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In the introduction to my first communication I announced a new method for
the treatment of integral equations; it rests upon a theory of quadratic forms in
infinitely many variables, which I shall develop in the present communication.

The systematic treatment of quadratic forms in infinitely many variables is
also of great importance in itself and appears to me to be an essential completion
of the familiar theory of quadratic forms in a finite number of variables. The ap-
plications of the theory of quadratic forms in infinitely many variables are not
confined to integral equations: this theory will come into contact no less with
Stieltjes’s beautiful theory of continued fractions! than, on the other hand, with
the question of solving systems of infinitely many linear equations, whose study
Hill, Poincaré, H. von Koch, and others have successfully undertaken. There is
also, from the methodological point of view, a close relation to Minkowski’s inves-
tigations of volume and surface area. Above all, however, the theory of quadratic
forms in infinitely many variables opens a new path to the most general expan-
sions of arbitrary functions in infinite series of Fourier type, as will be indicated
at the end of Section XI of this communication.

In a fifth communication I shall show not only how extraordinarily simply all
the results on integral equations of the second kind obtained in my first communi-
cation can now be proved and substantially extended, but also how the method of
quadratic forms in infinitely many variables permits these results to be transferred

LRecherches sur les fractions continues, Ann. de Toulouse VIII (1894).
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to integral equations of the first kind and to certain integral equations of a new
“third” kind, and how, by the new method, integral equations whose kernel ex-
hibits higher singularities likewise become amenable to successful treatment.

XI. Theory of the Orthogonal Transformation of a
Quadratic Form in Infinitely Many Variables

Let

kpq = kqp,
where each of the two indices p, g runs through the sequence of all positive inte-
gers 1,2, ..., be arbitrarily given real constants. Then

K(x) = Z kpgxpxg

p,9=1,2,...

represents a quadratic form in the infinitely many variables x1, x», . . .; the constants
kyq are called the coefficients of this quadratic form. An expression

Alx,y) = Z ApqXpYq
p,9=1,2,...

with arbitrary coefficients a,, is called a bilinear expression or a bilinear form in the
infinitely many variables x1, x2, ..., Y1, Y2, .... The expression

K(x,y) = Z kpaXpYq
p,q=1,2,...

is called the bilinear form belonging to K(x). It is a form in the infinitely many
variables x1, x2, ... and y1, 2, . . ..

If we allow the indices p, g to run only through the values 1, ...,n, where n
denotes a finite number, there arise the forms with the finite number n of variables
as follows:

K,(x) = Z kpgxpxg, Ky(x,y) = Z kpgxpyg-

These forms K, (x) and K, (x, y) shall be called the truncations of the forms K(x)
and K(x, y), respectively, and shall also be denoted by [K], sometimes without
explicitly appending the index n.



If any bilinear expression with a finite number of variables,
An(x,y) = Z ApgXpYq,

is given, the sum of all the coefficients of the terms x,y, shall be called the convo-
lution of the expression A,(x, y) and shall be denoted by A,,(-, -); thus?

An(,) = Z App,
and in particular

Ki(-,0) = kg + -+ kyn.

Besides the general quadratic forms K, K;;, we shall also consider the special
quadratic forms

2

2
DAy,

(x,x):x%+x§+---, (x,x), = x
and the special bilinear forms
(x,y) =x1y1 +x2y2 + -+, (X, Y)n = X1Y1 + - + X Y.
The discriminant of the form
(x, X)n = AKn(x),

that is, the determinant

1- /\kll —/\klg s —Akln
—-Ak 1—Akyy -+ —=Akyy,
.= T T (1)
Ak =Akys oo 1= Ak,

is, as is well known, a polynomial of degree n in A, all of whose zeros are real. Let
these be denoted by
(n) y(n) (n)
AV A A
and called the eigenvalues of the form K,,; the totality of these n eigenvalues shall
be called the spectrum of the form K,,. If a real value A is such that, at that value

2Translator’s note: In this displayed formula the original edition omits the subscript n from
Ay(-,-); it has been supplied here in accordance with the preceding definition.
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or in every neighborhood of it, eigenvalues of K, occur for infinitely many 7, this

value A shall be called a condensation value of K. If the greatest absolute values

among the eigenvalues of K, increase beyond every bound as n increases, the

value A = oo shall likewise be counted as a condensation value of the form K.
We now border the determinant in (1), obtaining

1- Akll cee —Akln X1
D,(A:x,y) = : : : ’
R T B0 1 T
and call the quotient
Di’l(Aa xr y)

Ky(Asx,y) = — K, (A;x) = Ky (A; x, x),

Du(A)

the resolvent of the quadratic form K,,, with the second notation being the special
case y = x. If A is not an eigenvalue, the coefficients of xi,..., x, in K,(A;x,y)
give the solution of the linear equations

Xp = Alkprxr + -+ + kpnXn) = yp, (p=1,...,n);
we express this by the identity
Ku(A;x,y) = AK,(x, )Ky(As -, ) = (X, ¥)u.

It is evident that

Ky(Ayx,y) = (x,y)n + AKy(x, y) + A?K, K, (x, v)

2
+ 3K KKy (x,y) + -+, @)

where K, K, KK, K, ... denote the forms arising from K, by repeated convolu-
tions,

KnK(x,y) = Ka (6, )Kn(,9) = D KprkrgXpyg,
KnKnKn(2, 1) = Kn(2, JKnKn () = Y Kprkyskeq XY,

and so on. For the resolvent K, the partial-fraction representation

(n) (n) () (n)
Ly (x)L L L
Kn(A;x,y) = = ) 1(”()y)+---+ n () ”(n()y)
1-A/Al 1—A/AY
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holds, where L(ln), el Lﬁf) denote certain linear forms in the variables with real
coefficients. In particular, therefore, the following formulas hold:

X, )0 = x1y1 + - + X0y = LPOLY () + -+ LI ()L (),

Aln Ay
(6,000 = 37+ 42y = (L@ + -+ (L),
(L) () (L (x))?
Kn(x) = :[/\T-i_'”-l_Tl
I<,11<n(x):(L(ln)iwjL...Jr(L%n)L))2 (5)
()2 AWy
() (s

From (4) follow the orthogonality properties of the linear forms L, .., Lff),

OOy =0 (p#qg), VOO =1,

where L;n)(-)Lg")(-) denotes the convolution of the bilinear form L;")(x)L(q”)(y) ;and
then, again by convolution, one obtains

1 1
K?’l(','): Z kpp:—+...+_)

p=1,...,n A(ln) )\gl
KnKn(‘, .) = kp?’kl’p = — 4 - 4+ , 6
p,rzzl,:...,n ( /\(ln))z (A2 (6)
K, K,K,(-,") = kprkesksp = Tt )
pZ‘ (A3 (A3

Our first important task is to transfer the concept of the resolvent of the form
K, to the form K, and to seek, for the form K in infinitely many variables, the
analogue of the partial-fraction representation (3).

For this purpose we use a general lemma from the domain of continuous (uni-
form) convergence, which I have already applied in a more special form in my
investigations on Dirichlet’s principle.®

3Math. Ann., vol. 59 (1904).
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Lemma 1. Let | be an interval lying wholly in the finite part of the line for the variable s,
and let

f1(5), fa(s), f3(s), - .- (7)
be an infinite sequence of functions of the variable s that are continuous in |, whose ab-

solute values remain below a finite bound, and all of whose difference quotients remain
below a finite bound, so that for all s, t in | and all h one always has

fu(s) = fu(t)

<E,
s—t

where E denotes a finite quantity independent of h and of the choice of the arquments s, t.
Then infinitely many functions

fi (), £5(5), f3(s), - ..

can be selected from this very sequence of functions (7) in such a way that the sequence
of these functions converges at every point of | to a finite limiting value, and does so
continuously (hence also uniformly); it follows that the limit

L £(s)
p:OO
represents a function of s continuous in J.

Proof. In the manner used in §5 of my cited paper on Dirichlet’s principle, select
from the sequence (7) a sequence of functions f(s), f;(s), ... such that, at every
point of a countable point set P* everywhere dense in J, the sequence of these
functions converges to a finite limiting value. We now show that the functions so
selected have the property required in the lemma.

Indeed, let s, s9, . .. denote any infinite sequence of points of | converging to
a definite point s. If ¢ denotes an arbitrarily small positive quantity, first choose a
point s* of the point set P* so that

. €
|s* —s| < St 8)
Because the sequence of values
f1(s7), f5(s7), ...

converges, a number N can then certainly be found such that, for all indices p, g
exceeding N,

)= £ < 5 &)
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Because the sequence of points sy, s, . . . converges, this integer N may at the same
time be chosen so large that, for all indices p, g exceeding N,

€ €
|s—sp|<8—E, |s—sq|<8—E.
With the aid of (8), it follows that, for all indices p, g exceeding N,
% & " &
|s* —sp| < i |s* — 54l < i (10)

On the other hand, by the hypothesis of our lemma,
f;(S*)_f;(Sp) f;(S*)_fq*(Sq)

< E,

< E,

and consequently, with the aid of (10),
*[ % * € %[ % * &
- Fe < 156 - fsl< 5
Adding these inequalities to (9), we obtain, for all indices p, g exceeding N,
£ = £+ £ = £ + 60 = £ < e,

and all the more
|f;:(5p) - fq*(sq)l < é.

Since ¢ was arbitrarily small, it follows that the sequence of values

ff(Sl), f;(Sg), e
converges to a finite limiting value; that is, the sequence of functions
f1(s), f5(s), ...
converges continuously at every point s of the interval J. This proves the lemma
completely. m|

We return to the theory of quadratic forms, and in what follows we first as-
sume that A = oo is not a condensation value of K; that is, K is to be a form such
that all eigenvalues of K,,, for every n, lie in the finite interval J]. We then define
certain functions of the variable A belonging to K, as follows: in general let

) =1,...,n, (11)

() =0 for A < AV,
p
p 7

14
A = @A =AY for A > Al
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and put
X0 = XMy + -+ xP0).

Then the )(;,n), and consequently also x"), are continuous functions of A which are
nowhere negative and never decrease when the argument A increases while 7 is

held fixed. The difference quotients of these functions, namely

AP =W @) -y ()

4

4

A—u A—u

are likewise, as we see at once, nowhere negative and never decrease if one of
the arguments A, u is held fixed while the other increases. More precisely, the
equations

My 1)
Xp (A) Xp (1) Zﬂp(Ll(jn)(x))Q

A—u

and consequently

M) = ()
I 0 + 4 L)

hold, where 7y, ..., m, denote quantities depending on A, u and lying between 0
and 1. This equation immediately implies

xX(A) = x™ ()

Ty < (L) + -+ L)),

ot, by (5),
X(A) = x™ ()

i <xi+eeo+ . (12)

n

Finally, we observe that on every interval containing none of the eigenvalues
/\;n) of K;;, the functions )(;,n)(A), and hence also y™ (1), are linear functions of A.
For every A lying outside | on its negative side, x™(A) is identically zero; hence,
with regard to (12), one always has

XA < 4+ 1)
where | denotes the length of the interval J. On the positive side outside ],

x™WA) = A2 + -+ x2) + C(x),
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where C(x) denotes a form independent of A. With respect to xy, ..., x,, the ex-
pression x™ is a quadratic form.

Now let infinitely many variables x;, x2, . .. be given. We consider those spe-
cial systems of values which arise when any one of these variables is set equal to
1 and all the others equal to 0, or when any two of these variables are set equal to
1/4/2 and all the others equal to 0. We imagine all these special systems of values
of the infinitely many variables x;, xo, . . . arranged in a definite sequence, and call
them, in this order, the first, second, third, and so on, special system of values of
the infinitely many variables xi, x,.... By (12), for all these special systems of
values the inequality

(1) — )
XA - x| 13)
A-p
holds.
We now consider the sequence of forms
A, P, P, (14)

and apply Lemma 1, with the first special system of values understood to have
been substituted for the variables x1, x2,.... We see that, in the interval |, the
values of all the forms in the sequence (14) must lie below a finite bound, and that
by (13) the remaining hypothesis of our lemma is also fulfilled. By that lemma,
an infinite sequence of forms

X0, B0, B, ... (15)

can therefore certainly be selected from (14) such that, when the first special sys-
tem of values is substituted therein for the variables x1, x3, .. ., it converges uni-
formly in the interval | to a certain continuous function of A.

We next apply our lemma to the sequence of forms (15). According to the
lemma, there can certainly be selected from that sequence an infinite sequence

0, A0, B0, ... (16)

which, when the second special system of values is substituted therein for the vari-
ables x1, x, . .., converges uniformly to a certain continuous function of A. Apply-
ing our lemma further to the sequence of functions (16), we arrive by selection at
a sequence of functions

W, 0w, w0, .
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which, after substitution of the third special system of values, converges uni-
formly to a certain continuous function of A.

Finally, imagining the procedure continued without limit, we consider the se-
quence of forms

X, w0, B0, (17)
it converges uniformly in A when the first, the second, the third, and so on, spe-
cial system of values is substituted therein for the variables x1, x3,.... But the

coefficient of x,x; in a quadratic form can in general be expressed as a linear com-
bination of the values that the quadratic form assumes for

L1
V2 V2
respectively, all other variables being set equal to zero. It follows that, in general,

the coefficient of x,x, in the sequence of forms (17) also converges to a certain
function x,,(A) continuous in A. We put

Xp,Xg =1,0; 0, 1;

x(A) = Z qu(/\)xpxqr

p,9=1,2,...

so that x(A) denotes a quadratic form in the infinitely many variables xi, xo, .. .,
whose coefficients are continuous functions of A. These functions of A are initially
defined only within J; but since, in place of |, we may choose an arbitrarily large
interval containing J, the definition of these functions is thereby given for all finite
values of A.

The values of any truncation of a quadratic form in infinitely many variables
can be represented as linear combinations of the values which the quadratic form
assumes for our special systems of values. It follows that if, in the forms of the
sequence (17), we leave x1, ..., x, arbitrary and set all the remaining variables
Xn+1, Xn+2, - .. €qual to zero—that is, take the same truncation of every form in
(17)—the resulting sequence of truncations likewise converges uniformly, and in-
deed to the value assumed by the corresponding truncation of x(A). If we also
put

1*=m1, 2**:m2, 3***21’}13, ey

then the equation
L ("™ ()] = ()]

holds.
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For brevity and clarity, in what follows we shall omit square brackets in an
equation or inequality. Thus, according to this convention, an equation or in-
equality between forms in infinitely many variables is always to be understood as
holding identically for all the variables when the same truncations of the forms
are taken on both sides of the formula. The last equation then reads

L xR = x(). (18)

At the same time we observe that the properties named above of the functions
x"™(A), regarded as functions of A, carry over at once to an arbitrary truncation
[x(A)] of the form x(A) when we regard this truncation as a function of A. We thus
see that the function [x(A)] is likewise nowhere negative and never decreases as
the argument A increases. Further, the difference quotient of this function, that is,
the expression

[x(M)] = [x(w]
A-p

7

is again nowhere negative and, if one of the arguments A, u remains fixed while
the other increases, never decreases. By (12), the inequality

X(A) = x(w)

——
holds for this difference quotient. Within an interval containing no condensa-
tion value of the form K, [x(A)] becomes a linear function of A. Outside |, on
the negative side, [x(A)] is identically zero, and on the positive side it equals
Al(x, x)] + C(x).

We now imagine the first special system of values substituted in the form x (A7),
and denote the resulting function of A by x(A);. According to the foregoing dis-
cussion, if A is held fixed and u is assigned a value exceeding A, the difference
quotient of x(A); certainly will not increase as u decreases toward A, and hence,
as u falls to A, will tend to a limiting value. Thus x(A); certainly possesses a for-
ward derivative at every A; denote it by f*)(1);. In the same way it is shown that
x(A); possesses a backward derivative at every A; denote it by f(-)(1);.

From the facts stated above concerning the difference quotients of x(A);, it
follows at the same time that both f(*)(1); and §(-)(1); are functions of A which
are nowhere negative and do not decrease as the argument A increases, and for
which, moreover, one always has

fOA) <) for A < g,
DA < FOu) for A < p.

< (x,x) (19)

(20)
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Furthermore, since by (13) the derivatives f(*(1); and §)(1); cannot exceed
the value 1, the same is true all the more of the difference between the forward
and backward derivatives at the same point A. Hence, if m denotes any integer,
there are at most m points A for which

1
+ -

D) =17 > —
It follows that the set of values A for which the forward and backward derivatives
differ is necessarily countable.

We now imagine the second special system of values substituted in x(A), pro-
ceed with the resulting function x(1)2 as we did above with x(A);, and seek the
set of points A at which the forward and backward derivatives differ. This set of
points is again certainly countable. By using the third special system of values
we obtain correspondingly a countable set of points A, and so on. The totality of
all such points is again countable; let them be called the eigenvalues of the form K
and be denoted by A1, Ay, .. .. The points A1, A5, ... and their condensation points
are certainly condensation values of the form K, since x(A)1, x(A)2, ... are linear
functions of A outside the condensation values, and consequently the forward and
backward derivatives there are equal. The totality of the points A1, As, ... shall be
called the point spectrum or the discontinuous spectrum of the form K.

Since the coefficients of a quadratic form can be composed linearly from the
values which the quadratic form assumes on the sequence of special systems of
values of the variables, we conclude that all the coefficients x,, of the form x(A)
likewise possess both forward and backward derivatives, and that these are equal
at every point except the points A1, A9, . ... Let the forward and backward deriva-
tives of x,, be denoted by T,E,J;) and T;_q),
A1, Ag, ..., these two derivatives agree; there we put

respectively. At every point A distinct from

— i) _ )
Tpg = Tpg =Tpq-

Let the quadratic forms with coefficients T;,;) and T;;) be denoted by f*)(1) and
i) (A), respectively. At every point distinct from Ay, Ao, ..., we put

f(A) = @A) = ).

For the point Ay, form the difference f;;) - f;_q) and take this difference as the co-
efficient of x,x;. The resulting quadratic form in infinitely many variables, whose
coefficients certainly do not all vanish, shall be called the quadratic eigenform of K
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belonging to the eigenvalue Ay, and shall be denoted by Ej;. Evidently, for every
eigenvalue A,

i) -9A,) = E,, (21)

and since, analogously to (20), one must also have

i) < i) forA <y,

22
fH) <fOu) for A < p, 2

it certainly follows that
E,>0. (23)

On the other hand, it follows from (19), if we choose for u a value exceeding A
and let it converge to A, that

fH) < (x, x). (24)

We now consider any m eigenvalues of the form K, arranged in increasing
order, say

AprseesAp,

and the eigenforms belonging to them,

Ep, - Ep,.
By (21) we have
iM(Ap,) = F(Ay,) = Ep,, (h=1,2,...,m), (25)
and by (22),
i (Ap,) = TP(A,) 2 0,
: (26)
fOAp,) — P (Ap,.,) > 0.
Adding (25) and (26) gives
iD(Ap,) = {1 (Ap,) > Ep, +-+-+Ep (27)

and, since [{(-)(1)] is nowhere negative, this inequality, together with (24), yields
the further inequality
Ep, +---+Ep, <(x,x). (28)
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From (23) and (28) we see that the sum . (,)[E,], extended over all indices p,
converges, and indeed to a quadratic form in the n variables x4, ..., x, that is at

most X + - - - + x2; that is,
Z E, < (x,x).
(p)

We now define the following forms in the infinitely many variables x1, x2, .. .:

= B aw= Y -1

(Ap<A) (Ap<d)

where the sums on the right are to be extended over all indices p for which 1, < A.
The coefficients of 1(A) are continuous functions of A. The truncations [e¢(A)] and
[n(A)] of these forms are functions of A which, as follows without difficulty from
(23) and the convergence of },)[E,], possess the following properties.

[e(A)] is nowhere negative and never decreases as A increases; outside ] it is
zero on the negative side, and on the positive side it is equal to 2. (,)[Ep].

[e(A)] is continuous at every point that is not an eigenvalue; at the eigenvalue
Ap it has a finite jump, and for positive T decreasing to zero one has

LOe(A,, - 1) =e(Ay), Loe(/\p +17) =e(Ap) + Ep.
= =

[n(A)] has both a forward and a backward derivative; these agree at every point
that is not an eigenvalue and have the value [e(4)]. At the eigenvalue A, the back-
ward derivative is [e(A,)] and the forward derivative is [e(A,)] + [E,], so that the
excess of the forward derivative over the backward derivative amounts to [E,].

From (27) it follows, if A’ and A", with A" > A’, are not eigenvalues, that

A -f) > > Ep

(A <Ap<A”)
but
> Ep=eM)-e(),
(A <Ap<A”)
and consequently also
f(A") = (A7) Z e(A”) - e(A"). (29)

If one of the quantities A’, A”” is an eigenvalue, or if both are eigenvalues of K, a
corresponding inequality follows in the same way in place of (29). Now put

o(A) = x(A) = n(A).
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Then, with regard to (21), the function [p(A)] has forward and backward deriva-
tives which agree at every point A; this derivative is moreover, as follows from
(29) or the corresponding inequality, a function of A that does not decrease as
the argument increases. This derivative therefore represents a function which is
continuous in A. Thus, if we put

do(A
(M) = > opexpxy = %) — f(1) - e(A), (30)

then every truncation of the form ¢(A) is a continuous, nonnegative function of
A that does not decrease as A increases. The form ¢(A) in the infinitely many
variables, whose coefficients 0, are continuous functions of A, shall be called the
spectral form of K.
By (24), the inequality
o(A)+e(A) < (x,x) (31)

holds.

For all values A lying outside | on its negative side, the forms f(1), e(1), a(A)
become identically zero; on the positive side they pass into certain forms indepen-
dent of A, which we shall denote respectively by f(+00), e(+00), o(4+00). By (30) we
have

0(+00) = f(+00) — e(+00). (32)

Since [x(A)] passes, to the right of J, into A[(x, x)] + C(x), we have
f(+00) = (x, x), (33)

and, as observed earlier,

€(+OO) = Z Ep.
p

We now select those real values A in every neighborhood of which there still
exist points A’ for which
o(A) =a(A)

does not hold identically in all the variables x1, x», . . .. The set s of all such points
A is perfect (closed and dense in itself); it shall be called the interval spectrum or
the continuous spectrum of the form K. Outside the condensation values of K, all
coefficients of y(A) are linear in A, those of e(1) are constant, and consequently the
coefficients of (1) likewise become constant; thus the interval spectrum certainly
lies within the condensation values of the form K. The point spectrum together
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with the accumulation points of the eigenvalues, and the interval spectrum, taken
together, shall be called the spectrum of the form K.

If we now put
+o0
o(+00) = / do(A) = / do(A),
00 (s)

then from (32) and (33) we obtain

(x,x) = e(+00) + /() do(A),

or

(x,x) = E, + do(A), (34)

where the sum is to be extended over all p.

We now return to the quadratic form K;, with the finite number n of variables.
If A denotes a complex quantity, or a real quantity different from every eigenvalue
/\;") of the form K,;, then from the definition (11) of the function )((n)

p we obtain at
once

+00 (n) +00 (1’1)
Xp (1) (1), 12 H= A
du =12 [ du
/_oo (TRVE o (= AP
1@ @)
B (n) '
200 -2

Here the integration is to be carried out along the real axis from y = —coto y = +oo;
when A is real, however, the point A is to be bypassed by a short detour in the
complex u-plane, with the observation that, in a neighborhood of the point A,
)(l(f)(y), being a linear function, is defined also for complex u. Summing over
p=1,...,n,we find

o W) {(Li”’(x))? (L;’”(x))?}
du=c —y——+ Tt
Lo (=220 2 Alm_) AW 2

(35)

where the integration is to be carried out as above. On the other hand, from (3)
and (5) it follows that

Kl 2) = (0,00 _ LV@P W)
A A A -2

(36)
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If in (35) and (36) we put for n the special numbers m, ms, . .. and take a fixed
truncation on both sides, and if further A is understood to be any complex quantity
or a real quantity that does not belong to the spectrum of the form K, then by (18),
on passing to the limit, we obtain the formula

[Kiny (A, 0] = [, ) ] 7 Ix(w)]
L 7 -2/ -y 47
Here again the integration is along the real axis from p = —co to y = +o0; when

A is real, however, the point A is to be bypassed by a short detour in the complex
p-plane, with the observation that, in a neighborhood of the point A, x(u), being
a linear function, is defined also for complex p. Consequently, the integral on the
right represents a function of A which has a regular analytic character with respect
to A for all complex A and for all real A not belonging to the spectrum of K.

We put
T x(w
o (H=A)
and call this expression the resolvent of the form K. Every coefficient or truncation
of it is likewise regular analytic for all complex A and for the finite real values of
A not belonging to the spectrum of K; one also sees that it is regular analytic at
A = oo,

The equation (37) found above becomes

KA, x)=(x,x)+ QA/ du (38)

h? K, (A, x) = K(A, x).

From the definition of the form 1(1) we obtain the equation

+00 +00
n(w) / p=Ap
du = E d
/. (=27 % ' " (=27 "
1

(39)

(p)

where A is to be understood as any complex quantity, or as a real quantity not
belonging to the spectrum of the form K; when A is real, the integration with
respect to u is to be carried out with a short detour around the point A in the
complex u-plane.

Since

do(A)

o) = x() =), o(h) ===,



18
we obtain

o x(w) 0 n(w)
du — d
/_m e /_m (w—-ap
T o(w) 1 [ o 1 [ do(u)
= d = — d - = .
/_m (u—ap ™ 2[00 (=2 2/W—A
From (38) and (39) it follows that

E d
K(A,x):(x,x)+AZ/\ iA+/‘\/ O__WA)’ (40)
» © K

and hence, with regard to (34),

v 5 do(y)
K(A,X)—%m+[;)l_A/M

This formula is the sought analogue of the partial-fraction representation (3)
of the resolvent K,;(A, x) of the form K, with the finite number n of variables.
We summarize the results obtained as follows.

Theorem 1. The resolvent of a quadratic form K for which A = oo is not a condensation
value is a quadratic form in infinitely many variables,

KA, x) = Z Kpgxpxy,
P

whose coefficients are regular analytic functions of the argument A for all arguments A
lying outside the spectrum of the form K.

If my, my, ... is a certain sequence of integers increasing to infinity, then for every
truncation of the resolvent the equation

hP K, (A, x) = K(A, x) 41)

holds, where K,,, denotes the resolvent of the form K, .
The resolvent K admits the following representation (for every truncation):

_ Ep do(p)

Here the sum is to be extended over the entire point spectrum of K, that is, over all eigen-
values of K; E, denotes in general the quadratic eigenform belonging to A,. It is a form
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whose truncations are not negative for any values of the variables x1, x2, . . .. The integral
is to be extended over the interval spectrum of K. The spectral form o(A) is a form whose
coefficients are continuous functions of A, and whose truncations, as the argument A in-
creases within the interval spectrum s, are nondecreasing functions of A that are not all
constant, but in every interval lying outside s are all constant. Finally, the equation (for
every truncation)

(x,x) = E, + do(A) (43)
YA
holds.

If the absolute values of all truncations of a quadratic or bilinear form in in-
finitely many variables x1, X2, ..., Y1, Y2, ... lie below a finite bound independent
of the choice of truncation whenever the variables are subjected to the conditions

(x,x) <1, (y,y) <1, (44)

then the quadratic or bilinear form, respectively, shall be called a bounded form.
The bilinear form belonging to a bounded quadratic form is likewise a
bounded form.
For example, by (23) and (28) the eigenforms E, are always bounded forms;
and since by (31) the inequality

o(A)+e(A) < (x,x)

holds, the spectral form o(A), as well as the forms f(A) and e(A), are bounded
forms. Finally, if A denotes a value lying outside the spectrum of K(x), the re-
solvent K(A, x) is a bounded form; indeed, the sum component and the integral
component of K(A, x) are separately bounded forms.

The concepts “truncation” and “bounded” can evidently be applied in the
same sense also to linear forms in infinitely many variables. A linear form

L(X) =lix1+loxg+---
is a bounded form if and only if the sum of the squares of its coefficients,
P+3+--,

is finite.
The truth of this is easily seen with the aid of the following two facts.
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LIfuy,ug,...and vy, vy, ... are arbitrary quantities, then the inequality

(u,0)* < (u,u)(v,0)

always holds.
II.If uy, us, . . . are arbitrary quantities, M is a finite positive number, and more-
over the inequality
(u,x) <M

holds for all values x1, x3, . . . satisfying condition (44), then always
(u,u) < M.

Henceforth we shall throughout consider only such systems of values of the
infinitely many variables xi, x2, ..., 1, Y2, ..., and so on, as satisfy condition (44).
If a1, as, ... is such a system of values, then, when L(x) is a bounded linear form,
the limit of its nth truncation [L(a)], certainly exists as n — oo; we put

L(Ll) = nyoo[L(a)]n-

We have thus seen that a bounded linear form in the infinitely many variables
X1, X2, ...assumes a definite finite value for every system of values of these vari-
ables under consideration, and consequently represents a function of the infinitely
many variables x1, xa, .. ..

In general, a function F(x1, x2,...) of the infinitely many variables x1, xo, . ..
shall be called continuous at the point a;, as, . . . if the value of F(a; + €1, a2+ €2, .. .)
converges to the value of F(ay, as, ...) as the sum of the squares of €1, €3, ... de-
creases to zero; that is, if

L P(a1+€1,a2+52,...)=F(a1,a2,...).
(e2+e2+-=0)

We see at once that the bounded linear form L(x) represents a continuous function
of the infinitely many variables.

The corresponding statements also hold for a bounded bilinear form. To see
this, let A(x, y) denote a bounded bilinear form and let a;, as, ... and by, by, . .. be
particular systems of values of the infinitely many variables. We then put

X1=4a1,...,Xp =4y, Xp+1 =0, Xxp42=0,...,

/ /
x1=0,...,x,=0,
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’ ai’l+1 ’ an+2 ’ am
X+l = o Xppo = peeer Xy = ’
Anm Xnm Xnm

x,0=0, x,.,=0,...,
]/lzblz---;]/nzbn; ]/n+1=0/ ]/n+2=0/---/
y1=0,...,y,=0,
_bi’H-l ’ _bn+2 ’ bﬂ’l

/ ——
Yn+1 ,Bnm s Ynt2 ,Bnm / o Ym ﬁnm,

y;n+1:0/ y;n+2:0""'

where

_ [.2 2 2 — [p2 2 a2
anm—\/an+1+an+2+ +a;, ﬁnm—\/bn+1+bn+2+ +b;,,

and where n and m > n denote arbitrary integers. If [A],, and [A], denote the
corresponding truncations of A, then

[A(a, b)lm = A(x + apmX’, Y + Bumy’)
= A(x/ y) + anmA(x,/ y) + ,BnmA(x/ ]/,) + anmﬁnmA(x,/ ]/,)
= [A(a, b)]n + anmA(x// y) + ﬁnmA(x/ y,) + anmﬁnmA(x// ]/)

Since the absolute values of A(x’,y), A(x,y’), A(x’, y’) remain below a bound in-
dependent of n, m, while moreover &, Bnm vanish as n, m increase, it follows
that [A(a, b)],, must converge to a limiting value as # increases; denote this value
briefly by A(a,b). In an analogous manner it follows that the function of the in-
finitely many variables x1, x2, ... and y1, 2, . . . represented by A(x, y) is continu-
ous.

In particular, we conclude that a bounded quadratic form in infinitely many
variables x1, x3, . . . always represents a continuous function of them.

From the statements just proved we further infer the following fact. If on both
sides of a formula there stand a finite number of bounded quadratic or bilinear
forms in infinitely many variables, and the equation or inequality represented by
the formula is valid for all truncations of both sides, then it is valid in general for
all systems of values of the infinitely many variables—where only those systems
of values satisfying conditions (44) are always meant.

If, in the bounded bilinear form A(x, y), all the variables 1, 2, . . . are setequal
to zero with the sole exception of the one variable y,, which is assigned the value
1, there results a bounded linear form in the variables x1, x», . . .; denote it by

dA(x,y)
Yy .
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Since A(x, y) is bounded, it also follows that

AAC Y A
(9]/1 + + Yy aym

Y1

lies in absolute value below a finite bound independent of n and m; and, with
regard to fact Il above, therefore also

AN (AR,
o) e ()

lies below a bound independent of n and m. Taking first n — co and thenm — oo,
we see that the sum of squares

A\ | (A
( Y )+( Y2 )+

converges to a finite quantity. If B(x, y) is likewise a bounded bilinear form, then
the sum of squares

dB(x,y) 2 dB(x,y) 2
( 8X1 )+( (93(2 )+

also remains below a finite bound; and consequently, with regard to fact I above,
the infinite series

dA(x,y)dB(x,y) N dA(x,y) dB(x,y) N
oy x4 Ay dxo

must converge absolutely. It then necessarily represents once more a bilinear form
in the variables x,x2,...,y1, Y2, ..., which we denote by

A(x,-)B(, y)

and call the convolution of the bilinear forms A, B.
The convolution is certainly a bounded bilinear form; with regard to facts I
and II above, the preceding discussion establishes the following lemma.

Lemma 2. If M, N denote two positive constants such that, for all x1,xs,... and

yll y2/ LIRS
ACx, ) <M,  |B(x,y)| <N,

then the convolution necessarily satisfies the inequality

|A(x,)B(-, y)| < MN.
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At the same time we state the following lemmas, whose truth is immediately
evident.

Lemma 3. For every truncation of the convolution of two bounded bilinear forms A, B,
[AG)BC Y = L [An(x,)Bu y)lm,

where on the right the expression under the limit is the mth truncation of the convolution
of the nth truncations of A, B. The value of the convolution is consequently

A(X, )B(/ y) = mgoo nl-ioo[An(xl ')Bn('/ y)]m
It follows in particular that

A(xr )(/ ]/) = A(.X, y)/

i.e. every bilinear form reproduces itself by convolution with (x, y); we may therefore
also represent the value of the bilinear form as

A(x )— a_A+ a_A+...—xa_A+xa_A+...
Y= yl&yl y28y2 B 183(?1 28x2 ’

Lemma4.If A, B, C,...are bounded bilinear forms and the process of convolution is re-
peatedly carried out with them, then the result is independent of the order of the individual
convolutions; for example,

We now develop the simplest concepts and facts concerning orthogonal trans-
formations of infinitely many variables. Let

Opg (p,g=1,2,...)

be an arbitrary doubly indexed family of constants satisfying the relations

Z Op2q =1, Z OprOgr = 0 (P * q)/

q=1,2,... r=1,2,...

D% 0=l D onon =0 (9

p=12,... r=1,2,...

and
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Then the formulas
/ /
X1 =011X] + 012Xy + -,

Xg = 021X] + 022X5 + -, (45)

and
4
X1 =011X1 + 021X+,

xé = 012X1 + 022X2 + -+,

each define an orthogonal transformation; the latter transformation is the inverse
of the former. The expressions on the right are bounded linear forms in the in-
finitely many variables x/, x}, ... and x1, x2, . . ., respectively.

The bilinear form
N /
O(x,x") = Z OpgXpXy
p,9=1,2,...

shall be called the bilinear form belonging to the orthogonal transformation (45);
as one readily sees from Fact I stated above, it is certainly a bounded form. By
Lemma 3 one has

O(x/')o(y/ ) = (.X', y)a (46)
in particular,

5" (ot oyt = ),
p=12,..

2
Z (01px1 + 02px2 + -+ )" = (x, x).
p=12,...

If we apply the orthogonal transformation (45) to any bounded linear form
L(x), there results the linear form

L'(x") = L(-)O(, x*);

consequently, if we subject both sets of variables of any bounded bilinear form
A(x, y) to that transformation, there results the bilinear form

A,(X’, y,) = A(/ )O(, X,)O(', y,)
Let A(x, v), B(x, y) be any two bounded bilinear forms, put

C(x/ y) = A(x/ )B(/ y)/
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and calculate the orthogonally transformed forms

A/(X’, ]/') = A(/ )O(/ X’)O(', y/)/
B'(x’,y") = B(o,+)O(0,x")O(*,y"),
C/(x// y/) = C(/ )O(/ x/)O(V y,)
As the convolution of the transformed forms we then find
A/(,X', O)B’(O’ y) = A(/ )O(/ X)O(', O)
B(*,#)O(*,0)O(x,y),

and, using Lemmas 3, 4, and formula (46),

A’(x,0)B’(o,y) = A(,0)B(o,*)O(:, x)O(*, y)
= C(/ >(')()('/ X)O(*, y)/
and hence
Al(x,)B'(,y) = C'(x, y); (47)

i.e. the convolution of two bilinear forms is a covariant under an orthogonal trans-
formation.

If the sum of the coefficients of x,, in a bilinear form A(x, y) converges, we
denote this sum generally, as for finite forms, by A(:, -).

We mention here the following fact, which is likewise easy to prove.

Lemma 5. If
Qx) = Z CpgXpXy

p,9=1,2,...
is a quadratic form of such a kind that

QLIQC) = > e
p,9=1,2,...

converges to a finite limit, then this limit is an invariant under an orthogonal transforma-
tion of Q(x); i.e. that limit agrees with

QI = Y chy’
p,9=1,2,...

where
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denotes the quadratic form obtained from Q(x) by orthogonal transformation.

We now return to the theory developed above for the quadratic form K(x), and
assume that this quadratic form K(x) is a bounded form.
If, as before,

Ky (x) = [K(x)]n
denotes the nth truncation of K(x), then the greatest value assumed by K, (x) in

absolute value is equal to 1/ |/\(1")|, where )\(1") denotes the absolutely smallest of
the n eigenvalues of K,,(x). Since K(x) is to be a bounded form, there is a positive
constant M such that, for all n and every system of values of the variables,

[Kn(x)l < M,
and hence also
1
A
i.e. the absolute values of the eigenvalues of K,(x) all remain above a positive

quantity different from zero, and thus A = 0 certainly does not belong to the
spectrum of K(x). Conversely, take a quadratic form K(x) and suppose that A =0

i
M?

<M, or |/\(1”)| >

does not belong to its spectrum. Then, from some n onward, all eigenvalues /\;")
of its truncations K, (x) must remain, in absolute value, above a positive bound
m different from zero. It follows in turn that the maxima 1/ |/\(1”)| of the absolute
values of the truncations K, (x) must remain below the bound 1/m; i.e. the form
K(x) is necessarily bounded.

Thus the assumption just made, and retained throughout what follows, that
K(x) is a bounded form is completely equivalent to the statement that A = 0 does
not belong to the spectrum of K(x), whereas the absolute values of the eigenvalues
of K(x) may very well grow beyond every bound.

We now choose a quantity a so small that A = «a likewise does not belong to
the spectrum of K(x). Since the zeros of the discriminants of the truncations of

(x,x)— AK(x)
then do not accumulate at A = @, those of the truncations of
(x,x)— A{(x, X) — aK(x)}
do not, in absolute value, grow beyond every bound; i.e. the quadratic form

K*(x) = (x,x) — aK(x)
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does not have A = oo as a condensation value; it is also bounded. If K, (A; x, v)
denotes the resolvent of K, (x) and K;,(A; x, y) that of Kj,(x), the definition of the
resolvent immediately gives

R |
Kn(A;x,y)=1_A/aKn(A_a;x,y)- (48)

We now apply Theorem I to the form K*(x) and denote the eigenvalues, eigen-
forms, interval spectrum, and spectral form of K*(x), respectively, by

* * * * * *
ALAS o, E}E, ..., s ,0.

Then, for all values of A* lying outside the spectrum of K*, there results the equa-
tion, valid for every truncation,

E, do*(u*)
" 4 K
K ;X)) = g 4
hlloo mh(A 7x) @ 1—/\*//\; +‘A*)1—/\*/[U*’ ( 9)

and likewise
(x,x) = Z E, +/ do*(A").
®) (s

In (49) put

where
1 _1-Aa 1 _1-A/a

L=A* /A, 1=-A/A, L= A 1=Afu
If s denotes the set of points u corresponding to the set s* of points u*, then, in
view of (48), we obtain the equation valid for every truncation

_ Ep do(u)
e s (4:0) = (pZoo) 1= A4, " /(s) =V

Here the A, are to be called the eigenvalues, E, = E; the corresponding eigen-
forms, s the interval spectrum, and o(u) = o*(u*) the spectral form of K(x); more-
over, A = oo is to be included as an eigenvalue and E, as its corresponding eigen-
function if A* = 1 was an eigenvalue of K*(x). From the formula above for (x, x)

we obtain
(x,x) = Z E, + / do(M). (50)
(

p,o0) (s)
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The last two formulas agree with (42) and (43) when K(x) does not have A = oo
as a condensation value. Indeed, it then follows from the definition of K*(x) that
A* = 11is not a condensation value, and therefore also not an eigenvalue, of K*;
hence A = oo is certainly not an eigenvalue of K(x).

If K(x, y) remains in absolute value below the finite bound M for all variables
x, then from (2) and Lemma 2 we infer that, for every m,

Kin(Asx,v) = (%, Y)m + AKn(x, y) + AQKme(x, )+

S, (AM)+1
n Zn\vert
+ A" Ky Ky - Ki(x, y) + VY
where |
n<m, A < —, -1 <9, <+1.

In view of Lemma 3, if for x, y we take fixed values all of which vanish from some
finite index onward, then, on putting m = mj, and passing to the limit &1 — oo, we

obtain
L Ku,(A;x,y) = (x,y) + AK(x, y) + A2KK(x, y) + -
h=c0

SH(AM)n_H (51)

n DR
+A"KK---K(x,y) + M

and from this, on letting n — oo,

hL K, (Asx,y) = (x,y) + AK(x, y) + /\QKK(x,y) +oee

The formula thus obtained, together with the fact that every truncation of the
resolvent is regular analytic in A outside the spectrum, shows that the resolvent

K(A;x,y) = L Ko, (A5 %, )

of the form K(x, y) is determined uniquely by K(x). Returning to the proof of the
existence of the limit

hIJ Kmh(/\; X, y)/
it follows in turn that, in general, the limit

m=oo

also exists and must equal the preceding limit. The last formulas always hold for
every truncation of the forms under consideration.
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From (51) we conclude that the difference

KA x,y) — {(x, y)+AK(x,y) + A2KK(x, y)+ -

+A"KK -+ K(x, y)} (52)

is a form for which, when [A| < 1/M, the absolute value of every truncation re-

mains below
|/\M|n+1

1-|AM|

By convolving the expression (52) with K(x, y), it follows from Lemma 2 that the
expression

K(x, )K(A;-,y) - {K(x, y)+ AKK(x,y) + A2KKK(x, y)+ - (53)
+ A"KKK - K(x,y)}
remains in absolute value, in the same sense, below
MM|n+1
1—|AM|
If in (52) we replace n by n + 1 and then subtract from it A times expression (53),
there results the expression

K(Av X, ]/) - /\K(x/ )K(Aa ‘r }/) - (X, y)/

M

and this expression therefore remains in absolute value below

2| A M|n+2
1—|AM|
Since this quantity tends to zero as n — oo, we have thereby proved the validity
of the equation
K(A;x, y) = AK(x, )K(A; -, y) = (x, ) (54)
for |[A| < 1/M and for every truncation, and consequently, by a remark made above

(p- 177), also for arbitrary values of the infinitely many variables.
We arrived above at the equation

K(A;x,y) = (x,y) + AK(x,y) + A2KK(x, y)+--- (55)

and recognized its validity for every truncation and for |[A| < 1/M. From this
circumstance in turn we conclude that, for arbitrary values of the variables and
|A| < 1/M, every truncation of

K(A; x, y) - {(X,y) +AK(x,y) 4.

+ A"KK -+ K(x, y)} (56)
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is smaller in absolute value than

MM|n+1

Hence, by a remark made above (p. 177), expression (56) itself must, for arbitrary
values of the infinitely many variables, remain in absolute value less than or equal
to the quantity (57). Letting n increase without limit, we conclude that equation
(55) is valid for arbitrary values of the infinitely many variables xi, x», ... and
Y1,Y2,...,and for |A| < 1/M.

The equation
E do(u)
Ka= Y e [
( ) (pzoo)l—/\/)\p (S)l—/\/[.l

was recognized above—as was (50)—only as being valid in the sense that the same
truncations are understood to be taken on both sides. We shall now show that this
equation is valid for arbitrary values of the infinitely many variables, provided
that A denotes a value lying outside the spectrum of K.

Let a1,as,... be a fixed system of values of the infinitely many variables
X1, X3, ...; then let

Ep(a)/ [Ep(a)]n/ [Ep(a)]m

denote the values assumed, for that fixed system, by E, and by the nth and mth
truncations of E,, respectively. By (50),

lies below a finite bound independent of n and P. We put

> Ep@) = e(n, P),

(p=P+1,P+2,...)

where ¢(n, P) is a quantity which, for fixed n, tends to zero as P — oo. Since, for
fixed A, the quantities

1
all possess a finite upper bound G, the quantity 1(n, P) defined by

[Ep(@)le
20 T =P
(p=P+1,P+2,...)
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likewise tends to zero as P — oo for fixed n.
On the other hand,

is a bounded form, and indeed one for which the absolute values of all its values
remain below a bound G’ independent of P. It follows from our earlier consider-
ations (p. 178) that

[Ep(a)lm [Ep(a)]n
2, o L= A/ =1Z p 1= A/

:(G)\/a,%+1+a,21+2+---+a%1, (m > n),

where (G) denotes a quantity lying between finite bounds independent of n, m, P.
From the last two equations we obtain

[Ep(@)]m [Ep(a)]n
Z 1-A/Ay, Z 1-A/Ay

(p=1,2,...)

+ (G)\/a,%Jrl +a’,,+--+az +n(n,P).
If here we first let m — oo, then P — oo, and finally n — oo, we obtain
Z 1 EPA(a) _ Z [Ep(a)]n .
(p=12,..) [Ap  n=e (p=1,2,... L=A/Ap

On the other hand, we apply to the bilinear form o(u; x, y) the same argument
given above (p. 178) to prove the convergence of A(a, b). Since, in view of (31),

[0(#3 X, y)]n <1,

and hence, for every u and arbitrary x;, x2,...and y1, yo, .. .,

o(w;x,y) <1,

that argument also proves that [o(y; x, y)], converges to o(u;x, y) uniformly in
p. Thus, for every system of values of the infinitely many variables x1, x2, ... and
Y1, Y2, ..., the bilinear form o(y; x, y) represents a continuous function of u, and
it follows in turn that

/ doly) _ [ / do(u)l
(s)l—A/[J n=o0o (5)1—)\/# n.

=
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The last two limit equations prove our assertion, i.e. extend the validity of the
partial-fraction representation of K(A; x) to arbitrary values of the infinitely many
variables.

The partial-fraction representation of K(A;x) just proved to hold in general
shows at the same time that the value of the resolvent K(A; x), for any system of
the infinitely many variables x1, x3, . . ., is a regular analytic function of A outside
the spectrum.

If, in K(A;x,y), we substitute generally for x, the expression JdK(x,y)/dy,,
there results the convolution

K(x,)K(A; -, y),

and hence this too, for every system of values of the infinitely many variables
X1,Xx2,...and yi,y2,..., represents a regular analytic function of A outside the
spectrum.

From these facts we infer the validity of equation (54), not only for arbitrary
systems of values of the infinitely many variables x1, x2, ... and vy, y», . . ., but also
for all values of A lying outside the spectrum.

We summarize the most important of the results obtained as follows.

Theorem II. Let K(x) be a bounded quadratic form in the infinitely many variables
X1,X2,.... The resolvent K(A,x) of K(x) is a uniquely determined quadratic form in
these same variables,
KA, x) = Z Kpg(A)xpx,,
(p.9)

whose coefficients K,5(A) are regular analytic functions of A for all values of A lying out-
side the spectrum of K.

When A denotes a value lying outside the spectrum of K, the resolvent K(A, x) is
a bounded form; for any system of values of the infinitely many variables x1, x2, . . ., it
represents an analytic function of A.

For arbitrary values of the infinitely many variables x1,x2, ... and for sufficiently
small values of A, the resolvent K(A, x) admits the power-series expansion

K(A, x) = (x,x) + AK(x) + A2KK(x) + -, (59)

and, likewise for arbitrary values of the infinitely many variables and for all values of A
lying outside the spectrum of K, the partial-fraction representation

o & do(p)
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Here the sum is to be extended over the entire point spectrum of K, i.e. over all eigenval-
ues, possibly including the eigenvalue oo; E, denotes in general the quadratic eigenform
belonging to Ap. It is a bounded form which is nonnegative for every system of values of
the variables x1,x, . ... The integral is to be extended over the interval spectrum of K.
The spectral form a(A) is a bounded form in the infinitely many variables x1, x2, . . .; for
each system of their values it represents, as a function of A, a function which is continu-
ous and, within the interval spectrum s, increases with A—apart from special values of
X1, X2, .. .—but remains constant in every interval lying outside s.
In particular, the equations

(x,x)= > Ep+ / do(A), (61)

(p,)
E do(u)
Kx)= ) -2+ / (62)
%‘AP () H

hold. The resolvent K(A, x) is connected with K(x) by the relation
K(A;xl }/) —/\K(X,)K(A,, ]/) = (X, }/)/ (63)
which is valid for all values of A lying outside the spectrum of K.

Put
KA;x,y) = aixi + asxa + -+,

where a, ay, ... are certain linear functions of yi, y2, . .. with convergent sum of
squares. Then, by equating the coefficients of x, in (63), we obtain

ay =AY kpyttg=y,,  (p=12,...).
(9)

Thus a1, @y, ... solve these infinitely many inhomogeneous equations arising
from the quadratic form (x,x) — AK(x) (where A lies outside the spectrum),
whenever vy, v, ... are any quantities with convergent sum of squares; they are
the unique solution with convergent sum of squares.

We shall now investigate the behavior of the resolvent K(A, x) for a value of A
lying within the spectrum of K.

For this purpose put

A=v+iv,
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where v, v are real numbers, and ask whether the product

Ep do(u)
V=4 %AP—AJF/@)H—A

tends to a limit as v/ — 0.
First let v be a condensation point of the eigenvalues of K(x), but not equal to
an eigenvalue of K(x). Put

ZEP=E1+---+Em+Rm,
(p)

and denote by v,, that one among the eigenvalues Ay, ..., A, which lies nearest
to v. Choose m so large that
V< (v —vp)?

still holds. Then

v—A v’ !
f <m, < < < ’,
orp=m Ap=Al T Ay =v| ™ v =V i
and, for p > m, certainly
v—A
<1

hence also

E
(v—A)ZA f/\ < Wi+ +En)+ Ry < Vv + Ry
P 7

Since, as v' — 0, m necessarily grows beyond every bound and hence R, tends
to zero, it follows that

EP
L (V—/\)%Ar)—/\ = 0. (64)

The last limit equation certainly also holds if v is neither a condensation point of
the eigenvalues of K(x) nor itself equal to an eigenvalue.

From these facts we infer, on the other hand, that if v equals the eigenvalue A,
then necessarily

E
p
- E =E,. 65
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Now let v be a point of the interval spectrum s, and let y’ be a real number

greater than v. If we put
— (V _ #/)2,

then, by a similar estimate of the integral extending up to u’, we obtain

o(reo) da(m}
A
v’ {(V >/(v) -
a(v) d
L {(v—/\)/ )[JG(HA)}

Ep do(p)
KA, x)=(x,x)+ A Z Ap——/\Jr/(s)H_/\ ’
(p,)

it follows from (64), (65), (66), and (67) that

Likewise,

Since

0,
L (v - AM)K(A, x) = _ _
pEp, if v equals the eigenvalue A,,.

As a supplement to this, if

we have the limit equation

0, if A = coisnot an eigenvalue,

E., ifit mustbe counted as one.

L KA, x) = {

if v is none of the eigenvalues of K(x),

(66)

(67)

(68)

(69)

To see this, the analogous considerations to those above suffice: in examining the
sum, choose m so large that v’ > 1/31 still holds, where v, denotes the eigenvalue
of greatest absolute value among A4, ..., A, and in examining the integral put

V/ — [u/2.

If u denotes any value lying outside the spectrum of K, then convolution of

(63) with K(u; x, y) gives

AK(/ )K(/\a y x)K([Ja ‘r y)
= K(A; -, x)K(y; -, y) — K(p; x, y).
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From this formula and the one obtained from it by simultaneously interchanging
Asxq, x2,... with u; y1, y2, ..., we find

(A = wKA; x, )K(w; v, ) = AK(A; x, v) — uK(u; x, y). (70)

Now recall that the convolution

K(A; x, )K(usy,+)

means the expression obtained when, in K(A; x, i), we substitute for the variables
Y1, Y2, ..., respectively, the values

IK(p;x,y)  IK(;x,y)
G S

It follows from (68) that, with p held fixed and for A = A, +iv’, the limit equation
L Ay = KA x, ) K y, ) = ApEp(x, Ky, -) (71)

must hold. On the other hand, again in view of (68), in the same sense
V,I;O(/\p —M{AKA; %, y) — uK(u; x, y)} = /\f,Ep(x, y). (72)

It therefore follows from (71), (72), and (70), writing A in place of u, that

A
Ey(x, Ky, ) = 127 Ep(x,y). (73)

If in this equation we again put A = A, + iv’, then multiplication by A, — A and
application of (68) give
Ep(x,)Ep(, y) = Ep(x, y). (74)

If, however, in (73) we first replace p by an index g different from p and then
proceed in the same way, we obtain

Ey(x,)E;(,y) =0,  (p#9). (75)

Using (69), we see in the same way that (74) and (75) are also valid when the
eigenform E, that may belong to A = oo is put in place of E,.

If the value of K(A; x, y) from (60) is substituted in (73), then (74) and (75) show
that, identically in A,
do(u;-,y)

E,(x,- =
p(x) ) 1—=Alu

0; (76)
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the same equation also holds, when applicable, for the eigenform E,.

In the discussion that follows, by an elementary form we understand in general a
bounded quadratic form E whose point spectrum in the finite plane consists only
of the single point 1 and which has no interval spectrum. Applying representation
(62) to the elementary form E, we find that E itself is the eigenform belonging to
the eigenvalue 1, and hence, by (74), it must satisfy

E(x,)E(, y) = E(x, ). (77)

Conversely, if a bounded quadratic form E satisfies relation (77), then application
of formula (59) gives for its resolvent the expression

(x,x)+AE+A’E+--- = (x,x)—E+%.
From this, in view of (68) and (69), we see that E has only the one finite eigenvalue
1; it follows further that there is no interval spectrum. Thus E is an elementary
form.
Let
Li(x) = huxy + higxa + -+,

Lo(x) = lo1x1 + logxo + -+,

be any finite or infinite number of linear forms whose coefficients satisfy

LyOLy() = Y 12 =1, L)Ly = > Iprlyr =0.
(r) (r)
Such a system of forms shall be called a system of orthogonal linear forms, or briefly
an orthogonal system.
The close connection between the concept just defined and that of an elemen-
tary form is exhibited by the following theorem.

Theorem. Every elementary form can be represented as a sum of squares of the linear
forms of an orthogonal system; conversely, the sum of the squares of the linear forms of an
orthogonal system always represents an elementary form.

Proof. For the first assertion, observe that the elementary form E, since it is itself
its eigenform, is necessarily nonnegative. Thus, if the variable x; occurs at all in
E, then the coefficient of x7 in E—denote it by e1;—is certainly positive. Put

1 JE(x,y)
\/a a}/1 '

Li(x) =
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Then (77) gives
Li()E(x,-) = Li(x),  Li()Li()=1.
Consequently, if we form
Ei(x) = E(x) - Li(x), (78)

we obtain
Li(-)Ei(x,-) =0,

Ei(x,)E1(-, y) = E1(x, y).

Thus E; is likewise an elementary form. Since, as such, E; is a nonnegative form,
and since by (78) the coefficient of x% in Eq has the value zero, the variable x; does
not occur at all in E;.

Applying the same procedure to E; instead of E, we arrive at a linear form L,
and at the elementary form

Ex(x) = E1(x) = L3(x) = E(x) = Li(x) - L3(x),

(79)

which does not contain the variables x1, x; at the same time, (79) gives
Li(-)La() = 0.

Finally, the expression
E(x) = Li(x) = L3(x) = -

is a bounded nonnegative form which contains none of the variables x;, xo, . ..
and is therefore identically zero; i.e.

E(x) = L3(x) + L3(x) + - .

To prove the converse assertion of the theorem, first form, from the first m
linear forms Ly, ..., L, of the given orthogonal system, the expression linear in
X1,X2,...

M(x) = (x,y) = Li(x)L1(y) = -+ = L (%)L ()
Since the sum of the squares of the coefficients of M(x) is
MOM() = (v, y) - Li(y) =+~ = Ly, (v),

the right-hand side here is nonnegative. Consequently, the finite, or infinitely
continued, series of forms

Li(y) + Ly(y) + -

also represents a bounded quadratic form; and from the orthogonality properties
of the linear forms Ly, Lo, ... it then follows that this form satisfies relation (77).
O
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The elementary form (x, x), and only this one, also does not have A = co as an
eigenvalue.

We now apply the preceding results to the eigenforms of the quadratic form
K(x). If we regard all the eigenforms Ey, or Ep, Eco, Of K(x), which are elemen-
tary forms by (74), as represented by sums of squares of orthogonal linear forms
x1, x5, ..., wearrive in the following way at an orthogonal substitution of the vari-
ables x1, xo, .. ..

First form

(x,x) —x 2 —xh? =

it satisfies relation (77) and is therefore an elementary form in the variables
X1, X2, .... If we put it in the form

2 2
51+£2+"'/

where &1, &9, . .. likewise denote an orthogonal system of linear forms which are
also orthogonal to x7, xJ, ..., then

2 2 2 | 2
(X, x)=x1 " +x5"+-+ &+ &+,

and hence the linear forms x7, x5, ..., &1, &2, . . ., taken together, define an orthog-
onal substitution of the variables x1, xo, . . ..

Since equation (76) certainly holds for all values of A in a sufficiently small
neighborhood of A = 0, and since every continuous function w(u) on the interval
s, which does not contain 0, can be uniformly approximated by linear aggregates

of the functions* 1

1-Afu’

we conclude that, for every continuous function w(u),

B [ w ot y) =0,
and consequently, for every p,

Ep(x,)o(u;+,y) = 0. (80)

If in this equation we imagine the variables x,x),...,&1, &2, ... introduced in
place of x1, x2, ..., then (80), in view of the covariance of convolution under or-
thogonal transformation and the nonnegative character of o(u; x), shows that the

“Translator’s note: The original edition prints 1-A/y at this point; equation (76) and the ensuing
approximation argument require the reciprocal shown here.
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spectral form so transformed is free of the variables x, x/, ...; we denote it by
E(u; &). Formula (60) then takes the form

’r 2

ko= % e [ D 1)

(k=1,2,...) 1= kiA s) L=Afu

where ki, ko, . .. denote the corresponding reciprocal eigenvalues, after they have
been arranged in a simply infinite sequence.

To find the characteristic properties of the spectral form &(u; &), we substitute
in (70) the expression (81) just found for the resolvent. We obtain

d&(p;&,7) [ dé(p;n,-)
/\_
A=w ) 1=Alp Js 1—-p/p

:A/ dé(p;é,n)_y/ d&(p; &, n)
) 1=A/lp s L—ulp

In view of the identity
A u

L-AMp 1-wlp _ 1 1
A-u L-A/pLl—ulp’

it follows that

) L=Alp Jy 1—plp

1 1
= d&(p; &,1m).
/(S)I—A/pl—u/P P&

Since this equation is to hold for all values of A, i, we conclude, as above, that for
arbitrary continuous functions u(p), v(p),

/ u(p)dE(p: £, ) / o(p) de(pin, )
(s) (s)

S

= /() u(p)o(p)dé(p; &, n).

For u(p) = v(p) and & = 1, this relation takes the form

2dE(p; &) = d&(p: &,- dE(p: &, ).
/(S (up))* a1 /( RO /( RO

S
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Furthermore, (81) with A = 0 gives

(€)= /( a(s2).

Conversely, the preceding relations, and hence ultimately (70), can be inferred
from the penultimate relation, while (63) can then be inferred from (70) with the
aid of the last equation. Thus we see that the two conditions just found are also
sufficient to characterize the spectral form &. From (68), (69), and (74) follows the
unique determination of A,, E,; and, on the other hand, we conclude that the spec-
tral form is also uniquely determined by the above relations characteristic of it and
by the requirement that K admit representation (62). For the mode of reasoning
just indicated, starting from the properties of the spectral form, shows that the
resolvent is represented by (60), and hence, because of its unique determination,

that
/ do(u)
) 1 =A/u

is uniquely determined for every A, and therefore so is the spectral form itself.
We summarize the results obtained as follows.

Theorem III. Every bounded quadratic form K in infinitely many variables can always,
and in only one way, be brought by an orthogonal substitution into the form

do(u; &)

K=k1xf+k2x§+---+/ ,
(s) s

where k1, ks, . . . denote certain quantities lying in absolute value below a finite bound (the
reciprocal eigenvalues), and the spectral form o(u; &) satisfies the relations sufficient for
its characterization

/ (1) do(uis €) = / () do(: &, ) / u() dolis .,

(s) (s) (s) (82)
&, €)= do(u; &),
(& 6) /( o)

identically for all continuous functions u(u).

Put A = A, +iv’ in (63). After multiplication by A, — A and taking the limit
v' — 0, it follows from (68) that

Ep(x,y) — ApK(x,)Ep(-, y) = 0.
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If we represent E, as a sum of squares of an orthogonal system,

2
Ep= ) (Lyn(x))’,
(h)
then convolution with Ly;(y) gives
Lyi(x) = AK(x, MLpi() = 0.
Thus the equation
AL()K(x, ) = L(x)

can certainly be satisfied identically in x;, x2, . . . by abounded linear form L when-
ever A is one of the eigenvalues of K. Likewise, it follows from (69) that

L(-)K(x,) =0

can certainly be satisfied when A = oo is an eigenvalue.

We can now also establish conversely that the preceding equation is solvable
by a bounded linear form only in this case. In view of Theorem III, it is necessary
only to prove that, if L is a bounded linear form in the variables &, &, .. ., the

relation
do(u; &,)

(s)
cannot hold for any value of A. Denote the coefficients of L by [; the latter relation

then takes the form do(u £.1)
o\l;c,
A [ RS e,
(s) H

From this we subtract the relation

AL(") =L(&)

/( do(uE, D =&

A
1——|do(u;:&,1)=0,
/(S)( H) 3

which would likewise be satisfied identically in &, &9, . . .. Taking

and obtain

A
=1-=
u(u) p
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in (82), we infer that

1)\2
1——| do(u;l) =0.
/(S)( IJ) 7

[ dotwn=wn,
(s)

and because o never decreases, this is possible only when (I,/) = 0. We thus
obtain the following fact.

In view of

Theorem IV. If K is any bounded quadratic form, then the relation
AL()K(x, ) = L(x)
is solvable by a bounded linear form L if and only if A is an eigenvalue of K.

In particular, the equation
L(-)K(x,) =0

is solvable if and only if A = oo is an eigenvalue of K. If A = co is not an eigen-
value, and this equation is therefore not solvable, the quadratic form shall be
called closed.

In the remainder of this Section XI we shall concern ourselves in greater detail
with two particular cases of Theorem III.

We call a function F(x1, x2, . . .) of infinitely many variables x;, xs, . . . completely
continuous at a fixed system of their values if the values of F(x; + &1, x2 + ¢€2,...)
converge to F(xi, x2,...) whenever each €j tends to zero, independently of how
this happens; that is, if

L F(x1+£1,x2+82,...):F(xl,x2,...)
6120,6220,...

for every sequence of systems egh) , egh), ... whose individual coordinates tend to

zero, so that
L e"=0, 1 =0,

h=o00 h=co
If a function is completely continuous for every system of values of the variables,
it shall simply be called completely continuous. The following conclusions attach
immediately to the concept of complete continuity.
If a completely continuous function F has the property of remaining in abso-
lute value below a finite quantity for all values of the variables, then F possesses
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a maximum, as can readily be proved by applying the familiar procedure for a fi-
nite number of variables. If, furthermore, L1(x), ..., L, (x) denote m further com-
pletely continuous functions of the variables x1, x3, . . ., and only those systems of
values of these variables are admitted which satisfy

Li(x)=0, ..., Lpux)=0,

then F possesses a relative maximum; here the variables are always subject to the
inequality
(x,x) < 1.

A bounded linear form in the variables xi, xo, ... is, as is seen at once, also
completely continuous in these variables. From this we readily conclude that a
completely continuous function of the variables xi, x3, ... is again a completely
continuous function of the new variables after an orthogonal transformation.

If a bounded quadratic form K is completely continuous, it is evident that its
eigenvalues do not accumulate in the finite plane; at the same time it can be shown
that an interval spectrum cannot be present at all. From Theorem III we therefore
obtain the following result.

Theorem V. If a bounded form K is completely continuous, it can always be brought by
an orthogonal substitution into the form

K(x) = klx% + kgxg 4+ (83)

the quantities ki, ko, . . . are the reciprocal eigenvalues of K and, if infinitely many of them
occut, have zero as their only condensation point.

Because of the many and important applications of this theorem, I give here a
very simple proof of it which is independent of the preceding theory.

Proof. First suppose that K is a positive definite form. Let
x1 = I, X2 = lig,

be values of the variables for which K(x) attains the maximum k;. Clearly the sum
of the squares of these values must equal 1, since otherwise we could increase the
value of the form without violating the condition (x, x) < 1.
Put
Ll(X) = li1x1 + lioxg + -+
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and, now imposing on the variables the condition

Li(x) =0,
determine the relative maximum ks of K(x). Let it be attained for the values
x1 = Iy, x2 = Igo, Sy
whose sum of squares must again equal 1. Further put
Lo(x) = Io1x1 + Iogxo + -+
and, imposing on the variables the conditions
Li(x) =0, La(x) =0,
determine the relative maximum k3 of K(x). Let it be attained for
x1 =131, X2 = 39,

We then put
La(x) = 3121 + Isoxg + -+ .

Continuing this procedure, we obtain a system of linear forms L1, Lo, L3, . .. with
the orthogonality properties

Ly()Ly() =1, Ly()Le() =0 (p #q).

On the basis of the earlier considerations (p. 196), complete these linear forms
by a system of linear forms

Ml(x)/ MQ(x)/ s
such that
xll = Ll(x)/
Xé = LQ(X)/
Y1 = Ml(x)/
Yo = MQ(.X'),
form an orthogonal substitution of the variables x;, x2, . ... Denote the form K(x)

transformed by this orthogonal substitution by K(x"y). The coefficient of x] 2 in
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K(x'y) must plainly equal k;. On the other hand, no further terms containing x}
may occur in K(x’y), since the difference

K(x’y)—kl(xiz+x§2+---+y%+y§+“')
= K(x) — k1(x, x)

is to be negative or zero for all values of the variables x/, x},...,y1,y2,.... Since
the same considerations apply to x), x7, ..., we have

K(x"y) = kix] 24 kgxéz +---+ R(y),

where R(y) denotes a quadratic form containing only the variables y1, y2, . . ..
Since K is completely continuous, the same is true of the form

K(x'0) = kyx|? + koxh > +--- ;

hence, if infinitely many of the quantities ki, ks, . . . occur, they must converge to
zero. For otherwise there would be a sequence of values of K(x'0) converging
to a value different from zero, while each of the arguments x7, x/, ... separately
converged to zero.

Suppose now that there were a system of values y; = my,y2 = my,... for
which R(m) > 0. We could then choose g so that R(m) > k;. For

x1:O, x2:(), ey yr=my, Yo=my, ...,
we would also have K > k;. The equations
Ll(x) =0, Lg(x) =0, ..., Ml(x) =my, Mg(x) = my,

would therefore determine a system of values of the variables x1, x», . . . for which,
in particular, the conditions

Ll(X) =0, ..., Lq_l(X) =0

are satisfied and at the same time K > kq. This contradicts the manner in which
k; was determined; hence R(y) cannot assume positive values.
Since

K(0y) = R(y),

R(y) certainly cannot assume negative values either, and consequently R(y) is
identically zero; i.e.
K(x) = k1 L2(x) + koL3(x) + -+ - .
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If K(x) is not assumed to be a definite form, the same reasoning leads to the
representation

K(x) = le (x) + kgL (x)+ -+ R(y),

where R(y) cannot assume positive values. Since —R(y), as a positive definite
form, admits a representation of the same kind, we finally obtain for K also a
representation by squares of orthogonal linear forms, and the proof of Theorem
V is thereby complete. |

A sufficient criterion for the complete continuity of a form is provided by the
following theorem.

Theorem VL. If, for a quadratic form K, one of the sums

5y = Z kpgkop = Z k2,

(p.q) (.9)
D kpgkgrkrsksy,
(p,q,1,5)

remains finite, or if, for a definite quadratic form K, one of the sums

51 = Z kpp,

(r)

53 = Z kpakgrkep,
(p.q,7)

remains finite, then K is a bounded, completely continuous form.

Proof. Indeed, if K is a quadratic form whose coefficients have a finite sum of
squares, then, because

X|1——=—

OK(x,y) | oKy) . (&K(x,y>)2+(81<<x,y>)2+
8y1 8y2 o 8]/1 8]/2
(8K(x,y) 2
93/;7

2 2
<ky+kp,+
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we necessarily have

K@< Y k2,
(r.9)

Applying this fact to the quadratic form

(1)
K(x) - Ky(x) = Z kpgxpxg,
(p.q)

where on the right (p, q) runs through all pairs of integral values except those for
which both p < n and g < n, we find

(n)
K(x) = Kn(0)] < | D K.

(r.q)

Since
(n)

k2 =
n=oo Z pq !

(p.49)
the required complete continuity of K(x) follows.
If K is a definite form, then

2
kpg < kppkaq,

and hence

2

DR D |

(p.49) (p)
Thus, if Z(p) kyp remains finite for a definite form, its coefficients certainly also
have a finite sum of squares, and, by the preceding consideration, the form is
again a completely continuous function of the variables.

We now readily recognize, one after another, the following facts.

1. If a bounded quadratic form K is not completely continuous, then it is also not
completely continuous at the particular system of values 0,0, . ... This assertion
follows by applying the formula

K(x +a) = K(x) + 2K(x,a) + K(a),
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with a system of values chosen for a1, as, . . . at which K is not completely continu-
ous, taking account of the fact that K(x, a), as a bounded linear form, is certainly
completely continuous.

2. If K is a completely continuous quadratic form, then so is the form KK; this
follows immediately from Theorem V.

3. If K is completely continuous, K* is any quadratic form, and for all systems of
values x1, x, . .. the inequality

[K*(x)] < [K ()|

holds, then K* is also completely continuous; for from this inequality complete
continuity for the system of values 0,0, . .. follows.

4. If K is completely continuous and K* is bounded, then the convolution of K
and K" is completely continuous; for

K(x, JK(x, )] < \ (KK() (KK (),

this convolution is certainly completely continuous at the system of values 0, 0, . . .,
since the form KK is completely continuous by 2.

5. If the convolution KK of a quadratic form K is completely continuous, then
the form K itself is also completely continuous; this follows likewise, by virtue of

1, from the inequality
|K(x)| < VKK(x).

6. If one of the forms which have arisen by repeated convolution from the
bounded form K,

K®) = KKK, KW = KKKK, K® = KKKKK,....

is completely continuous, then K is also completely continuous. For if, say, K/) is
completely continuous, then, by 4, the forms KU/*1), K(f+2)_ are also completely
continuous. Among these we choose a form for which the number of convolu-
tions is a power of 2, say K®*); then, by applying 5 ¢ times, we conclude that K is
completely continuous.

7. If the bounded quadratic form K is definite, then the convolutions
K®),K®), . .. are likewise definite; for example, K®)(x) arises from K(x) when
xp is replaced by JK(x,y)/dy,. Since, in general, sf is nothing other than the
invariant K()(., ), namely the sum of the coefficients of x% in KU, it follows from
6 and 7, and from the fact that the case f = 1 has already been disposed of above,
that Theorem VI is valid in general. m|
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From Theorems V and VI we obtain the following fact:

Theorem VII. A quadratic form K satisfying one of the assumptions made in Theorem
VI can be transformed, by an orthogonal transformation (83), into a sum of squares.

The counterpart to the case treated in Theorems V- VII is the assumption that
K has no point spectrum, but only an interval spectrum. In order to consider only
the simplest, yet typical, case, we further make the assumptions that the interval
spectrum (s) consists of a finite number of intervals, that the coefficients of the
spectral form o(u, x) are continuously differentiable with respect to u, and finally,
when

do(u, x)
d

=P x) = ) Yp(wxyx,,

p,9=1,2,...

that ¢11(u) is nowhere zero within (s) and, on putting, for brevity,

Yr1(w)
Vo)’

the functions 11(u), P2(u), . . . are linearly independent in the sense that, for an
arbitrary function u(u), there is no linear relation among the integrals

Pi(p) =

/ u(pw () d, / u(po(p) dy, ..., (84)
(5) (5)

whose coefficients are constants having a finite sum of squares.
If we insert our assumptions into relation (82), put &1 =1, &, =0,83=0,...,

and replace u(u) by u(w)/+/¢11(1), we obtain

2
du = { d } : 85
/(S )(u(u)) w= > /(S )u(u)ybp(u) U (85)

r=1,2,...

Consequently, for arbitrary functions u(u) and v(u),

S

A g du = ; /( 0 d /( o0 do (36)

If we take v(u) = 1,4(u) here, then

/(S gyl = pZ /( gy /( pudp®
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In view of the linear independence expressed in (84), relation (87) can hold iden-
tically for every u(u) only when

2
| ) au=1,
| ptoviade=0 @+ q) )
S
Now, from the positive definite character of the form (u, &),

(V11&1 + P1a&a + -+ )2 <¢(u, EP1,

or
(P11 + oo+ -+ )2 <P, &). (89)
On the other hand, by (88),

/()(1,0151 + Yoo+ - - )2 du = (&, 8),

and since

/( W E) = (2,0

it follows that
/) {IP(H/ &) = (Y1&1+ Pl + - )2} du = 0.
(s
But the expression under the integral sign is nowhere negative, by (89); hence

P, &) = (Pr(pér + Pa()Ea +-+ )7

Thus, under the assumptions made, the characteristic property of the spec-
tral form o(u, &) consists in the fact that its derivative with respect to u is the
square of a linear form whose coefficients satisfy the orthogonality relations (85)
and (88). Conversely, since a form of this kind satisfies all the characteristic prop-
erties of a spectral form, it is now easy to construct a quadratic form K having
any prescribed interval spectrum (s): we choose a complete orthogonal system of
functions 1(u), P2(u), . . . satisfying the relations (85) and (88), and put

2
K(&) = /() (P1(u)&r + 1,[);(#)52 +) i,
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The simplest example of this kind is the quadratic form

K(x) = x1X9 + XoX3 + X3X4 + -+ ; (90)

it has no point spectrum, while its interval spectrum consists of the two intervals
from A = —co to —1 and from +1 to +oco. Here

2 cost

Yp(p) = sinpt,

sin t

where t, lying between 0 and 7, is determined by cost = 1/u. We then have

ooy 1060w+ i ) = 3,2,

(+1-++00)

and

(lnbl([u)xl + Po(u)xg + -+ )2
K09 = /“"’"'—1) du.

u

(+1-+++00)

In confirmation of Theorem IV, we note that the equations

A
X1 — 53(2 = O,
A
Xo — E(xl +x3) =0,

A
X3 — §(x2 +x4) =0,

have, for no value of A, solutions x1, x2, . . . with finite sum of squares.
Another example with the same interval spectrum is the quadratic form

X1X9 + XoX3 + X3X4+ - . (91)

2
T T

For this form we find
1
=T L),

where P?~(x) denotes the Legendre polynomial of degree p — 1. If we put
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where Q?~1(x) denotes the associated spherical function of the second kind, then
the resolvent of the form (91) has the form

KA, x) = Z AP, (M) xg(M)xpxg.
(p,92zp)

The two forms (90) and (91) can be transformed into one another by an orthogonal
substitution, as is immediately seen from their spectral forms. If we drop the as-
sumption of linear independence made above, the derivative of the spectral form
is not the square of a single linear form, but rather the sum of squares of linear
forms.

XII. Simultaneous System of Quadratic Forms,
the Hermitian Form, the Skew-Symmetric Form,
and the Bilinear Form with Infinitely Many Variables

The methods and results developed in Section XI can be extended, without any
difficulty of principle, to more general forms with infinitely many variables. We
first consider the case of a simultaneous system of two quadratic forms, one of
which has definite character, while the other is presented as an aggregate of posi-
tive and negative squares of the variables. With the aid of my method of passage
to the limit, starting from forms with a finite number of variables, we can easily
develop the corresponding theory; we single out only the following result:

Theorem VIII. Let K(x) be a positive definite, completely continuous, closed quadratic
form, and let
V(x)=vix] +0ox3 + -+,

where each of the quantities vy, vs, ... is either +1 or —1. Then there exists an infinite
sequence of quantities different from zero, ni, ns, ..., having respectively the signs of
U1, U2, .. . and tending to zero. Their reciprocals are called the eigenvalues of K relative to
V. There also exists an infinite sequence of bounded linear forms Li(x), La(x), . . ., called
the corresponding eigenforms, such that the polar relations

Lp(-)V(-, ')Lp(') = Up, Lp(-)V(-, ')Lq(') =0 (p#4q)

hold and
K(x) = |%1|(L1(x))2 + |%2|(L2(x))2 4o
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This Theorem VIII can also be proved, without passage from a finite to an
infinite number of variables, solely on the basis of Theorem V, with no new con-
vergence considerations.

Proof. For this purpose we first suppose that the given form K(x) is closed. We
then bring this form K(x), by Theorem V, through an orthogonal transformation
of the variables x1, x2, ... into the form of a sum of squares; we denote the new
variables by x/, x}, ... and find

K(x) = k1x12 + k2x§2 +e,

where ki, ko, . .. are all positive quantities converging to zero. We further denote
by V’(x’) the quadratic form in the variables x{, x}, ... which arises from V(x)
through that orthogonal transformation, and finally by V’(Vk &) the quadratic
form in the variables &1, &, . .. which arises from V’(x’) when Vki1 &1, Vka&o, . . .
are substituted in it for x{, x5, . . ..

We can now easily show that V’(\/E &) is a completely continuous form in the
variables &1, &9, . ... Indeed, as is readily seen, V’(x’) can be represented as the
difference of two elementary forms E;(x’) and Ex(x’); as such, they satisfy the
inequalities

Ei(x") < (x',x7), Eo(x”) < (x', x7).

Substituting V&1, V&, . .. again for x, x}, ..., these inequalities become
El(\/EE) < k1é% + kgég + -,

Es(Vk &) < ki &2 + ko3 +---

If these elementary forms were not completely continuous in the variables

&1, &2, . .., there would have to exist systems of values a(ln), ag"), ... for which

while the elementary forms, which are positive definite, would have to assume,
for

51206(1”), 52:0((271)’”"
values remaining above a positive quantity independent of n; but this would
contradict the foregoing inequalities, since K(x) is completely continuous. Since,
accordingly, E 1(\@ &) and Eg(\/z &) are completely continuous in &, &2, . . ., s0 too
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is V'(WVk &). The complete continuity of E 1(Vk &) and Ey(Vk &) in the variables
&1, &2, ... also follows directly from 4 on p. 205.

We now transform, by Theorem V, the variables &1, &9, . .. orthogonally into
the new variables &/, &), ... in such a way that the form V’(\/E &) assumes the
form

V'(VKE) = 3, E2 + ol + -,

where %7, u9, ... are certain real quantities converging to zero. Let the linear
forms in x/, x}, ... which arise from the forms é;(é) when Vkix}, Vkox), ... are

substituted for &;, &9, . .. be denoted by é;’j(\/f x"). Since the former forms consti-
tute an orthogonal transformation, we then have

K = (Vhix))” + (Vioxy)" +---
= (& (VEkx)) + (& (Vkx) + -+ ;

furthermore,
&V (VR E, Vk )
_ 5@ viVke Nk 95O ovi (Ve Vi)
T g Im = o>

= & (VE V' (VKE, ),
and consequently
&V (VEE, ) = 2,8(8).
From this formula we infer in the same way
VIV, E(Vh ) = 1, E()EL().

If we now return to the variables x1, x2, ..., and denote generally by A,(x) the
linear form in x1, X3, . . . which thereby arises from é;,(\/E x"), we obtain

ApOIV (YA () = 2pE0(IEL(),

and, by the orthogonality of the forms &/ (£), this is equal to %, when p = g, and
equal to zero when p # g; on the other hand,

K(x) = A2(x) + A3(x) + - .
If %, = 0, then for all x1, x2, ... we should have

Ap()v(/ )K(/ x) =0,
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which would contradict the closedness of K and of V; consequently 5, x3, ... are
all different from zero.

We may now think of the terms %15’12, %2552, ... in the above representation
of V' (Vk &) as arranged so that, in general, np has the sign of v;,. Indeed, such an
arrangement of those terms would fail to be possible only if either the number of
negative (respectively, positive) units in the sequence vy, vy, . . . were finite and at
the same time the number of negative (respectively, positive) quantities occurring
in the sequence x4, uy, . .. were greater than the former number, or if the number
of negative (respectively, positive) quantities in the sequence 1, x2, . . . were finite
and at the same time the number of negative (respectively, positive) units in the
sequence vy, Uy, . . . were greater than the former number.

If we denote by xl(\/z &), xz(\/E &), ... the linear forms in &, &9, ... which
arise from x;(x’), x2(x’),... upon substituting Vk1&1, Vka&s, ... for x,x5,...,
then, identically in &5, &, . . .,

vl(xl(\/%g))2 +Z)2(x2(\/%£))2 4= %1(6,1(5))2 n %2(65(5))2 .

because both sides of this equation represent V’(Vk &).

In accordance with the first case, suppose that vy,..., v, are negative (re-
spectively, positive), while v,,1, Ue42, ... are all positive (respectively, negative),
and that »i,...,%.41 are negative (respectively, positive). Since the forms
E1(&), E5(E), ... determine an orthogonal substitution, that is, form a complete
orthogonal system of linear forms—as we shall say—every bounded linear form in
&1, &2, ... can be represented as a linear combination of the forms &/ (&), £5(E), . . ..
In particular, we put

xi(Vk &) = a11E(&) + a1z (&) + -+,

Xe(Vk &) = a1 E(E) + apn&(E) + -+,

where a11,412,...,4a.1, 402, . .. denote certain coefficients. We then choose quanti-
ties ay, ..., @41, not all zero, which satisfy the e equations

1101 + -+ a1 e410e41 =0,

Ae1¥1 + -+ Aeer10er1 =0,
and form the equations

&(&) =,
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524-1(6) = Qet1,
5;+2(§) =0,
Cer3(€) =0,

The values of &1, &9, . . . obtained by solving these equations would give a contra-
diction, since, when inserted into the identity set up above,

01 (x1(Vk &))" + 02 (x2(VE ) + -+ = 51 (E1(E))” + 32 (E5(8)) + -+,

they would give the left-hand side a nonnegative (respectively, nonpositive) value,
but the right-hand side certainly a negative (respectively, positive) value.

To treat the second of the cases named above, we start from the equation, iden-
tical in x7, x5, ...,

4 /

2 2
01 (11 () + 02 a(x)” - = 30 (é(ﬁ)) e Hﬁ)) .

where Ei(x’/‘/%), Eé(x’/\/E), ... denote the linear forms in x/, x7, ... which arise
from &7(&), E5(E), ... upon substituting xi/\/k_l, Xé/\/k—g, ... for &1,&9,.... Since,
however, the linear forms &}(x’/ Vk), Eq(x’/ Vk), ... do not necessarily become
bounded linear forms in x7, xJ, ..., the above identity has meaning only as an
identity of truncations, and the procedure used in the first case requires the
following modification.

Suppose that %1, ..., %, are negative (respectively, positive). Suppose further
that %41, %e42, . . . are all positive (respectively, negative), and that vy, ..., v.4; are
negative (respectively, positive). We then put

(5

4 /
):a11x1+a12x2+--- ,

4

X
’ 4 ’
Ee(—) = Qe1X] + QeaXg + - .

Vk

Further, we think of the equations

x1(x) =ay, ..., Xer1(X') = der1,  Xer2(x") =0,  xey3(x’)=0,..
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as solved for x7, x, . .., and represent the solutions as functions of a1, ..., 4,41 as
follows:

4
Xy =01141 -+ 01,e+18e+1,

4
X9 = 01201 + -+ 02e414e+1,

(n) (n)

Finally, for each n we determine e +1 quantities a, , ..., 4, such that, after these

values of x7, x7, ... have been inserted, the ¢ + 1 equations

anxi + -4+ alnx; =0,

aelxi + cc + aenx;,[ = O,

2 2 _
Ll1+"'+€le+1—1

are satisfied for

_ () _ (n)
611—621 ,...,a€+1—ae+1.

We now select integers n = nj, such that the limits of agnh), el aé’i”l) existas h —
oo, and insert the quantities x{, ..., x;, determined by these values agnh), cen, aé’i"l)

into the n;,th truncation of the above identity

. . (x 2 (x 2
v1(x1(x")” + v2(x2(x"))” + " (51(\@)) + U (52(\@)) +
We then see that the left-hand side of this identity, since it represents a bounded
form in the variables x/{, x}, ... and, as such, is continuous in these variables by
p. 178, tends to the value —1 as h — oo, whereas the right-hand side is always > 0.
Both cases have thus been recognized as impossible, and we may therefore
assume from the outset, in general, that », has the same sign as v;,. If we now put

the linear forms L;(x), La(x), . .. have the properties required in Theorem VIII.
The same mode of inference permits the treatment of a form K which is not
closed. To see this, we again bring the form K, by Theorem V, through an orthog-
onal transformation of the variables x1, x3, . .. into the form of a sum of squares.
We put
K(x) = k1x12 + k2x§2 +r,
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where ki, ko, ... are quantities of which some are positive and some vanish.
We again denote by V’(x’) the quadratic form in the variables x7, x, ... aris-
ing from V(x) through that orthogonal transformation, and finally by V’(Vk &)
the quadratic form in the variables &;, &, ... which arises from V’(x”) when
Vki1&1, Vko&s, . .. are substituted for x{,x5,.... Since V’(\/% &) is a completely
continuous form in &y, &g, ..., we may, by Theorem V, transform the variables
&1, &2, . .. orthogonally into the new variables &7, &), ... in such a way that

V' (VK &) =10 E% + 282 + -+,

where %1, u9, ... are certain quantities, each positive, negative, or zero, which,
if infinitely many occur, converge to zero. Finally, forming as before the expres-
sions &, (Vk x’), and denoting generally by Ap(x) the linear form which arises from

5,;)(\@ x’") when the original variables x1, x3, . .. are reintroduced in place of the
variables x7, x7, ..., we obtain, as before,

K(x) = A3(x) + A3(x) + -+ -,
0, p#4,
Ap(')V('/ ')Aq(') = {
np, P=4¢.
We state this result, which supplements Theorem VIII, as follows:

Theorem VIII*. Let a positive definite, completely continuous quadratic form K(x), and
also a quadratic form of the shape

Vix) = le% +vgx§ +en,

be given, where vy, v, ... have prescribed values +1 or —1. Then there always exists a
sequence of quantities u1, na, . . ., each positive, negative, or zero and tending to zero if
infinitely many occur, together with associated bounded linear forms A;(x), Aa(x), . ..,
such that the polar relations

Ap(WV (A () =,

Ap(V ()N () =0 (p # 1)

hold, and such that, moreover, the given quadratic form permits the representation

K(x) = A2(x) + A3(x) + - .
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By a Hermitian form in the infinitely many variables x1,x2,...,y1,y2,... we
understand a bilinear form in these variables of the shape

H(x,y) = Z MpaXpYq,
P

whose coefficients h,,; are complex quantities satisfying the condition
ftpg = kpq +ispg = hap = kgp — isgp.

If both the real and the imaginary parts of H(x, y) are completely continuous
functions of the real variables x1, x2,...,y1, Y2, ..., thenreal values A1, Ay, ... hav-
ing no finite condensation point-the eigenvalues of H-and corresponding lin-
ear forms with complex coefficients Li(x), L2(x), . . .—the eigenforms of H—can be
found such that

(x,y) = Li(x)L1(y) + La(x)La(y) + -+ -,

H(x,y) = Ll(x/)fl(y) " LQ(xiZQ(y) e

and such that the orthogonality properties

Lp(')zp(') =1, Lp(')zq(‘) =0 (p#q)

are satisfied; the horizontal bars indicate the interchange of i with —i. The proof
of this fact can be conducted analogously to the proof, given below, of the more
special Theorem IX.

If we assume the coefficients of the Hermitian form to be purely imaginary and
then suppress the factor 7, the skew-symmetric form results. By a skew-symmetric
form we therefore understand a bilinear form in the variables x1, x2, ..., Y1, Y2, . ..
of the shape

S(x,y) = Z SpaXpYq,
p.q

whose coefficients are real quantities satisfying the conditions

Spq = ~Sqp, spp = 0.



61

The fact stated above for a Hermitian form is expressed, for the special case of the
skew-symmetric form, as follows:

Theorem IX. If the skew-symmetric form S(x, y) is completely continuous, then there is
an orthogonal transformation of the variables

X1,X2,X3,X4,...

into the new variables

511 éi/ 52/ éé/ ey

such that, when the variables y1, Y2, Y3, Ya, . .. are simultaneously transformed by the
same orthogonal transformation into the variables 11,1},12,15, . . ., the form S assumes
the shape

S(x, y) = kl(éln,l - EiT]l) + kg(égné - Eérm) + e

here ki, ko, . .. are quantities which, if infinitely many occur, have zero as their sole con-
densation value.

Proof. We regard 2S(x,y) as a quadratic form in the infinitely many variables
X1,Y1,%2,Y2,.... From Theorem V we then infer the existence of quantities
ki, ks, ... and corresponding linear forms Li(x, y), La(x, y), .. . in those variables,
such that

25(x, ) = k1 (L1(x, 1))” + ka(La(x, ) + -+
and
(x, )+ (1, 9) = (Lilx, ) + (Lo, y)"+ -
In view of the properties of the skew-symmetric form

S(x,y) =-S5y, x), S(x,y) = =S(-x,y),

it follows easily that, in the above representation of 25(x, ), for every k,, L, there
must also occur the eigenvalues and corresponding linear forms

kp = —=kp, Ly (x,y) = Ly(y, x),
kpu = —kp, Lp//(x, y) = LP(_xl y)’
kp/// = —kp/ = kp, Lp///(x’ y) = Lp/(—x’ y) = Lp(y’ —x)_

Their union contributes to the representation of 25(x, y) the terms

6 { (Lo, 1) = (L, 00)° = (L=, 1) + (Lp(y, =)},
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and to the representation of (x, x) + (v, y) the terms

(Lo, )" + (Lp(y, )" + (Lp(=x, ) + (Lp(y, =)
If we now put
1 /
Lp(x,y) = @(Op(x) +0,(y)),

where O,(x) is a linear form in x1, x2, . .. and O;) (y) alinear formin y1, y2, . . ., the
above representations become

S(x,) = Y ky (0,(x)0(y) - 05(x)0,(y),
P

(%) + () = Y {(0,)* + (0p)* + (0,1)* + (Op(w)*}
p
and, since L1(x, y), L2(x, y), . . . are mutually orthogonal, the orthogonality of the
forms O1, Oy, ... follows readily as well. Thus

&=0px), & =0
determine an orthogonal transformation of the required kind. m|

From this representation it follows, by a simple consideration of the kind that
will be made similarly below on p. 224, that the inhomogeneous equations arising
from (x, y) — AS(x, y) are uniquely solvable except when

i

/\Zk—l,k—Q,....

For these purely imaginary eigenvalues of the form S(x,y), the homogeneous
equations have a solution not identically zero, and the number of linearly inde-
pendent solutions is always finite.

As regards, finally, the theory of the bilinear form, we first perceive the follow-
ing facts without difficulty. If the bilinear form A(x, y) is a completely continuous
function of the infinitely many variables x1,x2,...,y1, Y2, ..., then, if A, denotes
the nth truncation of the bilinear form A, for every system of values of the in-
finitely many variables

rlllzrg An(/ x)An('/ X) = A(/ X)A(-, X),
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and indeed in the sense of uniform convergence; that is,

|A(r X)A(', X) _An('/ x)An('/ X)| < &y, (92)

where ¢, are certain quantities independent of the variables x;, x3, . . . and tending
to zero as n increases indefinitely. It follows that the quadratic form A(:, x)A(:, x)
is always completely continuous when the bilinear form A(x, y) is completely con-
tinuous.

A bilinear form A(x, y) is always completely continuous if the quadratic form
A(-, x)A(:, x) is completely continuous; thus this is certainly the case, for example,
when the sum of the squares of the coefficients of A remains finite. Indeed, if we
regard A(x, y) as a quadratic form in the variables x;, x2, ..., y1, y2, ..., then from

the inequality
|A(x, ]/)| < VA('/ X)A(', x)/

it follows, by the reasoning employed in 4 and 5 on p. 205, that A(x, y) is com-
pletely continuous.

I should like to close this communication with the development of a theorem
which-as I shall show in the following communication— can be used in the sim-
plest manner for solving integral equations of the second kind with a nonsym-
metric kernel. It reads:

Theorem X. If

Alx,y) = Z ApgXpYyq
P4

is a completely continuous bilinear form in the infinitely many variables x1,x2, . .. and
Y1, Y2, ..., then certainly either the infinitely many equations

(I4+an)x; +apxe+---=ay,

agx1 + (1 +ax)xs +--- = a, (93)

have, for all possible quantities a,as, ... with convergent sum of squares, a uniquely
determined solution x1, X2, . .. with convergent sum of squares—or the corresponding ho-
mogeneous equations

(1 +ap1)xy +apxe+---=0,

agxy + (1 +ag)xa+--- =0, (94)

admit a solution x1, xs, .. . having sum of squares 1.
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Proof. We first consider any system of n linear equations in n unknowns, with

nonvanishing determinant, of the form

biixy 4+ -4+ binx, = by,

bnlxl + cct + bnnxn = bn.

If B1, ..., pn denote the solutions of these equations,

then certainly

(bllﬁl +eee+ blnﬁn)2 +-t (bnlﬁl +-e+ bnnﬁn)Z
=b1(b11f1+ -+ b1ufn) + -+ by(by1fr + - + bunfn),

and consequently

(b1 + -+ biuBu)® + -+ (bu1f1+ - + bunPn)?

< B2+ + B ((brib + -+ buaby)? +
Let m now be the minimum of the quadratic form
(buixy + -+ +binxy)? + -+ 4 (b1 +

subject to the subsidiary condition

and let M be the maximum of the quadratic form

(byixy + -+ by1xy)* + -+ (braxs +

M + (blnbl + et + bnnbn)Q}.

“ e + bnnxn)z

(95)

e bnnxn)2

under the same subsidiary condition. The preceding inequality then implies the

inequality

[3%+...+5%§(b%+---+b%)%. (96)

We apply this result to the equations

(I+ap)x+ - +apx, =a,

(97)

an]_x]_ + ¢ + (1 + ann)xn = un,
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and, for this purpose, denote by m,, the minimum of the quadratic form

2 2
(L+am)xs+-+amxy) +-+ (@mxr + -+ (1 + apn)xy)

subject to the subsidiary condition (95), and by M,, the maximum of the quadratic
form
(L+am)x +--+ anlxn)2 +ooot (A + o+ (14 a,,m)xn)2

under the same subsidiary condition.
Because of the assumed complete continuity of the bilinear form A(x, y), the
form in the infinitely many variables x;, x2, . ..

2 2
((1+a11)x1+u21x2+~--) +(a12x1+(1+a22)x2+-~-) + .-

is certainly a bounded form, and from this we see that the maxima M,, also remain
below a finite quantity M independent of .

As regards the minima m,, two cases must be distinguished.

First, suppose that m, > m > 0 for infinitely many indices n. Then, for each
such 11, equations (97) are soluble, and it follows from (96) that the sum of squares
of their solutions lies below the finite quantity, independent of 7,

(a, a)%. (98)

If, for such n, we denote the solutions of (97) by

o, al,

then, by an often-used procedure, we can select from those n integers ny,no, . ..
such that the limits

a; = lim a(lnh), as = lim a(;h), .

exist. The quantities ay, ag, ... have a sum of squares which likewise lies below
the bound (98), and, because of the complete continuity of the linear forms

Ap1X1 + dp2Xo + -+,

they must certainly satisfy every equation of the given system (93).
Second, let the minima m;, msy, . .. converge to zero; let the values of the vari-
ables, with sum of squares 1, at which these minima occur be

-
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For these values,

(L+am)x +---+ alnxn)2 +oo ot (amxg + o+ (14 ann)xn)2
= An(, )An(, x) + 2A,(x, x) + (x, X)y,

and consequently
Au(, y(”))An(-, M(n)) + QAn([J(n), [J(n)) +1=m,. (99)

We again select a sequence of integers 11, 112, . .. such that the limits

exist. The quantities 1, t2, . .. then satisfy the condition

(p, @) < 1. (100)

In view of (92), and because of the complete continuity of the quadratic form
A(x, x), it follows from (99), upon putting nj in place of n and passing to the limit
h — oo, that

A(, WAC, w) +2A(u, ) + 1 =0. (101)

We now consider the quadratic form

(1 +a11)x1 + a9xs +---)° + (agx + (1 + ag)xg +---) 4+ 102)
= A(/ X)A(', X) + QA(.X', x) + (X, .X'),
since it is positive definite, it follows in particular that
A, WAC, 1) + 2A(u, p) + (p, 1) 2 0. (103)

From this, in view of (101), we obtain

(1) 2 1;

hence, by (100),
(w,p) = 1.

We now see from (101) that also

A, wWAC, w) + 2A(u, p) + (4, 1) = 0;



67
that is, in view of (102), the quantities uy, us, . . . satisfty the homogeneous equa-
tions (94). It has therefore been shown that at least one of the cases distinguished
in Theorem X always occurs.

If the homogeneous equations (94) possess a solution with sum of squares 1,
then the inhomogeneous equations obtained by transposition,

(I+ap)x +agxe+---=ay,

arpx1 + (1 +ag2)xg + -+ = ay, (104)

certainly cannot, for all a5, as, . . . with finite sum of squares, possess a solution of
finite sum of squares, since a linear identity exists among their left-hand sides. By
what has just been proved, therefore, the transposed homogeneous equations

(1 + a11)x1 +a91x9+---=0,
a12x1 + (1 +axp)xg+--- =0, (105)

must then admit a solution with sum of squares 1. Thus the inhomogeneous
equations (93) certainly cannot possess a solution of finite sum of squares for all
ai,as,.... The two cases in Theorem X are therefore indeed mutually exclusive,
and the solution in the first case is unique. The proof of our theorem is thereby
fully completed. m|

To determine the multiplicity of the solutions of the homogeneous equations
(94), we need only apply to the form (102) the theory of the orthogonal transfor-
mation of quadratic forms developed in Section XI. Since A(:, x)A(-, x) and A(x, x)
are completely continuous quadratic forms, so too is the form

A(, x)A(-, x) + 2A(x, x);

the latter therefore possesses the value —1 at most as an eigenvalue of finite multi-
plicity. Consequently, the quadratic form (102) possesses the value co only as an
eigenvalue of finite multiplicity; that is, there is an orthogonal transformation of
the variables x1, xs,...into x}, x}, ... such that the quadratic form (102) assumes
the shape

’2 r 2
kexe +ke+1xe+1 +--- Y
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where k., ke41, ... are all positive, nonzero quantities converging to 1, and e de-
notes a finite integer. The solutions of the homogeneous equations (94) are ob-
tained from

4 ’ / ’
Xy =Ul, oo, Xgy = Ue—t, x, =0, x,.,=0,...,

where uy, ..., u,—1 are arbitrary constants; hence we see that there are only finitely
many, namely exactly e — 1, linearly independent solutions of (94).

Thus, under the assumption that A(x, y) is a completely continuous bilinear
form, the system of equations (93) has all the essential properties of a system of
finitely many equations in equally many unknowns.

In conclusion, it remains to show with what surprising elegance and simplicity
Theorem X can be proved, without any new convergence consideration, by mak-
ing use of Theorems V and IX. Indeed, from Theorem IX we immediately derive
the following fact:

Lemma 6. If %1, us, . . . is an infinite sequence of positive quantities converging to 1, and

S(x,y) = Z SpaXpYq
P

denotes a completely continuous skew-symmetric form in the infinitely many variables
X1,X2,...,Y1,Y2,..., then there always exists a completely continuous bilinear form
T(x,y) in the same variables such that

{%(xl')+s(xl )}{(/y)"‘T(;]/)} = (x/y)r (106)
where u(x) denotes the quadratic form
1(xX) = 11 X3 + x5+ - .

Relation (106) is equivalent to saying that the system of equations

n1X1 + S12X2 +513X3 + - = Y1,
$21X1 + MoXg + S93X3 + -+ = VYo, (107)
S31X1 + S32X2 + U3X3 + -+ = VY3,
has the solutions
dT(x,vy) dT(x,y)
X1 =Y +———— _

X9 = Yo +
6’x1 ’ Y 8x2 ’
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Proof. In S(x, y) we put

X1 =

and

y1=\/—%_1y1, yz=\/—%_2y2,--.-

We then obtain a completely continuous skew-symmetric form S’(x’, y’), while
n(x) passes into (x’, x’). System (107) becomes a system of equations of the fol-
lowing shape:

X1 + 819X +813X5 + - = Y,
st x! + xl + sl.xt =,
21X1 + X9 + Sy3X3 + 2
(108)
Sy X] 839X + X5+ = 3,

If we now apply to S’ the orthogonal transformation of Theorem IX, the system
(108) belonging to S’ passes into a system of equations of the following shape:

&1+ k& =m,
—ki&1+&1 =17,
Ea + k&l =12,
—kobo + &5 =15,

As is readily seen, this system has the solutions

dT(EE , )

E&1=m+ 0E p
’ ’ 8T(éé,’ /)
61 = 171 —+ a—éinn’

_ aT(EL’, ')
52 + 862 ’

N dT(EE , )
o&,



70

provided that
i ;
T /, N — _ AN PN
&g, nm’) 1+ k% (Eim + &1m71) 1+ k% (Eam2 + E515)
- e - ) - (g - &)~
1+ 1 =<1’ 1+ K 2113 — <oll2

is put. Since the quantities ki, ko, . .. converge to zero, T is a completely continu-
ous form. Returning to the variables x|, x),..., v}, v}, ..., and from these to the
original variables x1, x2, ..., y1, Y2, ..., whereby the form T arises from T, proves
the lemma. O

Second proof of Theorem X. We note that the system of equations (93) in Theorem
X retains its form if we apply any orthogonal transformation to the variables
X1,X2,...and, at the same time, orthogonally combine the left-hand sides of those
equations in the corresponding way, since this amounts to a simultaneous orthog-
onal transformation of both sequences of variables in A(x, y). For simplicity, we
suppose that such an orthogonal transformation of the bilinear form A(x, y) has
already been carried out so that the completely continuous quadratic form A(x, x)
arising from A(x, y) contains only the squares of the variables, and thus appears
in the shape

2

A(x,x) = a1 x? + agx2 +---,

or
Alx,y)+ Ay, x) = 2(a1x1y1 + asxays + ). (109)

Since a1, ag, . . . are quantities converging to zero, there are certainly only finitely
many among them which are < —1. Let e be an integer such that

Qerp>-1  (p=1,2,...). (110)

We now separate off the first e equations of (93) in Theorem X, and write the
remaining equations in the form

(ae+1,e+1 + 1)x€+1 t Aet1,e42Xe+2 0 = Yet1,

Ae+2,e+1Xe+1 + (Aer2,042 + 1)Xeq2 + 0+ = Yeua, (111)

where, for brevity, we have put

Ye+1 = Oe41 — Qe+1,1X1 — *** — Aetl,eXe,

Yer2 = Aet2 — Ae42,1X1 — =+ — Ae42,eXe, (112)
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These equations (111), since by (109)

Apg+tag =0 (p#q), App = Qp,

are, in view of (110), of the form (107), and therefore permit the application of
the lemma just proved. According to that lemma, there is a completely contin-
uous bilinear form T(x, y) in the variables X,41, X¢+2, - . ., Ye+1, Ye+2, - . . such that
equations (111) have the solutions

X = + 2
e+l = Ye+1 ax6+1/
oT
Xe+2 = Yet2 + ox 2; (113)
e+

If, with due regard to the values (112) of ye4+1, Ye+2, - . ., We insert these solutions
into the first e equations, separated off above, of the given system (93), there arises
a system of e equations in the e unknowns x1, ..., x,, as follows:

Eyix1+---+ Eex, = Eq,
(114)
Ee1x1+ -+ Epexe = Eg,

where Ey, ..., E, are homogeneous linear forms in a;,4s, ..., while Eyy, ..., E.,
are expressed in a known way in terms of the coefficients of A(x, y).

If these equations have solutions x1, ..., x,, then the values x.41, X¢42, ... are
calculated from them by means of (112) and (113), and we thus arrive at the so-
lutions of the originally given system of equations (93). In the other case, the
homogeneous equations

E11X1 + -+ Elgxg =0,

Eelxl + - +Eggxe = O

can certainly be satisfied by values x1, .. ., x, not all zero. We then put zero every-
where in place of a1, as, . . ., whereby in fact

E;=0,...,E. =0,

and by means of (112) and (113) we arrive at values X,41, X¢+2, . . . which, together
with the values xy, ..., x, found above, form a solution system of the homoge-
neous equations (94) in Theorem X. Thus Theorem X is completely proved. = O
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Since Theorem IX on skew-symmetric forms was also proved above solely with
the aid of Theorem V on the orthogonal transformation of completely continuous
quadratic forms, without any new convergence consideration, it follows that the
theory of equations of the form (93), and hence the theory of the completely con-
tinuous bilinear form in general, can likewise be founded solely upon the theory
of the orthogonal transformation of completely continuous quadratic forms, with-
out new convergence considerations—a remarkable fact which lends to the theory
of completely continuous forms in infinitely many variables a wonderful trans-
parency and unity.
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