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In the introduction to my first communication I announced a new method for
the treatment of integral equations; it rests upon a theory of quadratic forms in
infinitely many variables, which I shall develop in the present communication.

The systematic treatment of quadratic forms in infinitely many variables is
also of great importance in itself and appears to me to be an essential completion
of the familiar theory of quadratic forms in a finite number of variables. The ap-
plications of the theory of quadratic forms in infinitely many variables are not
confined to integral equations: this theory will come into contact no less with
Stieltjes’s beautiful theory of continued fractions1 than, on the other hand, with
the question of solving systems of infinitely many linear equations, whose study
Hill, Poincaré, H. von Koch, and others have successfully undertaken. There is
also, from the methodological point of view, a close relation to Minkowski’s inves-
tigations of volume and surface area. Above all, however, the theory of quadratic
forms in infinitely many variables opens a new path to the most general expan-
sions of arbitrary functions in infinite series of Fourier type, as will be indicated
at the end of Section XI of this communication.

In a fifth communication I shall show not only how extraordinarily simply all
the results on integral equations of the second kind obtained in my first communi-
cation can now be proved and substantially extended, but also how the method of
quadratic forms in infinitely many variables permits these results to be transferred

1Recherches sur les fractions continues, Ann. de Toulouse VIII (1894).
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to integral equations of the first kind and to certain integral equations of a new
“third” kind, and how, by the new method, integral equations whose kernel ex-
hibits higher singularities likewise become amenable to successful treatment.

XI. Theory of the Orthogonal Transformation of a
Quadratic Form in Infinitely Many Variables
Let

𝑘𝑝𝑞 = 𝑘𝑞𝑝 ,

where each of the two indices 𝑝, 𝑞 runs through the sequence of all positive inte-
gers 1, 2, . . ., be arbitrarily given real constants. Then

𝐾(𝑥) =
∑

𝑝,𝑞=1,2,...
𝑘𝑝𝑞𝑥𝑝𝑥𝑞

represents a quadratic form in the infinitely many variables 𝑥1, 𝑥2, . . .; the constants
𝑘𝑝𝑞 are called the coefficients of this quadratic form. An expression

𝐴(𝑥, 𝑦) =
∑

𝑝,𝑞=1,2,...
𝑎𝑝𝑞𝑥𝑝𝑦𝑞

with arbitrary coefficients 𝑎𝑝𝑞 is called a bilinear expression or a bilinear form in the
infinitely many variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . .. The expression

𝐾(𝑥, 𝑦) =
∑

𝑝,𝑞=1,2,...
𝑘𝑝𝑞𝑥𝑝𝑦𝑞

is called the bilinear form belonging to 𝐾(𝑥). It is a form in the infinitely many
variables 𝑥1, 𝑥2, . . . and 𝑦1, 𝑦2, . . ..

If we allow the indices 𝑝, 𝑞 to run only through the values 1, . . . , 𝑛, where 𝑛
denotes a finite number, there arise the forms with the finite number 𝑛 of variables
as follows:

𝐾𝑛(𝑥) =
∑

𝑝,𝑞=1,...,𝑛
𝑘𝑝𝑞𝑥𝑝𝑥𝑞 , 𝐾𝑛(𝑥, 𝑦) =

∑
𝑝,𝑞=1,...,𝑛

𝑘𝑝𝑞𝑥𝑝𝑦𝑞 .

These forms 𝐾𝑛(𝑥) and 𝐾𝑛(𝑥, 𝑦) shall be called the truncations of the forms 𝐾(𝑥)
and 𝐾(𝑥, 𝑦), respectively, and shall also be denoted by [𝐾], sometimes without
explicitly appending the index 𝑛.
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If any bilinear expression with a finite number of variables,

𝐴𝑛(𝑥, 𝑦) =
∑

𝑝,𝑞=1,...,𝑛
𝑎𝑝𝑞𝑥𝑝𝑦𝑞 ,

is given, the sum of all the coefficients of the terms 𝑥𝑝𝑦𝑝 shall be called the convo-
lution of the expression 𝐴𝑛(𝑥, 𝑦) and shall be denoted by 𝐴𝑛(·, ·); thus2

𝐴𝑛(·, ·) =
∑

𝑝=1,...,𝑛
𝑎𝑝𝑝 ,

and in particular
𝐾𝑛(·, ·) = 𝑘11 + · · · + 𝑘𝑛𝑛 .

Besides the general quadratic forms 𝐾, 𝐾𝑛, we shall also consider the special
quadratic forms

(𝑥, 𝑥) = 𝑥2
1 + 𝑥2

2 + · · · , (𝑥, 𝑥)𝑛 = 𝑥2
1 + · · · + 𝑥2

𝑛 ,

and the special bilinear forms

(𝑥, 𝑦) = 𝑥1𝑦1 + 𝑥2𝑦2 + · · · , (𝑥, 𝑦)𝑛 = 𝑥1𝑦1 + · · · + 𝑥𝑛𝑦𝑛 .
The discriminant of the form

(𝑥, 𝑥)𝑛 − 𝜆𝐾𝑛(𝑥),
that is, the determinant

𝐷𝑛(𝜆) =

���������
1 − 𝜆𝑘11 −𝜆𝑘12 · · · −𝜆𝑘1𝑛
−𝜆𝑘21 1 − 𝜆𝑘22 · · · −𝜆𝑘2𝑛
...

... . . . ...
−𝜆𝑘𝑛1 −𝜆𝑘𝑛2 · · · 1 − 𝜆𝑘𝑛𝑛

��������� , (1)

is, as is well known, a polynomial of degree 𝑛 in 𝜆, all of whose zeros are real. Let
these be denoted by

𝜆(𝑛)
1 ,𝜆(𝑛)

2 , . . . ,𝜆(𝑛)
𝑛

and called the eigenvalues of the form 𝐾𝑛; the totality of these 𝑛 eigenvalues shall
be called the spectrum of the form 𝐾𝑛. If a real value 𝜆 is such that, at that value

2Translator’s note: In this displayed formula the original edition omits the subscript 𝑛 from
𝐴𝑛(·, ·); it has been supplied here in accordance with the preceding definition.
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or in every neighborhood of it, eigenvalues of 𝐾𝑛 occur for infinitely many 𝑛, this
value 𝜆 shall be called a condensation value of 𝐾. If the greatest absolute values
among the eigenvalues of 𝐾𝑛 increase beyond every bound as 𝑛 increases, the
value 𝜆 = ∞ shall likewise be counted as a condensation value of the form 𝐾.

We now border the determinant in (1), obtaining

𝐷𝑛(𝜆; 𝑥, 𝑦) =

���������
1 − 𝜆𝑘11 · · · −𝜆𝑘1𝑛 𝑥1

...
...

...
−𝜆𝑘𝑛1 · · · 1 − 𝜆𝑘𝑛𝑛 𝑥𝑛
𝑦1 · · · 𝑦𝑛 0

��������� ,
and call the quotient

𝐾𝑛(𝜆; 𝑥, 𝑦) = −𝐷𝑛(𝜆; 𝑥, 𝑦)
𝐷𝑛(𝜆) , 𝐾𝑛(𝜆; 𝑥) = 𝐾𝑛(𝜆; 𝑥, 𝑥),

the resolvent of the quadratic form 𝐾𝑛, with the second notation being the special
case 𝑦 = 𝑥. If 𝜆 is not an eigenvalue, the coefficients of 𝑥1, . . . , 𝑥𝑛 in 𝐾𝑛(𝜆; 𝑥, 𝑦)
give the solution of the linear equations

𝑥𝑝 − 𝜆(𝑘𝑝1𝑥1 + · · · + 𝑘𝑝𝑛𝑥𝑛) = 𝑦𝑝 , (𝑝 = 1, . . . , 𝑛);
we express this by the identity

𝐾𝑛(𝜆; 𝑥, 𝑦) − 𝜆𝐾𝑛(𝑥, ·)𝐾𝑛(𝜆; ·, 𝑦) = (𝑥, 𝑦)𝑛 .
It is evident that

𝐾𝑛(𝜆; 𝑥, 𝑦) = (𝑥, 𝑦)𝑛 + 𝜆𝐾𝑛(𝑥, 𝑦) + 𝜆2𝐾𝑛𝐾𝑛(𝑥, 𝑦)
+ 𝜆3𝐾𝑛𝐾𝑛𝐾𝑛(𝑥, 𝑦) + · · · , (2)

where 𝐾𝑛𝐾𝑛 , 𝐾𝑛𝐾𝑛𝐾𝑛 , . . . denote the forms arising from 𝐾𝑛 by repeated convolu-
tions,

𝐾𝑛𝐾𝑛(𝑥, 𝑦) = 𝐾𝑛(𝑥, ·)𝐾𝑛(·, 𝑦) =
∑

𝑝,𝑞,𝑟=1,...,𝑛
𝑘𝑝𝑟𝑘𝑟𝑞𝑥𝑝𝑦𝑞 ,

𝐾𝑛𝐾𝑛𝐾𝑛(𝑥, 𝑦) = 𝐾𝑛(𝑥, ·)𝐾𝑛𝐾𝑛(·, 𝑦) =
∑

𝑝,𝑞,𝑟,𝑠=1,...,𝑛
𝑘𝑝𝑟𝑘𝑟𝑠𝑘𝑠𝑞𝑥𝑝𝑦𝑞 ,

and so on. For the resolvent 𝐾𝑛 the partial-fraction representation

𝐾𝑛(𝜆; 𝑥, 𝑦) = 𝐿(𝑛)1 (𝑥)𝐿(𝑛)1 (𝑦)
1 − 𝜆/𝜆(𝑛)

1

+ · · · + 𝐿(𝑛)𝑛 (𝑥)𝐿(𝑛)𝑛 (𝑦)
1 − 𝜆/𝜆(𝑛)

𝑛

(3)
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holds, where 𝐿(𝑛)1 , . . . , 𝐿(𝑛)𝑛 denote certain linear forms in the variables with real
coefficients. In particular, therefore, the following formulas hold:

(𝑥, 𝑦)𝑛 = 𝑥1𝑦1 + · · · + 𝑥𝑛𝑦𝑛 = 𝐿(𝑛)1 (𝑥)𝐿(𝑛)1 (𝑦) + · · · + 𝐿(𝑛)𝑛 (𝑥)𝐿(𝑛)𝑛 (𝑦),

𝐾𝑛(𝑥, 𝑦) =
𝐿(𝑛)1 (𝑥)𝐿(𝑛)1 (𝑦)

𝜆(𝑛)
1

+ · · · + 𝐿(𝑛)𝑛 (𝑥)𝐿(𝑛)𝑛 (𝑦)
𝜆(𝑛)
𝑛

;
(4)

(𝑥, 𝑥)𝑛 = 𝑥2
1 + · · · + 𝑥2

𝑛 = (𝐿(𝑛)1 (𝑥))2 + · · · + (𝐿(𝑛)𝑛 (𝑥))2,

𝐾𝑛(𝑥) =
(𝐿(𝑛)1 (𝑥))2

𝜆(𝑛)
1

+ · · · + (𝐿(𝑛)𝑛 (𝑥))2
𝜆(𝑛)
𝑛

,

𝐾𝑛𝐾𝑛(𝑥) =
(𝐿(𝑛)1 (𝑥))2
(𝜆(𝑛)

1 )2
+ · · · + (𝐿(𝑛)𝑛 (𝑥))2

(𝜆(𝑛)
𝑛 )2

,

𝐾𝑛𝐾𝑛𝐾𝑛(𝑥) =
(𝐿(𝑛)1 (𝑥))2
(𝜆(𝑛)

1 )3
+ · · · + (𝐿(𝑛)𝑛 (𝑥))2

(𝜆(𝑛)
𝑛 )3

, . . .

(5)

From (4) follow the orthogonality properties of the linear forms 𝐿(𝑛)1 , . . . , 𝐿(𝑛)𝑛 ,

𝐿(𝑛)𝑝 (·)𝐿(𝑛)𝑞 (·) = 0 (𝑝 ≠ 𝑞), 𝐿(𝑛)𝑝 (·)𝐿(𝑛)𝑝 (·) = 1,

where 𝐿(𝑛)𝑝 (·)𝐿(𝑛)𝑞 (·) denotes the convolution of the bilinear form 𝐿(𝑛)𝑝 (𝑥)𝐿(𝑛)𝑞 (𝑦); and
then, again by convolution, one obtains

𝐾𝑛(·, ·) =
∑

𝑝=1,...,𝑛
𝑘𝑝𝑝 =

1
𝜆(𝑛)

1

+ · · · + 1
𝜆(𝑛)
𝑛

,

𝐾𝑛𝐾𝑛(·, ·) =
∑

𝑝,𝑟=1,...,𝑛
𝑘𝑝𝑟𝑘𝑟𝑝 =

1
(𝜆(𝑛)

1 )2
+ · · · + 1

(𝜆(𝑛)
𝑛 )2

,

𝐾𝑛𝐾𝑛𝐾𝑛(·, ·) =
∑

𝑝,𝑟,𝑠=1,...,𝑛
𝑘𝑝𝑟𝑘𝑟𝑠𝑘𝑠𝑝 =

1
(𝜆(𝑛)

1 )3
+ · · · + 1

(𝜆(𝑛)
𝑛 )3

, . . .

(6)

Our first important task is to transfer the concept of the resolvent of the form
𝐾𝑛 to the form 𝐾, and to seek, for the form 𝐾 in infinitely many variables, the
analogue of the partial-fraction representation (3).

For this purpose we use a general lemma from the domain of continuous (uni-
form) convergence, which I have already applied in a more special form in my
investigations on Dirichlet’s principle.3

3Math. Ann., vol. 59 (1904).
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Lemma 1. Let 𝐽 be an interval lying wholly in the finite part of the line for the variable 𝑠,
and let

𝑓1(𝑠), 𝑓2(𝑠), 𝑓3(𝑠), . . . (7)

be an infinite sequence of functions of the variable 𝑠 that are continuous in 𝐽, whose ab-
solute values remain below a finite bound, and all of whose difference quotients remain
below a finite bound, so that for all 𝑠, 𝑡 in 𝐽 and all ℎ one always has���� 𝑓ℎ(𝑠) − 𝑓ℎ(𝑡)

𝑠 − 𝑡
���� ≤ 𝐸,

where 𝐸 denotes a finite quantity independent of ℎ and of the choice of the arguments 𝑠, 𝑡.
Then infinitely many functions

𝑓 ∗1 (𝑠), 𝑓 ∗2 (𝑠), 𝑓 ∗3 (𝑠), . . .
can be selected from this very sequence of functions (7) in such a way that the sequence
of these functions converges at every point of 𝐽 to a finite limiting value, and does so
continuously (hence also uniformly); it follows that the limit

L
𝑝=∞

𝑓 ∗𝑝 (𝑠)

represents a function of 𝑠 continuous in 𝐽.

Proof. In the manner used in §5 of my cited paper on Dirichlet’s principle, select
from the sequence (7) a sequence of functions 𝑓 ∗1 (𝑠), 𝑓 ∗2 (𝑠), . . . such that, at every
point of a countable point set 𝑃∗ everywhere dense in 𝐽, the sequence of these
functions converges to a finite limiting value. We now show that the functions so
selected have the property required in the lemma.

Indeed, let 𝑠1, 𝑠2, . . . denote any infinite sequence of points of 𝐽 converging to
a definite point 𝑠. If 𝜀 denotes an arbitrarily small positive quantity, first choose a
point 𝑠∗ of the point set 𝑃∗ so that

|𝑠∗ − 𝑠| < 𝜀
8𝐸
. (8)

Because the sequence of values

𝑓 ∗1 (𝑠∗), 𝑓 ∗2 (𝑠∗), . . .
converges, a number 𝑁 can then certainly be found such that, for all indices 𝑝, 𝑞
exceeding 𝑁 ,

| 𝑓 ∗𝑝 (𝑠∗) − 𝑓 ∗𝑞 (𝑠∗)| < 𝜀
2
. (9)
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Because the sequence of points 𝑠1, 𝑠2, . . . converges, this integer𝑁 may at the same
time be chosen so large that, for all indices 𝑝, 𝑞 exceeding 𝑁 ,

|𝑠 − 𝑠𝑝 | < 𝜀
8𝐸
, |𝑠 − 𝑠𝑞 | < 𝜀

8𝐸
.

With the aid of (8), it follows that, for all indices 𝑝, 𝑞 exceeding 𝑁 ,

|𝑠∗ − 𝑠𝑝 | < 𝜀
4𝐸
, |𝑠∗ − 𝑠𝑞 | < 𝜀

4𝐸
. (10)

On the other hand, by the hypothesis of our lemma,����� 𝑓 ∗𝑝 (𝑠∗) − 𝑓 ∗𝑝 (𝑠𝑝)
𝑠∗ − 𝑠𝑝

����� < 𝐸,

����� 𝑓 ∗𝑞 (𝑠∗) − 𝑓 ∗𝑞 (𝑠𝑞)
𝑠∗ − 𝑠𝑞

����� < 𝐸,

and consequently, with the aid of (10),

| 𝑓 ∗𝑝 (𝑠∗) − 𝑓 ∗𝑝 (𝑠𝑝)| < 𝜀
4
, | 𝑓 ∗𝑞 (𝑠∗) − 𝑓 ∗𝑞 (𝑠𝑞)| < 𝜀

4
.

Adding these inequalities to (9), we obtain, for all indices 𝑝, 𝑞 exceeding 𝑁 ,

| 𝑓 ∗𝑝 (𝑠∗) − 𝑓 ∗𝑞 (𝑠∗)| + | 𝑓 ∗𝑝 (𝑠∗) − 𝑓 ∗𝑝 (𝑠𝑝)| + | 𝑓 ∗𝑞 (𝑠∗) − 𝑓 ∗𝑞 (𝑠𝑞)| < 𝜀,

and all the more
| 𝑓 ∗𝑝 (𝑠𝑝) − 𝑓 ∗𝑞 (𝑠𝑞)| < 𝜀.

Since 𝜀 was arbitrarily small, it follows that the sequence of values

𝑓 ∗1 (𝑠1), 𝑓 ∗2 (𝑠2), . . .
converges to a finite limiting value; that is, the sequence of functions

𝑓 ∗1 (𝑠), 𝑓 ∗2 (𝑠), . . .
converges continuously at every point 𝑠 of the interval 𝐽. This proves the lemma
completely. □

We return to the theory of quadratic forms, and in what follows we first as-
sume that 𝜆 = ∞ is not a condensation value of 𝐾; that is, 𝐾 is to be a form such
that all eigenvalues of 𝐾𝑛, for every 𝑛, lie in the finite interval 𝐽. We then define
certain functions of the variable 𝜆 belonging to 𝐾𝑛 as follows: in general let

𝜒(𝑛)
𝑝 (𝜆) = 0 for 𝜆 ≤ 𝜆(𝑛)

𝑝 ,

𝜒(𝑛)
𝑝 (𝜆) = (𝐿(𝑛)𝑝 (𝑥))2(𝜆 − 𝜆(𝑛)

𝑝 ) for 𝜆 > 𝜆(𝑛)
𝑝 ,

}
𝑝 = 1, . . . , 𝑛, (11)
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and put

𝜒(𝑛)(𝜆) = 𝜒(𝑛)
1 (𝜆) + · · · + 𝜒(𝑛)

𝑛 (𝜆).
Then the 𝜒(𝑛)

𝑝 , and consequently also 𝜒(𝑛), are continuous functions of 𝜆 which are
nowhere negative and never decrease when the argument 𝜆 increases while 𝑛 is
held fixed. The difference quotients of these functions, namely

𝜒(𝑛)
𝑝 (𝜆) − 𝜒(𝑛)

𝑝 (𝜇)
𝜆 − 𝜇

,
𝜒(𝑛)(𝜆) − 𝜒(𝑛)(𝜇)

𝜆 − 𝜇
,

are likewise, as we see at once, nowhere negative and never decrease if one of
the arguments 𝜆, 𝜇 is held fixed while the other increases. More precisely, the
equations

𝜒(𝑛)
𝑝 (𝜆) − 𝜒(𝑛)

𝑝 (𝜇)
𝜆 − 𝜇

= 𝜋𝑝(𝐿(𝑛)𝑝 (𝑥))2

and consequently

𝜒(𝑛)(𝜆) − 𝜒(𝑛)(𝜇)
𝜆 − 𝜇

= 𝜋1(𝐿(𝑛)1 (𝑥))2 + · · · + 𝜋𝑛(𝐿(𝑛)𝑛 (𝑥))2

hold, where 𝜋1, . . . ,𝜋𝑛 denote quantities depending on 𝜆, 𝜇 and lying between 0
and 1. This equation immediately implies�����𝜒(𝑛)(𝜆) − 𝜒(𝑛)(𝜇)

𝜆 − 𝜇

����� ≤ (𝐿(𝑛)1 (𝑥))2 + · · · + (𝐿(𝑛)𝑛 (𝑥))2,

or, by (5), �����𝜒(𝑛)(𝜆) − 𝜒(𝑛)(𝜇)
𝜆 − 𝜇

����� ≤ 𝑥2
1 + · · · + 𝑥2

𝑛 . (12)

Finally, we observe that on every interval containing none of the eigenvalues
𝜆(𝑛)
𝑝 of 𝐾𝑛, the functions 𝜒(𝑛)

𝑝 (𝜆), and hence also 𝜒(𝑛)(𝜆), are linear functions of 𝜆.
For every 𝜆 lying outside 𝐽 on its negative side, 𝜒(𝑛)(𝜆) is identically zero; hence,
with regard to (12), one always has

𝜒(𝑛)(𝜆) ≤ (𝑥2
1 + · · · + 𝑥2

𝑛)𝐽 ,
where 𝐽 denotes the length of the interval 𝐽. On the positive side outside 𝐽,

𝜒(𝑛)(𝜆) = 𝜆(𝑥2
1 + · · · + 𝑥2

𝑛) + 𝐶(𝑥),
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where 𝐶(𝑥) denotes a form independent of 𝜆. With respect to 𝑥1, . . . , 𝑥𝑛, the ex-
pression 𝜒(𝑛) is a quadratic form.

Now let infinitely many variables 𝑥1, 𝑥2, . . . be given. We consider those spe-
cial systems of values which arise when any one of these variables is set equal to
1 and all the others equal to 0, or when any two of these variables are set equal to
1/√2 and all the others equal to 0. We imagine all these special systems of values
of the infinitely many variables 𝑥1, 𝑥2, . . . arranged in a definite sequence, and call
them, in this order, the first, second, third, and so on, special system of values of
the infinitely many variables 𝑥1, 𝑥2, . . .. By (12), for all these special systems of
values the inequality �����𝜒(𝑛)(𝜆) − 𝜒(𝑛)(𝜇)

𝜆 − 𝜇

����� ≤ 1 (13)

holds.
We now consider the sequence of forms

𝜒(1)(𝜆), 𝜒(2)(𝜆), 𝜒(3)(𝜆), . . . (14)

and apply Lemma 1, with the first special system of values understood to have
been substituted for the variables 𝑥1, 𝑥2, . . .. We see that, in the interval 𝐽, the
values of all the forms in the sequence (14) must lie below a finite bound, and that
by (13) the remaining hypothesis of our lemma is also fulfilled. By that lemma,
an infinite sequence of forms

𝜒(1∗)(𝜆), 𝜒(2∗)(𝜆), 𝜒(3∗)(𝜆), . . . (15)

can therefore certainly be selected from (14) such that, when the first special sys-
tem of values is substituted therein for the variables 𝑥1, 𝑥2, . . ., it converges uni-
formly in the interval 𝐽 to a certain continuous function of 𝜆.

We next apply our lemma to the sequence of forms (15). According to the
lemma, there can certainly be selected from that sequence an infinite sequence

𝜒(1∗∗)(𝜆), 𝜒(2∗∗)(𝜆), 𝜒(3∗∗)(𝜆), . . . (16)

which, when the second special system of values is substituted therein for the vari-
ables 𝑥1, 𝑥2, . . ., converges uniformly to a certain continuous function of 𝜆. Apply-
ing our lemma further to the sequence of functions (16), we arrive by selection at
a sequence of functions

𝜒(1∗∗∗)(𝜆), 𝜒(2∗∗∗)(𝜆), 𝜒(3∗∗∗)(𝜆), . . . ,
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which, after substitution of the third special system of values, converges uni-
formly to a certain continuous function of 𝜆.

Finally, imagining the procedure continued without limit, we consider the se-
quence of forms

𝜒(1∗)(𝜆), 𝜒(2∗∗)(𝜆), 𝜒(3∗∗∗)(𝜆), . . . ; (17)

it converges uniformly in 𝜆 when the first, the second, the third, and so on, spe-
cial system of values is substituted therein for the variables 𝑥1, 𝑥2, . . .. But the
coefficient of 𝑥𝑝𝑥𝑞 in a quadratic form can in general be expressed as a linear com-
bination of the values that the quadratic form assumes for

𝑥𝑝 , 𝑥𝑞 = 1, 0; 0, 1; 1√
2
,

1√
2
,

respectively, all other variables being set equal to zero. It follows that, in general,
the coefficient of 𝑥𝑝𝑥𝑞 in the sequence of forms (17) also converges to a certain
function 𝜒𝑝𝑞(𝜆) continuous in 𝜆. We put

𝜒(𝜆) =
∑

𝑝,𝑞=1,2,...
𝜒𝑝𝑞(𝜆)𝑥𝑝𝑥𝑞 ,

so that 𝜒(𝜆) denotes a quadratic form in the infinitely many variables 𝑥1, 𝑥2, . . .,
whose coefficients are continuous functions of 𝜆. These functions of 𝜆 are initially
defined only within 𝐽; but since, in place of 𝐽, we may choose an arbitrarily large
interval containing 𝐽, the definition of these functions is thereby given for all finite
values of 𝜆.

The values of any truncation of a quadratic form in infinitely many variables
can be represented as linear combinations of the values which the quadratic form
assumes for our special systems of values. It follows that if, in the forms of the
sequence (17), we leave 𝑥1, . . . , 𝑥𝑛 arbitrary and set all the remaining variables
𝑥𝑛+1, 𝑥𝑛+2, . . . equal to zero—that is, take the same truncation of every form in
(17)—the resulting sequence of truncations likewise converges uniformly, and in-
deed to the value assumed by the corresponding truncation of 𝜒(𝜆). If we also
put

1∗ = 𝑚1, 2∗∗ = 𝑚2, 3∗∗∗ = 𝑚3, . . . ,

then the equation
L
ℎ=∞

[𝜒(𝑚ℎ)(𝜆)] = [𝜒(𝜆)]
holds.
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For brevity and clarity, in what follows we shall omit square brackets in an

equation or inequality. Thus, according to this convention, an equation or in-
equality between forms in infinitely many variables is always to be understood as
holding identically for all the variables when the same truncations of the forms
are taken on both sides of the formula. The last equation then reads

L
ℎ=∞

𝜒(𝑚ℎ)(𝜆) = 𝜒(𝜆). (18)

At the same time we observe that the properties named above of the functions
𝜒(𝑛)(𝜆), regarded as functions of 𝜆, carry over at once to an arbitrary truncation
[𝜒(𝜆)] of the form 𝜒(𝜆)when we regard this truncation as a function of𝜆. We thus
see that the function [𝜒(𝜆)] is likewise nowhere negative and never decreases as
the argument 𝜆 increases. Further, the difference quotient of this function, that is,
the expression

[𝜒(𝜆)] − [𝜒(𝜇)]
𝜆 − 𝜇

,

is again nowhere negative and, if one of the arguments 𝜆, 𝜇 remains fixed while
the other increases, never decreases. By (12), the inequality

𝜒(𝜆) − 𝜒(𝜇)
𝜆 − 𝜇

≤ (𝑥, 𝑥) (19)

holds for this difference quotient. Within an interval containing no condensa-
tion value of the form 𝐾, [𝜒(𝜆)] becomes a linear function of 𝜆. Outside 𝐽, on
the negative side, [𝜒(𝜆)] is identically zero, and on the positive side it equals
𝜆[(𝑥, 𝑥)] + 𝐶(𝑥).

We now imagine the first special system of values substituted in the form 𝜒(𝜆),
and denote the resulting function of 𝜆 by 𝜒(𝜆)1. According to the foregoing dis-
cussion, if 𝜆 is held fixed and 𝜇 is assigned a value exceeding 𝜆, the difference
quotient of 𝜒(𝜆)1 certainly will not increase as 𝜇 decreases toward 𝜆, and hence,
as 𝜇 falls to 𝜆, will tend to a limiting value. Thus 𝜒(𝜆)1 certainly possesses a for-
ward derivative at every 𝜆; denote it by 𝔣(+)(𝜆)1. In the same way it is shown that
𝜒(𝜆)1 possesses a backward derivative at every 𝜆; denote it by 𝔣(−)(𝜆)1.

From the facts stated above concerning the difference quotients of 𝜒(𝜆)1, it
follows at the same time that both 𝔣(+)(𝜆)1 and 𝔣(−)(𝜆)1 are functions of 𝜆 which
are nowhere negative and do not decrease as the argument 𝜆 increases, and for
which, moreover, one always has

𝔣(−)(𝜆)1 ≤ 𝔣(+)(𝜇)1 for 𝜆 ≤ 𝜇,

𝔣(+)(𝜆)1 ≤ 𝔣(−)(𝜇)1 for 𝜆 < 𝜇.
(20)
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Furthermore, since by (13) the derivatives 𝔣(+)(𝜆)1 and 𝔣(−)(𝜆)1 cannot exceed

the value 1, the same is true all the more of the difference between the forward
and backward derivatives at the same point 𝜆. Hence, if 𝑚 denotes any integer,
there are at most 𝑚 points 𝜆 for which

𝔣(+)(𝜆)1 − 𝔣(−)(𝜆)1 ≥ 1
𝑚
.

It follows that the set of values 𝜆 for which the forward and backward derivatives
differ is necessarily countable.

We now imagine the second special system of values substituted in 𝜒(𝜆), pro-
ceed with the resulting function 𝜒(𝜆)2 as we did above with 𝜒(𝜆)1, and seek the
set of points 𝜆 at which the forward and backward derivatives differ. This set of
points is again certainly countable. By using the third special system of values
we obtain correspondingly a countable set of points 𝜆, and so on. The totality of
all such points is again countable; let them be called the eigenvalues of the form 𝐾
and be denoted by 𝜆1,𝜆2, . . .. The points 𝜆1,𝜆2, . . . and their condensation points
are certainly condensation values of the form 𝐾, since 𝜒(𝜆)1, 𝜒(𝜆)2, . . . are linear
functions of𝜆 outside the condensation values, and consequently the forward and
backward derivatives there are equal. The totality of the points 𝜆1,𝜆2, . . . shall be
called the point spectrum or the discontinuous spectrum of the form 𝐾.

Since the coefficients of a quadratic form can be composed linearly from the
values which the quadratic form assumes on the sequence of special systems of
values of the variables, we conclude that all the coefficients 𝜒𝑝𝑞 of the form 𝜒(𝜆)
likewise possess both forward and backward derivatives, and that these are equal
at every point except the points 𝜆1,𝜆2, . . .. Let the forward and backward deriva-
tives of 𝜒𝑝𝑞 be denoted by 𝔣(+)𝑝𝑞 and 𝔣(−)𝑝𝑞 , respectively. At every point 𝜆 distinct from
𝜆1,𝜆2, . . ., these two derivatives agree; there we put

𝔣𝑝𝑞 = 𝔣(+)𝑝𝑞 = 𝔣(−)𝑝𝑞 .

Let the quadratic forms with coefficients 𝔣(+)𝑝𝑞 and 𝔣(−)𝑝𝑞 be denoted by 𝔣(+)(𝜆) and
𝔣(−)(𝜆), respectively. At every point distinct from 𝜆1,𝜆2, . . ., we put

𝔣(𝜆) = 𝔣(+)(𝜆) = 𝔣(−)(𝜆).
For the point 𝜆ℎ, form the difference 𝔣(+)𝑝𝑞 − 𝔣(−)𝑝𝑞 and take this difference as the co-

efficient of 𝑥𝑝𝑥𝑞. The resulting quadratic form in infinitely many variables, whose
coefficients certainly do not all vanish, shall be called the quadratic eigenform of 𝐾
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belonging to the eigenvalue 𝜆ℎ, and shall be denoted by 𝐸ℎ. Evidently, for every
eigenvalue 𝜆𝑝,

𝔣(+)(𝜆𝑝) − 𝔣(−)(𝜆𝑝) = 𝐸𝑝 , (21)

and since, analogously to (20), one must also have

𝔣(−)(𝜆) ≤ 𝔣(+)(𝜇) for 𝜆 ≤ 𝜇,

𝔣(+)(𝜆) ≤ 𝔣(−)(𝜇) for 𝜆 < 𝜇,
(22)

it certainly follows that
𝐸𝑝 ≥ 0. (23)

On the other hand, it follows from (19), if we choose for 𝜇 a value exceeding 𝜆
and let it converge to 𝜆, that

𝔣(+)(𝜆) ≤ (𝑥, 𝑥). (24)

We now consider any 𝑚 eigenvalues of the form 𝐾, arranged in increasing
order, say

𝜆𝑝1 , . . . ,𝜆𝑝𝑚 ,

and the eigenforms belonging to them,

𝐸𝑝1 , . . . , 𝐸𝑝𝑚 .

By (21) we have

𝔣(+)(𝜆𝑝ℎ ) − 𝔣(−)(𝜆𝑝ℎ ) = 𝐸𝑝ℎ , (ℎ = 1, 2, . . . , 𝑚), (25)

and by (22),
𝔣(−)(𝜆𝑝2) − 𝔣(+)(𝜆𝑝1) ≥ 0,

...

𝔣(−)(𝜆𝑝𝑚 ) − 𝔣(+)(𝜆𝑝𝑚−1) ≥ 0.

(26)

Adding (25) and (26) gives

𝔣(+)(𝜆𝑝𝑚 ) − 𝔣(−)(𝜆𝑝1) ≥ 𝐸𝑝1 + · · · + 𝐸𝑝𝑚 , (27)

and, since [𝔣(−)(𝜆)] is nowhere negative, this inequality, together with (24), yields
the further inequality

𝐸𝑝1 + · · · + 𝐸𝑝𝑚 ≤ (𝑥, 𝑥). (28)
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From (23) and (28) we see that the sum

∑
(𝑝)[𝐸𝑝], extended over all indices 𝑝,

converges, and indeed to a quadratic form in the 𝑛 variables 𝑥1, . . . , 𝑥𝑛 that is at
most 𝑥2

1 + · · · + 𝑥2
𝑛; that is, ∑

(𝑝)
𝐸𝑝 ≤ (𝑥, 𝑥).

We now define the following forms in the infinitely many variables 𝑥1, 𝑥2, . . .:

𝑒(𝜆) =
∑

(𝜆𝑝<𝜆)
𝐸𝑝 , 𝜂(𝜆) =

∑
(𝜆𝑝<𝜆)

𝐸𝑝(𝜆 − 𝜆𝑝),

where the sums on the right are to be extended over all indices 𝑝 for which 𝜆𝑝 < 𝜆.
The coefficients of 𝜂(𝜆) are continuous functions of 𝜆. The truncations [𝑒(𝜆)] and
[𝜂(𝜆)] of these forms are functions of 𝜆 which, as follows without difficulty from
(23) and the convergence of

∑
(𝑝)[𝐸𝑝], possess the following properties.

[𝑒(𝜆)] is nowhere negative and never decreases as 𝜆 increases; outside 𝐽 it is
zero on the negative side, and on the positive side it is equal to

∑
(𝑝)[𝐸𝑝].

[𝑒(𝜆)] is continuous at every point that is not an eigenvalue; at the eigenvalue
𝜆𝑝 it has a finite jump, and for positive 𝜏 decreasing to zero one has

L
𝜏=0

𝑒(𝜆𝑝 − 𝜏) = 𝑒(𝜆𝑝), L
𝜏=0

𝑒(𝜆𝑝 + 𝜏) = 𝑒(𝜆𝑝) + 𝐸𝑝 .

[𝜂(𝜆)]has both a forward and a backward derivative; these agree at every point
that is not an eigenvalue and have the value [𝑒(𝜆)]. At the eigenvalue 𝜆𝑝 the back-
ward derivative is [𝑒(𝜆𝑝)] and the forward derivative is [𝑒(𝜆𝑝)] + [𝐸𝑝], so that the
excess of the forward derivative over the backward derivative amounts to [𝐸𝑝].

From (27) it follows, if 𝜆′ and 𝜆′′, with 𝜆′′ > 𝜆′, are not eigenvalues, that

𝔣(𝜆′′) − 𝔣(𝜆′) ≥
∑

(𝜆′<𝜆𝑝<𝜆′′)
𝐸𝑝;

but ∑
(𝜆′<𝜆𝑝<𝜆′′)

𝐸𝑝 = 𝑒(𝜆′′) − 𝑒(𝜆′),

and consequently also

𝔣(𝜆′′) − 𝔣(𝜆′) ≥ 𝑒(𝜆′′) − 𝑒(𝜆′). (29)

If one of the quantities 𝜆′,𝜆′′ is an eigenvalue, or if both are eigenvalues of 𝐾, a
corresponding inequality follows in the same way in place of (29). Now put

𝜚(𝜆) = 𝜒(𝜆) − 𝜂(𝜆).
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Then, with regard to (21), the function [𝜚(𝜆)] has forward and backward deriva-
tives which agree at every point 𝜆; this derivative is moreover, as follows from
(29) or the corresponding inequality, a function of 𝜆 that does not decrease as
the argument increases. This derivative therefore represents a function which is
continuous in 𝜆. Thus, if we put

𝜎(𝜆) =
∑

𝜎𝑝𝑞𝑥𝑝𝑥𝑞 =
𝑑𝜚(𝜆)
𝑑𝜆

= 𝔣(𝜆) − 𝑒(𝜆), (30)

then every truncation of the form 𝜎(𝜆) is a continuous, nonnegative function of
𝜆 that does not decrease as 𝜆 increases. The form 𝜎(𝜆) in the infinitely many
variables, whose coefficients 𝜎𝑝𝑞 are continuous functions of 𝜆, shall be called the
spectral form of 𝐾.

By (24), the inequality
𝜎(𝜆) + 𝑒(𝜆) ≤ (𝑥, 𝑥) (31)

holds.
For all values 𝜆 lying outside 𝐽 on its negative side, the forms 𝔣(𝜆), 𝑒(𝜆), 𝜎(𝜆)

become identically zero; on the positive side they pass into certain forms indepen-
dent of 𝜆, which we shall denote respectively by 𝔣(+∞), 𝑒(+∞), 𝜎(+∞). By (30) we
have

𝜎(+∞) = 𝔣(+∞) − 𝑒(+∞). (32)

Since [𝜒(𝜆)] passes, to the right of 𝐽, into 𝜆[(𝑥, 𝑥)] + 𝐶(𝑥), we have

𝔣(+∞) = (𝑥, 𝑥), (33)

and, as observed earlier,
𝑒(+∞) =

∑
𝑝

𝐸𝑝 .

We now select those real values 𝜆 in every neighborhood of which there still
exist points 𝜆′ for which

𝜎(𝜆) = 𝜎(𝜆′)
does not hold identically in all the variables 𝑥1, 𝑥2, . . .. The set 𝑠 of all such points
𝜆 is perfect (closed and dense in itself); it shall be called the interval spectrum or
the continuous spectrum of the form 𝐾. Outside the condensation values of 𝐾, all
coefficients of 𝜒(𝜆) are linear in𝜆, those of 𝑒(𝜆) are constant, and consequently the
coefficients of 𝜎(𝜆) likewise become constant; thus the interval spectrum certainly
lies within the condensation values of the form 𝐾. The point spectrum together
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with the accumulation points of the eigenvalues, and the interval spectrum, taken
together, shall be called the spectrum of the form 𝐾.

If we now put

𝜎(+∞) =
∫ +∞

−∞
𝑑𝜎(𝜆) =

∫
(𝑠)
𝑑𝜎(𝜆),

then from (32) and (33) we obtain

(𝑥, 𝑥) = 𝑒(+∞) +
∫
(𝑠)
𝑑𝜎(𝜆),

or
(𝑥, 𝑥) =

∑
(𝑝)
𝐸𝑝 +

∫
(𝑠)
𝑑𝜎(𝜆), (34)

where the sum is to be extended over all 𝑝.
We now return to the quadratic form 𝐾𝑛 with the finite number 𝑛 of variables.

If 𝜆 denotes a complex quantity, or a real quantity different from every eigenvalue
𝜆(𝑛)
𝑝 of the form 𝐾𝑛, then from the definition (11) of the function 𝜒(𝑛)

𝑝 we obtain at
once ∫ +∞

−∞

𝜒(𝑛)
𝑝 (𝜇)

(𝜇 − 𝜆)3 𝑑𝜇 = (𝐿(𝑛)𝑝 (𝑥))2
∫ +∞

𝜆(𝑛)
𝑝

𝜇 − 𝜆(𝑛)
𝑝

(𝜇 − 𝜆)3 𝑑𝜇

=
1
2
(𝐿(𝑛)𝑝 (𝑥))2
𝜆(𝑛)
𝑝 − 𝜆

.

Here the integration is to be carried out along the real axis from𝜇 = −∞ to𝜇 = +∞;
when 𝜆 is real, however, the point 𝜆 is to be bypassed by a short detour in the
complex 𝜇-plane, with the observation that, in a neighborhood of the point 𝜆,
𝜒(𝑛)
𝑝 (𝜇), being a linear function, is defined also for complex 𝜇. Summing over
𝑝 = 1, . . . , 𝑛, we find∫ +∞

−∞
𝜒(𝑛)(𝜇)
(𝜇 − 𝜆)3 𝑑𝜇 =

1
2

{
(𝐿(𝑛)1 (𝑥))2
𝜆(𝑛)

1 − 𝜆
+ · · · + (𝐿(𝑛)𝑛 (𝑥))2

𝜆(𝑛)
𝑛 − 𝜆

}
, (35)

where the integration is to be carried out as above. On the other hand, from (3)
and (5) it follows that

𝐾𝑛(𝜆, 𝑥) − (𝑥, 𝑥)𝑛
𝜆

=
(𝐿(𝑛)1 (𝑥))2
𝜆(𝑛)

1 − 𝜆
+ · · · + (𝐿(𝑛)𝑛 (𝑥))2

𝜆(𝑛)
𝑛 − 𝜆

. (36)
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If in (35) and (36) we put for 𝑛 the special numbers 𝑚1, 𝑚2, . . . and take a fixed

truncation on both sides, and if further𝜆 is understood to be any complex quantity
or a real quantity that does not belong to the spectrum of the form 𝐾, then by (18),
on passing to the limit, we obtain the formula

L
ℎ=∞

[𝐾𝑚ℎ (𝜆, 𝑥)] − [(𝑥, 𝑥)𝑚ℎ]
𝜆

= 2
∫ +∞

−∞
[𝜒(𝜇)]
(𝜇 − 𝜆)3 𝑑𝜇. (37)

Here again the integration is along the real axis from 𝜇 = −∞ to 𝜇 = +∞; when
𝜆 is real, however, the point 𝜆 is to be bypassed by a short detour in the complex
𝜇-plane, with the observation that, in a neighborhood of the point 𝜆, 𝜒(𝜇), being
a linear function, is defined also for complex 𝜇. Consequently, the integral on the
right represents a function of𝜆which has a regular analytic character with respect
to 𝜆 for all complex 𝜆 and for all real 𝜆 not belonging to the spectrum of 𝐾.

We put

𝐾(𝜆, 𝑥) = (𝑥, 𝑥) + 2𝜆
∫ +∞

−∞
𝜒(𝜇)

(𝜇 − 𝜆)3 𝑑𝜇 (38)

and call this expression the resolvent of the form 𝐾. Every coefficient or truncation
of it is likewise regular analytic for all complex 𝜆 and for the finite real values of
𝜆 not belonging to the spectrum of 𝐾; one also sees that it is regular analytic at
𝜆 = ∞.

The equation (37) found above becomes

L
ℎ=∞

𝐾𝑚ℎ (𝜆, 𝑥) = 𝐾(𝜆, 𝑥).

From the definition of the form 𝜂(𝜆) we obtain the equation∫ +∞

−∞
𝜂(𝜇)

(𝜇 − 𝜆)3 𝑑𝜇 =
∑
(𝑝)
𝐸𝑝

∫ +∞

𝜆𝑝

𝜇 − 𝜆𝑝

(𝜇 − 𝜆)3 𝑑𝜇

=
1
2

∑
(𝑝)

𝐸𝑝
𝜆𝑝 − 𝜆

,
(39)

where 𝜆 is to be understood as any complex quantity, or as a real quantity not
belonging to the spectrum of the form 𝐾; when 𝜆 is real, the integration with
respect to 𝜇 is to be carried out with a short detour around the point 𝜆 in the
complex 𝜇-plane.

Since
𝜚(𝜆) = 𝜒(𝜆) − 𝜂(𝜆), 𝜎(𝜆) = 𝑑𝜚(𝜆)

𝑑𝜆
,
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we obtain∫ +∞

−∞
𝜒(𝜇)

(𝜇 − 𝜆)3 𝑑𝜇 −
∫ +∞

−∞
𝜂(𝜇)

(𝜇 − 𝜆)3 𝑑𝜇

=
∫ +∞

−∞
𝜚(𝜇)

(𝜇 − 𝜆)3 𝑑𝜇 =
1
2

∫ +∞

−∞
𝜎(𝜇)

(𝜇 − 𝜆)2 𝑑𝜇 =
1
2

∫
(𝑠)
𝑑𝜎(𝜇)
𝜇 − 𝜆

.

From (38) and (39) it follows that

𝐾(𝜆, 𝑥) = (𝑥, 𝑥) + 𝜆
∑
(𝑝)

𝐸𝑝
𝜆𝑝 − 𝜆

+ 𝜆

∫
(𝑠)
𝑑𝜎(𝜇)
𝜇 − 𝜆

, (40)

and hence, with regard to (34),

𝐾(𝜆, 𝑥) =
∑
(𝑝)

𝐸𝑝
1 − 𝜆/𝜆𝑝 +

∫
(𝑠)

𝑑𝜎(𝜇)
1 − 𝜆/𝜇 .

This formula is the sought analogue of the partial-fraction representation (3)
of the resolvent 𝐾𝑛(𝜆, 𝑥) of the form 𝐾𝑛 with the finite number 𝑛 of variables.

We summarize the results obtained as follows.

Theorem I. The resolvent of a quadratic form 𝐾 for which 𝜆 = ∞ is not a condensation
value is a quadratic form in infinitely many variables,

𝐾(𝜆, 𝑥) =
∑
𝑝,𝑞

𝐾𝑝𝑞𝑥𝑝𝑥𝑞 ,

whose coefficients are regular analytic functions of the argument 𝜆 for all arguments 𝜆
lying outside the spectrum of the form 𝐾.

If 𝑚1, 𝑚2, . . . is a certain sequence of integers increasing to infinity, then for every
truncation of the resolvent the equation

L
ℎ=∞

𝐾𝑚ℎ (𝜆, 𝑥) = 𝐾(𝜆, 𝑥) (41)

holds, where 𝐾𝑚ℎ denotes the resolvent of the form 𝐾𝑚ℎ .
The resolvent 𝐾 admits the following representation (for every truncation):

𝐾(𝜆, 𝑥) =
∑
(𝑝)

𝐸𝑝
1 − 𝜆/𝜆𝑝 +

∫
(𝑠)

𝑑𝜎(𝜇)
1 − 𝜆/𝜇 . (42)

Here the sum is to be extended over the entire point spectrum of 𝐾, that is, over all eigen-
values of 𝐾; 𝐸𝑝 denotes in general the quadratic eigenform belonging to 𝜆𝑝 . It is a form
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whose truncations are not negative for any values of the variables 𝑥1, 𝑥2, . . .. The integral
is to be extended over the interval spectrum of 𝐾. The spectral form 𝜎(𝜆) is a form whose
coefficients are continuous functions of 𝜆, and whose truncations, as the argument 𝜆 in-
creases within the interval spectrum 𝑠, are nondecreasing functions of 𝜆 that are not all
constant, but in every interval lying outside 𝑠 are all constant. Finally, the equation (for
every truncation)

(𝑥, 𝑥) =
∑
(𝑝)
𝐸𝑝 +

∫
(𝑠)
𝑑𝜎(𝜆) (43)

holds.

If the absolute values of all truncations of a quadratic or bilinear form in in-
finitely many variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . . lie below a finite bound independent
of the choice of truncation whenever the variables are subjected to the conditions

(𝑥, 𝑥) ≤ 1, (𝑦, 𝑦) ≤ 1, (44)

then the quadratic or bilinear form, respectively, shall be called a bounded form.
The bilinear form belonging to a bounded quadratic form is likewise a

bounded form.
For example, by (23) and (28) the eigenforms 𝐸𝑝 are always bounded forms;

and since by (31) the inequality

𝜎(𝜆) + 𝑒(𝜆) ≤ (𝑥, 𝑥)
holds, the spectral form 𝜎(𝜆), as well as the forms 𝔣(𝜆) and 𝑒(𝜆), are bounded
forms. Finally, if 𝜆 denotes a value lying outside the spectrum of 𝐾(𝑥), the re-
solvent 𝐾(𝜆, 𝑥) is a bounded form; indeed, the sum component and the integral
component of 𝐾(𝜆, 𝑥) are separately bounded forms.

The concepts “truncation” and “bounded” can evidently be applied in the
same sense also to linear forms in infinitely many variables. A linear form

𝐿(𝑥) = 𝑙1𝑥1 + 𝑙2𝑥2 + · · ·
is a bounded form if and only if the sum of the squares of its coefficients,

𝑙21 + 𝑙22 + · · · ,
is finite.

The truth of this is easily seen with the aid of the following two facts.
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I. If 𝑢1, 𝑢2, . . . and 𝑣1, 𝑣2, . . . are arbitrary quantities, then the inequality

(𝑢, 𝑣)2 ≤ (𝑢, 𝑢)(𝑣, 𝑣)
always holds.

II. If 𝑢1, 𝑢2, . . . are arbitrary quantities, 𝑀 is a finite positive number, and more-
over the inequality

(𝑢, 𝑥) ≤ 𝑀

holds for all values 𝑥1, 𝑥2, . . . satisfying condition (44), then always

(𝑢, 𝑢) ≤ 𝑀2.

Henceforth we shall throughout consider only such systems of values of the
infinitely many variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . ., and so on, as satisfy condition (44).
If 𝑎1, 𝑎2, . . . is such a system of values, then, when 𝐿(𝑥) is a bounded linear form,
the limit of its 𝑛th truncation [𝐿(𝑎)]𝑛 certainly exists as 𝑛 → ∞; we put

𝐿(𝑎) = L
𝑛=∞

[𝐿(𝑎)]𝑛 .

We have thus seen that a bounded linear form in the infinitely many variables
𝑥1, 𝑥2, . . . assumes a definite finite value for every system of values of these vari-
ables under consideration, and consequently represents a function of the infinitely
many variables 𝑥1, 𝑥2, . . ..

In general, a function 𝐹(𝑥1, 𝑥2, . . .) of the infinitely many variables 𝑥1, 𝑥2, . . .
shall be called continuous at the point 𝑎1, 𝑎2, . . . if the value of 𝐹(𝑎1+𝜀1, 𝑎2+𝜀2, . . .)
converges to the value of 𝐹(𝑎1, 𝑎2, . . .) as the sum of the squares of 𝜀1, 𝜀2, . . . de-
creases to zero; that is, if

L
(𝜀2

1+𝜀2
2+···=0)

𝐹(𝑎1 + 𝜀1, 𝑎2 + 𝜀2, . . .) = 𝐹(𝑎1, 𝑎2, . . .).

We see at once that the bounded linear form 𝐿(𝑥) represents a continuous function
of the infinitely many variables.

The corresponding statements also hold for a bounded bilinear form. To see
this, let 𝐴(𝑥, 𝑦) denote a bounded bilinear form and let 𝑎1, 𝑎2, . . . and 𝑏1, 𝑏2, . . . be
particular systems of values of the infinitely many variables. We then put

𝑥1 = 𝑎1, . . . , 𝑥𝑛 = 𝑎𝑛 , 𝑥𝑛+1 = 0, 𝑥𝑛+2 = 0, . . . ,
𝑥′1 = 0, . . . , 𝑥′𝑛 = 0,
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𝑥′𝑛+1 =
𝑎𝑛+1
𝛼𝑛𝑚

, 𝑥′𝑛+2 =
𝑎𝑛+2
𝛼𝑛𝑚

, . . . , 𝑥′𝑚 =
𝑎𝑚
𝛼𝑛𝑚

,

𝑥′𝑚+1 = 0, 𝑥′𝑚+2 = 0, . . . ,
𝑦1 = 𝑏1, . . . , 𝑦𝑛 = 𝑏𝑛 , 𝑦𝑛+1 = 0, 𝑦𝑛+2 = 0, . . . ,
𝑦′1 = 0, . . . , 𝑦′𝑛 = 0,

𝑦′𝑛+1 =
𝑏𝑛+1
𝛽𝑛𝑚

, 𝑦′𝑛+2 =
𝑏𝑛+2
𝛽𝑛𝑚

, . . . , 𝑦′𝑚 =
𝑏𝑚
𝛽𝑛𝑚

,

𝑦′𝑚+1 = 0, 𝑦′𝑚+2 = 0, . . . ,

where

𝛼𝑛𝑚 =
√
𝑎2
𝑛+1 + 𝑎2

𝑛+2 + · · · + 𝑎2
𝑚 , 𝛽𝑛𝑚 =

√
𝑏2
𝑛+1 + 𝑏2

𝑛+2 + · · · + 𝑏2
𝑚 ,

and where 𝑛 and 𝑚 > 𝑛 denote arbitrary integers. If [𝐴]𝑚 and [𝐴]𝑛 denote the
corresponding truncations of 𝐴, then

[𝐴(𝑎, 𝑏)]𝑚 = 𝐴(𝑥 + 𝛼𝑛𝑚𝑥′, 𝑦 + 𝛽𝑛𝑚𝑦′)
= 𝐴(𝑥, 𝑦) + 𝛼𝑛𝑚𝐴(𝑥′, 𝑦) + 𝛽𝑛𝑚𝐴(𝑥, 𝑦′) + 𝛼𝑛𝑚𝛽𝑛𝑚𝐴(𝑥′, 𝑦′)
= [𝐴(𝑎, 𝑏)]𝑛 + 𝛼𝑛𝑚𝐴(𝑥′, 𝑦) + 𝛽𝑛𝑚𝐴(𝑥, 𝑦′) + 𝛼𝑛𝑚𝛽𝑛𝑚𝐴(𝑥′, 𝑦′).

Since the absolute values of 𝐴(𝑥′, 𝑦), 𝐴(𝑥, 𝑦′), 𝐴(𝑥′, 𝑦′) remain below a bound in-
dependent of 𝑛, 𝑚, while moreover 𝛼𝑛𝑚 , 𝛽𝑛𝑚 vanish as 𝑛, 𝑚 increase, it follows
that [𝐴(𝑎, 𝑏)]𝑛 must converge to a limiting value as 𝑛 increases; denote this value
briefly by 𝐴(𝑎, 𝑏). In an analogous manner it follows that the function of the in-
finitely many variables 𝑥1, 𝑥2, . . . and 𝑦1, 𝑦2, . . . represented by 𝐴(𝑥, 𝑦) is continu-
ous.

In particular, we conclude that a bounded quadratic form in infinitely many
variables 𝑥1, 𝑥2, . . . always represents a continuous function of them.

From the statements just proved we further infer the following fact. If on both
sides of a formula there stand a finite number of bounded quadratic or bilinear
forms in infinitely many variables, and the equation or inequality represented by
the formula is valid for all truncations of both sides, then it is valid in general for
all systems of values of the infinitely many variables—where only those systems
of values satisfying conditions (44) are always meant.

If, in the bounded bilinear form𝐴(𝑥, 𝑦), all the variables 𝑦1, 𝑦2, . . . are set equal
to zero with the sole exception of the one variable 𝑦𝑝 , which is assigned the value
1, there results a bounded linear form in the variables 𝑥1, 𝑥2, . . .; denote it by

𝜕𝐴(𝑥, 𝑦)
𝜕𝑦𝑝

.
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Since 𝐴(𝑥, 𝑦) is bounded, it also follows that

𝑦1
𝜕[𝐴(𝑥, 𝑦)]𝑛

𝜕𝑦1
+ · · · + 𝑦𝑚 𝜕[𝐴(𝑥, 𝑦)]𝑛

𝜕𝑦𝑚

lies in absolute value below a finite bound independent of 𝑛 and 𝑚; and, with
regard to fact II above, therefore also(

𝜕[𝐴(𝑥, 𝑦)]𝑛
𝜕𝑦1

)2

+ · · · +
(
𝜕[𝐴(𝑥, 𝑦)]𝑛

𝜕𝑦𝑚

)2

lies below a bound independent of 𝑛 and𝑚. Taking first 𝑛 → ∞ and then𝑚 → ∞,
we see that the sum of squares(

𝜕𝐴(𝑥, 𝑦)
𝜕𝑦1

)2

+
(
𝜕𝐴(𝑥, 𝑦)

𝜕𝑦2

)2

+ · · ·

converges to a finite quantity. If 𝐵(𝑥, 𝑦) is likewise a bounded bilinear form, then
the sum of squares (

𝜕𝐵(𝑥, 𝑦)
𝜕𝑥1

)2

+
(
𝜕𝐵(𝑥, 𝑦)

𝜕𝑥2

)2

+ · · ·
also remains below a finite bound; and consequently, with regard to fact I above,
the infinite series

𝜕𝐴(𝑥, 𝑦)
𝜕𝑦1

𝜕𝐵(𝑥, 𝑦)
𝜕𝑥1

+ 𝜕𝐴(𝑥, 𝑦)
𝜕𝑦2

𝜕𝐵(𝑥, 𝑦)
𝜕𝑥2

+ · · ·

must converge absolutely. It then necessarily represents once more a bilinear form
in the variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . ., which we denote by

𝐴(𝑥, ·)𝐵(·, 𝑦)
and call the convolution of the bilinear forms 𝐴, 𝐵.

The convolution is certainly a bounded bilinear form; with regard to facts I
and II above, the preceding discussion establishes the following lemma.

Lemma 2. If 𝑀, 𝑁 denote two positive constants such that, for all 𝑥1, 𝑥2, . . . and
𝑦1, 𝑦2, . . .,

|𝐴(𝑥, 𝑦)| ≤ 𝑀, |𝐵(𝑥, 𝑦)| ≤ 𝑁,

then the convolution necessarily satisfies the inequality

|𝐴(𝑥, ·)𝐵(·, 𝑦)| ≤ 𝑀𝑁.
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At the same time we state the following lemmas, whose truth is immediately

evident.

Lemma 3. For every truncation of the convolution of two bounded bilinear forms 𝐴, 𝐵,

[𝐴(𝑥, ·)𝐵(·, 𝑦)]𝑚 = L
𝑛=∞

[𝐴𝑛(𝑥, ·)𝐵𝑛(·, 𝑦)]𝑚 ,

where on the right the expression under the limit is the 𝑚th truncation of the convolution
of the 𝑛th truncations of 𝐴, 𝐵. The value of the convolution is consequently

𝐴(𝑥, ·)𝐵(·, 𝑦) = L
𝑚=∞ L

𝑛=∞
[𝐴𝑛(𝑥, ·)𝐵𝑛(·, 𝑦)]𝑚 .

It follows in particular that
𝐴(𝑥, ·)(·, 𝑦) = 𝐴(𝑥, 𝑦),

i.e. every bilinear form reproduces itself by convolution with (𝑥, 𝑦); we may therefore
also represent the value of the bilinear form as

𝐴(𝑥, 𝑦) = 𝑦1
𝜕𝐴
𝜕𝑦1

+ 𝑦2
𝜕𝐴
𝜕𝑦2

+ · · · = 𝑥1
𝜕𝐴
𝜕𝑥1

+ 𝑥2
𝜕𝐴
𝜕𝑥2

+ · · · ,

Lemma 4. If 𝐴, 𝐵, 𝐶, . . . are bounded bilinear forms and the process of convolution is re-
peatedly carried out with them, then the result is independent of the order of the individual
convolutions; for example,(

𝐴(𝑥, ·)𝐵(·, ·))𝐶(·, 𝑦) = 𝐴(𝑥, ·)(𝐵(·, ·)𝐶(·, 𝑦)) .
We now develop the simplest concepts and facts concerning orthogonal trans-

formations of infinitely many variables. Let

𝑜𝑝𝑞 (𝑝, 𝑞 = 1, 2, . . .)

be an arbitrary doubly indexed family of constants satisfying the relations∑
𝑞=1,2,...

𝑜 2
𝑝𝑞 = 1,

∑
𝑟=1,2,...

𝑜𝑝𝑟𝑜𝑞𝑟 = 0 (𝑝 ≠ 𝑞),

and ∑
𝑝=1,2,...

𝑜 2
𝑝𝑞 = 1,

∑
𝑟=1,2,...

𝑜𝑟𝑝𝑜𝑟𝑞 = 0 (𝑝 ≠ 𝑞).



24
Then the formulas

𝑥1 = 𝑜11𝑥′1 + 𝑜12𝑥′2 + · · · ,
𝑥2 = 𝑜21𝑥′1 + 𝑜22𝑥′2 + · · · ,
...

(45)

and
𝑥′1 = 𝑜11𝑥1 + 𝑜21𝑥2 + · · · ,
𝑥′2 = 𝑜12𝑥1 + 𝑜22𝑥2 + · · · ,
...

each define an orthogonal transformation; the latter transformation is the inverse
of the former. The expressions on the right are bounded linear forms in the in-
finitely many variables 𝑥′1, 𝑥

′
2, . . . and 𝑥1, 𝑥2, . . ., respectively.

The bilinear form
𝑂(𝑥, 𝑥′) =

∑
𝑝,𝑞=1,2,...

𝑜𝑝𝑞𝑥𝑝𝑥′𝑞

shall be called the bilinear form belonging to the orthogonal transformation (45);
as one readily sees from Fact I stated above, it is certainly a bounded form. By
Lemma 3 one has

𝑂(𝑥, ·)𝑂(𝑦, ·) = (𝑥, 𝑦); (46)

in particular, ∑
𝑝=1,2,...

(
𝑜𝑝1𝑥′1 + 𝑜𝑝2𝑥′2 + · · · )2 = (𝑥′, 𝑥′),∑

𝑝=1,2,...

(
𝑜1𝑝𝑥1 + 𝑜2𝑝𝑥2 + · · · )2 = (𝑥, 𝑥).

If we apply the orthogonal transformation (45) to any bounded linear form
𝐿(𝑥), there results the linear form

𝐿′(𝑥′) = 𝐿(·)𝑂(·, 𝑥′);
consequently, if we subject both sets of variables of any bounded bilinear form
𝐴(𝑥, 𝑦) to that transformation, there results the bilinear form

𝐴′(𝑥′, 𝑦′) = 𝐴(·, ·)𝑂(·, 𝑥′)𝑂(·, 𝑦′).
Let 𝐴(𝑥, 𝑦), 𝐵(𝑥, 𝑦) be any two bounded bilinear forms, put

𝐶(𝑥, 𝑦) = 𝐴(𝑥, ·)𝐵(·, 𝑦),
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and calculate the orthogonally transformed forms

𝐴′(𝑥′, 𝑦′) = 𝐴(·, ·)𝑂(·, 𝑥′)𝑂(·, 𝑦′),
𝐵′(𝑥′, 𝑦′) = 𝐵(◦, ∗)𝑂(◦, 𝑥′)𝑂(∗, 𝑦′),
𝐶′(𝑥′, 𝑦′) = 𝐶(·, ·)𝑂(·, 𝑥′)𝑂(·, 𝑦′).

As the convolution of the transformed forms we then find

𝐴′(𝑥, ◦)𝐵′(◦, 𝑦) = 𝐴(·, ·)𝑂(·, 𝑥)𝑂(·, ◦)
𝐵(∗, ∗)𝑂(∗, ◦)𝑂(∗, 𝑦),

and, using Lemmas 3, 4, and formula (46),

𝐴′(𝑥, ◦)𝐵′(◦, 𝑦) = 𝐴(·, ◦)𝐵(◦, ∗)𝑂(·, 𝑥)𝑂(∗, 𝑦)
= 𝐶(·, ∗)𝑂(·, 𝑥)𝑂(∗, 𝑦),

and hence
𝐴′(𝑥, ·)𝐵′(·, 𝑦) = 𝐶′(𝑥, 𝑦); (47)

i.e. the convolution of two bilinear forms is a covariant under an orthogonal trans-
formation.

If the sum of the coefficients of 𝑥𝑝𝑦𝑝 in a bilinear form 𝐴(𝑥, 𝑦) converges, we
denote this sum generally, as for finite forms, by 𝐴(·, ·).

We mention here the following fact, which is likewise easy to prove.

Lemma 5. If
𝑄(𝑥) =

∑
𝑝,𝑞=1,2,...

𝑐𝑝𝑞𝑥𝑝𝑥𝑞

is a quadratic form of such a kind that

𝑄(·, ·)𝑄(·, ·) =
∑

𝑝,𝑞=1,2,...
𝑐 2
𝑝𝑞

converges to a finite limit, then this limit is an invariant under an orthogonal transforma-
tion of 𝑄(𝑥); i.e. that limit agrees with

𝑄′(·, ·)𝑄′(·, ·) =
∑

𝑝,𝑞=1,2,...
𝑐′𝑝𝑞

2,

where
𝑄′(𝑥′) =

∑
𝑝,𝑞=1,2,...

𝑐′𝑝𝑞𝑥′𝑝𝑥′𝑞
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denotes the quadratic form obtained from 𝑄(𝑥) by orthogonal transformation.

We now return to the theory developed above for the quadratic form 𝐾(𝑥), and
assume that this quadratic form 𝐾(𝑥) is a bounded form.

If, as before,
𝐾𝑛(𝑥) = [𝐾(𝑥)]𝑛

denotes the 𝑛th truncation of 𝐾(𝑥), then the greatest value assumed by 𝐾𝑛(𝑥) in
absolute value is equal to 1/|𝜆(𝑛)

1 |, where 𝜆(𝑛)
1 denotes the absolutely smallest of

the 𝑛 eigenvalues of 𝐾𝑛(𝑥). Since 𝐾(𝑥) is to be a bounded form, there is a positive
constant 𝑀 such that, for all 𝑛 and every system of values of the variables,

|𝐾𝑛(𝑥)| ≤ 𝑀,

and hence also ����� 1
𝜆(𝑛)

1

����� ≤ 𝑀, or |𝜆(𝑛)
1 | ≥ 1

𝑀
;

i.e. the absolute values of the eigenvalues of 𝐾𝑛(𝑥) all remain above a positive
quantity different from zero, and thus 𝜆 = 0 certainly does not belong to the
spectrum of 𝐾(𝑥). Conversely, take a quadratic form 𝐾(𝑥) and suppose that 𝜆 = 0
does not belong to its spectrum. Then, from some 𝑛 onward, all eigenvalues 𝜆(𝑛)

𝑝

of its truncations 𝐾𝑛(𝑥) must remain, in absolute value, above a positive bound
𝑚 different from zero. It follows in turn that the maxima 1/|𝜆(𝑛)

1 | of the absolute
values of the truncations 𝐾𝑛(𝑥) must remain below the bound 1/𝑚; i.e. the form
𝐾(𝑥) is necessarily bounded.

Thus the assumption just made, and retained throughout what follows, that
𝐾(𝑥) is a bounded form is completely equivalent to the statement that 𝜆 = 0 does
not belong to the spectrum of 𝐾(𝑥), whereas the absolute values of the eigenvalues
of 𝐾(𝑥) may very well grow beyond every bound.

We now choose a quantity 𝛼 so small that 𝜆 = 𝛼 likewise does not belong to
the spectrum of 𝐾(𝑥). Since the zeros of the discriminants of the truncations of

(𝑥, 𝑥) − 𝜆𝐾(𝑥)
then do not accumulate at 𝜆 = 𝛼, those of the truncations of

(𝑥, 𝑥) − 𝜆
{(𝑥, 𝑥) − 𝛼𝐾(𝑥)}

do not, in absolute value, grow beyond every bound; i.e. the quadratic form

𝐾∗(𝑥) = (𝑥, 𝑥) − 𝛼𝐾(𝑥)
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does not have 𝜆 = ∞ as a condensation value; it is also bounded. If 𝐾𝑛(𝜆; 𝑥, 𝑦)
denotes the resolvent of 𝐾𝑛(𝑥) and 𝐾∗

𝑛(𝜆; 𝑥, 𝑦) that of 𝐾∗
𝑛(𝑥), the definition of the

resolvent immediately gives

𝐾𝑛(𝜆; 𝑥, 𝑦) = 1
1 − 𝜆/𝛼𝐾

∗
𝑛

(
𝜆

𝜆 − 𝛼
; 𝑥, 𝑦

)
. (48)

We now apply Theorem I to the form 𝐾∗(𝑥) and denote the eigenvalues, eigen-
forms, interval spectrum, and spectral form of 𝐾∗(𝑥), respectively, by

𝜆∗
1,𝜆

∗
2, . . . , 𝐸∗

1, 𝐸
∗
2, . . . , 𝑠∗, 𝜎∗.

Then, for all values of 𝜆∗ lying outside the spectrum of 𝐾∗, there results the equa-
tion, valid for every truncation,

L
ℎ=∞

𝐾∗
𝑚ℎ
(𝜆∗; 𝑥) =

∑
(𝑝)

𝐸∗
𝑝

1 − 𝜆∗/𝜆∗
𝑝
+
∫
(𝑠∗)

𝑑𝜎∗(𝜇∗)
1 − 𝜆∗/𝜇∗ , (49)

and likewise
(𝑥, 𝑥) =

∑
(𝑝)
𝐸∗
𝑝 +

∫
(𝑠∗)

𝑑𝜎∗(𝜆∗).

In (49) put

𝜆∗ = 𝜆
𝜆 − 𝛼

, 𝜆∗
𝑝 =

𝜆𝑝

𝜆𝑝 − 𝛼
, 𝜇∗ =

𝜇

𝜇 − 𝛼
,

where
1

1 − 𝜆∗/𝜆∗
𝑝
=

1 − 𝜆/𝛼
1 − 𝜆/𝜆𝑝 ,

1
1 − 𝜆∗/𝜇∗ =

1 − 𝜆/𝛼
1 − 𝜆/𝜇 .

If 𝑠 denotes the set of points 𝜇 corresponding to the set 𝑠∗ of points 𝜇∗, then, in
view of (48), we obtain the equation valid for every truncation

L
ℎ=∞

𝐾𝑚ℎ (𝜆; 𝑥) =
∑
(𝑝,∞)

𝐸𝑝
1 − 𝜆/𝜆𝑝 +

∫
(𝑠)

𝑑𝜎(𝜇)
1 − 𝜆/𝜇 .

Here the 𝜆𝑝 are to be called the eigenvalues, 𝐸𝑝 = 𝐸∗
𝑝 the corresponding eigen-

forms, 𝑠 the interval spectrum, and 𝜎(𝜇) = 𝜎∗(𝜇∗) the spectral form of 𝐾(𝑥); more-
over, 𝜆 = ∞ is to be included as an eigenvalue and 𝐸∞ as its corresponding eigen-
function if 𝜆∗ = 1 was an eigenvalue of 𝐾∗(𝑥). From the formula above for (𝑥, 𝑥)
we obtain

(𝑥, 𝑥) =
∑
(𝑝,∞)

𝐸𝑝 +
∫
(𝑠)
𝑑𝜎(𝜆). (50)
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The last two formulas agree with (42) and (43) when 𝐾(𝑥) does not have 𝜆 = ∞

as a condensation value. Indeed, it then follows from the definition of 𝐾∗(𝑥) that
𝜆∗ = 1 is not a condensation value, and therefore also not an eigenvalue, of 𝐾∗;
hence 𝜆 = ∞ is certainly not an eigenvalue of 𝐾(𝑥).

If 𝐾(𝑥, 𝑦) remains in absolute value below the finite bound 𝑀 for all variables
𝑥, then from (2) and Lemma 2 we infer that, for every 𝑚,

𝐾𝑚(𝜆; 𝑥, 𝑦) = (𝑥, 𝑦)𝑚 + 𝜆𝐾𝑚(𝑥, 𝑦) + 𝜆2𝐾𝑚𝐾𝑚(𝑥, 𝑦) + · · ·
+ 𝜆𝑛𝐾𝑚𝐾𝑚 · · ·𝐾𝑚(𝑥, 𝑦) + 𝜗𝑛(𝜆𝑀)𝑛+1

1 − 𝜆𝑀
,

where
𝑛 < 𝑚, |𝜆| < 1

𝑀
, −1 < 𝜗𝑛 < +1.

In view of Lemma 3, if for 𝑥, 𝑦 we take fixed values all of which vanish from some
finite index onward, then, on putting 𝑚 = 𝑚ℎ and passing to the limit ℎ → ∞, we
obtain

L
ℎ=∞

𝐾𝑚ℎ (𝜆; 𝑥, 𝑦) = (𝑥, 𝑦) + 𝜆𝐾(𝑥, 𝑦) + 𝜆2𝐾𝐾(𝑥, 𝑦) + · · ·

+ 𝜆𝑛𝐾𝐾 · · ·𝐾(𝑥, 𝑦) + 𝜗𝑛(𝜆𝑀)𝑛+1

1 − 𝜆𝑀
,

(51)

and from this, on letting 𝑛 → ∞,

L
ℎ=∞

𝐾𝑚ℎ (𝜆; 𝑥, 𝑦) = (𝑥, 𝑦) + 𝜆𝐾(𝑥, 𝑦) + 𝜆2𝐾𝐾(𝑥, 𝑦) + · · · .

The formula thus obtained, together with the fact that every truncation of the
resolvent is regular analytic in 𝜆 outside the spectrum, shows that the resolvent

𝐾(𝜆; 𝑥, 𝑦) = L
ℎ=∞

𝐾𝑚ℎ (𝜆; 𝑥, 𝑦)

of the form 𝐾(𝑥, 𝑦) is determined uniquely by 𝐾(𝑥). Returning to the proof of the
existence of the limit

L
ℎ=∞

𝐾𝑚ℎ (𝜆; 𝑥, 𝑦),
it follows in turn that, in general, the limit

L
𝑚=∞

𝐾𝑚(𝜆; 𝑥, 𝑦)

also exists and must equal the preceding limit. The last formulas always hold for
every truncation of the forms under consideration.
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From (51) we conclude that the difference

𝐾(𝜆; 𝑥, 𝑦) − {(𝑥, 𝑦) + 𝜆𝐾(𝑥, 𝑦) + 𝜆2𝐾𝐾(𝑥, 𝑦) + · · ·
+ 𝜆𝑛𝐾𝐾 · · ·𝐾(𝑥, 𝑦)} (52)

is a form for which, when |𝜆| < 1/𝑀, the absolute value of every truncation re-
mains below |𝜆𝑀|𝑛+1

1 − |𝜆𝑀| .
By convolving the expression (52) with 𝐾(𝑥, 𝑦), it follows from Lemma 2 that the
expression

𝐾(𝑥, ·)𝐾(𝜆; ·, 𝑦) − {
𝐾(𝑥, 𝑦) + 𝜆𝐾𝐾(𝑥, 𝑦) + 𝜆2𝐾𝐾𝐾(𝑥, 𝑦) + · · ·
+ 𝜆𝑛𝐾𝐾𝐾 · · ·𝐾(𝑥, 𝑦)} (53)

remains in absolute value, in the same sense, below

𝑀
|𝜆𝑀|𝑛+1

1 − |𝜆𝑀| .
If in (52) we replace 𝑛 by 𝑛 + 1 and then subtract from it 𝜆 times expression (53),
there results the expression

𝐾(𝜆; 𝑥, 𝑦) − 𝜆𝐾(𝑥, ·)𝐾(𝜆; ·, 𝑦) − (𝑥, 𝑦),
and this expression therefore remains in absolute value below

2|𝜆𝑀|𝑛+2

1 − |𝜆𝑀| .
Since this quantity tends to zero as 𝑛 → ∞, we have thereby proved the validity
of the equation

𝐾(𝜆; 𝑥, 𝑦) − 𝜆𝐾(𝑥, ·)𝐾(𝜆; ·, 𝑦) = (𝑥, 𝑦) (54)
for |𝜆| < 1/𝑀 and for every truncation, and consequently, by a remark made above
(p. 177), also for arbitrary values of the infinitely many variables.

We arrived above at the equation

𝐾(𝜆; 𝑥, 𝑦) = (𝑥, 𝑦) + 𝜆𝐾(𝑥, 𝑦) + 𝜆2𝐾𝐾(𝑥, 𝑦) + · · · (55)

and recognized its validity for every truncation and for |𝜆| < 1/𝑀. From this
circumstance in turn we conclude that, for arbitrary values of the variables and
|𝜆| < 1/𝑀, every truncation of

𝐾(𝜆; 𝑥, 𝑦) − {(𝑥, 𝑦) + 𝜆𝐾(𝑥, 𝑦) + · · ·
+ 𝜆𝑛𝐾𝐾 · · ·𝐾(𝑥, 𝑦)} (56)
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is smaller in absolute value than

|𝜆𝑀|𝑛+1

1 − |𝜆𝑀| . (57)

Hence, by a remark made above (p. 177), expression (56) itself must, for arbitrary
values of the infinitely many variables, remain in absolute value less than or equal
to the quantity (57). Letting 𝑛 increase without limit, we conclude that equation
(55) is valid for arbitrary values of the infinitely many variables 𝑥1, 𝑥2, . . . and
𝑦1, 𝑦2, . . ., and for |𝜆| < 1/𝑀.

The equation

𝐾(𝜆, 𝑥) =
∑
(𝑝,∞)

𝐸𝑝
1 − 𝜆/𝜆𝑝 +

∫
(𝑠)

𝑑𝜎(𝜇)
1 − 𝜆/𝜇

was recognized above—as was (50)—only as being valid in the sense that the same
truncations are understood to be taken on both sides. We shall now show that this
equation is valid for arbitrary values of the infinitely many variables, provided
that 𝜆 denotes a value lying outside the spectrum of 𝐾.

Let 𝑎1, 𝑎2, . . . be a fixed system of values of the infinitely many variables
𝑥1, 𝑥2, . . .; then let

𝐸𝑝(𝑎), [𝐸𝑝(𝑎)]𝑛 , [𝐸𝑝(𝑎)]𝑚
denote the values assumed, for that fixed system, by 𝐸𝑝 and by the 𝑛th and 𝑚th
truncations of 𝐸𝑝 , respectively. By (50),∑

(𝑝=1,...,𝑃)
[𝐸𝑝(𝑎)]𝑛

lies below a finite bound independent of 𝑛 and 𝑃. We put∑
(𝑝=𝑃+1,𝑃+2,...)

[𝐸𝑝(𝑎)]𝑛 = 𝜀(𝑛, 𝑃),

where 𝜀(𝑛, 𝑃) is a quantity which, for fixed 𝑛, tends to zero as 𝑃 → ∞. Since, for
fixed 𝜆, the quantities ���� 1

1 − 𝜆/𝜆𝑝
����

all possess a finite upper bound 𝐺, the quantity 𝜂(𝑛, 𝑃) defined by∑
(𝑝=𝑃+1,𝑃+2,...)

[𝐸𝑝(𝑎)]𝑛
1 − 𝜆/𝜆𝑝 = 𝜂(𝑛, 𝑃)
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likewise tends to zero as 𝑃 → ∞ for fixed 𝑛.

On the other hand, ∑
(𝑝=1,...,𝑃)

𝐸𝑝
1 − 𝜆/𝜆𝑝

is a bounded form, and indeed one for which the absolute values of all its values
remain below a bound 𝐺′ independent of 𝑃. It follows from our earlier consider-
ations (p. 178) that∑

(𝑝=1,...,𝑃)

[𝐸𝑝(𝑎)]𝑚
1 − 𝜆/𝜆𝑝 −

∑
(𝑝=1,...,𝑃)

[𝐸𝑝(𝑎)]𝑛
1 − 𝜆/𝜆𝑝

= (𝐺)
√
𝑎2
𝑛+1 + 𝑎2

𝑛+2 + · · · + 𝑎2
𝑚 , (𝑚 > 𝑛),

where (𝐺) denotes a quantity lying between finite bounds independent of 𝑛, 𝑚, 𝑃.
From the last two equations we obtain∑

(𝑝=1,...,𝑃)

[𝐸𝑝(𝑎)]𝑚
1 − 𝜆/𝜆𝑝 =

∑
(𝑝=1,2,...)

[𝐸𝑝(𝑎)]𝑛
1 − 𝜆/𝜆𝑝

+ (𝐺)
√
𝑎2
𝑛+1 + 𝑎2

𝑛+2 + · · · + 𝑎2
𝑚 + 𝜂(𝑛, 𝑃).

If here we first let 𝑚 → ∞, then 𝑃 → ∞, and finally 𝑛 → ∞, we obtain∑
(𝑝=1,2,...)

𝐸𝑝(𝑎)
1 − 𝜆/𝜆𝑝 = L

𝑛=∞

∑
(𝑝=1,2,...)

[𝐸𝑝(𝑎)]𝑛
1 − 𝜆/𝜆𝑝 .

On the other hand, we apply to the bilinear form 𝜎(𝜇; 𝑥, 𝑦) the same argument
given above (p. 178) to prove the convergence of 𝐴(𝑎, 𝑏). Since, in view of (31),

[𝜎(𝜇; 𝑥, 𝑦)]𝑛 ≤ 1,

and hence, for every 𝜇 and arbitrary 𝑥1, 𝑥2, . . . and 𝑦1, 𝑦2, . . .,

𝜎(𝜇; 𝑥, 𝑦) ≤ 1,

that argument also proves that [𝜎(𝜇; 𝑥, 𝑦)]𝑛 converges to 𝜎(𝜇; 𝑥, 𝑦) uniformly in
𝜇. Thus, for every system of values of the infinitely many variables 𝑥1, 𝑥2, . . . and
𝑦1, 𝑦2, . . ., the bilinear form 𝜎(𝜇; 𝑥, 𝑦) represents a continuous function of 𝜇, and
it follows in turn that ∫

(𝑠)
𝑑𝜎(𝜇)

1 − 𝜆/𝜇 = L
𝑛=∞

[∫
(𝑠)

𝑑𝜎(𝜇)
1 − 𝜆/𝜇

]
𝑛

.



32
The last two limit equations prove our assertion, i.e. extend the validity of the
partial-fraction representation of 𝐾(𝜆; 𝑥) to arbitrary values of the infinitely many
variables.

The partial-fraction representation of 𝐾(𝜆; 𝑥) just proved to hold in general
shows at the same time that the value of the resolvent 𝐾(𝜆; 𝑥), for any system of
the infinitely many variables 𝑥1, 𝑥2, . . ., is a regular analytic function of 𝜆 outside
the spectrum.

If, in 𝐾(𝜆; 𝑥, 𝑦), we substitute generally for 𝑥𝑝 the expression 𝜕𝐾(𝑥, 𝑦)/𝜕𝑦𝑝,
there results the convolution

𝐾(𝑥, ·)𝐾(𝜆; ·, 𝑦),
and hence this too, for every system of values of the infinitely many variables
𝑥1, 𝑥2, . . . and 𝑦1, 𝑦2, . . ., represents a regular analytic function of 𝜆 outside the
spectrum.

From these facts we infer the validity of equation (54), not only for arbitrary
systems of values of the infinitely many variables 𝑥1, 𝑥2, . . . and 𝑦1, 𝑦2, . . ., but also
for all values of 𝜆 lying outside the spectrum.

We summarize the most important of the results obtained as follows.

Theorem II. Let 𝐾(𝑥) be a bounded quadratic form in the infinitely many variables
𝑥1, 𝑥2, . . .. The resolvent 𝐾(𝜆, 𝑥) of 𝐾(𝑥) is a uniquely determined quadratic form in
these same variables,

𝐾(𝜆, 𝑥) =
∑
(𝑝,𝑞)

𝐾𝑝𝑞(𝜆)𝑥𝑝𝑥𝑞 ,

whose coefficients 𝐾𝑝𝑞(𝜆) are regular analytic functions of 𝜆 for all values of 𝜆 lying out-
side the spectrum of 𝐾.

When 𝜆 denotes a value lying outside the spectrum of 𝐾, the resolvent 𝐾(𝜆, 𝑥) is
a bounded form; for any system of values of the infinitely many variables 𝑥1, 𝑥2, . . ., it
represents an analytic function of 𝜆.

For arbitrary values of the infinitely many variables 𝑥1, 𝑥2, . . . and for sufficiently
small values of 𝜆, the resolvent 𝐾(𝜆, 𝑥) admits the power-series expansion

𝐾(𝜆, 𝑥) = (𝑥, 𝑥) + 𝜆𝐾(𝑥) + 𝜆2𝐾𝐾(𝑥) + · · · , (59)

and, likewise for arbitrary values of the infinitely many variables and for all values of 𝜆
lying outside the spectrum of 𝐾, the partial-fraction representation

𝐾(𝜆, 𝑥) =
∑
(𝑝,∞)

𝐸𝑝
1 − 𝜆/𝜆𝑝 +

∫
(𝑠)

𝑑𝜎(𝜇)
1 − 𝜆/𝜇 . (60)
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Here the sum is to be extended over the entire point spectrum of 𝐾, i.e. over all eigenval-
ues, possibly including the eigenvalue ∞; 𝐸𝑝 denotes in general the quadratic eigenform
belonging to 𝜆𝑝. It is a bounded form which is nonnegative for every system of values of
the variables 𝑥1, 𝑥2, . . .. The integral is to be extended over the interval spectrum of 𝐾.
The spectral form 𝜎(𝜆) is a bounded form in the infinitely many variables 𝑥1, 𝑥2, . . .; for
each system of their values it represents, as a function of 𝜆, a function which is continu-
ous and, within the interval spectrum 𝑠, increases with 𝜆—apart from special values of
𝑥1, 𝑥2, . . .—but remains constant in every interval lying outside 𝑠.

In particular, the equations

(𝑥, 𝑥) =
∑
(𝑝,∞)

𝐸𝑝 +
∫
(𝑠)
𝑑𝜎(𝜆), (61)

𝐾(𝑥) =
∑
(𝑝)

𝐸𝑝
𝜆𝑝

+
∫
(𝑠)
𝑑𝜎(𝜇)
𝜇

(62)

hold. The resolvent 𝐾(𝜆, 𝑥) is connected with 𝐾(𝑥) by the relation

𝐾(𝜆; 𝑥, 𝑦) − 𝜆𝐾(𝑥, ·)𝐾(𝜆; ·, 𝑦) = (𝑥, 𝑦), (63)

which is valid for all values of 𝜆 lying outside the spectrum of 𝐾.

Put
𝐾(𝜆; 𝑥, 𝑦) = 𝛼1𝑥1 + 𝛼2𝑥2 + · · · ,

where 𝛼1, 𝛼2, . . . are certain linear functions of 𝑦1, 𝑦2, . . . with convergent sum of
squares. Then, by equating the coefficients of 𝑥𝑝 in (63), we obtain

𝛼𝑝 − 𝜆
∑
(𝑞)

𝑘𝑝𝑞𝛼𝑞 = 𝑦𝑝 , (𝑝 = 1, 2, . . .).

Thus 𝛼1, 𝛼2, . . . solve these infinitely many inhomogeneous equations arising
from the quadratic form (𝑥, 𝑥) − 𝜆𝐾(𝑥) (where 𝜆 lies outside the spectrum),
whenever 𝑦1, 𝑦2, . . . are any quantities with convergent sum of squares; they are
the unique solution with convergent sum of squares.

We shall now investigate the behavior of the resolvent 𝐾(𝜆, 𝑥) for a value of 𝜆
lying within the spectrum of 𝐾.

For this purpose put
𝜆 = 𝜈 + 𝑖𝜈′,



34
where 𝜈, 𝜈′ are real numbers, and ask whether the product

(𝜈 − 𝜆)

∑
(𝑝)

𝐸𝑝
𝜆𝑝 − 𝜆

+
∫
(𝑠)
𝑑𝜎(𝜇)
𝜇 − 𝜆


tends to a limit as 𝜈′ → 0.

First let 𝜈 be a condensation point of the eigenvalues of 𝐾(𝑥), but not equal to
an eigenvalue of 𝐾(𝑥). Put∑

(𝑝)
𝐸𝑝 = 𝐸1 + · · · + 𝐸𝑚 + 𝑅𝑚 ,

and denote by 𝜈𝑚 that one among the eigenvalues 𝜆1, . . . ,𝜆𝑚 which lies nearest
to 𝜈. Choose 𝑚 so large that

𝜈′ ≤ (𝜈 − 𝜈𝑚)2
still holds. Then

for 𝑝 ≤ 𝑚,

���� 𝜈 − 𝜆
𝜆𝑝 − 𝜆

���� ≤ ���� 𝜈′
𝜆𝑝 − 𝜈

���� ≤ 𝜈′
|𝜈𝑚 − 𝜈| ≤

√
𝜈′,

and, for 𝑝 ≥ 𝑚, certainly ���� 𝜈 − 𝜆
𝜆𝑝 − 𝜆

���� ≤ 1;

hence also ������(𝜈 − 𝜆)
∑
(𝑝)

𝐸𝑝
𝜆𝑝 − 𝜆

������ ≤ √
𝜈′(𝐸1 + · · · + 𝐸𝑚) + 𝑅𝑚 ≤ √

𝜈′ + 𝑅𝑚 .

Since, as 𝜈′ → 0, 𝑚 necessarily grows beyond every bound and hence 𝑅𝑚 tends
to zero, it follows that

L
𝜈′=0

(𝜈 − 𝜆)
∑
(𝑝)

𝐸𝑝
𝜆𝑝 − 𝜆

 = 0. (64)

The last limit equation certainly also holds if 𝜈 is neither a condensation point of
the eigenvalues of 𝐾(𝑥) nor itself equal to an eigenvalue.

From these facts we infer, on the other hand, that if 𝜈 equals the eigenvalue 𝜆𝑝,
then necessarily

L
𝜈′=0

(𝜆𝑝 − 𝜆)
∑
(𝑝)

𝐸𝑝
𝜆𝑝 − 𝜆

 = 𝐸𝑝 . (65)
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Now let 𝜈 be a point of the interval spectrum 𝑠, and let 𝜇′ be a real number

greater than 𝜈. If we put
𝜈′ = (𝜈 − 𝜇′)2,

then, by a similar estimate of the integral extending up to 𝜇′, we obtain

L
𝜈′=0

{
(𝜈 − 𝜆)

∫ 𝜎(+∞)

𝜎(𝜈)
𝑑𝜎(𝜇)
𝜇 − 𝜆

}
= 0. (66)

Likewise,

L
𝜈′=0

{
(𝜈 − 𝜆)

∫ 𝜎(𝜈)

𝜎(−∞)
𝑑𝜎(𝜇)
𝜇 − 𝜆

}
= 0. (67)

Since

𝐾(𝜆, 𝑥) = (𝑥, 𝑥) + 𝜆


∑
(𝑝,∞)

𝐸𝑝
𝜆𝑝 − 𝜆

+
∫
(𝑠)
𝑑𝜎(𝜇)
𝜇 − 𝜆

 ,
it follows from (64), (65), (66), and (67) that

L
𝜈′=0

(𝜈 − 𝜆)𝐾(𝜆, 𝑥) =
{

0, if 𝜈 is none of the eigenvalues of 𝐾(𝑥),
𝜆𝑝𝐸𝑝 , if 𝜈 equals the eigenvalue 𝜆𝑝 .

(68)

As a supplement to this, if
𝜆 = 𝑖𝜈′,

we have the limit equation

L
𝜈′=∞

𝐾(𝜆, 𝑥) =
{

0, if 𝜆 = ∞ is not an eigenvalue,
𝐸∞, if it must be counted as one.

(69)

To see this, the analogous considerations to those above suffice: in examining the
sum, choose 𝑚 so large that 𝜈′ > 𝜈2

𝑚 still holds, where 𝜈𝑚 denotes the eigenvalue
of greatest absolute value among 𝜆1, . . . ,𝜆𝑚, and in examining the integral put
𝜈′ = 𝜇′2.

If 𝜇 denotes any value lying outside the spectrum of 𝐾, then convolution of
(63) with 𝐾(𝜇; 𝑥, 𝑦) gives

𝜆𝐾(·, ·)𝐾(𝜆; ·, 𝑥)𝐾(𝜇; ·, 𝑦)
= 𝐾(𝜆; ·, 𝑥)𝐾(𝜇; ·, 𝑦) − 𝐾(𝜇; 𝑥, 𝑦).
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From this formula and the one obtained from it by simultaneously interchanging
𝜆; 𝑥1, 𝑥2, . . . with 𝜇; 𝑦1, 𝑦2, . . ., we find

(𝜆 − 𝜇)𝐾(𝜆; 𝑥, ·)𝐾(𝜇; 𝑦, ·) = 𝜆𝐾(𝜆; 𝑥, 𝑦) − 𝜇𝐾(𝜇; 𝑥, 𝑦). (70)

Now recall that the convolution

𝐾(𝜆; 𝑥, ·)𝐾(𝜇; 𝑦, ·)
means the expression obtained when, in 𝐾(𝜆; 𝑥, 𝑦), we substitute for the variables
𝑦1, 𝑦2, . . ., respectively, the values

𝜕𝐾(𝜇; 𝑥, 𝑦)
𝜕𝑦1

,
𝜕𝐾(𝜇; 𝑥, 𝑦)

𝜕𝑦2
, . . . .

It follows from (68) that, with 𝜇 held fixed and for 𝜆 = 𝜆𝑝 + 𝑖𝜈′, the limit equation

L
𝜈′=0

(𝜆𝑝 − 𝜆)𝐾(𝜆; 𝑥, ·)𝐾(𝜇; 𝑦, ·) = 𝜆𝑝𝐸𝑝(𝑥, ·)𝐾(𝜇; 𝑦, ·) (71)

must hold. On the other hand, again in view of (68), in the same sense

L
𝜈′=0

(𝜆𝑝 − 𝜆){𝜆𝐾(𝜆; 𝑥, 𝑦) − 𝜇𝐾(𝜇; 𝑥, 𝑦)} = 𝜆2
𝑝𝐸𝑝(𝑥, 𝑦). (72)

It therefore follows from (71), (72), and (70), writing 𝜆 in place of 𝜇, that

𝐸𝑝(𝑥, ·)𝐾(𝜆; 𝑦, ·) = 𝜆𝑝

𝜆𝑝 − 𝜆
𝐸𝑝(𝑥, 𝑦). (73)

If in this equation we again put 𝜆 = 𝜆𝑝 + 𝑖𝜈′, then multiplication by 𝜆𝑝 − 𝜆 and
application of (68) give

𝐸𝑝(𝑥, ·)𝐸𝑝(·, 𝑦) = 𝐸𝑝(𝑥, 𝑦). (74)

If, however, in (73) we first replace 𝑝 by an index 𝑞 different from 𝑝 and then
proceed in the same way, we obtain

𝐸𝑝(𝑥, ·)𝐸𝑞(·, 𝑦) = 0, (𝑝 ≠ 𝑞). (75)

Using (69), we see in the same way that (74) and (75) are also valid when the
eigenform 𝐸∞ that may belong to 𝜆 = ∞ is put in place of 𝐸𝑝.

If the value of 𝐾(𝜆; 𝑥, 𝑦) from (60) is substituted in (73), then (74) and (75) show
that, identically in 𝜆,

𝐸𝑝(𝑥, ·)
∫
(𝑠)
𝑑𝜎(𝜇; ·, 𝑦)
1 − 𝜆/𝜇 = 0; (76)
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the same equation also holds, when applicable, for the eigenform 𝐸∞.

In the discussion that follows, by an elementary form we understand in general a
bounded quadratic form 𝐸 whose point spectrum in the finite plane consists only
of the single point 1 and which has no interval spectrum. Applying representation
(62) to the elementary form 𝐸, we find that 𝐸 itself is the eigenform belonging to
the eigenvalue 1, and hence, by (74), it must satisfy

𝐸(𝑥, ·)𝐸(·, 𝑦) = 𝐸(𝑥, 𝑦). (77)

Conversely, if a bounded quadratic form 𝐸 satisfies relation (77), then application
of formula (59) gives for its resolvent the expression

(𝑥, 𝑥) + 𝜆𝐸 + 𝜆2𝐸 + · · · = (𝑥, 𝑥) − 𝐸 + 𝐸
1 − 𝜆

.

From this, in view of (68) and (69), we see that 𝐸 has only the one finite eigenvalue
1; it follows further that there is no interval spectrum. Thus 𝐸 is an elementary
form.

Let
𝐿1(𝑥) = 𝑙11𝑥1 + 𝑙12𝑥2 + · · · ,
𝐿2(𝑥) = 𝑙21𝑥1 + 𝑙22𝑥2 + · · · ,

...

be any finite or infinite number of linear forms whose coefficients satisfy

𝐿𝑝(·)𝐿𝑝(·) =
∑
(𝑟)
𝑙 2
𝑝𝑟 = 1, 𝐿𝑝(·)𝐿𝑞(·) =

∑
(𝑟)
𝑙𝑝𝑟 𝑙𝑞𝑟 = 0.

Such a system of forms shall be called a system of orthogonal linear forms, or briefly
an orthogonal system.

The close connection between the concept just defined and that of an elemen-
tary form is exhibited by the following theorem.

Theorem. Every elementary form can be represented as a sum of squares of the linear
forms of an orthogonal system; conversely, the sum of the squares of the linear forms of an
orthogonal system always represents an elementary form.

Proof. For the first assertion, observe that the elementary form 𝐸, since it is itself
its eigenform, is necessarily nonnegative. Thus, if the variable 𝑥1 occurs at all in
𝐸, then the coefficient of 𝑥2

1 in 𝐸—denote it by 𝑒11—is certainly positive. Put

𝐿1(𝑥) = 1√
𝑒11

𝜕𝐸(𝑥, 𝑦)
𝜕𝑦1

.
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Then (77) gives

𝐿1(·)𝐸(𝑥, ·) = 𝐿1(𝑥), 𝐿1(·)𝐿1(·) = 1.

Consequently, if we form
𝐸1(𝑥) = 𝐸(𝑥) − 𝐿2

1(𝑥), (78)

we obtain
𝐿1(·)𝐸1(𝑥, ·) = 0,

𝐸1(𝑥, ·)𝐸1(·, 𝑦) = 𝐸1(𝑥, 𝑦). (79)

Thus 𝐸1 is likewise an elementary form. Since, as such, 𝐸1 is a nonnegative form,
and since by (78) the coefficient of 𝑥2

1 in 𝐸1 has the value zero, the variable 𝑥1 does
not occur at all in 𝐸1.

Applying the same procedure to 𝐸1 instead of 𝐸, we arrive at a linear form 𝐿2
and at the elementary form

𝐸2(𝑥) = 𝐸1(𝑥) − 𝐿2
2(𝑥) = 𝐸(𝑥) − 𝐿2

1(𝑥) − 𝐿2
2(𝑥),

which does not contain the variables 𝑥1, 𝑥2; at the same time, (79) gives

𝐿1(·)𝐿2(·) = 0.

Finally, the expression
𝐸(𝑥) − 𝐿2

1(𝑥) − 𝐿2
2(𝑥) − · · ·

is a bounded nonnegative form which contains none of the variables 𝑥1, 𝑥2, . . .
and is therefore identically zero; i.e.

𝐸(𝑥) = 𝐿2
1(𝑥) + 𝐿2

2(𝑥) + · · · .
To prove the converse assertion of the theorem, first form, from the first 𝑚

linear forms 𝐿1, . . . , 𝐿𝑚 of the given orthogonal system, the expression linear in
𝑥1, 𝑥2, . . .

𝑀(𝑥) = (𝑥, 𝑦) − 𝐿1(𝑥)𝐿1(𝑦) − · · · − 𝐿𝑚(𝑥)𝐿𝑚(𝑦).
Since the sum of the squares of the coefficients of 𝑀(𝑥) is

𝑀(·)𝑀(·) = (𝑦, 𝑦) − 𝐿2
1(𝑦) − · · · − 𝐿2

𝑚(𝑦),
the right-hand side here is nonnegative. Consequently, the finite, or infinitely
continued, series of forms

𝐿2
1(𝑦) + 𝐿2

2(𝑦) + · · ·
also represents a bounded quadratic form; and from the orthogonality properties
of the linear forms 𝐿1, 𝐿2, . . . it then follows that this form satisfies relation (77).

□
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The elementary form (𝑥, 𝑥), and only this one, also does not have 𝜆 = ∞ as an

eigenvalue.
We now apply the preceding results to the eigenforms of the quadratic form

𝐾(𝑥). If we regard all the eigenforms 𝐸𝑝, or 𝐸𝑝 , 𝐸∞, of 𝐾(𝑥), which are elemen-
tary forms by (74), as represented by sums of squares of orthogonal linear forms
𝑥′1, 𝑥

′
2, . . ., we arrive in the following way at an orthogonal substitution of the vari-

ables 𝑥1, 𝑥2, . . ..
First form

(𝑥, 𝑥) − 𝑥′1 2 − 𝑥′2 2 − · · · ;

it satisfies relation (77) and is therefore an elementary form in the variables
𝑥1, 𝑥2, . . .. If we put it in the form

𝜉2
1 + 𝜉2

2 + · · · ,
where 𝜉1, 𝜉2, . . . likewise denote an orthogonal system of linear forms which are
also orthogonal to 𝑥′1, 𝑥

′
2, . . ., then

(𝑥, 𝑥) = 𝑥′1
2 + 𝑥′2 2 + · · · + 𝜉2

1 + 𝜉2
2 + · · · ,

and hence the linear forms 𝑥′1, 𝑥
′
2, . . . , 𝜉1, 𝜉2, . . ., taken together, define an orthog-

onal substitution of the variables 𝑥1, 𝑥2, . . ..
Since equation (76) certainly holds for all values of 𝜆 in a sufficiently small

neighborhood of 𝜆 = 0, and since every continuous function 𝑤(𝜇) on the interval
𝑠, which does not contain 0, can be uniformly approximated by linear aggregates
of the functions4

1
1 − 𝜆/𝜇 ,

we conclude that, for every continuous function 𝑤(𝜇),

𝐸𝑝(𝑥, ·)
∫
(𝑠)
𝑤(𝜇) 𝑑𝜎(𝜇; ·, 𝑦) = 0,

and consequently, for every 𝜇,

𝐸𝑝(𝑥, ·)𝜎(𝜇; ·, 𝑦) = 0. (80)

If in this equation we imagine the variables 𝑥′1, 𝑥
′
2, . . . , 𝜉1, 𝜉2, . . . introduced in

place of 𝑥1, 𝑥2, . . ., then (80), in view of the covariance of convolution under or-
thogonal transformation and the nonnegative character of 𝜎(𝜇; 𝑥), shows that the

4Translator’s note: The original edition prints 1−𝜆/𝜇 at this point; equation (76) and the ensuing
approximation argument require the reciprocal shown here.
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spectral form so transformed is free of the variables 𝑥′1, 𝑥

′
2, . . .; we denote it by

𝜉(𝜇; 𝜉). Formula (60) then takes the form

𝐾(𝜆, 𝑥) =
∑

(𝑘=1,2,...)

𝑥′𝑘
2

1 − 𝑘𝑘𝜆 +
∫
(𝑠)
𝑑𝜉(𝜇; 𝜉)
1 − 𝜆/𝜇 , (81)

where 𝑘1, 𝑘2, . . . denote the corresponding reciprocal eigenvalues, after they have
been arranged in a simply infinite sequence.

To find the characteristic properties of the spectral form 𝜉(𝜇; 𝜉), we substitute
in (70) the expression (81) just found for the resolvent. We obtain

(𝜆 − 𝜇)
∫
(𝑠)
𝑑𝜉(𝜌; 𝜉, ·)
1 − 𝜆/𝜌

∫
(𝑠)
𝑑𝜉(𝜌;𝜂, ·)
1 − 𝜇/𝜌

= 𝜆

∫
(𝑠)
𝑑𝜉(𝜌; 𝜉, 𝜂)
1 − 𝜆/𝜌 − 𝜇

∫
(𝑠)
𝑑𝜉(𝜌; 𝜉, 𝜂)
1 − 𝜇/𝜌 .

In view of the identity

𝜆

1 − 𝜆/𝜌 − 𝜇

1 − 𝜇/𝜌
𝜆 − 𝜇

=
1

1 − 𝜆/𝜌
1

1 − 𝜇/𝜌 ,

it follows that ∫
(𝑠)
𝑑𝜉(𝜌; 𝜉, ·)
1 − 𝜆/𝜌

∫
(𝑠)
𝑑𝜉(𝜌;𝜂, ·)
1 − 𝜇/𝜌

=
∫
(𝑠)

1
1 − 𝜆/𝜌

1
1 − 𝜇/𝜌 𝑑𝜉(𝜌; 𝜉, 𝜂).

Since this equation is to hold for all values of 𝜆, 𝜇, we conclude, as above, that for
arbitrary continuous functions 𝑢(𝜌), 𝑣(𝜌),∫

(𝑠)
𝑢(𝜌) 𝑑𝜉(𝜌; 𝜉, ·)

∫
(𝑠)
𝑣(𝜌) 𝑑𝜉(𝜌;𝜂, ·)

=
∫
(𝑠)
𝑢(𝜌)𝑣(𝜌) 𝑑𝜉(𝜌; 𝜉, 𝜂).

For 𝑢(𝜌) = 𝑣(𝜌) and 𝜉 = 𝜂, this relation takes the form∫
(𝑠)
(
𝑢(𝜌))2 𝑑𝜉(𝜌; 𝜉) =

∫
(𝑠)
𝑢(𝜌) 𝑑𝜉(𝜌; 𝜉, ·)

∫
(𝑠)
𝑢(𝜌) 𝑑𝜉(𝜌; 𝜉, ·).
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Furthermore, (81) with 𝜆 = 0 gives

(𝜉, 𝜉) =
∫
(𝑠)
𝑑𝜉(𝜇; 𝜉).

Conversely, the preceding relations, and hence ultimately (70), can be inferred
from the penultimate relation, while (63) can then be inferred from (70) with the
aid of the last equation. Thus we see that the two conditions just found are also
sufficient to characterize the spectral form 𝜉. From (68), (69), and (74) follows the
unique determination of𝜆𝑝 , 𝐸𝑝; and, on the other hand, we conclude that the spec-
tral form is also uniquely determined by the above relations characteristic of it and
by the requirement that 𝐾 admit representation (62). For the mode of reasoning
just indicated, starting from the properties of the spectral form, shows that the
resolvent is represented by (60), and hence, because of its unique determination,
that ∫

(𝑠)
𝑑𝜎(𝜇)

1 − 𝜆/𝜇
is uniquely determined for every 𝜆, and therefore so is the spectral form itself.

We summarize the results obtained as follows.

Theorem III. Every bounded quadratic form 𝐾 in infinitely many variables can always,
and in only one way, be brought by an orthogonal substitution into the form

𝐾 = 𝑘1𝑥2
1 + 𝑘2𝑥2

2 + · · · +
∫
(𝑠)
𝑑𝜎(𝜇; 𝜉)

𝜇
,

where 𝑘1, 𝑘2, . . . denote certain quantities lying in absolute value below a finite bound (the
reciprocal eigenvalues), and the spectral form 𝜎(𝜇; 𝜉) satisfies the relations sufficient for
its characterization∫

(𝑠)
(
𝑢(𝜇))2 𝑑𝜎(𝜇; 𝜉) =

∫
(𝑠)
𝑢(𝜇) 𝑑𝜎(𝜇; 𝜉, ·)

∫
(𝑠)
𝑢(𝜇) 𝑑𝜎(𝜇; 𝜉, ·),

(𝜉, 𝜉) =
∫
(𝑠)
𝑑𝜎(𝜇; 𝜉),

(82)

identically for all continuous functions 𝑢(𝜇).
Put 𝜆 = 𝜆𝑝 + 𝑖𝜈′ in (63). After multiplication by 𝜆𝑝 − 𝜆 and taking the limit

𝜈′ → 0, it follows from (68) that

𝐸𝑝(𝑥, 𝑦) − 𝜆𝑝𝐾(𝑥, ·)𝐸𝑝(·, 𝑦) = 0.
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If we represent 𝐸𝑝 as a sum of squares of an orthogonal system,

𝐸𝑝 =
∑
(ℎ)

(
𝐿𝑝ℎ(𝑥)

)2,

then convolution with 𝐿𝑝ℎ(𝑦) gives

𝐿𝑝ℎ(𝑥) − 𝜆𝑝𝐾(𝑥, ·)𝐿𝑝ℎ(·) = 0.

Thus the equation
𝜆𝐿(·)𝐾(𝑥, ·) = 𝐿(𝑥)

can certainly be satisfied identically in 𝑥1, 𝑥2, . . . by a bounded linear form 𝐿when-
ever 𝜆 is one of the eigenvalues of 𝐾. Likewise, it follows from (69) that

𝐿(·)𝐾(𝑥, ·) = 0

can certainly be satisfied when 𝜆 = ∞ is an eigenvalue.
We can now also establish conversely that the preceding equation is solvable

by a bounded linear form only in this case. In view of Theorem III, it is necessary
only to prove that, if 𝐿 is a bounded linear form in the variables 𝜉1, 𝜉2, . . ., the
relation

𝜆𝐿(·)
∫
(𝑠)
𝑑𝜎(𝜇; 𝜉, ·)

𝜇
= 𝐿(𝜉)

cannot hold for any value of 𝜆. Denote the coefficients of 𝐿 by 𝑙; the latter relation
then takes the form

𝜆

∫
(𝑠)
𝑑𝜎(𝜇; 𝜉, 𝑙)

𝜇
= (𝜉, 𝑙).

From this we subtract the relation∫
(𝑠)
𝑑𝜎(𝜇; 𝜉, 𝑙) = (𝜉, 𝑙)

and obtain ∫
(𝑠)

(
1 − 𝜆

𝜇

)
𝑑𝜎(𝜇; 𝜉, 𝑙) = 0,

which would likewise be satisfied identically in 𝜉1, 𝜉2, . . .. Taking

𝑢(𝜇) = 1 − 𝜆
𝜇
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in (82), we infer that ∫

(𝑠)

(
1 − 𝜆

𝜇

)2

𝑑𝜎(𝜇; 𝑙) = 0.

In view of ∫
(𝑠)
𝑑𝜎(𝜇; 𝑙) = (𝑙 , 𝑙),

and because 𝜎 never decreases, this is possible only when (𝑙 , 𝑙) = 0. We thus
obtain the following fact.

Theorem IV. If 𝐾 is any bounded quadratic form, then the relation

𝜆𝐿(·)𝐾(𝑥, ·) = 𝐿(𝑥)
is solvable by a bounded linear form 𝐿 if and only if 𝜆 is an eigenvalue of 𝐾.

In particular, the equation

𝐿(·)𝐾(𝑥, ·) = 0

is solvable if and only if 𝜆 = ∞ is an eigenvalue of 𝐾. If 𝜆 = ∞ is not an eigen-
value, and this equation is therefore not solvable, the quadratic form shall be
called closed.

In the remainder of this Section XI we shall concern ourselves in greater detail
with two particular cases of Theorem III.

We call a function 𝐹(𝑥1, 𝑥2, . . .) of infinitely many variables 𝑥1, 𝑥2, . . . completely
continuous at a fixed system of their values if the values of 𝐹(𝑥1 + 𝜀1, 𝑥2 + 𝜀2, . . .)
converge to 𝐹(𝑥1, 𝑥2, . . .) whenever each 𝜀𝑗 tends to zero, independently of how
this happens; that is, if

L
𝜀1=0, 𝜀2=0,...

𝐹(𝑥1 + 𝜀1, 𝑥2 + 𝜀2, . . .) = 𝐹(𝑥1, 𝑥2, . . .)

for every sequence of systems 𝜀(ℎ)1 , 𝜀(ℎ)2 , . . . whose individual coordinates tend to
zero, so that

L
ℎ=∞

𝜀(ℎ)1 = 0, L
ℎ=∞

𝜀(ℎ)2 = 0, . . . .

If a function is completely continuous for every system of values of the variables,
it shall simply be called completely continuous. The following conclusions attach
immediately to the concept of complete continuity.

If a completely continuous function 𝐹 has the property of remaining in abso-
lute value below a finite quantity for all values of the variables, then 𝐹 possesses
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a maximum, as can readily be proved by applying the familiar procedure for a fi-
nite number of variables. If, furthermore, 𝐿1(𝑥), . . . , 𝐿𝑚(𝑥) denote 𝑚 further com-
pletely continuous functions of the variables 𝑥1, 𝑥2, . . ., and only those systems of
values of these variables are admitted which satisfy

𝐿1(𝑥) = 0, . . . , 𝐿𝑚(𝑥) = 0,

then 𝐹 possesses a relative maximum; here the variables are always subject to the
inequality

(𝑥, 𝑥) ≤ 1.

A bounded linear form in the variables 𝑥1, 𝑥2, . . . is, as is seen at once, also
completely continuous in these variables. From this we readily conclude that a
completely continuous function of the variables 𝑥1, 𝑥2, . . . is again a completely
continuous function of the new variables after an orthogonal transformation.

If a bounded quadratic form 𝐾 is completely continuous, it is evident that its
eigenvalues do not accumulate in the finite plane; at the same time it can be shown
that an interval spectrum cannot be present at all. From Theorem III we therefore
obtain the following result.

Theorem V. If a bounded form 𝐾 is completely continuous, it can always be brought by
an orthogonal substitution into the form

𝐾(𝑥) = 𝑘1𝑥2
1 + 𝑘2𝑥2

2 + · · · ; (83)

the quantities 𝑘1, 𝑘2, . . . are the reciprocal eigenvalues of 𝐾 and, if infinitely many of them
occur, have zero as their only condensation point.

Because of the many and important applications of this theorem, I give here a
very simple proof of it which is independent of the preceding theory.

Proof. First suppose that 𝐾 is a positive definite form. Let

𝑥1 = 𝑙11, 𝑥2 = 𝑙12, . . .

be values of the variables for which 𝐾(𝑥) attains the maximum 𝑘1. Clearly the sum
of the squares of these values must equal 1, since otherwise we could increase the
value of the form without violating the condition (𝑥, 𝑥) ≤ 1.

Put
𝐿1(𝑥) = 𝑙11𝑥1 + 𝑙12𝑥2 + · · ·
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and, now imposing on the variables the condition

𝐿1(𝑥) = 0,

determine the relative maximum 𝑘2 of 𝐾(𝑥). Let it be attained for the values

𝑥1 = 𝑙21, 𝑥2 = 𝑙22, . . . ,

whose sum of squares must again equal 1. Further put

𝐿2(𝑥) = 𝑙21𝑥1 + 𝑙22𝑥2 + · · ·
and, imposing on the variables the conditions

𝐿1(𝑥) = 0, 𝐿2(𝑥) = 0,

determine the relative maximum 𝑘3 of 𝐾(𝑥). Let it be attained for

𝑥1 = 𝑙31, 𝑥2 = 𝑙32, . . . .

We then put
𝐿3(𝑥) = 𝑙31𝑥1 + 𝑙32𝑥2 + · · · .

Continuing this procedure, we obtain a system of linear forms 𝐿1, 𝐿2, 𝐿3, . . . with
the orthogonality properties

𝐿𝑝(·)𝐿𝑝(·) = 1, 𝐿𝑝(·)𝐿𝑞(·) = 0 (𝑝 ≠ 𝑞).
On the basis of the earlier considerations (p. 196), complete these linear forms

by a system of linear forms
𝑀1(𝑥), 𝑀2(𝑥), . . .

such that
𝑥′1 = 𝐿1(𝑥),
𝑥′2 = 𝐿2(𝑥),
...

𝑦1 = 𝑀1(𝑥),
𝑦2 = 𝑀2(𝑥),
...

form an orthogonal substitution of the variables 𝑥1, 𝑥2, . . .. Denote the form 𝐾(𝑥)
transformed by this orthogonal substitution by 𝐾(𝑥′𝑦). The coefficient of 𝑥′1

2 in
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𝐾(𝑥′𝑦) must plainly equal 𝑘1. On the other hand, no further terms containing 𝑥′1
may occur in 𝐾(𝑥′𝑦), since the difference

𝐾(𝑥′𝑦) − 𝑘1
(
𝑥′1

2 + 𝑥′2 2 + · · · + 𝑦2
1 + 𝑦2

2 + · · · )
= 𝐾(𝑥) − 𝑘1(𝑥, 𝑥)

is to be negative or zero for all values of the variables 𝑥′1, 𝑥
′
2, . . . , 𝑦1, 𝑦2, . . .. Since

the same considerations apply to 𝑥′2, 𝑥
′
3, . . ., we have

𝐾(𝑥′𝑦) = 𝑘1𝑥′1
2 + 𝑘2𝑥′2

2 + · · · + 𝑅(𝑦),
where 𝑅(𝑦) denotes a quadratic form containing only the variables 𝑦1, 𝑦2, . . ..

Since 𝐾 is completely continuous, the same is true of the form

𝐾(𝑥′0) = 𝑘1𝑥′1
2 + 𝑘2𝑥′2

2 + · · · ;

hence, if infinitely many of the quantities 𝑘1, 𝑘2, . . . occur, they must converge to
zero. For otherwise there would be a sequence of values of 𝐾(𝑥′0) converging
to a value different from zero, while each of the arguments 𝑥′1, 𝑥

′
2, . . . separately

converged to zero.
Suppose now that there were a system of values 𝑦1 = 𝑚1, 𝑦2 = 𝑚2, . . . for

which 𝑅(𝑚) > 0. We could then choose 𝑞 so that 𝑅(𝑚) > 𝑘𝑞 . For

𝑥′1 = 0, 𝑥′2 = 0, . . . , 𝑦1 = 𝑚1, 𝑦2 = 𝑚2, . . . ,

we would also have 𝐾 > 𝑘𝑞. The equations

𝐿1(𝑥) = 0, 𝐿2(𝑥) = 0, . . . , 𝑀1(𝑥) = 𝑚1, 𝑀2(𝑥) = 𝑚2, . . .

would therefore determine a system of values of the variables 𝑥1, 𝑥2, . . . for which,
in particular, the conditions

𝐿1(𝑥) = 0, . . . , 𝐿𝑞−1(𝑥) = 0

are satisfied and at the same time 𝐾 > 𝑘𝑞 . This contradicts the manner in which
𝑘𝑞 was determined; hence 𝑅(𝑦) cannot assume positive values.

Since
𝐾(0𝑦) = 𝑅(𝑦),

𝑅(𝑦) certainly cannot assume negative values either, and consequently 𝑅(𝑦) is
identically zero; i.e.

𝐾(𝑥) = 𝑘1𝐿2
1(𝑥) + 𝑘2𝐿2

2(𝑥) + · · · .
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If 𝐾(𝑥) is not assumed to be a definite form, the same reasoning leads to the

representation
𝐾(𝑥) = 𝑘1𝐿2

1(𝑥) + 𝑘2𝐿2
2(𝑥) + · · · + 𝑅(𝑦),

where 𝑅(𝑦) cannot assume positive values. Since −𝑅(𝑦), as a positive definite
form, admits a representation of the same kind, we finally obtain for 𝐾 also a
representation by squares of orthogonal linear forms, and the proof of Theorem
V is thereby complete. □

A sufficient criterion for the complete continuity of a form is provided by the
following theorem.

Theorem VI. If, for a quadratic form 𝐾, one of the sums

𝑠2 =
∑
(𝑝,𝑞)

𝑘𝑝𝑞𝑘𝑞𝑝 =
∑
(𝑝,𝑞)

𝑘 2
𝑝𝑞 ,

𝑠4 =
∑

(𝑝,𝑞,𝑟,𝑠)
𝑘𝑝𝑞𝑘𝑞𝑟𝑘𝑟𝑠𝑘𝑠𝑝 ,

...

remains finite, or if, for a definite quadratic form 𝐾, one of the sums

𝑠1 =
∑
(𝑝)

𝑘𝑝𝑝 ,

𝑠3 =
∑
(𝑝,𝑞,𝑟)

𝑘𝑝𝑞𝑘𝑞𝑟𝑘𝑟𝑝 ,

...

remains finite, then 𝐾 is a bounded, completely continuous form.

Proof. Indeed, if 𝐾 is a quadratic form whose coefficients have a finite sum of
squares, then, because����𝑥1

𝜕𝐾(𝑥, 𝑦)
𝜕𝑦1

+ 𝑥2
𝜕𝐾(𝑥, 𝑦)

𝜕𝑦2
+ · · ·

����2 ≤
(
𝜕𝐾(𝑥, 𝑦)

𝜕𝑦1

)2

+
(
𝜕𝐾(𝑥, 𝑦)

𝜕𝑦2

)2

+ · · · ,(
𝜕𝐾(𝑥, 𝑦)

𝜕𝑦𝑝

)2

≤ 𝑘2
𝑝1 + 𝑘2

𝑝2 + · · · .
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we necessarily have

|𝐾(𝑥)| ≤
√∑

(𝑝,𝑞)
𝑘 2
𝑝𝑞 .

Applying this fact to the quadratic form

𝐾(𝑥) − 𝐾𝑛(𝑥) =
(𝑛)∑
(𝑝,𝑞)

𝑘𝑝𝑞𝑥𝑝𝑥𝑞 ,

where on the right (𝑝, 𝑞) runs through all pairs of integral values except those for
which both 𝑝 ≤ 𝑛 and 𝑞 ≤ 𝑛, we find

|𝐾(𝑥) − 𝐾𝑛(𝑥)| ≤
√√√√ (𝑛)∑

(𝑝,𝑞)
𝑘 2
𝑝𝑞 .

Since

L
𝑛=∞

√√√√ (𝑛)∑
(𝑝,𝑞)

𝑘 2
𝑝𝑞 = 0,

the required complete continuity of 𝐾(𝑥) follows.
If 𝐾 is a definite form, then

𝑘2
𝑝𝑞 ≤ 𝑘𝑝𝑝𝑘𝑞𝑞 ,

and hence ∑
(𝑝,𝑞)

𝑘2
𝑝𝑞 ≤ ©­«

∑
(𝑝)

𝑘𝑝𝑝
ª®¬

2

.

Thus, if
∑

(𝑝) 𝑘𝑝𝑝 remains finite for a definite form, its coefficients certainly also
have a finite sum of squares, and, by the preceding consideration, the form is
again a completely continuous function of the variables.

We now readily recognize, one after another, the following facts.
1. If a bounded quadratic form 𝐾 is not completely continuous, then it is also not
completely continuous at the particular system of values 0, 0, . . .. This assertion
follows by applying the formula

𝐾(𝑥 + 𝑎) = 𝐾(𝑥) + 2𝐾(𝑥, 𝑎) + 𝐾(𝑎),
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with a system of values chosen for 𝑎1, 𝑎2, . . . at which 𝐾 is not completely continu-
ous, taking account of the fact that 𝐾(𝑥, 𝑎), as a bounded linear form, is certainly
completely continuous.
2. If 𝐾 is a completely continuous quadratic form, then so is the form 𝐾𝐾; this
follows immediately from Theorem V.
3. If 𝐾 is completely continuous, 𝐾∗ is any quadratic form, and for all systems of
values 𝑥1, 𝑥2, . . . the inequality

|𝐾∗(𝑥)| ≤ |𝐾(𝑥)|
holds, then 𝐾∗ is also completely continuous; for from this inequality complete

continuity for the system of values 0, 0, . . . follows.
4. If 𝐾 is completely continuous and 𝐾∗ is bounded, then the convolution of 𝐾

and 𝐾∗ is completely continuous; for

|𝐾(𝑥, ·)𝐾∗(𝑥, ·)| ≤
√(
𝐾𝐾(𝑥)) (𝐾∗𝐾∗(𝑥)) ,

this convolution is certainly completely continuous at the system of values 0, 0, . . .,
since the form 𝐾𝐾 is completely continuous by 2.

5. If the convolution 𝐾𝐾 of a quadratic form 𝐾 is completely continuous, then
the form 𝐾 itself is also completely continuous; this follows likewise, by virtue of
1, from the inequality

|𝐾(𝑥)| ≤
√
𝐾𝐾(𝑥).

6. If one of the forms which have arisen by repeated convolution from the
bounded form 𝐾,

𝐾(3) = 𝐾𝐾𝐾, 𝐾(4) = 𝐾𝐾𝐾𝐾, 𝐾(5) = 𝐾𝐾𝐾𝐾𝐾, . . . .

is completely continuous, then 𝐾 is also completely continuous. For if, say, 𝐾( 𝑓 ) is
completely continuous, then, by 4, the forms 𝐾( 𝑓 +1), 𝐾( 𝑓 +2), . . . are also completely
continuous. Among these we choose a form for which the number of convolu-
tions is a power of 2, say 𝐾(2𝑔); then, by applying 5 𝑔 times, we conclude that 𝐾 is
completely continuous.

7. If the bounded quadratic form 𝐾 is definite, then the convolutions
𝐾(3), 𝐾(5), . . . are likewise definite; for example, 𝐾(3)(𝑥) arises from 𝐾(𝑥) when
𝑥𝑝 is replaced by 𝜕𝐾(𝑥, 𝑦)/𝜕𝑦𝑝. Since, in general, 𝑠 𝑓 is nothing other than the
invariant 𝐾( 𝑓 )(·, ·), namely the sum of the coefficients of 𝑥2

𝑝 in 𝐾( 𝑓 ), it follows from
6 and 7, and from the fact that the case 𝑓 = 1 has already been disposed of above,
that Theorem VI is valid in general. □



50
From Theorems V and VI we obtain the following fact:

Theorem VII. A quadratic form 𝐾 satisfying one of the assumptions made in Theorem
VI can be transformed, by an orthogonal transformation (83), into a sum of squares.

The counterpart to the case treated in Theorems V– VII is the assumption that
𝐾 has no point spectrum, but only an interval spectrum. In order to consider only
the simplest, yet typical, case, we further make the assumptions that the interval
spectrum (𝑠) consists of a finite number of intervals, that the coefficients of the
spectral form 𝜎(𝜇, 𝑥) are continuously differentiable with respect to 𝜇, and finally,
when

𝑑𝜎(𝜇, 𝑥)
𝑑𝜇

= 𝜓(𝜇, 𝑥) =
∑

𝑝,𝑞=1,2,...
𝜓𝑝𝑞(𝜇)𝑥𝑝𝑥𝑞 ,

that 𝜓11(𝜇) is nowhere zero within (𝑠) and, on putting, for brevity,

𝜓1(𝜇) = 𝜓11(𝜇)√
𝜓11(𝜇)

, 𝜓2(𝜇) = 𝜓12(𝜇)√
𝜓11(𝜇)

, . . . ,

the functions 𝜓1(𝜇),𝜓2(𝜇), . . . are linearly independent in the sense that, for an
arbitrary function 𝑢(𝜇), there is no linear relation among the integrals∫

(𝑠)
𝑢(𝜇)𝜓1(𝜇) 𝑑𝜇,

∫
(𝑠)
𝑢(𝜇)𝜓2(𝜇) 𝑑𝜇, . . . , (84)

whose coefficients are constants having a finite sum of squares.
If we insert our assumptions into relation (82), put 𝜉1 = 1, 𝜉2 = 0, 𝜉3 = 0, . . .,

and replace 𝑢(𝜇) by 𝑢(𝜇)/√𝜓11(𝜇), we obtain∫
(𝑠)
(
𝑢(𝜇))2 𝑑𝜇 =

∑
𝑝=1,2,...

{∫
(𝑠)
𝑢(𝜇)𝜓𝑝(𝜇) 𝑑𝜇

}2

. (85)

Consequently, for arbitrary functions 𝑢(𝜇) and 𝑣(𝜇),∫
(𝑠)
𝑢(𝜇)𝑣(𝜇) 𝑑𝜇 =

∞∑
𝑝=1

∫
(𝑠)
𝑢(𝜇)𝜓𝑝(𝜇) 𝑑𝜇

∫
(𝑠)
𝑣(𝜇)𝜓𝑝(𝜇) 𝑑𝜇. (86)

If we take 𝑣(𝜇) = 𝜓𝑞(𝜇) here, then∫
(𝑠)
𝑢(𝜇)𝜓𝑞(𝜇) 𝑑𝜇 =

∞∑
𝑝=1

∫
(𝑠)

𝜓𝑝(𝜇)𝜓𝑞(𝜇) 𝑑𝜇
∫
(𝑠)

𝜓𝑝(𝜇)𝑢(𝜇) 𝑑𝜇. (87)
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In view of the linear independence expressed in (84), relation (87) can hold iden-
tically for every 𝑢(𝜇) only when∫

(𝑠)
(
𝜓𝑝(𝜇)

)2 𝑑𝜇 = 1,∫
(𝑠)

𝜓𝑝(𝜇)𝜓𝑞(𝜇) 𝑑𝜇 = 0 (𝑝 ≠ 𝑞). (88)

Now, from the positive definite character of the form 𝜓(𝜇, 𝜉),(
𝜓11𝜉1 + 𝜓12𝜉2 + · · · )2 ≤ 𝜓(𝜇, 𝜉)𝜓11,

or (
𝜓1𝜉1 + 𝜓2𝜉2 + · · · )2 ≤ 𝜓(𝜇, 𝜉). (89)

On the other hand, by (88),∫
(𝑠)
(
𝜓1𝜉1 + 𝜓2𝜉2 + · · · )2 𝑑𝜇 = (𝜉, 𝜉),

and since ∫
(𝑠)

𝜓(𝜇, 𝜉) 𝑑𝜇 = (𝜉, 𝜉),

it follows that ∫
(𝑠)

{
𝜓(𝜇, 𝜉) − (

𝜓1𝜉1 + 𝜓2𝜉2 + · · · )2
}
𝑑𝜇 = 0.

But the expression under the integral sign is nowhere negative, by (89); hence

𝜓(𝜇, 𝜉) = (
𝜓1(𝜇)𝜉1 + 𝜓2(𝜇)𝜉2 + · · · )2.

Thus, under the assumptions made, the characteristic property of the spec-
tral form 𝜎(𝜇, 𝜉) consists in the fact that its derivative with respect to 𝜇 is the
square of a linear form whose coefficients satisfy the orthogonality relations (85)
and (88). Conversely, since a form of this kind satisfies all the characteristic prop-
erties of a spectral form, it is now easy to construct a quadratic form 𝐾 having
any prescribed interval spectrum (𝑠): we choose a complete orthogonal system of
functions 𝜓1(𝜇),𝜓2(𝜇), . . . satisfying the relations (85) and (88), and put

𝐾(𝜉) =
∫
(𝑠)

(
𝜓1(𝜇)𝜉1 + 𝜓2(𝜇)𝜉2 + · · · )2

𝜇
𝑑𝜇.
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The simplest example of this kind is the quadratic form

𝐾(𝑥) = 𝑥1𝑥2 + 𝑥2𝑥3 + 𝑥3𝑥4 + · · · ; (90)

it has no point spectrum, while its interval spectrum consists of the two intervals
from 𝜆 = −∞ to −1 and from +1 to +∞. Here

𝜓𝑝(𝜇) =
√

2
𝜋

cos 𝑡√
sin 𝑡

sin 𝑝𝑡,

where 𝑡, lying between 0 and 𝜋, is determined by cos 𝑡 = 1/𝜇. We then have∫
(−∞···−1)
(+1···+∞)

(
𝜓1(𝜇)𝑥1 + 𝜓2(𝜇)𝑥2 + · · · )2 𝑑𝜇 = (𝑥, 𝑥),

and

𝐾(𝑥) =
∫
(−∞···−1)
(+1···+∞)

(
𝜓1(𝜇)𝑥1 + 𝜓2(𝜇)𝑥2 + · · · )2

𝜇
𝑑𝜇.

In confirmation of Theorem IV, we note that the equations

𝑥1 − 𝜆
2
𝑥2 = 0,

𝑥2 − 𝜆
2
(𝑥1 + 𝑥3) = 0,

𝑥3 − 𝜆
2
(𝑥2 + 𝑥4) = 0,

...

have, for no value of 𝜆, solutions 𝑥1, 𝑥2, . . . with finite sum of squares.
Another example with the same interval spectrum is the quadratic form

2√
22 − 1

𝑥1𝑥2 + 4√
42 − 1

𝑥2𝑥3 + 6√
62 − 1

𝑥3𝑥4 + · · · . (91)

For this form we find

𝜓𝑝(𝜇) =
√

2𝑝 − 1
2

1
𝜇
𝑃(𝑝−1)

(
1
𝜇

)
,

where 𝑃(𝑝−1)(𝑥) denotes the Legendre polynomial of degree 𝑝 − 1. If we put

𝜒𝑝(𝜇) =
√

2𝑝 − 1
2

1
𝜇
𝑄(𝑝−1)

(
1
𝜇

)
,
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where𝑄(𝑝−1)(𝑥) denotes the associated spherical function of the second kind, then
the resolvent of the form (91) has the form

𝐾(𝜆, 𝑥) =
∑

(𝑝, 𝑞≥𝑝)
4𝜆𝜓𝑝(𝜆)𝜒𝑞(𝜆)𝑥𝑝𝑥𝑞 .

The two forms (90) and (91) can be transformed into one another by an orthogonal
substitution, as is immediately seen from their spectral forms. If we drop the as-
sumption of linear independence made above, the derivative of the spectral form
is not the square of a single linear form, but rather the sum of squares of linear
forms.

XII. Simultaneous System of Quadratic Forms,
the Hermitian Form, the Skew-Symmetric Form,
and the Bilinear Form with Infinitely Many Variables
The methods and results developed in Section XI can be extended, without any
difficulty of principle, to more general forms with infinitely many variables. We
first consider the case of a simultaneous system of two quadratic forms, one of
which has definite character, while the other is presented as an aggregate of posi-
tive and negative squares of the variables. With the aid of my method of passage
to the limit, starting from forms with a finite number of variables, we can easily
develop the corresponding theory; we single out only the following result:

Theorem VIII. Let 𝐾(𝑥) be a positive definite, completely continuous, closed quadratic
form, and let

𝑉(𝑥) = 𝑣1𝑥2
1 + 𝑣2𝑥2

2 + · · · ,
where each of the quantities 𝑣1, 𝑣2, . . . is either +1 or −1. Then there exists an infinite
sequence of quantities different from zero, 𝜘1,𝜘2, . . ., having respectively the signs of
𝑣1, 𝑣2, . . . and tending to zero. Their reciprocals are called the eigenvalues of 𝐾 relative to
𝑉 . There also exists an infinite sequence of bounded linear forms 𝐿1(𝑥), 𝐿2(𝑥), . . ., called
the corresponding eigenforms, such that the polar relations

𝐿𝑝(·)𝑉(·, ·)𝐿𝑝(·) = 𝑣𝑝 , 𝐿𝑝(·)𝑉(·, ·)𝐿𝑞(·) = 0 (𝑝 ≠ 𝑞)
hold and

𝐾(𝑥) = |𝜘1|
(
𝐿1(𝑥)

)2 + |𝜘2|
(
𝐿2(𝑥)

)2 + · · · .
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This Theorem VIII can also be proved, without passage from a finite to an

infinite number of variables, solely on the basis of Theorem V, with no new con-
vergence considerations.

Proof. For this purpose we first suppose that the given form 𝐾(𝑥) is closed. We
then bring this form 𝐾(𝑥), by Theorem V, through an orthogonal transformation
of the variables 𝑥1, 𝑥2, . . . into the form of a sum of squares; we denote the new
variables by 𝑥′1, 𝑥

′
2, . . . and find

𝐾(𝑥) = 𝑘1𝑥′1
2 + 𝑘2𝑥′2

2 + · · · ,
where 𝑘1, 𝑘2, . . . are all positive quantities converging to zero. We further denote
by 𝑉 ′(𝑥′) the quadratic form in the variables 𝑥′1, 𝑥

′
2, . . . which arises from 𝑉(𝑥)

through that orthogonal transformation, and finally by 𝑉 ′(√𝑘 𝜉) the quadratic
form in the variables 𝜉1, 𝜉2, . . . which arises from 𝑉 ′(𝑥′) when

√
𝑘1𝜉1,

√
𝑘2𝜉2, . . .

are substituted in it for 𝑥′1, 𝑥
′
2, . . ..

We can now easily show that 𝑉 ′(√𝑘 𝜉) is a completely continuous form in the
variables 𝜉1, 𝜉2, . . .. Indeed, as is readily seen, 𝑉 ′(𝑥′) can be represented as the
difference of two elementary forms 𝐸1(𝑥′) and 𝐸2(𝑥′); as such, they satisfy the
inequalities

𝐸1(𝑥′) ≤ (𝑥′, 𝑥′), 𝐸2(𝑥′) ≤ (𝑥′, 𝑥′).
Substituting

√
𝑘1𝜉1,

√
𝑘2𝜉2, . . . again for 𝑥′1, 𝑥

′
2, . . ., these inequalities become

𝐸1(
√
𝑘 𝜉) ≤ 𝑘1𝜉

2
1 + 𝑘2𝜉

2
2 + · · · ,

𝐸2(
√
𝑘 𝜉) ≤ 𝑘1𝜉

2
1 + 𝑘2𝜉

2
2 + · · · .

If these elementary forms were not completely continuous in the variables
𝜉1, 𝜉2, . . ., there would have to exist systems of values 𝛼(𝑛)

1 , 𝛼(𝑛)
2 , . . . for which

lim
𝑛=∞ 𝛼(𝑛)

1 = 0, lim
𝑛=∞ 𝛼(𝑛)

2 = 0, . . . ,

while the elementary forms, which are positive definite, would have to assume,
for

𝜉1 = 𝛼(𝑛)
1 , 𝜉2 = 𝛼(𝑛)

2 , . . . ,

values remaining above a positive quantity independent of 𝑛; but this would
contradict the foregoing inequalities, since 𝐾(𝑥) is completely continuous. Since,
accordingly, 𝐸1(

√
𝑘 𝜉) and 𝐸2(

√
𝑘 𝜉) are completely continuous in 𝜉1, 𝜉2, . . ., so too
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is 𝑉 ′(√𝑘 𝜉). The complete continuity of 𝐸1(

√
𝑘 𝜉) and 𝐸2(

√
𝑘 𝜉) in the variables

𝜉1, 𝜉2, . . . also follows directly from 4 on p. 205.
We now transform, by Theorem V, the variables 𝜉1, 𝜉2, . . . orthogonally into

the new variables 𝜉′1, 𝜉
′
2, . . . in such a way that the form 𝑉 ′(√𝑘 𝜉) assumes the

form
𝑉 ′(√𝑘 𝜉) = 𝜘1𝜉

′
1

2 + 𝜘2𝜉
′
2

2 + · · · ,
where 𝜘1,𝜘2, . . . are certain real quantities converging to zero. Let the linear
forms in 𝑥′1, 𝑥

′
2, . . . which arise from the forms 𝜉′𝑝(𝜉) when

√
𝑘1𝑥′1,

√
𝑘2𝑥′2, . . . are

substituted for 𝜉1, 𝜉2, . . . be denoted by 𝜉′𝑝(
√
𝑘 𝑥′). Since the former forms consti-

tute an orthogonal transformation, we then have

𝐾(𝑥) = (√
𝑘1𝑥′1

)2 + (√
𝑘2𝑥′2

)2 + · · ·
=
(
𝜉′1(

√
𝑘 𝑥′))2 + (

𝜉′2(
√
𝑘 𝑥′))2 + · · · ;

furthermore,

𝜉′𝑝(·)𝑉 ′(√𝑘 𝜉,√𝑘 ·)

=
𝜕𝜉′𝑝(𝜉)
𝜕𝜉1

𝜕𝑉 ′(√𝑘 𝜉,√𝑘 𝜂)
𝜕𝜂1

+ 𝜕𝜉′𝑝(𝜉)
𝜕𝜉2

𝜕𝑉 ′(√𝑘 𝜉,√𝑘 𝜂)
𝜕𝜂2

+ · · ·
= 𝜉′𝑝(

√
𝑘 ·)𝑉 ′(√𝑘 𝜉, ·),

and consequently
𝜉′𝑝(

√
𝑘 ·)𝑉 ′(√𝑘 𝜉, ·) = 𝜘𝑝𝜉

′
𝑝(𝜉).

From this formula we infer in the same way

𝜉′𝑝(
√
𝑘 ·)𝑉 ′(·, ·)𝜉′𝑞(

√
𝑘 ·) = 𝜘𝑝𝜉

′
𝑝(·)𝜉′𝑞(·).

If we now return to the variables 𝑥1, 𝑥2, . . ., and denote generally by Λ𝑝(𝑥) the
linear form in 𝑥1, 𝑥2, . . . which thereby arises from 𝜉′𝑝(

√
𝑘 𝑥′), we obtain

Λ𝑝(·)𝑉(·, ·)Λ𝑞(·) = 𝜘𝑝𝜉
′
𝑝(·)𝜉′𝑞(·),

and, by the orthogonality of the forms 𝜉′𝑝(𝜉), this is equal to 𝜘𝑝 when 𝑝 = 𝑞, and
equal to zero when 𝑝 ≠ 𝑞; on the other hand,

𝐾(𝑥) = Λ2
1(𝑥) +Λ2

2(𝑥) + · · · .
If 𝜘𝑝 = 0, then for all 𝑥1, 𝑥2, . . . we should have

Λ𝑝(·)𝑉(·, ·)𝐾(·, 𝑥) = 0,
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which would contradict the closedness of 𝐾 and of𝑉 ; consequently 𝜘1,𝜘2, . . . are
all different from zero.

We may now think of the terms 𝜘1𝜉′1
2,𝜘2𝜉′2

2, . . . in the above representation
of 𝑉 ′(√𝑘 𝜉) as arranged so that, in general, 𝜘𝑝 has the sign of 𝑣𝑝. Indeed, such an
arrangement of those terms would fail to be possible only if either the number of
negative (respectively, positive) units in the sequence 𝑣1, 𝑣2, . . . were finite and at
the same time the number of negative (respectively, positive) quantities occurring
in the sequence 𝜘1,𝜘2, . . . were greater than the former number, or if the number
of negative (respectively, positive) quantities in the sequence𝜘1,𝜘2, . . .were finite
and at the same time the number of negative (respectively, positive) units in the
sequence 𝑣1, 𝑣2, . . . were greater than the former number.

If we denote by 𝑥1(
√
𝑘 𝜉), 𝑥2(

√
𝑘 𝜉), . . . the linear forms in 𝜉1, 𝜉2, . . . which

arise from 𝑥1(𝑥′), 𝑥2(𝑥′), . . . upon substituting
√
𝑘1𝜉1,

√
𝑘2𝜉2, . . . for 𝑥′1, 𝑥

′
2, . . .,

then, identically in 𝜉1, 𝜉2, . . .,

𝑣1
(
𝑥1(

√
𝑘 𝜉))2 + 𝑣2

(
𝑥2(

√
𝑘 𝜉))2 + · · · = 𝜘1

(
𝜉′1(𝜉)

)2 + 𝜘2
(
𝜉′2(𝜉)

)2 + · · · ,
because both sides of this equation represent 𝑉 ′(√𝑘 𝜉).

In accordance with the first case, suppose that 𝑣1, . . . , 𝑣𝑒 are negative (re-
spectively, positive), while 𝑣𝑒+1, 𝑣𝑒+2, . . . are all positive (respectively, negative),
and that 𝜘1, . . . ,𝜘𝑒+1 are negative (respectively, positive). Since the forms
𝜉′1(𝜉), 𝜉′2(𝜉), . . . determine an orthogonal substitution, that is, form a complete
orthogonal system of linear forms–as we shall say–every bounded linear form in
𝜉1, 𝜉2, . . . can be represented as a linear combination of the forms 𝜉′1(𝜉), 𝜉′2(𝜉), . . ..
In particular, we put

𝑥1(
√
𝑘 𝜉) = 𝑎11𝜉

′
1(𝜉) + 𝑎12𝜉

′
2(𝜉) + · · · ,

...

𝑥𝑒(
√
𝑘 𝜉) = 𝑎𝑒1𝜉′1(𝜉) + 𝑎𝑒2𝜉′2(𝜉) + · · · ,

where 𝑎11, 𝑎12, . . . , 𝑎𝑒1, 𝑎𝑒2, . . . denote certain coefficients. We then choose quanti-
ties 𝛼1, . . . , 𝛼𝑒+1, not all zero, which satisfy the 𝑒 equations

𝑎11𝛼1 + · · · + 𝑎1,𝑒+1𝛼𝑒+1 = 0,
...

𝑎𝑒1𝛼1 + · · · + 𝑎𝑒 ,𝑒+1𝛼𝑒+1 = 0,

and form the equations

𝜉′1(𝜉) = 𝛼1,
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...

𝜉′𝑒+1(𝜉) = 𝛼𝑒+1,

𝜉′𝑒+2(𝜉) = 0,
𝜉′𝑒+3(𝜉) = 0,

...

The values of 𝜉1, 𝜉2, . . . obtained by solving these equations would give a contra-
diction, since, when inserted into the identity set up above,

𝑣1
(
𝑥1(

√
𝑘 𝜉))2 + 𝑣2

(
𝑥2(

√
𝑘 𝜉))2 + · · · = 𝜘1

(
𝜉′1(𝜉)

)2 + 𝜘2
(
𝜉′2(𝜉)

)2 + · · · ,
they would give the left-hand side a nonnegative (respectively, nonpositive) value,
but the right-hand side certainly a negative (respectively, positive) value.

To treat the second of the cases named above, we start from the equation, iden-
tical in 𝑥′1, 𝑥

′
2, . . .,

𝑣1
(
𝑥1(𝑥′))2 + 𝑣2

(
𝑥2(𝑥′))2 + · · · = 𝜘1

(
𝜉′1

(
𝑥′√
𝑘

))2

+ 𝜘2

(
𝜉′2

(
𝑥′√
𝑘

))2

+ · · · ,

where 𝜉′1(𝑥′/
√
𝑘), 𝜉′2(𝑥′/

√
𝑘), . . . denote the linear forms in 𝑥′1, 𝑥

′
2, . . . which arise

from 𝜉′1(𝜉), 𝜉′2(𝜉), . . . upon substituting 𝑥′1/
√
𝑘1, 𝑥′2/

√
𝑘2, . . . for 𝜉1, 𝜉2, . . .. Since,

however, the linear forms 𝜉′1(𝑥′/
√
𝑘), 𝜉′2(𝑥′/

√
𝑘), . . . do not necessarily become

bounded linear forms in 𝑥′1, 𝑥
′
2, . . ., the above identity has meaning only as an

identity of truncations, and the procedure used in the first case requires the
following modification.

Suppose that 𝜘1, . . . ,𝜘𝑒 are negative (respectively, positive). Suppose further
that𝜘𝑒+1,𝜘𝑒+2, . . . are all positive (respectively, negative), and that 𝑣1, . . . , 𝑣𝑒+1 are
negative (respectively, positive). We then put

𝜉′1

(
𝑥′√
𝑘

)
= 𝛼11𝑥′1 + 𝛼12𝑥′2 + · · · ,
...

𝜉′𝑒
(
𝑥′√
𝑘

)
= 𝛼𝑒1𝑥′1 + 𝛼𝑒2𝑥′2 + · · · .

Further, we think of the equations

𝑥1(𝑥′) = 𝑎1, . . . , 𝑥𝑒+1(𝑥′) = 𝑎𝑒+1, 𝑥𝑒+2(𝑥′) = 0, 𝑥𝑒+3(𝑥′) = 0, . . .
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as solved for 𝑥′1, 𝑥

′
2, . . ., and represent the solutions as functions of 𝑎1, . . . , 𝑎𝑒+1 as

follows:

𝑥′1 = 𝑜11𝑎1 + · · · + 𝑜1,𝑒+1𝑎𝑒+1,

𝑥′2 = 𝑜12𝑎1 + · · · + 𝑜2,𝑒+1𝑎𝑒+1,
...

Finally, for each 𝑛 we determine 𝑒+1 quantities 𝑎(𝑛)1 , . . . , 𝑎(𝑛)𝑒+1 such that, after these
values of 𝑥′1, 𝑥

′
2, . . . have been inserted, the 𝑒 + 1 equations

𝛼11𝑥′1 + · · · + 𝛼1𝑛𝑥′𝑛 = 0,
...

𝛼𝑒1𝑥′1 + · · · + 𝛼𝑒𝑛𝑥′𝑛 = 0,
𝑎2

1 + · · · + 𝑎2
𝑒+1 = 1

are satisfied for
𝑎1 = 𝑎(𝑛)1 , . . . , 𝑎𝑒+1 = 𝑎(𝑛)𝑒+1.

We now select integers 𝑛 = 𝑛ℎ such that the limits of 𝑎(𝑛ℎ)1 , . . . , 𝑎(𝑛ℎ)𝑒+1 exist as ℎ →
∞, and insert the quantities 𝑥′1, . . . , 𝑥′𝑛ℎ determined by these values 𝑎(𝑛ℎ)1 , . . . , 𝑎(𝑛ℎ)𝑒+1
into the 𝑛ℎth truncation of the above identity

𝑣1
(
𝑥1(𝑥′)

)2 + 𝑣2
(
𝑥2(𝑥′)

)2 + · · · = 𝜘1

(
𝜉′1

(
𝑥′√
𝑘

))2

+ 𝜘2

(
𝜉′2

(
𝑥′√
𝑘

))2

+ · · · .

We then see that the left-hand side of this identity, since it represents a bounded
form in the variables 𝑥′1, 𝑥

′
2, . . . and, as such, is continuous in these variables by

p. 178, tends to the value −1 as ℎ → ∞, whereas the right-hand side is always ≥ 0.
Both cases have thus been recognized as impossible, and we may therefore

assume from the outset, in general, that 𝜘𝑝 has the same sign as 𝑣𝑝. If we now put

𝐿𝑝(𝑥) =
Λ𝑝(𝑥)√|𝜘𝑝 |

,

the linear forms 𝐿1(𝑥), 𝐿2(𝑥), . . . have the properties required in Theorem VIII.
The same mode of inference permits the treatment of a form 𝐾 which is not

closed. To see this, we again bring the form 𝐾, by Theorem V, through an orthog-
onal transformation of the variables 𝑥1, 𝑥2, . . . into the form of a sum of squares.
We put

𝐾(𝑥) = 𝑘1𝑥′1
2 + 𝑘2𝑥′2

2 + · · · ,
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where 𝑘1, 𝑘2, . . . are quantities of which some are positive and some vanish.
We again denote by 𝑉 ′(𝑥′) the quadratic form in the variables 𝑥′1, 𝑥

′
2, . . . aris-

ing from 𝑉(𝑥) through that orthogonal transformation, and finally by 𝑉 ′(√𝑘 𝜉)
the quadratic form in the variables 𝜉1, 𝜉2, . . . which arises from 𝑉 ′(𝑥′) when√
𝑘1𝜉1,

√
𝑘2𝜉2, . . . are substituted for 𝑥′1, 𝑥

′
2, . . .. Since 𝑉 ′(√𝑘 𝜉) is a completely

continuous form in 𝜉1, 𝜉2, . . ., we may, by Theorem V, transform the variables
𝜉1, 𝜉2, . . . orthogonally into the new variables 𝜉′1, 𝜉

′
2, . . . in such a way that

𝑉 ′(√𝑘 𝜉) = 𝜘1𝜉
′
1

2 + 𝜘2𝜉
′
2

2 + · · · ,
where 𝜘1,𝜘2, . . . are certain quantities, each positive, negative, or zero, which,
if infinitely many occur, converge to zero. Finally, forming as before the expres-
sions 𝜉′𝑝(

√
𝑘 𝑥′), and denoting generally byΛ𝑝(𝑥) the linear form which arises from

𝜉′𝑝(
√
𝑘 𝑥′) when the original variables 𝑥1, 𝑥2, . . . are reintroduced in place of the

variables 𝑥′1, 𝑥
′
2, . . ., we obtain, as before,

𝐾(𝑥) = Λ2
1(𝑥) +Λ2

2(𝑥) + · · · ,

Λ𝑝(·)𝑉(·, ·)Λ𝑞(·) =
{

0, 𝑝 ≠ 𝑞,

𝜘𝑝 , 𝑝 = 𝑞.

□

We state this result, which supplements Theorem VIII, as follows:

Theorem VIII*. Let a positive definite, completely continuous quadratic form 𝐾(𝑥), and
also a quadratic form of the shape

𝑉(𝑥) = 𝑣1𝑥2
1 + 𝑣2𝑥2

2 + · · · ,
be given, where 𝑣1, 𝑣2, . . . have prescribed values +1 or −1. Then there always exists a
sequence of quantities 𝜘1,𝜘2, . . ., each positive, negative, or zero and tending to zero if
infinitely many occur, together with associated bounded linear forms Λ1(𝑥),Λ2(𝑥), . . .,
such that the polar relations

Λ𝑝(·)𝑉(·, ·)Λ𝑝(·) = 𝜘𝑝 ,

Λ𝑝(·)𝑉(·, ·)Λ𝑞(·) = 0 (𝑝 ≠ 𝑞)
hold, and such that, moreover, the given quadratic form permits the representation

𝐾(𝑥) = Λ2
1(𝑥) +Λ2

2(𝑥) + · · · .
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By a Hermitian form in the infinitely many variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . . we
understand a bilinear form in these variables of the shape

𝐻(𝑥, 𝑦) =
∑
𝑝,𝑞

ℎ𝑝𝑞𝑥𝑝𝑦𝑞 ,

whose coefficients ℎ𝑝𝑞 are complex quantities satisfying the condition

ℎ𝑝𝑞 = 𝑘𝑝𝑞 + 𝑖𝑠𝑝𝑞 = ℎ𝑞𝑝 = 𝑘𝑞𝑝 − 𝑖𝑠𝑞𝑝 .
If both the real and the imaginary parts of 𝐻(𝑥, 𝑦) are completely continuous
functions of the real variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . ., then real values 𝜆1,𝜆2, . . . hav-
ing no finite condensation point–the eigenvalues of 𝐻–and corresponding lin-
ear forms with complex coefficients 𝐿1(𝑥), 𝐿2(𝑥), . . .–the eigenforms of 𝐻–can be
found such that

(𝑥, 𝑦) = 𝐿1(𝑥)𝐿1(𝑦) + 𝐿2(𝑥)𝐿2(𝑦) + · · · ,

𝐻(𝑥, 𝑦) = 𝐿1(𝑥)𝐿1(𝑦)
𝜆1

+ 𝐿2(𝑥)𝐿2(𝑦)
𝜆2

+ · · · ,
and such that the orthogonality properties

𝐿𝑝(·)𝐿𝑝(·) = 1, 𝐿𝑝(·)𝐿𝑞(·) = 0 (𝑝 ≠ 𝑞)
are satisfied; the horizontal bars indicate the interchange of 𝑖 with −𝑖. The proof
of this fact can be conducted analogously to the proof, given below, of the more
special Theorem IX.

If we assume the coefficients of the Hermitian form to be purely imaginary and
then suppress the factor 𝑖, the skew-symmetric form results. By a skew-symmetric
form we therefore understand a bilinear form in the variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . .
of the shape

𝑆(𝑥, 𝑦) =
∑
𝑝,𝑞

𝑠𝑝𝑞𝑥𝑝𝑦𝑞 ,

whose coefficients are real quantities satisfying the conditions

𝑠𝑝𝑞 = −𝑠𝑞𝑝 , 𝑠𝑝𝑝 = 0.
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The fact stated above for a Hermitian form is expressed, for the special case of the
skew-symmetric form, as follows:

Theorem IX. If the skew-symmetric form 𝑆(𝑥, 𝑦) is completely continuous, then there is
an orthogonal transformation of the variables

𝑥1, 𝑥2, 𝑥3, 𝑥4, . . .

into the new variables
𝜉1, 𝜉′1, 𝜉2, 𝜉′2, . . . ,

such that, when the variables 𝑦1, 𝑦2, 𝑦3, 𝑦4, . . . are simultaneously transformed by the
same orthogonal transformation into the variables 𝜂1, 𝜂′1, 𝜂2, 𝜂′2, . . ., the form 𝑆 assumes
the shape

𝑆(𝑥, 𝑦) = 𝑘1(𝜉1𝜂
′
1 − 𝜉′1𝜂1) + 𝑘2(𝜉2𝜂

′
2 − 𝜉′2𝜂2) + · · · ;

here 𝑘1, 𝑘2, . . . are quantities which, if infinitely many occur, have zero as their sole con-
densation value.

Proof. We regard 2𝑆(𝑥, 𝑦) as a quadratic form in the infinitely many variables
𝑥1, 𝑦1, 𝑥2, 𝑦2, . . .. From Theorem V we then infer the existence of quantities
𝑘1, 𝑘2, . . . and corresponding linear forms 𝐿1(𝑥, 𝑦), 𝐿2(𝑥, 𝑦), . . . in those variables,
such that

2𝑆(𝑥, 𝑦) = 𝑘1
(
𝐿1(𝑥, 𝑦)

)2 + 𝑘2
(
𝐿2(𝑥, 𝑦)

)2 + · · ·
and

(𝑥, 𝑥) + (𝑦, 𝑦) = (
𝐿1(𝑥, 𝑦)

)2 + (
𝐿2(𝑥, 𝑦)

)2 + · · · .
In view of the properties of the skew-symmetric form

𝑆(𝑥, 𝑦) = −𝑆(𝑦, 𝑥), 𝑆(𝑥, 𝑦) = −𝑆(−𝑥, 𝑦),
it follows easily that, in the above representation of 2𝑆(𝑥, 𝑦), for every 𝑘𝑝 , 𝐿𝑝 there
must also occur the eigenvalues and corresponding linear forms

𝑘𝑝′ = −𝑘𝑝 , 𝐿𝑝′(𝑥, 𝑦) = 𝐿𝑝(𝑦, 𝑥),
𝑘𝑝′′ = −𝑘𝑝 , 𝐿𝑝′′(𝑥, 𝑦) = 𝐿𝑝(−𝑥, 𝑦),
𝑘𝑝′′′ = −𝑘𝑝′ = 𝑘𝑝 , 𝐿𝑝′′′(𝑥, 𝑦) = 𝐿𝑝′(−𝑥, 𝑦) = 𝐿𝑝(𝑦,−𝑥).

Their union contributes to the representation of 2𝑆(𝑥, 𝑦) the terms

𝑘𝑝
{(
𝐿𝑝(𝑥, 𝑦))2 − (

𝐿𝑝(𝑦, 𝑥))2 − (
𝐿𝑝(−𝑥, 𝑦))2 + (

𝐿𝑝(𝑦,−𝑥))2
}
,
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and to the representation of (𝑥, 𝑥) + (𝑦, 𝑦) the terms(

𝐿𝑝(𝑥, 𝑦)
)2 + (

𝐿𝑝(𝑦, 𝑥)
)2 + (

𝐿𝑝(−𝑥, 𝑦)
)2 + (

𝐿𝑝(𝑦,−𝑥)
)2.

If we now put
𝐿𝑝(𝑥, 𝑦) = 1√

2
(
𝑂𝑝(𝑥) + 𝑂′

𝑝(𝑦)
)
,

where 𝑂𝑝(𝑥) is a linear form in 𝑥1, 𝑥2, . . . and 𝑂′
𝑝(𝑦) a linear form in 𝑦1, 𝑦2, . . ., the

above representations become

𝑆(𝑥, 𝑦) =
∑
𝑝

𝑘𝑝
(
𝑂𝑝(𝑥)𝑂′

𝑝(𝑦) − 𝑂′
𝑝(𝑥)𝑂𝑝(𝑦)) ,

(𝑥, 𝑥) + (𝑦, 𝑦) =
∑
𝑝

{(
𝑂𝑝(𝑥)

)2 + (
𝑂′
𝑝(𝑥)

)2 + (
𝑂𝑝(𝑦)

)2 + (
𝑂′
𝑝(𝑦)

)2
}
,

and, since 𝐿1(𝑥, 𝑦), 𝐿2(𝑥, 𝑦), . . . are mutually orthogonal, the orthogonality of the
forms 𝑂1, 𝑂2, . . . follows readily as well. Thus

𝜉𝑝 = 𝑂𝑝(𝑥), 𝜉′𝑝 = 𝑂′
𝑝(𝑥)

determine an orthogonal transformation of the required kind. □

From this representation it follows, by a simple consideration of the kind that
will be made similarly below on p. 224, that the inhomogeneous equations arising
from (𝑥, 𝑦) − 𝜆𝑆(𝑥, 𝑦) are uniquely solvable except when

𝜆 =
𝑖
𝑘1
,
𝑖
𝑘2
, . . . .

For these purely imaginary eigenvalues of the form 𝑆(𝑥, 𝑦), the homogeneous
equations have a solution not identically zero, and the number of linearly inde-
pendent solutions is always finite.

As regards, finally, the theory of the bilinear form, we first perceive the follow-
ing facts without difficulty. If the bilinear form 𝐴(𝑥, 𝑦) is a completely continuous
function of the infinitely many variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . ., then, if 𝐴𝑛 denotes
the 𝑛th truncation of the bilinear form 𝐴, for every system of values of the in-
finitely many variables

lim
𝑛=∞𝐴𝑛(·, 𝑥)𝐴𝑛(·, 𝑥) = 𝐴(·, 𝑥)𝐴(·, 𝑥),
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and indeed in the sense of uniform convergence; that is,

|𝐴(·, 𝑥)𝐴(·, 𝑥) − 𝐴𝑛(·, 𝑥)𝐴𝑛(·, 𝑥)| ≤ 𝜀𝑛 , (92)

where 𝜀𝑛 are certain quantities independent of the variables 𝑥1, 𝑥2, . . . and tending
to zero as 𝑛 increases indefinitely. It follows that the quadratic form 𝐴(·, 𝑥)𝐴(·, 𝑥)
is always completely continuous when the bilinear form𝐴(𝑥, 𝑦) is completely con-
tinuous.

A bilinear form 𝐴(𝑥, 𝑦) is always completely continuous if the quadratic form
𝐴(·, 𝑥)𝐴(·, 𝑥) is completely continuous; thus this is certainly the case, for example,
when the sum of the squares of the coefficients of 𝐴 remains finite. Indeed, if we
regard 𝐴(𝑥, 𝑦) as a quadratic form in the variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . ., then from
the inequality

|𝐴(𝑥, 𝑦)| ≤
√
𝐴(·, 𝑥)𝐴(·, 𝑥),

it follows, by the reasoning employed in 4 and 5 on p. 205, that 𝐴(𝑥, 𝑦) is com-
pletely continuous.

I should like to close this communication with the development of a theorem
which–as I shall show in the following communication– can be used in the sim-
plest manner for solving integral equations of the second kind with a nonsym-
metric kernel. It reads:

Theorem X. If
𝐴(𝑥, 𝑦) =

∑
𝑝,𝑞

𝑎𝑝𝑞𝑥𝑝𝑦𝑞

is a completely continuous bilinear form in the infinitely many variables 𝑥1, 𝑥2, . . . and
𝑦1, 𝑦2, . . ., then certainly either the infinitely many equations

(1 + 𝑎11)𝑥1 + 𝑎12𝑥2 + · · · = 𝑎1,

𝑎21𝑥1 + (1 + 𝑎22)𝑥2 + · · · = 𝑎2,
...

(93)

have, for all possible quantities 𝑎1, 𝑎2, . . . with convergent sum of squares, a uniquely
determined solution 𝑥1, 𝑥2, . . . with convergent sum of squares–or the corresponding ho-
mogeneous equations

(1 + 𝑎11)𝑥1 + 𝑎12𝑥2 + · · · = 0,
𝑎21𝑥1 + (1 + 𝑎22)𝑥2 + · · · = 0,

...

(94)

admit a solution 𝑥1, 𝑥2, . . . having sum of squares 1.
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Proof. We first consider any system of 𝑛 linear equations in 𝑛 unknowns, with
nonvanishing determinant, of the form

𝑏11𝑥1 + · · · + 𝑏1𝑛𝑥𝑛 = 𝑏1,
...

𝑏𝑛1𝑥1 + · · · + 𝑏𝑛𝑛𝑥𝑛 = 𝑏𝑛 .

If 𝛽1, . . . , 𝛽𝑛 denote the solutions of these equations, then certainly

(𝑏11𝛽1 + · · · + 𝑏1𝑛𝛽𝑛)2 + · · · + (𝑏𝑛1𝛽1 + · · · + 𝑏𝑛𝑛𝛽𝑛)2
= 𝑏1(𝑏11𝛽1 + · · · + 𝑏1𝑛𝛽𝑛) + · · · + 𝑏𝑛(𝑏𝑛1𝛽1 + · · · + 𝑏𝑛𝑛𝛽𝑛),

and consequently

(𝑏11𝛽1 + · · · + 𝑏1𝑛𝛽𝑛)2 + · · · + (𝑏𝑛1𝛽1 + · · · + 𝑏𝑛𝑛𝛽𝑛)2

≤
√
(𝛽2

1 + · · · + 𝛽2
𝑛) {(𝑏11𝑏1 + · · · + 𝑏𝑛1𝑏𝑛)2 + · · · + (𝑏1𝑛𝑏1 + · · · + 𝑏𝑛𝑛𝑏𝑛)2}.

Let 𝑚 now be the minimum of the quadratic form

(𝑏11𝑥1 + · · · + 𝑏1𝑛𝑥𝑛)2 + · · · + (𝑏𝑛1𝑥1 + · · · + 𝑏𝑛𝑛𝑥𝑛)2

subject to the subsidiary condition

𝑥2
1 + · · · + 𝑥2

𝑛 = 1, (95)

and let 𝑀 be the maximum of the quadratic form

(𝑏11𝑥1 + · · · + 𝑏𝑛1𝑥𝑛)2 + · · · + (𝑏1𝑛𝑥1 + · · · + 𝑏𝑛𝑛𝑥𝑛)2

under the same subsidiary condition. The preceding inequality then implies the
inequality

𝛽2
1 + · · · + 𝛽2

𝑛 ≤ (𝑏2
1 + · · · + 𝑏2

𝑛)𝑀𝑚2 . (96)

We apply this result to the equations

(1 + 𝑎11)𝑥1 + · · · + 𝑎1𝑛𝑥𝑛 = 𝑎1,
...

𝑎𝑛1𝑥1 + · · · + (1 + 𝑎𝑛𝑛)𝑥𝑛 = 𝑎𝑛 ,

(97)
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and, for this purpose, denote by 𝑚𝑛 the minimum of the quadratic form((1 + 𝑎11)𝑥1 + · · · + 𝑎1𝑛𝑥𝑛

)2 + · · · + (
𝑎𝑛1𝑥1 + · · · + (1 + 𝑎𝑛𝑛)𝑥𝑛

)2

subject to the subsidiary condition (95), and by 𝑀𝑛 the maximum of the quadratic
form ((1 + 𝑎11)𝑥1 + · · · + 𝑎𝑛1𝑥𝑛

)2 + · · · + (
𝑎1𝑛𝑥1 + · · · + (1 + 𝑎𝑛𝑛)𝑥𝑛

)2

under the same subsidiary condition.
Because of the assumed complete continuity of the bilinear form 𝐴(𝑥, 𝑦), the

form in the infinitely many variables 𝑥1, 𝑥2, . . .((1 + 𝑎11)𝑥1 + 𝑎21𝑥2 + · · · )2 + (
𝑎12𝑥1 + (1 + 𝑎22)𝑥2 + · · · )2 + · · ·

is certainly a bounded form, and from this we see that the maxima𝑀𝑛 also remain
below a finite quantity 𝑀 independent of 𝑛.

As regards the minima 𝑚𝑛, two cases must be distinguished.
First, suppose that 𝑚𝑛 > 𝑚 > 0 for infinitely many indices 𝑛. Then, for each

such 𝑛, equations (97) are soluble, and it follows from (96) that the sum of squares
of their solutions lies below the finite quantity, independent of 𝑛,

(𝑎, 𝑎)𝑀
𝑚2 . (98)

If, for such 𝑛, we denote the solutions of (97) by

𝛼(𝑛)
1 , . . . , 𝛼(𝑛)

𝑛 ,

then, by an often-used procedure, we can select from those 𝑛 integers 𝑛1, 𝑛2, . . .
such that the limits

𝛼1 = lim
ℎ=∞

𝛼(𝑛ℎ)
1 , 𝛼2 = lim

ℎ=∞
𝛼(𝑛ℎ)

2 , . . .

exist. The quantities 𝛼1, 𝛼2, . . . have a sum of squares which likewise lies below
the bound (98), and, because of the complete continuity of the linear forms

𝑎𝑝1𝑥1 + 𝑎𝑝2𝑥2 + · · · ,
they must certainly satisfy every equation of the given system (93).

Second, let the minima 𝑚1, 𝑚2, . . . converge to zero; let the values of the vari-
ables, with sum of squares 1, at which these minima occur be

𝜇(𝑛)
1 , . . . , 𝜇(𝑛)

𝑛 .
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For these values,((1 + 𝑎11)𝑥1 + · · · + 𝑎1𝑛𝑥𝑛

)2 + · · · + (
𝑎𝑛1𝑥1 + · · · + (1 + 𝑎𝑛𝑛)𝑥𝑛

)2

= 𝐴𝑛(·, 𝑥)𝐴𝑛(·, 𝑥) + 2𝐴𝑛(𝑥, 𝑥) + (𝑥, 𝑥)𝑛 ,
and consequently

𝐴𝑛(·, 𝜇(𝑛))𝐴𝑛(·, 𝜇(𝑛)) + 2𝐴𝑛(𝜇(𝑛), 𝜇(𝑛)) + 1 = 𝑚𝑛 . (99)

We again select a sequence of integers 𝑛1, 𝑛2, . . . such that the limits

𝜇1 = lim
ℎ=∞

𝜇(𝑛ℎ)
1 , 𝜇2 = lim

ℎ=∞
𝜇(𝑛ℎ)

2 , . . .

exist. The quantities 𝜇1, 𝜇2, . . . then satisfy the condition

(𝜇, 𝜇) ≤ 1. (100)

In view of (92), and because of the complete continuity of the quadratic form
𝐴(𝑥, 𝑥), it follows from (99), upon putting 𝑛ℎ in place of 𝑛 and passing to the limit
ℎ → ∞, that

𝐴(·, 𝜇)𝐴(·, 𝜇) + 2𝐴(𝜇, 𝜇) + 1 = 0. (101)

We now consider the quadratic form((1 + 𝑎11)𝑥1 + 𝑎12𝑥2 + · · · )2 + (
𝑎21𝑥1 + (1 + 𝑎22)𝑥2 + · · · )2 + · · ·

= 𝐴(·, 𝑥)𝐴(·, 𝑥) + 2𝐴(𝑥, 𝑥) + (𝑥, 𝑥); (102)

since it is positive definite, it follows in particular that

𝐴(·, 𝜇)𝐴(·, 𝜇) + 2𝐴(𝜇, 𝜇) + (𝜇, 𝜇) ≥ 0. (103)

From this, in view of (101), we obtain

(𝜇, 𝜇) ≥ 1;

hence, by (100),
(𝜇, 𝜇) = 1.

We now see from (101) that also

𝐴(·, 𝜇)𝐴(·, 𝜇) + 2𝐴(𝜇, 𝜇) + (𝜇, 𝜇) = 0;
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that is, in view of (102), the quantities 𝜇1, 𝜇2, . . . satisfy the homogeneous equa-
tions (94). It has therefore been shown that at least one of the cases distinguished
in Theorem X always occurs.

If the homogeneous equations (94) possess a solution with sum of squares 1,
then the inhomogeneous equations obtained by transposition,

(1 + 𝑎11)𝑥1 + 𝑎21𝑥2 + · · · = 𝑎1,

𝑎12𝑥1 + (1 + 𝑎22)𝑥2 + · · · = 𝑎2,
...

(104)

certainly cannot, for all 𝑎1, 𝑎2, . . . with finite sum of squares, possess a solution of
finite sum of squares, since a linear identity exists among their left-hand sides. By
what has just been proved, therefore, the transposed homogeneous equations

(1 + 𝑎11)𝑥1 + 𝑎21𝑥2 + · · · = 0,
𝑎12𝑥1 + (1 + 𝑎22)𝑥2 + · · · = 0,

...

(105)

must then admit a solution with sum of squares 1. Thus the inhomogeneous
equations (93) certainly cannot possess a solution of finite sum of squares for all
𝑎1, 𝑎2, . . .. The two cases in Theorem X are therefore indeed mutually exclusive,
and the solution in the first case is unique. The proof of our theorem is thereby
fully completed. □

To determine the multiplicity of the solutions of the homogeneous equations
(94), we need only apply to the form (102) the theory of the orthogonal transfor-
mation of quadratic forms developed in Section XI. Since 𝐴(·, 𝑥)𝐴(·, 𝑥) and𝐴(𝑥, 𝑥)
are completely continuous quadratic forms, so too is the form

𝐴(·, 𝑥)𝐴(·, 𝑥) + 2𝐴(𝑥, 𝑥);

the latter therefore possesses the value −1 at most as an eigenvalue of finite multi-
plicity. Consequently, the quadratic form (102) possesses the value ∞ only as an
eigenvalue of finite multiplicity; that is, there is an orthogonal transformation of
the variables 𝑥1, 𝑥2, . . . into 𝑥′1, 𝑥

′
2, . . . such that the quadratic form (102) assumes

the shape
𝑘𝑒𝑥′𝑒

2 + 𝑘𝑒+1𝑥′𝑒+1
2 + · · · ,
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where 𝑘𝑒 , 𝑘𝑒+1, . . . are all positive, nonzero quantities converging to 1, and 𝑒 de-
notes a finite integer. The solutions of the homogeneous equations (94) are ob-
tained from

𝑥′1 = 𝑢1, . . . , 𝑥′𝑒−1 = 𝑢𝑒−1, 𝑥′𝑒 = 0, 𝑥′𝑒+1 = 0, . . . ,

where 𝑢1, . . . , 𝑢𝑒−1 are arbitrary constants; hence we see that there are only finitely
many, namely exactly 𝑒 − 1, linearly independent solutions of (94).

Thus, under the assumption that 𝐴(𝑥, 𝑦) is a completely continuous bilinear
form, the system of equations (93) has all the essential properties of a system of
finitely many equations in equally many unknowns.

In conclusion, it remains to show with what surprising elegance and simplicity
Theorem X can be proved, without any new convergence consideration, by mak-
ing use of Theorems V and IX. Indeed, from Theorem IX we immediately derive
the following fact:

Lemma 6. If 𝜘1,𝜘2, . . . is an infinite sequence of positive quantities converging to 1, and

𝑆(𝑥, 𝑦) =
∑
𝑝,𝑞

𝑠𝑝𝑞𝑥𝑝𝑦𝑞

denotes a completely continuous skew-symmetric form in the infinitely many variables
𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . ., then there always exists a completely continuous bilinear form
𝑇(𝑥, 𝑦) in the same variables such that{

𝜘(𝑥, ·) + 𝑆(𝑥, ·)}{(·, 𝑦) + 𝑇(·, 𝑦)} = (𝑥, 𝑦), (106)

where 𝜘(𝑥) denotes the quadratic form

𝜘(𝑥) = 𝜘1𝑥2
1 + 𝜘2𝑥2

2 + · · · .
Relation (106) is equivalent to saying that the system of equations

𝜘1𝑥1 + 𝑠12𝑥2 + 𝑠13𝑥3 + · · · = 𝑦1,

𝑠21𝑥1 + 𝜘2𝑥2 + 𝑠23𝑥3 + · · · = 𝑦2,

𝑠31𝑥1 + 𝑠32𝑥2 + 𝜘3𝑥3 + · · · = 𝑦3,
...

(107)

has the solutions

𝑥1 = 𝑦1 + 𝜕𝑇(𝑥, 𝑦)
𝜕𝑥1

, 𝑥2 = 𝑦2 + 𝜕𝑇(𝑥, 𝑦)
𝜕𝑥2

, . . . .
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Proof. In 𝑆(𝑥, 𝑦) we put

𝑥1 =
1√
𝜘1
𝑥′1, 𝑥2 =

1√
𝜘2
𝑥′2, . . . ,

and
𝑦1 =

1√
𝜘1
𝑦′1, 𝑦2 =

1√
𝜘2
𝑦′2, . . . .

We then obtain a completely continuous skew-symmetric form 𝑆′(𝑥′, 𝑦′), while
𝜘(𝑥) passes into (𝑥′, 𝑥′). System (107) becomes a system of equations of the fol-
lowing shape:

𝑥′1 + 𝑠′12𝑥
′
2 + 𝑠′13𝑥

′
3 + · · · = 𝑦∗1,

𝑠′21𝑥
′
1 + 𝑥′2 + 𝑠′23𝑥

′
3 + · · · = 𝑦∗2,

𝑠′31𝑥
′
1 + 𝑠′32𝑥

′
2 + 𝑥′3 + · · · = 𝑦∗3,

...

(108)

If we now apply to 𝑆′ the orthogonal transformation of Theorem IX, the system
(108) belonging to 𝑆′ passes into a system of equations of the following shape:

𝜉1 + 𝑘1𝜉
′
1 = 𝜂1,

−𝑘1𝜉1 + 𝜉′1 = 𝜂′1,
𝜉2 + 𝑘2𝜉

′
2 = 𝜂2,

−𝑘2𝜉2 + 𝜉′2 = 𝜂′2,
...

As is readily seen, this system has the solutions

𝜉1 = 𝜂1 + 𝜕T(𝜉𝜉′, 𝜂𝜂′)
𝜕𝜉1

,

𝜉′1 = 𝜂′1 +
𝜕T(𝜉𝜉′, 𝜂𝜂′)

𝜕𝜉′1
,

𝜉2 = 𝜂2 + 𝜕T(𝜉𝜉′, 𝜂𝜂′)
𝜕𝜉2

,

𝜉′2 = 𝜂′2 +
𝜕T(𝜉𝜉′, 𝜂𝜂′)

𝜕𝜉′2
,

...
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provided that

T(𝜉𝜉′, 𝜂𝜂′) = − 𝑘2
1

1 + 𝑘2
1
(𝜉1𝜂1 + 𝜉′1𝜂

′
1) −

𝑘2
2

1 + 𝑘2
2
(𝜉2𝜂2 + 𝜉′2𝜂

′
2) − · · ·

− 𝑘1

1 + 𝑘2
1
(𝜉1𝜂

′
1 − 𝜉′1𝜂1) − 𝑘2

1 + 𝑘2
2
(𝜉2𝜂

′
2 − 𝜉′2𝜂2) − · · ·

is put. Since the quantities 𝑘1, 𝑘2, . . . converge to zero, T is a completely continu-
ous form. Returning to the variables 𝑥′1, 𝑥

′
2, . . . , 𝑦

′
1, 𝑦

′
2, . . ., and from these to the

original variables 𝑥1, 𝑥2, . . . , 𝑦1, 𝑦2, . . ., whereby the form 𝑇 arises from T, proves
the lemma. □

Second proof of Theorem X. We note that the system of equations (93) in Theorem
X retains its form if we apply any orthogonal transformation to the variables
𝑥1, 𝑥2, . . . and, at the same time, orthogonally combine the left-hand sides of those
equations in the corresponding way, since this amounts to a simultaneous orthog-
onal transformation of both sequences of variables in 𝐴(𝑥, 𝑦). For simplicity, we
suppose that such an orthogonal transformation of the bilinear form 𝐴(𝑥, 𝑦) has
already been carried out so that the completely continuous quadratic form𝐴(𝑥, 𝑥)
arising from 𝐴(𝑥, 𝑦) contains only the squares of the variables, and thus appears
in the shape

𝐴(𝑥, 𝑥) = 𝛼1𝑥2
1 + 𝛼2𝑥2

2 + · · · ,
or

𝐴(𝑥, 𝑦) + 𝐴(𝑦, 𝑥) = 2(𝛼1𝑥1𝑦1 + 𝛼2𝑥2𝑦2 + · · · ). (109)
Since 𝛼1, 𝛼2, . . . are quantities converging to zero, there are certainly only finitely
many among them which are ≤ −1. Let 𝑒 be an integer such that

𝛼𝑒+𝑝 > −1 (𝑝 = 1, 2, . . .). (110)

We now separate off the first 𝑒 equations of (93) in Theorem X, and write the
remaining equations in the form

(𝑎𝑒+1,𝑒+1 + 1)𝑥𝑒+1 + 𝑎𝑒+1,𝑒+2𝑥𝑒+2 + · · · = 𝑦𝑒+1,

𝑎𝑒+2,𝑒+1𝑥𝑒+1 + (𝑎𝑒+2,𝑒+2 + 1)𝑥𝑒+2 + · · · = 𝑦𝑒+2,
...

(111)

where, for brevity, we have put

𝑦𝑒+1 = 𝑎𝑒+1 − 𝑎𝑒+1,1𝑥1 − · · · − 𝑎𝑒+1,𝑒𝑥𝑒 ,

𝑦𝑒+2 = 𝑎𝑒+2 − 𝑎𝑒+2,1𝑥1 − · · · − 𝑎𝑒+2,𝑒𝑥𝑒 ,
...

(112)
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These equations (111), since by (109)

𝑎𝑝𝑞 + 𝑎𝑞𝑝 = 0 (𝑝 ≠ 𝑞), 𝑎𝑝𝑝 = 𝛼𝑝 ,

are, in view of (110), of the form (107), and therefore permit the application of
the lemma just proved. According to that lemma, there is a completely contin-
uous bilinear form 𝑇(𝑥, 𝑦) in the variables 𝑥𝑒+1, 𝑥𝑒+2, . . . , 𝑦𝑒+1, 𝑦𝑒+2, . . . such that
equations (111) have the solutions

𝑥𝑒+1 = 𝑦𝑒+1 + 𝜕𝑇
𝜕𝑥𝑒+1

,

𝑥𝑒+2 = 𝑦𝑒+2 + 𝜕𝑇
𝜕𝑥𝑒+2

,

...

(113)

If, with due regard to the values (112) of 𝑦𝑒+1, 𝑦𝑒+2, . . ., we insert these solutions
into the first 𝑒 equations, separated off above, of the given system (93), there arises
a system of 𝑒 equations in the 𝑒 unknowns 𝑥1, . . . , 𝑥𝑒 , as follows:

𝐸11𝑥1 + · · · + 𝐸1𝑒𝑥𝑒 = 𝐸1,
...

𝐸𝑒1𝑥1 + · · · + 𝐸𝑒𝑒𝑥𝑒 = 𝐸𝑒 ,
(114)

where 𝐸1, . . . , 𝐸𝑒 are homogeneous linear forms in 𝑎1, 𝑎2, . . ., while 𝐸11, . . . , 𝐸𝑒𝑒
are expressed in a known way in terms of the coefficients of 𝐴(𝑥, 𝑦).

If these equations have solutions 𝑥1, . . . , 𝑥𝑒 , then the values 𝑥𝑒+1, 𝑥𝑒+2, . . . are
calculated from them by means of (112) and (113), and we thus arrive at the so-
lutions of the originally given system of equations (93). In the other case, the
homogeneous equations

𝐸11𝑥1 + · · · + 𝐸1𝑒𝑥𝑒 = 0,
...

𝐸𝑒1𝑥1 + · · · + 𝐸𝑒𝑒𝑥𝑒 = 0

can certainly be satisfied by values 𝑥1, . . . , 𝑥𝑒 not all zero. We then put zero every-
where in place of 𝑎1, 𝑎2, . . ., whereby in fact

𝐸1 = 0, . . . , 𝐸𝑒 = 0,

and by means of (112) and (113) we arrive at values 𝑥𝑒+1, 𝑥𝑒+2, . . . which, together
with the values 𝑥1, . . . , 𝑥𝑒 found above, form a solution system of the homoge-
neous equations (94) in Theorem X. Thus Theorem X is completely proved. □
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Since Theorem IX on skew-symmetric forms was also proved above solely with

the aid of Theorem V on the orthogonal transformation of completely continuous
quadratic forms, without any new convergence consideration, it follows that the
theory of equations of the form (93), and hence the theory of the completely con-
tinuous bilinear form in general, can likewise be founded solely upon the theory
of the orthogonal transformation of completely continuous quadratic forms, with-
out new convergence considerations–a remarkable fact which lends to the theory
of completely continuous forms in infinitely many variables a wonderful trans-
parency and unity.
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