of our theorem, therefore, we could merely
have required that | fi(z) + - - - + fu(z)| on the boundary of S’ remain below a fixed
number.

Finally, it would be easy to generalize our theorem to a series whose terms are
functions of two imaginary variables.

31. Our first theorem can be given a somewhat more general form by consider-
ing a sequence of functions

fl(z)/ f2(Z), f3(Z),

holomorphic for r < |z| < R, and consequently expandable in series

oo

flz)= ). Ak,

i=—o00

convergent for
r <|z| < R.

Although the arguments are entirely analogous to those already given, we must
nevertheless indicate them briefly, because they lead to an observation that will
be indispensable later.

Suppose that the series

i fr(2)
P

converges uniformly for r; < |z| < Ry, where
r<ri <Ry <R.
Next, if 7" is any number greater than 7, and R’ any number less than R, with
r<r' <ri <Ry <R <R,
suppose that for 7’ < |z| < R’ the modulus of the sum

fi(z) + fo(z) + - + fu(2)
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has an upper bound independent of 7. Then the series

F(z) = ) fi(2)
k=1

converges uniformly for ' < |z| < R’. At the same time F(z) is holomorphic for
r <lz| < R.
We can first determine a number #n such that

n+n’
Z fr(z)| < €
k=n
for ry < |z| £ Ry. It follows that
n+n’ ¢ n+n’ e
2Al<m | LAl <
k=n 1 k=n "
for positive and negative values of i, respectively.
Hence the series
Ci = Z Ai-c
k=1
converges. For v’ < |z| < R’, we have
n
D f@)| <L,
k=1
whence
n n
L L
2 A <me (A<
k:l k:1

for positive and negative i, respectively, and then

L
|Ci| < —.

il < &

It follows that the Laurent series

o0

F(z) = Z ciz!

i:—OO
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converges for r < |z| < R, since it converges for r’ < |z| < R’.
It is then easy to see that, with ¢ arbitrarily small,

5 oal<k | 5ok
l l

k=n+n’+1 R k=n+n’+1 1’1

for positive and negative i, respectively, and also

N 2L N 2L
PIRVHE D A<=

Rn 1 7't

k=n+n’'+1 k=n+n’+1

32. By a suitable choice of 1, we can now make

n+n’

Fz)- ). filz)

k=1

< é&

forr”” <|z| < R”,wherer’ < r”” and R” < R’.
For this purpose first determine integers p and q from the conditions

R” p+l1 1 1
oL — <=
(R’) I—R7/R" 47

s\ g+l
1 1
o) — <=
r’ 1-r/r" 4

Next let M be the larger of the two numbers

R” R” 2 R” p
I+ —+|=5] +-+ =],
r r1\? q
e e 2
r// r// r//
and choose a positive number ¢’ such that

1
IMe' < =e.
& 46

Having obtained ¢’, determine n by the condition

n+n’

Z fr(2)
k=n

<¢é




aslongas r; < |z| < Rj.
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To see that this choice of n does indeed satisfy the stated condition, observe

first that
= k 25, = k 2¢’
S a2 | S a2
Rl rl
k=n+n’+1 k=n+n’+1 1
and also
oAk <2 oA <X
Rn i’ i T"i ’
k=n+n’+1 k=n+n’+1
Next,
n+n’ () 00
CEW RN IR
i=—00 k=n+n’+1
For r”” < |z| £ R”, therefore,
n+n’ () (o]
F@) - ) fila)| < YR Y A
k=1 i=0 k=n+n’+1
_1 (')
FS S A
i=—00 k=n+n’+1
This upper bound equals
p ] (&) [ee] . 0]
S S afe S 3
i=0 k=n+n’+1 i=p+1 k=n+n’+1
-1 o0 —(g+1) 00
77 k i k
IR
i=—gq k=n+n’+1 i=—00 k=n+n’+1
and is consequently less than
p , 00 -1 ,  —(g+1)
ZR//i2_€+ Z rri?L . Z i2e Z 2L
Ri R’i i rll,
i=0 1 i=p+1 i=—q 1 j=—00
that is, less than
R” p+1 1 ” g+1 1
2Me" + 2L [ — —— +2Me" + 2L [ — _,
(R/) 1_R///R/ (r//) 1 —1’//1"”
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and therefore less than ¢.
It follows from this proof that in the expansion

o0

F(z) = Z ciz!,

i=—o00

the coefficient ¢; is the limit, as n — oo, of the coefficient of z* in the expansion of

D fil@).
k=1

This observation will be useful later.

33. Wesaw in § 15 that, as long as the real part of z is positive, the convergent

Pon(z) A2k
Qon(z) ; Q2k-2(2)Q2x(2)

tends, as n — oo, to a limit F(z) which is a holomorphic function of z. The series

Z A2k
k=1 Qak—2(2)Q2k(2)

converges uniformly in every domain S in which the real part of z has a positive
lower bound.
Put

_ A2k )
filz) = Qak-2(2)Qak(2)’
then
P2n(z) _ C
Q2n(2) - kzzl‘ flz),
that is,

Z:fk()_z‘lz+x'

Let z have any value not on the cut. Then

Z|Z+x|

fk(Z)
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Denote by p(z) the minimum of |z + u| as u runs from zero to infinity through all
positive real values. It is clear that when the real part of z is positive or zero,

p(z) = Iz,
whereas, if z = a + fi and «a is negative,
p(z) =Bl
Thus p(z) is positive and nonzero as long as z is not on the cut. Since, by definition,

|z + xi| > p(z2),

we obtain
n 1 n
kz:;fk(z) < H;Mk’
or
;fk(z) S apa)

Now consider any domain S that remains at a finite distance from the cut. In
this domain p(z) has a positive lower bound A. Throughout S, therefore,

Zn: fi(2)
k=1

and this upper bound is independent of n.

Let a be any point of the plane not on the cut. We shall show that the series
Yireq fi(z) converges at z = a, and that the convergence is uniform in a neighbor-
hood of g, that is, in a circle C drawn about a with radius small enough to have
no point in common with the cut.

Choose arbitrarily a point zg and a circle Cy, centered at zy, lying wholly in the
part of the plane in which the real part of z is positive. In infinitely many ways
we can construct a domain S containing the circles C and C;, and remaining at
a finite distance from the cut. In this domain S, as just seen, the modulus of the

sum "
Z fv(2)
k=1

< 1
al/\’
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has an upper bound independent of n. On the other hand, we know that in the
circle C; the series

Fz)= ) filz)
k=1

converges uniformly. We may therefore apply the theorem of § 30 and assert that
this series converges uniformly in S, and hence in C. At the same time we know
that F(z) is holomorphicin S.

This amounts to saying that the convergents

Pus(2)
ek ka(z)

tend to a holomorphic function F(z) as long as z is not on the cut.

34. The study of the convergents of odd order,

Pypsr(z) 1 Z A2k+12

Qani1(z)  mz & Qop-1(2)Q2k41(2)’
is carried out in the same manner and leads to the same result. We know that the
series

1 A2k+1Z
Fi(z) = 11z ; Q2k-1(2)Q2x+1(2)

converges uniformly in every domain S where the real part of z has a positive
lower bound. By means of the theorem of § 30, we may conclude that the series
converges throughout the plane outside the cut and represents a holomorphic
function. That theorem applies, indeed, by virtue of the bound

P2n+1(z) 1

Qon+1(2)|  a1p(z)’

which is obtained without difficulty.

In all that precedes, we have not had to distinguish the two cases in which the
series .,-; 4, converges or diverges. In the first case the functions F(z) and F;(z)
are distinct, but we learn nothing new, this case having already been studied more
thoroughly.

In the second case, however, the functions F(z) and F;(z) are plainly identical,
and for any point of the plane not on the cut we may write

- Pulz) _
”h_r’%o Qn(z) =Fe),
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the convergence being uniform in a neighborhood of the point considered.

The nature of the function F(z) is thus brought to light; the only obscure point
that remains to be clarified is the nature of the cut. For this purpose we shall obtain
another analytic expression for F(z), more explicit than the series by which we
have defined it thus far. But this inquiry still encounters serious difficulties and
requires rather delicate considerations.

35. Let us first study a special case in which a segment of the cut presents no
singularity of any kind for the function F(z). Let

Vi, Vo, V3, ceey Vi,

be an infinite increasing sequence of positive integers. Evidently, as n runs

through this sequence,
lim Pay (Z)
Q2n (Z )
and the convergence is still uniform in a neighborhood of the point z. Let a, b, with
0 < a < b, be two positive numbers, and suppose that for n = v the equation

Qa2n(z) =0

never has a root between —b and —a.

Consider a circle C whose center is the point —22 and whose radius R is
slightly less than (b — a)/2. It is readily verified that for every point in the inte-
rior or on the circumference of this circle,

P2n(z)
QQn(Z)

where throughout n = vy. It follows readily from our theorem that, if we put, for
n=vg,

= F(z),

1
< ,
o (5 R)

P2n(z)
QQn (Z)

= fi(z) + fa(2) + - + fi(2),
then the series

i fr(2)
P

converges uniformly throughout the circle C and represents a holomorphic func-
tion. Thus in this case the function F(z) is holomorphic even in a domain contain-
ing part of the cut in its interior, and F(z) has no singularities on the segment of
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the cut between —b and —a. It must, however, be observed that in this case, if z
lies on the cut between —b and —a, the relation

im P2n (Z)
QQn (Z)

holds only while n runs through the numbers vy.
Let r1, Ry, with r; < Ry, be two numbers between a and b. The functions fi(z)
are all holomorphic for

= F(z)

a<|z| < b;

and for r; < |z| £ Ry the series

i fi(2)
k=1

converges uniformly, as follows readily from what has just been said and from
what we proved earlier. We are therefore under the conditions of the theorem of
§ 31, and may conclude that, for a < |z| < b, the series

F(z) = ) fi(2)
k=1

represents a holomorphic function which can be written in the form

oo

F(z) = Z ciz'.

i=—00

By the observation at the end of § 32, the coefficient c; is the limit of the coefficient
of z' in the expansion of

P2n (Z)
n = vg).
QQn(Z) ( k)
Thus c_; is the limit of the coefficient of z7! in the expansion of
P2n(z): M; M, et M,
Qan(z) z+x1  z+x9 zZ+x,

If x, < aand x,41 > b, this coefficient is plainly

Mi+Ms+---+ M,,
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for, whena < |z| < b,

36. We shall express this result somewhat differently by introducing an increas-
ing, discontinuous function ¢, (), which will play an important role in what fol-
lows.

Having put
P2n(z) _ i My
Qan(2) p— z+xi’
we define ¢, (1) as follows:
(Pn(”):O/ 0<u<uxy,
(Pn(u):er X1 2 U <Xxsg,
Pn(u) = My + My, Xo < u < Xxs,
(Pn(”):M1+M2+M3; X3 S U < Xy,

Pn() =M+ Mo+ +My1,  Xp1 SU <Xy,
Pn(u) =M+ Mz +---+M,, Xp < U < oo,

If ¢ is a number between a and b, then
M+ My +---+ M, = @u(c).

Thus, in the special case under consideration,

F(z) = Z ciz!
i=—00
for a < |z| < b, and the value of c_; is given by

c—1 = lim @, (c),

where n continues to run through the numbers vy.
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Chapter VI

Remarks on Increasing Functions and Definite Integrals

37. The moment problem which we posed in no. 24 will lead us to consider an
arbitrary distribution of mass on a straight line Ox. Such a distribution will be
perfectly determined if we know how to calculate the total mass distributed over
the segment Ox. This will evidently be an increasing function of x; and conversely,
given an increasing function of x, one may always imagine that it represents, in
the manner indicated, a distribution of mass. This leads us to make a few remarks
on increasing functions.
Let ¢(x) be an increasing function defined on the interval (a, b), and let

€1, &2, €3,...

be an infinite decreasing sequence of positive numbers tending to zero. The num-
bers
P(x +€,) n=1,2,3,...)

will also decrease, but they will remain greater than or equal to ¢(x). They there-
fore tend to a definite limit A. Let

/ / 4
€l €5, €5, ...

be another infinite decreasing sequence of positive numbers tending to zero; we
shall again have

lim @(x + ¢),) = B.

n—oo

But it is easy to see that A = B, and we may say that ¢(x + ¢) tends to a definite
limit whenever the positive quantity ¢ tends to zero in an arbitrary manner. We
shall write

11?01 plx +¢e) =@ (x),

and it is clear that, similarly, p(x — ¢) tends to a limit which we shall denote by
P~ (x).
We have evidently
P~ (x) < p(x) < @7 (x).
When ¢*(x) = ¢~ (x), we shall say that x is a point of continuity; when ¢*(x) >
@~ (x), x is a point of discontinuity, and ¢*(x) — ¢~ (x) is the magnitude of the
discontinuity.
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In every interval (a, B) there are points of continuity. Indeed, put

A=) - ¢a),
and choose four numbers p, g, 7, s such that
a<p<g<r<s<§p.
It is clear that at least one of the two differences

o(q) = (p), @(s) — o(r)

will be less than A/2. Suppose, for example, that it is the first of these differences.
Write p = a’, g = p’; we now have an interval (a’, f’) such that

’ / A 4 ’
(p(ﬁ)—(p(a)<§, a<a <p <B.
In the same way;, starting from the interval (a’, '), one can find an interval (a”, ")
such that A
@(ﬁ,,) _ ¢(a1/) < Z, a/ < a// < ﬁl/ < ﬁ,.
Continuing in this way, one obtains infinitely many intervals

(a,B), (&, B), (@, B"),...,(a",gMm),. . .,

such that

PE") - pla) < -

They may be chosen so that
lim a™ = lim g™ = y.

n—oo n—0oo

Now y must necessarily be a point of continuity, since
¢ () =9 ()

cannot exceed (™) — ¢(a'™) for any n; this difference is therefore zero. It is
nearly evident that the sum of the discontinuities which ¢(x) can have in the in-
terior of the interval (a,b) can never exceed ¢(b) — @(a). Hence the number of
discontinuities exceeding a given number is finite, and it is clear from this that
the discontinuities may be arranged in decreasing order of magnitude.
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The points of discontinuity in the interval (a, b) may therefore be arranged in
a simply infinite sequence with positive integral indices,

X1,X2,X3,X4,....

This remains true even when the interval under consideration extends to infinity:
divide it into the intervals

(a,b), (b,c), (c,d), (d,e),....

One obtains an infinite sequence of discontinuities for each interval; the totality of
the discontinuities forms a doubly indexed sequence, which can be arranged as a
simple sequence. It follows again, by a theorem of Mr. Cantor, that there are points
of continuity in every interval. In fact, that theorem has already been proved by
the preceding considerations.

38. If we now wish to associate the picture of a distribution of mass with this
notion of an increasing function, we are led to say that at a point of discontinuity
a finite mass is concentrated. Such a point is a material point of mass @™ (x)—¢@~(x);
superposed upon these masses concentrated at points, there will be a continuous
distribution of mass. It is convenient always to regard ¢(b) — ¢(a) as the mass
contained in the interval (a, b). The interval (Ox) then contains the mass ¢(x) —
®(0), or simply ¢@(x) if p(0) = 0. We see that ¢(x) — ¢~ (x) is that part of the mass
concentrated at the point x which is regarded as belonging to the interval Ox,
while the mass ¢ (x) — ¢(x) is regarded as belonging to the interval (x, x”), where
x” > x. Thus, by changing the value of ¢(x) at a point of discontinuity—subject,
of course, always to

P (x) < p(x) < 9™ (x),

we do not change the distribution of mass at all; we merely adopt a new con-
vention as to how a mass concentrated at x is to be counted as belonging to the
intervals (0, x) and (x, x’).

Let us now consider the moment, with respect to the origin, of such a distribu-
tion of mass. Puta = xg, b = x,,, and insert between x(y and x,, the n — 1 values

Xop < X1 <X <--<Xpu-1<Xy.
Next choose n numbers &1, &9, ..., &, such that

Xk-1 < &k < Xk
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By definition, the limit of the sum

E1lp(x1) — p(xo)] + Eol@(x2) — @(x1)] + -+ + Enlp(xn) — @(x0-1)]

is the moment. More generally, consider the sum

fEDIp(x1) = p(xo)] + f(E)p(x2) — p(x1)] + -+ + f(En)[@(xn) — (xn-1)]. (A)
It too has a limit, which we shall denote by

b
[ rwdo.

We shall have to consider only a few very simple cases, such as f(u) = uk and
f(u) =1/(z+u), and there is no advantage in giving the function f(u) its full gen-
erality. It will suffice, for example, to suppose that f(u) is continuous; the proof
then presents no difficulty, and we need not give it, since it proceeds as in the
ordinary case of a definite integral.

The value of such an integral is unchanged if one changes the value of ¢(x)
at points of discontinuity lying in the interior of the interval (a, b). Indeed, since
there are points of continuity in every interval, there is nothing to prevent us from
always taking x;, x2, ..., x,—1 to be points of continuity. It must only be observed
that 2 and b may themselves be points of discontinuity; a change in the value
at those points does affect the value of the integral, since @(a) and ¢(b) occur
explicitly in the definition of the integral as the limit of (A).

Puta = &o, b = &,41. Expression (A) may be written

fD)p) = fa)p(a) — (xo)f(&1) = f(&o)]
—px)lf (&) = f(ED)] =+
- (P(xn)[f(gn+1) - f(én)]/

where
Ek < Xk < Eka-

Passing to the limit therefore gives
b b
[ e = re0) - f@et - [ ptwdsw,
In the case f(u) =1/(u +x),a =0 = ¢(0),
/” dp@w) @) [ plu)du
0

u+x b+x  J, (u+x)?
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Letting b increase indefinitely and supposing that ¢(b) remains finite, we obtain

Tdew) [ eu)du
0 U+X o (u+x)%
It was important to leave no doubt concerning the legitimacy of integration by
parts under the present circumstances.

39. Let @(u) still be an increasing function such that

(P(O) =0, (P(OO) =cC,

o= [0

zZ4+u

and put

We thereby define a function holomorphic throughout the plane except on the cut
consisting of the negative part of the real axis. The function ¢(u) characterizes a
certain distribution of total mass ¢ on a straight line O X.

Let ¢1(u) be a function of the same nature as ¢(u),

®1(0) =0, @1(c0) =y,

Pl(Z) = ‘/OOO d(Pl(u)

and put

Z+Uu

Theorem. If the functions F(z) and Fi(z) are identical, then the functions ¢(u) and
@1(u) characterize the same distribution of mass. They can differ only at points of dis-
continuity, and may be regarded as identical when only the distribution of mass is in
question.

Proof. 1t is first easy to see that one may write

“ o(u)du
o (z+u)?

F(z) =

and then that F(z) = @’(z) on putting

CD(Z):/OOO( L )qo(u)du.

a+u zZ+u
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Let x now be positive, and let ¢ be positive and tend to zero. Following the exam-
ple of M. Hermite, consider the difference

© 2¢ei@(u)du

CD(—x+€i)—CD(—x—ei) = ; m

We shall see that as ¢ — 0 this expression has a finite limit. Split the integral into

two parts,Tl
X

2¢i p(u)du * 2¢eip(u)du
o (Ww—x2+e2 ), (u-x)?+e%

I claim that
Y 2ei(u)du ,
y cetelaun -
M, e e
* 2ei d
lim ei plu) du = 1i o (x).

=0 ), (U —x)?+ &2

Indeed, write

Yoep(u)du /’C_\/E ep(u)du N /x ep(u)du
/0 (u—x)2+e2  J, (u—-x)2+e2  Jo_yz—x)2+e2

We have
/x_\/z ep(u)du - /X_\/z edu
0 (u—x)2+ &2 c 0 (u —x)2 + 2
on’s o
= ¢ |arctan — — arctan — |,
€ €
and hence

x—e d
i / _epwdu
0 (

e—0 U—x)>+¢e?

On the other hand, in the integral

/ Y ep(u)du

vy (U= x)2+ 2’

the function ¢(u), for x — v < u < x, assumes values infinitely close to ¢~ (x). It
is true that the value ¢(x) may exceed ¢~ (x) by a finite amount, but that single

T Tyanslator’s note. The source prints 0 as the lower limit of the second integral in this display. We
use x, as required by the stated decomposition and by the immediately following limit.
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value of ¢(x) has no influence on the integral. The last integral therefore differs
by an infinitesimal amount from

~(x) ' __edu ~(x) arctan L
¢ x_\/g(u—x)2+€2_(P P
Consequently,
Y toep(u)du n . / _ep(u)du
£0 vy (U = x)% + &2 Bl = (= x)2 + 2

Similarly, without difficulty, one finds
, ® ep(u)du T
213%) . (—x2+e2 2? v (),
and hence
lin%[q)(—x + ¢ei) — O(—x — €i)] = mi[p~(x) + p*(x)].
E—

Now put

@1(2):/000( ) g du

a—+u Z+ U

Then Fi(z) = ®}(z); and since we suppose F(z) = Fi(z), the functions ®(z) and
®,(z) can differ only by a constant. Thus

D(—x + €i) — O(—x — €i) = D1(—x + €i) — D (—x — i),
and, on letting ¢ tend to zero,

P (x) + " (x) = p1(x) + @7 (x).

This relation holds for every positive value of x, while we suppose ¢(0) = ¢1(0) =
0. It follows that ¢(u) and ¢;(u) characterize the same distribution of mass. In-
deed, when only a distribution of mass is to be characterized, the values of ¢(u)
and ¢;(u) at points of discontinuity may be chosen arbitrarily. Nothing therefore
prevents us from always taking

P~ (x) + ¢ (x)

@1 (x) + 97 (x)
5 , :

2

p(x) = P1(x) =

In this way we see that ¢(x) = ¢1(x) for every positive x; and since ¢(0) = ¢;(0) =
0, the two functions are identical.
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Chapter VII

Proof of the Fundamental Theorem

40. Let
ui,us,Us,...

be an infinite sequence of numbers, which we suppose bounded above and below.
The same is then true of the numbers

Un, Un+1, Un+2, Un+3, - -+,

which therefore possess a maximum, or upper limit L,,, and likewise a minimum,
or lower limit /,,. The number L, has the following properties:

1° None of the numbers u,,, t;,+1, U, +2, . . . can exceed L,,.

2° At least one of these numbers is equal to L,; or, if this does not occur, one can
find at least one which exceeds L, — ¢, where ¢ is an arbitrary positive number. As
n increases, L, can only decrease, while /,, can only increase. It is therefore clear
that, as n — oo,

limL, =L, liml, =1, L>1I.

The number L now has the following properties.

1. The numbers uy, ug, us, . . ., from some rank onward, are all less than L + ¢, where ¢
is an arbitrary positive number.

Indeed, since L, decreases to L, one can always choose n so that L, < L + ¢;
and none of the numbers u,,, 1,,+1, Uy 42, . . . exceeds L,,, so all of them are also less
than L + ¢.

Among the numbers uy, u, us, ... there is always one which either equals L;
or exceeds L — ¢. Let this number be uy; it plainly exceeds L — ¢, since L; > L.
Next, among

Uk+1, Uk+2, Uk+3, - - -

there is one which either equals Ly, or exceeds Ly — €. Call it u;; it too exceeds
L — ¢. Likewise, among

Ul+1, U422, UI4+3, - - -

there is always a number u,, exceeding L;;; — ¢, and hence also L — ¢.
Continuing in this way;, it is clear that in the sequence u1, us, us, . . . one can find
infinitely many numbers
U, U, Uy .«
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all exceeding L — ¢. The indices k,I,m, ... increase; but we already know that
all terms of the original sequence, from some rank onward, are less than L + ¢.
The same is therefore true of the subsequence uy, u;, uy,, . .., and we arrive at the
following result:

1. In the sequence uy,us, us, ... there are always infinitely many numbers lying be-
tween L — € and L + ¢, where ¢ is an arbitrary positive number.

In the same way one finds:

I°. The numbers uy, us, us, . . ., from some rank onward, are all greater than | — €.

I1°. In the sequence uy, us, us, . . . there are always infinitely many numbers lying be-
tween | — e and [ + ¢.

The consideration of the numbers L and / is due to Mr. du Bois-Reymond, who
presented it in a book published in 1882 and translated into French by Messrs. Mil-
haud and Girot [6]. Mr. du Bois-Reymond calls L and [ the limits of indeterminacy
of the numbers u,,; indeed, as n becomes infinite, 1, ultimately oscillates between
these limits. It is also evident that the numbers u, tend to a definite limit only
when L = I.

The first application of this idea seems due to Mr. Hadamard [7], who observed

that, when
Uy = nV|Cn|/

the radius of convergence of the series

is equal to 1/L.

41. Inow return to the function ¢,(u) defined in no. 36. It is an increasing func-
tion, well determined even at its points of discontinuity. It varies only between

the limits .

qon(O) = 0/ QDn(OO) = —.
ai
Let u now be a fixed nonnegative number, and consider the infinite sequence
p1(u), p2(u), ps(u), .. ..

These numbers are bounded. I shall denote the corresponding limits L and !
by
L=9w), I=x),
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so that
Pu) = x(u).

Clearly 1(0) = x(0) = 0; and if, for some particular value of u,
P(u) = x(u),
then, by what precedes, we may conclude that as n — oo,
Tim (1) = () = x(a).

Since @, (u) is increasing, it follows immediately that (1) and x(u) are also in-
creasing functions. Thus, if 2 < b, we have

P(a) <), (1)
x(a) < x(b). )

To these inequalities we shall add another of very great importance:

P(a) < x(b). (3)

The proof of this inequality requires some preparation.

42. Let us first calculate the integral

/0 [ail - (pn(u)] uk du.

Its value is evidently

1
m(Ml + M2 +---+ Mn)xlf“

1

(Mot My + oo+ M) (xh+L — xk+)
1

to g (Ms+ oot M) (B — k) 4
1 k+1 o k+1

+ mMn(xn+ — xnfl ,

that is,
1

m(Mlxllﬁ_l + ng;‘“ + -+ Mnx,l;—i_l).
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Hence

/ [ai—(pn(u)] ukdu = kckjll (k=0,1,2,3,...,2n - 2).
0 1

Similarly,

~[1
/ la__(Pn+n/(u)] uk du = ka++11 (k=0,1,2,3,...,2n +2n" - 2),
0 1

and consequently

/ [pn(u) — (pn+n/(u)]uk du=0 (k=0,1,2,3,...,2n —2).
0
By a well-known argument due to Legendre, it follows that the function

Pn(tt) = Quan(u)

must change sign at least 21 —1 times. Now both ¢, (1) and ¢;,4,,-(1) are increasing
functions, and ¢, (1) is constant in each of the intervals

('x].l x2)/ (XQ, X3), ceey (xn—l/ xl’l)-

In each such interval, ¢, (1) — @,+n(4) can change sign at most once. There may
then be a change of sign at each of the points of discontinuity xy, ..., x,, giving
at most n further changes; altogether there are therefore at most 2n — 1. But since

00 = i) =0, §u(0) = Puo(0) =

1

there can plainly be no other changes of sign. Thus there must in fact be one
change of sign in each interval

(xll x2)r sy (xn—lz x]’l)/

and one at
U= Xy (k=1,2,...,n).

For u = x; one must therefore have

0 (Xk) < Qi (xk) < @ (xk).
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Evenif ¢,,+,/(1) also has a discontinuity at # = xy—which may happen exception-
ally when the equations

Qau(z) =0, Qonv2n(z) =0

have common roots—we have

0, (x1) < Qo (X6) < @ (k) < @ (xk).

Next observe that, since ¢, (1) — @1/ (1) must change sign in (x, Xx+1) and @, (1)
is constant there, ¢,,+,/ (1) must actually increase in that interval. But this function
increases only by abrupt jumps, its points of discontinuity being the roots of

Qon+an(=2) = 0.
It follows that this equation must have at least one root in (xx, xx+1). We thus re-

cover a proposition already obtained more completely in no. 5.

43. To prove inequality (3), suppose the contrary, namely

p(a) > x(b).

Then one can find a positive number ¢ such that

Y(a)—e> x() +e.

By the properties of the limits of indeterminacy, there exists an infinite increasing
sequence of indices
vi,Vv2,V3,...,Vk,...

such that ¢, (a), for n = vy, is always greater than ¢(a) — ¢. There is likewise a
second increasing sequence of indices

/ 4 ’ ’
Vi, Vo, V3, ene Vig -

such that ¢,(b), for n = vy, is always less than x(b)+ e.
I now say that, for n = v, and also for n = vl’c, the equation

QQn(_Z) =0

can never have a root between a and b. Indeed, suppose that for n = vy it has
a root ¢ between a and b. Then ¢,(1) has a discontinuity at u = ¢, and since
pn(a) > P(a) — €, we have

(P;(C) > ED(Q) - & (Pn(c) > l,b(ﬂ) — E.
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In the sequence v/, v, ... one can always choose a number v; = n’ greater than
n = vi. We should then have

P (c) < w(c) < @3 (c).

But this is plainly absurd, since

Pu(c) < @u(b) < x(b) + ¢,

whereas
¢n(c) > p(a) —e > x() + ¢.
Thus Q2,(-z) = 0 has no root between a and b when n = vi; the same argument
proves the assertion for n = v,.
Since, for infinitely many values n = vy, the equation Qz,(—z) = 0 has no root
between a and b, we know from no. 35 and no. 36 that the function F(z) has an
expansion

+00
Z CiZi
i=—co
convergent for a < |z| < b, and that c_; is the limit of ¢,(c), where c is fixed be-
tween a and b and n runs through the values vy, v2, vs, . . .. But the same reasoning
may be applied with n running through v{, v}, v;, .. .; and since in the two cases
the function F(z) is the same, we should have

€1 = kh_{%o pv(c) = kh_)ngo (Pv,’((c)

This is plainly absurd, since every ¢,,(c) exceeds y(a) — ¢, while every @, (c) is
less than

xX()+e<i(a)—e.
The contradiction shows that the assumption ¢(a) > x(b) must be rejected. In-
equality (3) is proved.

44. This important point being established, we may introduce the function
which plays the principal role in our fundamental theorem. Put

P(u) + x(u)
—

It follows immediately from (1) and (2) that this is an increasing function. More-
over, ®(0) = 0, and, like () and x(u), it cannot increase beyond 1/a;. Clearly

Dd(u) =

D(u+¢) > x(u+e)=>v(u),
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and hence
OF(u) = P(u).
Similarly,
O™ (u) < x(u).
Thus, when (u) > x(u), ®(u) is discontinuous and the magnitude of its disconti-
nuity is not less than ¢ (1) — x(u), though it may be greater. The function ®(1) may
also be discontinuous at points where (1) = x(u). But since ®(u) is increasing,
it has points of continuity in every interval.
Now, if
DT (u) = D (u),
then
P(w) = x(u) = lim pu(n).
Hence every interval contains points u for which ¢, (u) tends to a finite limit as
n — oo.

We shall need the following property of ®(u). Consider ¢,(u); it is discontinu-
ous at u = xy, and for n” > n one has

@ (xk) < @ur(xr) < @y (xk).

It follows that ¥(xx) and x(x), the limits of indeterminacy of ¢,/ (xx) as n” — oo,
also lie between ¢}, (xx) and @; (xk); therefore

P (x) < P(x) < @y (xk).
45. Consider now the equations
Qoun(-2)=0 (n=1,2,3,...)
and an arbitrary interval (a, b), where
0<ac<b.

Two cases may occur. Either there are only finitely many equations Q2,(-z) = 0
having no root between a and b, or there are infinitely many. In the first case we
shall call (4, b) an interval of the first kind; in the second, an interval of the second
kind.



78

When (a, b) is of the first kind, there is a number v such that, for n > v, the
equation

Qan(=2) =0

always has at least one root between a and b; this property plainly characterizes
an interval of the first kind. Thus, if for some particular value of n the equation
has two roots between a and b, the interval is always of the first kind, for all sub-
sequent equations of higher degree will have at least one root between these two
roots.

Suppose that (a4, b) is of the second kind and, in addition, that 4 and b are points
of continuity of ®(u) and of all the functions ¢, (u). It follows that

D(a) = nli_r}go Pnl(a), D(b) = nlgrgo @n(b).
I claim that necessarily ®(a) = ®(b). Suppose, on the contrary, that
D(a) < O(b).
One can choose a positive number ¢ such that
D(a) + e < D) — .
For all n exceeding some bound n > v, we have
lpn(a) —D(a)| < &, lpn(b) —D(b)| < e.
It follows that, for those same values of 7,
Pn(a) < pa(b).

Thus ¢, (1) must actually increase as u goes from a to b. This is possible only if
Q2n(—z) = 0 has at least one root between a and b. Since this must occur for every
n > v, the interval (a,b) would be of the first kind, contrary to the hypothesis.
Hence indeed

D(a) = O(b).

For n > v we always have
lpn(a) —P@) <&, |pu(b) —DB)| < &
and since ®(a) = ®(b), it plainly follows that

lpn(u) —Pu)<e  (a<u<hb).
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This is an important result. It assumes that (a, b) is of the second kind and that a
and b are points of continuity of ®(u) and of all the functions ¢, ().

When a = 0, the interval (0, b) can be of the second kind only under the follow-
ing circumstances. The equation Q2,(—z) = 0 must never have a root equal to or
less than b; for, if this happened, the equation

Q2n’(_z) =0

would always, for n’ > n, have a root in (0, b), making that interval one of the first
kind. Thus, if (0, b) is of the second kind, one always has

(Pn(b) =0,

and consequently ®(b) = 0. The functions ¢,(u) and ®(u) vanish identically
throughout
0<u<h.

46. Let L be any positive number and consider the integral

L
/O (1) — O(u)| .

Between 0 and L insert, in an arbitrary manner, k — 1 numbers u;, ug, ..., ux_1,
Ug=0<uy <ug<---<up_q1 <ug=L.

Let ¢ denote the length of the largest interval (u;-;,u;),i=1,2,...,k.

To simplify the reasoning, suppose that no point u; (i = 1,2, ..., k) is a root of
an equation Q2,(—z) = 0 or a point of discontinuity of ®(u). Since all the roots
and all the discontinuities of ®(u) can be arranged in an infinite sequence, such
points u; exist in every interval. The point 1y = 0 is not a root, though it may be a
point of discontinuity of @(u). This can never occur, however, when (ug, 1) is of
the second kind, since then ®(u) vanishes throughout the interval.

Associate with each interval (u;_;, u;) an integer v; as follows. If the interval is
of the first kind, choose v; so that, for n > v;, the equation Q2,(—z) = 0 has at least
one root in the interval. If it is of the second kind, choose v; so that, for n > v; and
Ui—1 < U < Uy,

(1) = ()| < &,

where ¢’ is an arbitrary positive number, the same for all intervals of the second
kind.
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Let N be the greatest of the numbers v, vo, . .., vk. Henceforth suppose n > N,
and seek an upper bound for

L
/0 | (1) — P(u)| du.

For this purpose decompose it into the sum of k integrals

ko
2(u)—D du.
> / lputa) - 00) du

If (ui—1, u;) is of the first kind, ¢, (1) has at least one abrupt jump in the interval,
say at u = ¢, and

@n(c) <D(c) < @y (c).

The two intervals

[Pn(wi-1), pn(ui)] and  [D(u;-1), P(u;)]

therefore have at least one point in common, and consequently

Pn(ui) > O(u;_1), D(u;) = @n(ui-1).

Throughout the interval we plainly have

Pu(ti-1) = O(u;i) < pn(u) — () < uu;) — O(ui-1),
and hence, a fortiori,

Pn(u) = O(u) < @n(ui) — u(ui-1) + P(u;) — d(u;i-1),
Qn(u) = D) > @n(ti-1) — @ului) + D(ui—1) — D(u;).

That is,
|pn(u) — P(u)| < @n(ui) — @u(ui-1) + P(u;) — d(u;i-1).
It follows that

i
/ |pn(u) = Q)| du < e{@n(ui) = Qnlui) + Pu;) — P(ui-1)}-
Ui-1
The factor multiplying ¢ is the sum of the variations of ¢, (1) and ®(u) in (11, u;).
The sum of all such integrals belonging to intervals of the first kind therefore has
upper bound

e(oy + 09),
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where ¢ is the sum of the variations of ¢, (1) in those intervals and o3 the sum of
the variations of @(u). Clearly o is less than the total variation of ¢, (1), namely

Pn(00) — @, (0) = —

Likewise 05 is less than the total variation of ®(u), which also cannot exceed 1/4a;.
Thus 2¢/a; may be taken as an upper bound for the sum in question.
If (i1, u;) is of the second kind, then throughout it, since n > N > v;,

pali) =@ < &, [ lpalu) ~ @)l < €/ i)

The sum of all integrals of this kind is therefore less than Le’, since the sum of the
intervals is plainly less than L.

Proposition. Given arbitrary positive numbers L, €, €, there exists an integer N such
that, forn > N,

L
/ (1) — D) du < 25 4 Le".
0 ay

Pyu(z) [T dopa(u) [ pnu)du
an(z)_/o zZ+u _/0 (z+u)z’
Pau(z) [ ®©(u)du / Pu(u) — Ou) i
Qan(z) Jo (z+u)? G+up

where z is any point not on the cut. Hence

®lpn(u) — O(u)l
< /0 du.

47. Itis evident that

Pon(z) © d(u)du
Qan(z) Jo (z+u)?

The upper bound may be written

L _ o0 —
[0S, 7l -0,
0 L

|z + ul? |z + ul?

|z + ul?

Choose two positive numbers ¢, ¢’ and determine N as in no. 46. Then, for

n >N,
L _
/ Pntet) ~ Pu) du < L[z +Le'],
0 |z +ul? p(z)? \ a1
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where, as in no. 33, p(z) denotes the minimum of |z + | as u varies from 0 to co.
For the integral from L to oo, observe that

() — B()] < —
1

and, if z = a + i,
z+ul = (u+a)+p22 u+a)

Thus, supposing L + a > 0,

[, 1w
L |z + ul? m ) w+a)2? a(L+a)

It follows that

Ps,(2) © d(u)du 1 [2¢ , 1
Q@) Jo G+up|~ o2 (a_l”g ) Talta)

Since L, ¢, ¢’ are arbitrary (or nearly so), the upper bound can be made as small
as desired. Thus, for every point z not on the cut,

L Pulz) _ [C0wdn _ [ do(w)
nﬂﬂogzn(z)‘/o +ru? Jy z+u

We already knew that P2,(z)/Q2x(z) tends to a holomorphic function F(z); we

now see that ® 10
F(z) = / )
o z+u

As for uniformity, the preceding bound shows that convergence is uniform in ev-
ery domain S in which the real part of —z and 1/p(z) are bounded above. Such a
domain may extend to infinity.

48. Theodd-order convergents may be studied in the same way as the even-order
ones, and one finds

lim Pont1(z) _ Fy(z) = /oo dq)l(”),
0

n—c Qoy+1(2) zZ+u

where ®(u) is again an increasing function characterizing a certain distribution
of mass on an axis OX.
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It is scarcely necessary, however, to carry out this investigation, for the only
case which interests us is that in which

(o]
D
n=1

diverges. We then know that F(z) = Fi(z), and a separate investigation to obtain
a more explicit analytic form for F;(z) becomes unnecessary. By the theorem of
no. 39, the functions ®(1) and ®;(u) necessarily characterize the same distribu-
tion.

When } ;. a, converges, the distributions of mass characterized by ®(u) and
®;(u) are plainly those given by the systems

(ui,Ai), i=1,2,3,..., (vi,0;), i=0,1,2,3,...,

considered in no. 24. The integrals

/OodCD(u) /°°dCI)1(u)
o z+u’ o z+u

) i ) .
Z z +l/\i, ; z 1191'.

i=1

then reduce to the series

We saw in no. 15 that, for positive real x,

Co C1

F(x)= S0 _CL . _qyn-1&nzt gy
()= LSyt

&cy

xn+1’

0<¢&<1. (1)

On the other hand,

XF(x) = /O T o),

xX+u

It is easy to see that as x — +oo the right-hand side tends to

‘/000 dd(u) = O(c0).

Indeed, since this integral is finite, one may choose L so that

/Loo Ad(u) = ¢,
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where ¢; is smaller than an arbitrary number ¢. Then

* x
dd = ¢,
/L X+ u () =&

where ¢] < e. Next, x may clearly be taken large enough that

L L
X 144
/o o dd(u) = /o Ad(u) — &7,

where ¢ < €. Consequently,

o] L 00
‘/ * d@m):/’d®wy+q—eg:/°d@@)—a+eg—qc
0 0 0

xX+u

But by (1),

1
lim xF(x) =¢cg = —;

X—00 a].

/000 dd(u) = cp.

This being established, we may write

“11 u
F(x):/o [;_x(x+u)

and therefore -
x2[F(x)—C—O]=_/ X
X 0 X+u

We know that, as x — oo,

hence

_c 1 [T _u
d(D(u)—x x/o x+udCD(u),

udd(u). (2)

lim x2 [F(x) L)
x
It follows that the integral

/ ) u dd(u) 3)
0

is finite and has the value c;. For if fOL u dP(u) grew beyond every bound with L,
the right-hand side of (2) would likewise grow beyond every bound as x — oo,
which cannot occur. Integral (3) therefore has a finite value; and to obtain that
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value it suffices to let x grow indefinitely in (2). Continuing this reasoning gives,
in general,

/ uk dd(u) = .
0

Thus the distribution of mass characterized by ®(u) is a solution of the moment
problem.
When the series -
Sa
n=1
diverges,” this yields only one solution of the problem; and indeed we shall soon

prove that in this case there are no others.
We saw in no. 42 that

/ [ai—(pn(u)]udeZkCTll [k:0/112l"‘l2n_2]l
0 1

and the result just obtained gives at once

It follows that ¢, (1) — ®(u) must change sign at least 2nn — 1 times. If xi is a point
of discontinuity of ¢,(u), it is easy to conclude that

@, (k) < D (x) < DT (xx) < @y (xk).

This sharpens the result obtained at the end of no. 44. It is also clear that, in an
interval on which ®(u) is constant, the equation

Qan(=2z) =0
can have at most one root.

49. Return to the proposition of no. 46; forn > N,

L 2¢
/ lon(1t) — O(u)|du < — + Le’.
0 a1

T2Translator’s note. The source prints Y, a,. We use n = 1, consistently with the indexing of the
continued fraction throughout the paper.
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We have just seen that ®(c0) = @,(c0) = ¢¢. Hence ¢y — ¢, (1) and cp — ©(u) are
never negative; and since

Pn(u) = P(u) = co = P(u) = [co = Pu(u)],
we have

[P (1) = D(u)| < |co = D)] +[co = n(u)]-
It is easy to see that

C2 C2
o= puol <, leo— 0] < S,

Indeed, consider the distribution of mass characterized by ®(u) (or by ¢, (u)).
Its second-order moment is cy; the total mass contained in the segment from u to
o0 is ¢g — P(u), and the second-order moment of this mass is less than cs. Concen-
trating this mass at the point u decreases that moment still further; hence

u2|C0 - CD(M)| < (2.

Thus

2c
[pu(ae) = ()] < =3,
and -
/ |pn(u) — P(u)|du < E
L L
Consequently,
/ |pn(1) — O(u)| du < 2¢ + L&’ + @
0 al L

By a suitable choice of L, ¢, ¢, the upper bound can be made smaller than any
prescribed number; therefore

n—-oo

lim [) | (u) — D(u)|du = 0.

50. Here is an interpretation of this result. Let D, and D denote the distribu-
tions of mass characterized by ¢,(u) and ®(u). One may pass from D, to D by a
certain transport of masses. Let us agree that transporting a mass m through a dis-
tance / requires an amount of work measured by m . It is then easy to see that the
minimum total work required to pass from D, to D (or conversely) is measured

by
/0 o (11) — D) dt.
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We shall also denote this minimum work by {D,,, D}, and it seems natural to say
that D,, differs infinitesimally from D when {D,,, D} is infinitesimal. Thus D may
be regarded as the limit of D,,.

In general, given an infinite sequence of distributions

D11D2/D3/---/

and a distribution D such that {D,,, D} becomes less than ¢ as soon as n exceeds
some bound, we shall say that D is the limit of D,,.
One objection to this definition is that the limit D itself enters into it. Since

{Dnan+n/} S {DTl/D} +{D,Dn+n’} < 28,

one might be led to adopt the following definition: the sequence Dy, D», Ds, . ..
tends to a limit if one can choose 7 so that

{Dn/ Dn+n’} <g,

where ¢ is an arbitrary positive number. But it is clear that this definition has no
precise meaning until it has been proved that there actually exists a distribution
D for which {D,, D} becomes infinitesimal. We merely wished to point out this
question, which we shall not examine here.

Since

PQH(Z) _i M,

Qan(2) - z+x;

the convergent itself may be regarded as a kind of parametric moment, depending
on the parameter z, of the distribution D,,. The principal result of our researches
thus amounts to saying that the parametric moment of D,, tends to the parametric
moment of D.

Now consider the definite integral expressing the parametric moment of D,
and recall the definition of a definite integral as the limit of a certain sum. For
that sum one may take precisely the parametric moment of D,, that is, the 2nth
convergent of the continued fraction. We may therefore say that the continued
fraction is an identical transformation of the definite integral. We first observed this
remarkable reduction of two such different analytic expressions—a definite inte-
gral and a continued fraction—to one another in the special case where Q2,(z) is
a Legendre polynomial X,,. (See Comptes rendus, vol. XCIX, p. 508; 1884.) [3]

It was the desire to generalize this result that led us to undertake the researches
presented here.

i=1
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Chapter VIII
“d
Study of the Integral / $w)
0 z+u

51. Let 1(u) be any increasing function, with ¢(0) = 0. We shall suppose only
that the distribution of mass which it represents has finite moments of every order,

and we shall put
Ck = / uk dy(u).
0

/mle(”)
o z+u’

which represents a function holomorphic throughout the plane except for the cut.
If the function ¢(u) is constant from u = a onward, the integral reduces to

" dip(u)
o z+u’
and the cut extends only from z = 0 to z = —a."® All the moments are then finite as

soon as this is the case for ¢y = 1(a). The integral evidently admits the asymptotic
expansion

Consider now the integral

Co C1 Co
z z? z3
which is divergent in general, and convergent for |z| > a in the particular case just
mentioned.
But when z = x is real and positive, one always has

/‘”dw(u):c_o_g+ el s
0

xX+u x  x2

o +1 , 0< &<l
The expansion into a continued fraction of this integral, or, more precisely, of its
asymptotic expansion, has been the subject of investigations by Chebyshev, Heine,
and Darboux.

We shall resume this study here, focusing especially on the question of conver-
gence, which was scarcely considered in the earlier works just mentioned, and in

BTranslator’s note. The source writes u = 0 and u = —a. We use z because this is a cut in the
complex z-plane.
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which the continued fraction was always taken in the form (1) (see the Introduc-
tion).

To reduce the series to a continued fraction, one need only apply the formulas
of no. 11; the determinants A, and B, will be positive, as determinants of the
positive quadratic forms

/ (Xo+uXy +u’Xo+ -+ u”‘IXn_l)2 dy(u),
0

/ u(Xo+uXy +u?Xo+-- + u”_an_l)z dy(u).
0

Thus one obtains a continued fraction of the type which we have studied, the a;
being positive.

We may therefore apply the results obtained by the direct study of the contin-
ued fraction.

Two cases must be distinguished:

First case: the series Y, an is convergent.

In this case,

lim P2n(z) —
n—o0 QQn(Z)

fim Pr1@ _p o Pi®) _i vi _/qunl(u).
0

n—eo Qoy41(2) q1(z) —z+ 0; z+u

F(z)

_p2) o /°°dCD(u)
0

_q(z)_i:12+/\i= z+u’

Second case: the series Y, ay is divergent.

In this case,
. Pyu(z) _ _ = dd(u)
in 55 =R = [ S

But what relation do these limits bear to the integral

/mle(”)
o z+u’

from which the continued fraction originated?

52. To answer this question, first suppose that z = x is real and positive. We then
have the following theorem (see Comptes rendus, vol. CVIIL, p. 1297; 1889) [4].
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Theorem. The minimum of the expression

* dy(u)

0 X+u

[1+Xi(x +u) + Xo(x + u)* + - + Xu(x +u)”]2

is equal to

/°° AY()  Po(x)
0 X+u QQn (x),
and consequently one necessarily has

[4w), Puty
o Tru Qo)

Proof. The verification is easy. Put

L=1+Xi(x+u)+Xo(x +1u)® + -+ X,(x +u)".

The conditions for the minimum are
/ (x+u)k£d1,b(u)=0, k=0,1,2,...,n—1. (1)
0

These relations are visibly equivalent to

/ ukLdpw)=0, k=0,1,2,...,n-1,

0

or, recalling the symbol S introduced in no. 11,
S{u*Ly =0, k=0,1,2,...,n—1.

By (3), the polynomial £, in the case of the minimum, therefore differs only by a

constant factor from Qq,(—u); and since £ reduces to unity for u = —x, we have
Q2n (x )

The minimum is

/Omdw—W)LQ:/OOOiI’DT(Z) [1+Xi(x+u) + -+ Xu(x +u)"],

xX+u

which, by virtue of (1), reduces to

/Oo dl,b(u)L — /OO dl,b(u) 1 * Q2n(x) B Q2n(_u)
0 0

X+u x+u  Qopnlx) 0 X+ u

dy(u).
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The last integral is evidently equal to
S [QQn(x) — Qan(—u) _

= Py, (x),
Tt on(X)

which completes the proof.

The following second theorem is verified just as easily.

Theorem. The minimum of the expression’*

/Ow%[l+xl(x+u)+X2(x+u)2+---+Xn(x+u)”]2

is equal to

Poni1(x) _ /00 dy(u)
Qoni1(x)  Jo x+u’

and consequently one necessarily has

Poyt1(x) /00 le(u)
>
0

Qan+1(x) x+u
To these theorems I add the following observation. In the first theorem, £ is the
most general polynomial in # which reduces to unity for u = —x. Now (—u/x)" is

also such a polynomial; hence

/dem_r%u></Wu%wmo
0 0

x+u  Qon(x) x2m(x +u)’
that is,
Pan(¥) S co_c1 2 _ Con-1
Qon(x) = x  x2 3 x2n’

and in the same way one finds

P2n+1(x) ﬂ _ ﬂ o Con
Qons1(x) x x2 x2n+l

We had already obtained these inequalities in no. 15, but let us now compare them

with Pon(x) [ dp()  Ponr(x)
2n\X u on+1(X
QM@<A X0 Qo (®)’

T Translator’s note. After dip(u), the source also prints a final du. We omit this evident duplicate
differential.
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To calculate numerically the integral

/Oodl,b(u)
o x+u’

one may use the series, even when divergent,

Co C1 Co

x a2 a3
the sum of an even number of terms will always give a lower bound, and the sum
of an odd number of terms an upper bound. But one may also reduce the series
to a continued fraction: the successive convergents will likewise give, alternately,
upper and lower bounds.

We now see that there is always an advantage in reducing the series to a con-
tinued fraction: the bounds given by the convergents are closer than those given
by the series.

The limit of the approximation obtainable from the continued fraction is char-
acterized by the inequalities

F(x) < /000 ) < Fi(x).

xX+u

53. Itis now easy to answer the question posed at the end of no. 51.
In the first case, when the series

(o]
D
n=1

is convergent, we know that the moment problem is indeterminate (no. 24). That
is, there exists an infinity of integrals

~ dy(u) © dy(u) ® dyan)
/0 z+u’ /0 z+u’ /0 z+u’ R

which are distinct holomorphic functions of z, but which give the same asymptotic
expansion

Co C1 Co
z 22 Z3
and consequently also the same continued fraction.
Calculation of the convergents of this continued fraction leads to the two limits

/°° d0u) _ pz) o
0

z+u  q(z) i:12+)\i’




93

[ _pe) $v

o z+u  q1(2) izoz+6i’

but evidently no precise connection can be established between these two per-
fectly determined functions and an integral such as

/ = d(u)
o z+u’
since this function is capable of varying.
The only assertion that can be made is that, for z = x, one will always have

) [ p)
gx) ~ Jo x+u = qi(x)

The functions ®(u) and ®;(u) themselves occur among the possible determina-
tions of Y (u).
For a particular value x = x, one cannot have

p(xo) _ /°° dy(u)
0

q(xo) X0 + U

without having identically throughout the plane

p(z) _ /°° dy(u) /°° AD(u)
q(z) Jo z+u Jy, z+u’
and the functions (1) and ®(1) may be regarded as identical, since they charac-

terize the same distribution of mass.
Indeed, we have seen that

“dp)  Palxo) [ dp(u)
J J

xo+u  Qoulxo) xo + U

Q2n<—u)r
QQn(xO) .

Now if the right-hand side tends to zero as n — o0, as we suppose here, this will
hold all the more when x is replaced by a larger number. Consequently,

p(z) _ /“dw(m
0

q(z) zZ+u

as soon as z is real, positive, and greater than xo. But then this equality holds
throughout the plane.
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One sees in the same way that the equality

p1(xo) /oo dp(u)
0

q1(x0) X0 + U

implies the identity

nz) /°° dy(u)
0

q1(z) zZ+u’

So long as the distribution of mass characterized by ¢(u) is not identical with one
of those represented by ®(u1) and ®;(u), one has

p) [ dY)  pi)
q(x)</o xru )

equality being excluded.

54. In the second case, the continued fraction is convergent and, for z = x, one

has
/Oo dip(u) lm Py(x) /OO dP(u)
0o X+u n-eQux) Jo x+u’

because in this case F(x) = Fy(x). It follows that

dp) [ ddw)
/0 z+u_/0 zZ+u’

for this equality cannot hold for z = x without holding throughout the plane.
The functions (1) and ®(u) will be identical, or at least will represent the same
distribution of mass.

It is also seen that the moment problem is determinate in the present case, and
admits no solution other than that characterized by the function ®(u) or i (u).
Indeed, if the problem had another solution characterized by ¢; (1), the integral

/“d%(u)
0 zZ+u

would always give the same continued fraction, and it would follow that

Cdp () LT dYw) 7 dD(u)
/0 z+u _./0 z+u_/0 z+u’

It should be observed that this second case may occur even when the expansion

Co €1 C2

z z?2 z3
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is always divergent. Indeed, this occurs when

Cn+1
Cn

increases beyond every bound. We know that for this it is necessary and sufficient

that the numbers |

Andp+1

(n=1,2,3,..)

should not be bounded above. Now it is clear that this in no way prevents the
series
ay+as+azg+---

from being divergent. One could, for example, take all the a; arbitrarily, except
those of a certain infinite sequence

ap/ ac]/ ai’/ as/---/

and then determine these so that the numbers
1 1 1

, , P
Aplp+1 Aglg+1 Arldyrs1

increase beyond every bound.

55. To give an example of the theory just set forth, consider the integral

/°° [1 + A sin(\‘l/ﬂ)] e~ Vi
0

du, -1<A<1.
zZ+u

Since

dp(u) = [1+ Asin(u)]e” V¥ du,

we are dealing here with a distribution of mass having a finite density. This distri-
bution moreover varies with the parameter A. But if the moments are calculated,
one finds

ckz/ uke= Vit gy (k=0,1,2,3,...);
0

they do not depend on the parameter A. Indeed, one verifies without difficulty
that the integrals

/ uk sin(Yu)e™ V¥ du = 4/ w3 siny e ™ du (k=0,1,2,3,...)
0 0
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all vanish. The moment problem therefore manifestly has infinitely many solu-
tions; we are in the indeterminate case, and it is certain that the values of the 4;
are such that the series

D

n=1

is convergent. The continued fraction will give two limits

@_ S i P1(Z)_i Vi
q(z) iz + A q1(z) £z +0;
and the distributions of mass (u;, A;) and (v;, 0;) will again constitute two particu-
lar solutions of the moment problem. But no precise connection can be established
between the value of the integral and the limits furnished by the continued frac-
tion. Nevertheless, when z = x is real and positive, upper and lower bounds for
the integral can always be obtained by calculating the convergents. But since the
cx and the a; do not depend on A, one sees that no account is taken of the part

A/mwduzn/\e—%.
0 X+ u

Since A may vary from —1 to +1, it necessarily follows that

pilx)  p(x) i
PnE) _M > 2me” VA¥,

The continued fraction can give only a limited approximation, as is also the case
with the series expansion. On calculating a;, as, . . ., one sees that these numbers
follow a very complicated law, so that the convergence of the series

cannot be verified directly.
56. I shall give another example in which this verification can be made.
Let f(u) be an odd and periodic function of u, with

f(u+%) =+f(u).
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Then the integral
/ uku_log”f(log u)du,
0

where k is any positive, zero, or negative integer, always vanishes. To see this, it

suffices to observe that o
/ e_UQf(v) dv =0

o0

and to make the substitution

k+1
v=—T+logu.

Thus, in the case f(u) = sin(2nu),

/ uku1o84 sin(2m log u) du = 0.
0
I now consider the integral

L/ 1+ASIH(2T(10gu)u—logudu’ 1< A< +1.
vV Jo

zZ+uU

We see that matters proceed as in the preceding example: the value of

1 /OO k, ~logu 1 /+(>o —u2+(k+1)u L(k+1)2
Cp = — uu du = — e du = et
V7T J0 V7T J —

is independent of the parameter A.
The continued fraction must therefore be oscillatory; this is verified directly
here, since
gy = (1—e ) (1 —e ™)1 =e™?) - (1= 7D/,
p—(2n+1)/4
(1—e 12)(1—e 1)1 —e3/2)--- (1 —en/2)
Because e > 1, the convergence of the series

Z aA2n, Z A2n+1

is manifest. For brevity, I omit the calculation giving the values of the a, (and

which remains valid without the need to suppose that e has the particular value
2.71828...).

Aop+1 =
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In the present case, the difference

P p)
100 4(x)

must necessarily exceed

2 / sin(27 1Oz(:’gl/l)l/l—logu du = 26—712\/Ex—10gx.
Vi Jo

xX+u

57. As an example of the determinate case, I shall first recall the continued frac-
tion studied by Laguerre, of which we spoke in the Introduction. Since in this

case
1

Aop-1 = 1/ Aop = EI

the continued fraction is convergent and represents, throughout the plane except
on the cut, the integral
e du
/0 zZ+u -

Here the mass extends to infinity and, indeed, the numbers

1
b, =
Andn+1

are not bounded above.

When the mass does not extend to infinity, the continued fraction is naturally
always convergent, for the series expansion is then itself convergent for sufficiently
large values of z. As an example of this case, consider a periodic continued fraction
such that

ban = p, ban—1 = 4.

In this case the function F(z) is known immediately:

V22 +2p+q)z+(p—q)° —z+p—q

Fz) = 2z
and , ;
1
aop = (E) ’ Aop+1 = — (ﬂ) ;
q P \P
one of the two series . .

Z asgk, Z a2k+1
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will always be divergent. But the function F(z) must be expressible in the form

/OodCI)(u)
o z+u’

and we saw in no. 39 how F(z) may be put into this form when its explicit expres-
sion is known.

This calculation leads here to the following results. Two cases must be distin-
guished according as p 2 4.

First case: p > q.

Put

a=(WF-VIP,  B=(F+ VD

then

F(z)=—+ }
(z) z 21 u Z+4+u

Thus there is at the origin a concentration of mass equal to

@:P_EI:

followed by a continuous distribution of mass in the interval («a, ).
Second case: p < q.
One finds simply

Vap ifﬁx/(u—a)(ﬁ—u) du

B — _
F(z)z%/ \/(U a)(p—u) du

u z4+u’

the mass concentrated at the origin in the first case has disappeared. In the partic-

ular case p = g, one has a = 0, and either of the formulas found may be applied.

There is no mass concentrated at the origin, but the density becomes infinite there.
In the first case, the series

oo

Z A2k+1

k=0
is convergent, and its sum is 1/(p — q).

58. We shall show that, still in the determinate case, the mass concentrated at
the origin is
1

o) ’

Z a2k+1

k=0
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it is zero when the series diverges.

In the indeterminate case, .

oo

Z A2k+1

k=0
is the maximum mass that can be concentrated at the origin; it is in fact found in
the distribution

(vi, 0),

since
1

o0 ’

Z a2k+1

k=0
but in every other distribution the mass concentrated at the origin is smaller.

Recall the bound © dp(u)
u

<F :

/0 Y < )

we know from no. 15 that

1
lim xFy(x) = ————
x—0 0

Z a2k+1

k=0

g
hm‘/0 = lim Y(¢) =,

x—0 X+ u e—0

We shall show that

where 1 denotes the mass concentrated at the origin.
Indeed,

Cxdp(u) x2xd1,b(u) ﬁxdl]b(u) © xdi(u)
/0 X+ u _/0 X+ u +/x2 X +u +/\/; x+u’

and it is evident that

/x2 xdp(u)  P(x?)
0

x+u  1+4&x’

0< &<,

< Qb(\/;) - l7b(x2)/

xX+u

/W x dip (u)
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“xd
[ S gt -yl

Vx X+u

The first integral tends to u, and the other two to zero. In the determinate case,

/ L ACNN
0

X+u

hence
1

H=

Z A2k+1

k=0
In the indeterminate case one can conclude only that

1
HS o

Z A2k+1

k=0

and this holds for all equivalent distributions which give the same moments and
the same continued fraction.
We know, moreover, that for the distribution characterized by ®(u),

1
H:V():—oo .

Z A2k+1

k=0
Proposition. For every other solution of the moment problem,

1
s <

Z a2k+1

k=0
Proof. Suppose that for ®;(1) and V(1) one had

1
U=

Z a2k+1

k=0

If from each of these two distributions, which are supposed different, the mass u
concentrated at the origin is removed, there remain two systems of masses giving
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the same moments, that is, two equivalent systems. There then exists a third dis-
tribution of mass, equivalent to these two, and having at the origin a finite mass
’. This distribution is characterized by a function ®}(u) analogous to @ (u). If
the mass u is now restored, one would have a solution of the original moment
problem with a mass u + u’ at the origin greater than

1

(0]

Z a2k+1

k=0

This is impossible, which proves the stated proposition.

59. When the series

o

S

k=1

is divergent, we have seen that the continued fraction is convergent and that the

limit of its convergents is
“do
F(z) = / (u)‘
0o z+tu

It is now clear that the function ®(u) which occurs here is subject, in any inter-
val (a, b), to no restrictive condition other than that of being increasing. It follows
that in general the cut is indeed a singular line across which it is impossible to
continue the function F(z) analytically. Indeed, for this analytic continuation to
be possible across the interval (—a, —b) of the cut, the function ®(1) must be an
analytic function of u in the interval (a, b). But this is a very restrictive condition
which will not in general be satisfied.

If, however, one wishes to give particular examples, one can scarcely begin by
prescribing the ay; this is possible only in very restricted cases. One must resign
oneself to taking some analytic function for ®(u); this explains why in fact we have
been unable to give any example of the general case in which the cut is a singular
line. In all our examples the cut is only an artificial cut.

60. The function ¢(u), or the distribution of mass which it represents, being
given, how can one know whether the continued fraction for

/“’d%b(u)
0 zZ+u
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is convergent or divergent? This problem presents some analogies with that of
deciding the convergence or divergence of a given series. A general solution can
scarcely be given; all that can be done is to give a few rules which permit the
question to be answered in a certain number of particular cases.

When the continued fraction is convergent, the moment problem admits only
one solution; in that case we shall also say that the distribution of mass repre-
sented by y(u) is determinate. One can scarcely vary this distribution, if the mo-
ments are to be preserved, without introducing negative masses. But negative
masses will always be excluded. The distribution of mass is indeterminate, on the
contrary, when the continued fraction is not convergent but oscillatory.

Here first are a few almost evident remarks. If new masses are added to an inde-
terminate distribution of mass, one will always remain in the indeterminate case.
If from a determinate distribution part of the mass is removed, always without
introducing negative masses, one will remain in the determinate case.

As soon as two equivalent distributions which are not identical are found, one
is certainly in the indeterminate case.

Refer now to formulas (8) and (11) of no. 11 and no. 12, respectively, by which
the sums

ap+as+---+doys1, as +ag + -+ aoy

are expressed in terms of the cx. One readily finds that

n n
DD CixXiXe = F(Xo, X1, Xa, -, Xn)
i=0 k=0
is a positive definite quadratic form, and that the minimum of

%(1/ Xl/ X2/ ceey Xi/l)

is expressed by

Coo Co1 -+ Con
Cio Ci1 -+ Cip
Cn,O Cn,l e Cn,n

Cii -+ Cin

7

Cnl Cn,n

7
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It follows that the minimum of
/ (1+ Xqu + -+ X,u™)? dip(u)
0

is equal to
1

a1+a3+---+a2n+1'

and that the maximum of

/ [1_(1+X1M+X2u2+...+Xnun)2] l{/f )
0 -
is equal to
ag+ay+---+az,.
One readily finds, moreover, that in the first case
1+ Xqu+--+ Xu" = M,
—1Q%,41(0)

and in the second,
L+ Xqu+ -+ Xpu" = Qon(—u).

For brevity, we write the first result as

(A ()}, = !

ap+az+---+ a1

Observe that the integral whose minimum is {dy(1)}, has, at u = 0, an element
equal to the mass p concentrated at the origin; hence

p<Ady(u)in,
so that in this way we recover the bound

p= oo;
Z A2k+1

k=0

As n increases, {dy(1)}, can only decrease; for n — oo this expression tends to a
positive or zero limit, which we shall denote by

(AP ()} = ———

Z a2k+1

k=0
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61. Consider first the case in which there is no mass concentrated at the origin.
We know that in the determinate case the mass concentrated at the origin equals

1

oo ’

Z A2k+1

k=0

and hence
{dy(u)}e = 0.

But in the indeterminate case the series

(o)

Z A2k+1

k=0

is convergent, and consequently

{dy(u)}eo > 0.

Proposition. If there is no concentration of mass at the origin, the continued fraction
will be convergent or oscillatory according as {dy(u)}« is zero or positive.

If the distribution w represented by (1) has a mass p at the origin, remove this
mass and let @’ be the distribution thus modified. Suppose that, in one way or
another, for example by means of the preceding proposition, it is known whether
the distribution w’ is determinate or indeterminate. What may one conclude from
this about w?

If the distribution @’ is indeterminate, w is also indeterminate. If, on the con-
trary, @’ is determinate, I say that w also is determinate in general; exception must
be made only for a singular case which we shall indicate.

Indeed, here is how one may reason in the case where w is indeterminate and
w’ determinate. Let w; be the distribution equivalent to w but having at the origin
the greatest possible concentration of mass, this mass being u;. It is given by a
function ®q:

oo

A0y (u)  pi(z) Vi
/0 z+u  qi1(z) _Zz+6i'

i=0

and vo = 1. So long as w is not identical with @1, one has

y1>y.
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Remove from w; the mass u, which can be done without introducing a negative
mass; one obtains a distribution w] equivalent to w’. Thus, if @’ is determinate,
w’ and @’ must be identical, and consequently w and w; must also be identical.
One may therefore say that if v’ is determinate, then w is also determinate in
general; there is an exception only when w is a distribution of the type (v;, 0;).

62. I shall now suppose, as happens in the particular examples which can be
treated, that

dp(u) = f(u)du,

where f(u) is a positive and generally continuous function. Here

{f(u)du}, = lelr;(n /000 F)A+ Xqu + -+ Xu™)? du.

First, in certain particular cases, this minimum can be calculated, or the continued
fraction can be obtained. Thus, for example, in the case

b Ooua—le—bu
—du,
I'(a) J, zZ+u
one finds
aa+1)---(a+n-1)
ap =1, Aop+1 = ,
12n
b 123 (n-Db
2T M a@+ ) -(a+n—1)

(a+D@+2)---(a+n)
1-2---n ’
Since a > 0, the series } ;7 a2k+1 is divergent, and hence

ar+ag+---+age =

{u* e du}e = 0.

It is clear that, c being a positive constant,

(f(ew)duly = () du)y,

(f(ew) duds = ~{f(0) du}es.

On the other hand, if
fi 1(u)

f(u)
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remains less than a fixed number, then

{fi(w)du}eo =0

as soon as it is known that
{f(u)du}s = 0.

If, on the contrary, the ratio

f1(u)
fu)
is constantly greater than a positive number, then certainly
{fi(u)du}eo >0
as soon as it is known that
{f(u)du}e > 0.

63. One may go further in this direction, and we shall prove the following propo-
sition.

Proposition. Suppose that
{f(u)du}e =0,

and that the ratio fi(u) : f(u) has a finite maximum M, in the interval (a, co) (the
number M, may, moreover, increase indefinitely as « tends to zero). Then

{fi(u) du}te = 0.

Proof. Let ¢ be an arbitrarily small positive number. First choose a positive number
a by the condition

/afl(u)du < 15.
0 2

Next let f(ii) be a function which is zero in the interval (0, ) and equal to f(u)
for u > a. We shall have

{F(@) duys = /0 £() L(a) du = / £(u) L@ du,

where £(i1) is a certain polynomial of degree # in u which reduces to unity when
u = 0.



108
On the other hand, if

G, = [ fo L2 du,
0
then
{f@@)du}ty, </ f(ﬂ)L(u)2du:/ Flu) L(u)? du < {f(u)du},.
0 o

Therefore, since we suppose that

{f(w)du}e =0,

we shall also have

{f(@)du}e = 0.

Next I observe that
dul, N )2 du = ’ 1)2 d B 1) du.
(Filu) du}y < /0 f1(u) L) du /O fu) LG du + / £1) L) du

Now the polynomial £L(if) is determined, apart from a factor, by the conditions

[ f@ sat =0 k=1,
0
or -

/ fu) L@)u* du = 0.

It follows that all the roots of
L(ii) =0

are positive and greater than a. And since £(0) = 1, we see that in the interval

(0, a)
0< L(it) <1,

and consequently
o a 1
[ i c@ran< [ i< e
0 0
Next,

/ " ) L@ du < M, / " ) L@ du = Mol F(@) duth
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hence 1
{filu)du}, < 58 + Mo {f(i1)du},.

But there exists a number v such that, for n > v,

Mo {f (@) duby < 5e,

and it is clear from this that

{fi(u)du}s = 0. Q.E.D.

In the case
4

f) = e

the continued fraction (see below, § 86 of the continuation) is obtained with the
simple values

Y

|

ay =

consequently

4du ~ 0
e2m\u _ p=2m\u - -

and also, ¢ being a positive constant,

du ~ 0
eC\/ﬂ—e—C\/H oo -

This being so, put

1

filw) =uteGw),  flw) = —m——r,

wherea > 0,b > 0,1 > %, while we suppose ¢ < b. Further, G(u) is to be a positive
function of u which, in every interval («, o), remains less than a fixed number. We
have

filu) : ) = ut Glu)e ™ V(1 = 7N,

and we see that this ratio tends to zero when u = co. We may apply the proposition
just proved and conclude that

{u“‘le_b”AG(u) du}te = 0.


https://afst.centre-mersenne.org/articles/10.5802/afst.109/
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Thus the integral

Z+uU

o qa-1,-but
/ u* e """ G(u) i
0

gives a convergent continued fraction whenever A > 3. Suppose G(u) = 1; the
continued fraction will be oscillatory for A < £. For brevity, I omit the proof.

64. Let us apply this result to Stirling’s series. It is known that, on putting

logI'(z) = (Z — %) logz —z + %log(QT() + J(z),

1 (% zdu 1
jo=5 | Zrmes (i)

1 [ zu Y24y 1
S Ty e ——
/@) 27'(/0 z2 +u Og(l_e—%\/ﬂ)

This is an integral such as the one we have studied; only z has been replaced by
z?, and the result multiplied by z. The series expansion therefore takes the form

we have

or

By Bo Bs

_ 4 — A
12z 3-4z3 5.6z° (A)
and the continued fraction becomes
: (B)
1
a1z +
1
a2z +
asz + .

Here

_ i -1/2 1 _ L -1/2 —2n\u
f(u) = 5 log (—1 - 8—271\/5) =5 e G(u),

1
— p2mu
Gu)=e log (—1 — 6_27“/;) .
Here G(u) tends to unity when u = oo, and thus satisfies the condition imposed
upon this function in our statement. It therefore suffices to transform Stirling’s
series (A) into the continued fraction (B) to obtain a convergent expression which
represents [(z) whenever the real part of z is positive.
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The continued fraction changes sign with z, as does Binet’s integral, of which
it is an identical transformation; but when the sign of z is thus changed, these
expressions give —J(z), not J(—z). The imaginary axis is a cut, for the integral as
well as for the continued fraction.

The calculation of the ay is very laborious; one finds

5 84 2809 1003860

=12 = _ = — = — = —
f=te o M=o, BT 5 MT oo 5T 1018047 !

the law of these numbers appears extremely complicated.
65. We conclude here our study of the integral
/ ©dy(u)
o zZ+u

by stating the following propositions, whose proofs follow easily from the formu-
las which we shall give below (§ 76 of the continuation, § 77 of the continuation,

/stv(u)
o z+u

gives a convergent continued fraction, then the expression

g7 dy(u)
— + ,
z Jo z+u
where u is a positive constant, also has a convergent continued fraction, except in one

singular case. This singular case occurs when the distribution of mass characterized by
Y(u) is identical with the one given by a function ®1(u),

§ 78 of the continuation).

Proposition (I). If the integral

(vi, 6:),

from which the mass v concentrated at the origin has been removed.


https://afst.centre-mersenne.org/articles/10.5802/afst.109/
https://afst.centre-mersenne.org/articles/10.5802/afst.109/
https://afst.centre-mersenne.org/articles/10.5802/afst.109/
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Proposition (II). If the integral

/mdkb(u)
0o z+tu

gives a convergent continued fraction, the integral

“ud(u)
0 z+u
will also give a convergent continued fraction, except in one singular case.
The exceptional singular case is the same as for Proposition I.

/”dl,b(u)
o zZ+u

gives a convergent continued fraction, the integral

“dyp(u—-A)
1 z+u
where A is a positive constant, will also give a convergent continued fraction, except in

one singular case.
This singular case occurs when the distribution of mass characterized by y(u) is

Proposition (III). If the integral

([,li,/\i—)\l) (i=1,2,3,...);

that is, when this distribution is obtained by bringing nearer to the origin, by the amount
A1, the masses of a distribution (u;, A;) arising from a function ®(u),

p2) b
qz) SHz+Ai

(To be continued.)

Errata

Page J.85, line 11 from the top: after of ®(u), add and of all the functions @, (u).
Page ].86, line 11 from the top: after of ®(u), add and of all the functions ¢, (u).
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