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Introduction

I.

If we consider all functions on a certain metric space Q) (for example, the real line,
the complex plane, the surface of the unit sphere, the interval 0, 1, and so forth) that
satisfy certain regularity conditions (for example, that are continuous and, apart
from finitely many corners, continuously differentiable; that are twice continuously
differentiable; that have a finite integral of the square of the absolute value over Q';
and so forth), and that may in addition be subject to certain boundary conditions,
then, as is well known, a linear operator means the following: a correspondence R
that assigns to every function f in our class a function R f (which need no longer
belong to this class), but does so in such a way that always

R(ayfi+---+arfr) =aiRf1 + - +arR fx (a1,...,ar complex constants).

IThe functions may take complex values.
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If a general notion of measure (for example, in the sense of Lebesgue) exists
in Q, if dv is the volume element in Q) (on the line: dx; in the plane: dx dy; on
the surface of the unit sphere: sin 9 d9 d¢; and so forth), and if integration over
this entire space is denoted by fQ, then a linear operator R is called self-adjoint or
Hermitian if, for all admissible functions f, g,

/fR_gdvszfgdv
Q Q
holds.?

Examples of Hermitian linear operators (which we shall abbreviate as H.O.)
are the following. We now also display the arguments of the functions, and let P
denote a general point of ():

Rf(P) = f(P),
Rf(P) = x f(P),

(x any coordinate of P in Q),

Rf(P) = /Q(p(P’,P)f(P')dv’,
(p(P’,P) = @(P,P’), i.e. the kernel is Hermitian),
Rf(P)=Lf(P),

(L any self-adjoint differential or partial differential
expression; cf. note 2).

As is well known, the last two types of H.O. determine an eigenvalue problem
which, when the kernel (P, P’), respectively the coefficients of L, possess sufficient

2f is the function whose value at every point is the complex conjugate of the value of f. Our
terminology differs somewhat from the customary one. A differential operator R, for example,
is usually called self-adjoint when L
fRg-Rfg

is the complete differential of an expression in f, ¢ and their derivatives, so that

uLfﬁgmwléngdv

is an expression depending only on the boundary values of f, ¢ and their derivatives. Our
self-adjointness (Hermitian character) follows from this only when that expression vanishes as
a consequence of suitable boundary conditions. Thus a differential operator that is self-adjoint
in the usual sense may, for us, become self-adjoint only on a sufficiently restricted domain of
definition (cf. Introduction VII).
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regularity (namely, when only a “point spectrum” is present), can be formulated

as follows.>

An eigenvalue is a number A for which there exists a function f # 0 such that

Rf =Af;

f is then an eigenfunction. In general there are infinitely many eigenvalues
A1, Az, ..., to which eigenfunctions @1, @2, ... can be assigned so that they form
a complete system of orthonormal functions. In the following display, the
mathematically intended order of the two cases is used."! That is,

_ 1, m=n, :
/ Om Pndo = (orthonormality),
Q 0, m#n

and, for every pair of admissible functions f, g,

/Qf§dv = Z (/Qf@dv) (/Qg@dv) (completeness).

As for every complete orthonormal system, the expansion theorem with conver-
gence in the mean holds:

N 2
- a,@ul dv — 0, an:/ ©, dv,
/Qf Z:; ® f9

as N — oo.

If (P, P’), respectively the coefficients of L, cease to behave quite regularly,
complications arise that are characterized by the occurrence of a continuous
spectrum. Nevertheless, the concepts of eigenvalue and eigenfunction can be re-
tained through suitable generalizations (in particular, by weakening the regularity
requirements on the eigenfunction, or even by considering so-called differential

3The eigenvalue problem for regular integral operators was solved by Hilbert (Géttinger Nachrichten,
1904, pp. 49-91); his method was later considerably simplified by Courant, Hellinger, F. Riesz,
E. Schmidt, Toeplitz, and others. In solving the eigenvalue problem, differential operators
(at least self-adjoint operators of second order) can be replaced by integral operators (Hilbert,
Goéttinger Nachrichten, 1904, pp. 213-259) having the same eigenfunctions but reciprocal eigen-

values.
M Translator’s note: In the source, the two values in this displayed case distinction are interchanged.
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eigenfunctions®). The completeness theorems likewise remain valid under suitable
generalization (replacement of the sum by an integral, and so forth); but the
entire construction becomes substantially more complicated and loses much of its
original intuitive character.’

IL.

4

If we replace the continuous spaces (2 considered in I by the “discrete space’
1,2,3,... of positive integers, replacing functions f(P) (P ranging over Q) by
sequences a4, (n = 1,2,...) and integrals fQ f dv by sums )", a, in the cor-
responding fashion, then we arrive at notions entirely analogous to those in
L

The simplest examples of H.O. (indeed, as can be shown after the concept is
made more precise, the only ones) are linear transformations in infinitely many
variables with a Hermitian matrix:

R(x1,x2,...)=W1,vy2,...), Yn = Z ApnXm (M =1,2,...), Xmn = Onm-

m=1

(Here the role played by the “regularity conditions” for functions in € is played
by conditions such as the requirement that all }}°_; @, X, converge, and the like.
We shall consider these matrices in greater detail in Appendix III.) These linear
transformations are plainly analogues of the integral-kernel transformations in
continuous spaces (:

RFP) = [ g0, D)o

For these transformations, or for the corresponding Hermitian forms

oo

Z amnxm%/

m,n=1

“Hellinger, Géttingen inaugural dissertation, 1907, p. 7; Carleman, Sur les équations intégrales a
noyau réel et symétrique, Uppsala, 1923, p. 82.

°The eigenvalue problem for integral equations with a “bounded” kernel was solved by Weyl
(Gottingen inaugural dissertation, 1908) with the aid of Hilbert’s theory of bounded bilinear
forms (Géttinger Nachrichten, 1906, pp. 157-209). Weyl also settled the eigenvalue problem for
an extensive class of self-adjoint differential operators of second order whose coefficients may
be singular (Mathematische Annalen 68 (1910), pp. 220-269). A still more general class of integral
operators was investigated by Carleman; cf. note 4.
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the eigenvalue problem was likewise posed and solved by Hilbert, provided
the matrix {am,} (respectively the Hermitian form Z;:,nﬂ AmnXmVYy) satisfies
certain conditions corresponding to the “regularity” of the kernel ¢(P, P’) in
integral-kernel transformations.

The same phenomena occur. Under high regularity (complete continuity), there
is only a point spectrum, with the same properties as in I, except that f must be
replaced by };7"_ ;. Thus A is an eigenvalue if there is a sequence (x1, xo, . ..) such
that

Ms

R(x1,x7,...) = A(x1,x2,...), ie. ApnXm =Ax, (m=1,2,...),

1

3
I

without (x1, x2,...) = (0,0, ...), and with finiteness of )}, ; |, |* also required as
a “regularity condition”; (x1, x2, .. .) is then an eigensequence. If A1, A,, ... are all
the eigenvalues, eigensequences

(x11, x12,...),  (x21,%20,...),

can be assigned to them so that they form a complete orthonormal system:

o)

— |1, p=gq, .
XpmXqm = (orthonormality),
n; 0, p#9¢
and®
. — L, p=q,
XmpXmg = (completeness).
n; 0, p#9q

Under lower regularity (boundedness), a continuous spectrum can again occut,
causing the same complications as those sketched in I for continuous spaces. Since
we shall later have to concern ourselves with these in considerable detail, we
shall not discuss them further here.” Some sort of “regularity” assumption has,

®This is, as is well known, equivalent to the proper analogue of the completeness relation (cf. I),

ia by = i(zanxpn) (Zb x,,n)

’The completely continuous and bounded forms (respectively operators) were discovered by
Hilbert, who solved their eigenvalue problem (Gdéttinger Nachrichten, 1906, pp. 157-209). The
bounded bilinear forms were investigated further by Hellinger; cf. note 4, and Journal fiir die
reine und angewandte Mathematik 136 (1909), pp. 210-273.
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moreover, always been made in the literature to date, both for matrices and for
integral operators; the eigenvalue problem has never been discussed on the basis
of Hermitian character alone.

III.

The analogous behavior of the continuous spaces {2 among themselves, and also
with the discrete space 1,2, ... considered here, is known to rest on the following
fact.

If ¢1,@2,...1s a complete system of orthonormal functions in the space (2
under consideration, then the correspondence

fe—(x1,x2,...), xn=/Qdev n=1,2,...)

assigns to every f with finite integral /Q |f>dv a sequence (x1,xz,...) with
finite sum "4 |x,[>. Distinct f correspond to distinct (x1, x2,...); and, by the
theorem of Fischer and F. Riesz,® every (x1, Xy, ...) with finite 37, |x,[> does in
fact correspond to an f with finite fQ |f|? do.

The correspondence is linear; that is,

fe—(x1,x2,...) = af «—(axy,axy,...),

f e (x1,x2,...),

— + — (x1 + , X0 + L),
8<—>(}/1,yz,...)} f+g (Y1 +y1,x2+y2,...)

and,’

/ fgdv= Z XnVn.
Q n=1
Thus all the notions used in describing eigenvalues and eigenfunctions are invariant
under this correspondence; they must therefore exhibit the same behavior in the
continuous spaces considered in I and in the discrete space of II.

It is essentially by these considerations, as is well known, that Hilbert reduced
the eigenvalue theory of integral operators in continuous spaces to that of H.O. for
sequences (X1, X2, .. .) (i.e. functions on the discrete space 1,2, .. )10

8For example, Géttinger Nachrichten, 1907, pp. 116-122.

We shall prove these generally known facts, together with the Fischer-F. Riesz theorem, in
Chapter [ and Appendix L.

This is historically inaccurate insofar as the Fischer-F. Riesz theorem was discovered only



IV.

The subject of this paper is the construction of a general eigenvalue theory for all
H.O. We shall proceed abstractly, arranging matters from the outset so that our
results apply uniformly to all the continuous spaces named in I, as well as to the
discrete space in II (that is, to the operators on the functions in these spaces).

To this end, in Chapter I we shall give a general characterization (by five
properties A through E; see there) that applies to each of the following function
spaces:

All complex functions f, measurable in the Lebesgue sense, on a space
Q) (the number line, the complex plane, the surface of the unit sphere,
the interval 0, 1, and so forth; cf. Appendix I), with volume element dv,

for which
/ P do
Q

is finite. All sequences (x1, x2, ...) of complex numbers for which

o
D P
n=1

is finite.

In the first case, it should be observed that functions f, g for which f(P) = g(P)
everywhere except on a Lebesgue null set are not to be regarded as distinct.

The elements of these function spaces admit all vector operations: they can be
added and multiplied by complex numbers. Moreover, for two such elements the
“inner product”

oo

7do, respectivel XnVn,
/Q f2 pectively > xu¥

n=1

is defined. We denote the inner product by (f, g) (unless something special is
said, we shall also regard sequences (x1, x2,...),(y1,¥2,...), ... as functions, as
in II, and denote them by f, g,...). With its aid, the Hermitian character of the
operators R can be defined in every case by

(f,Rg) = (Rf, ).

later. The same considerations have played an important role in the new quantum theory; cf.
Schrodinger, Annalen der Physik 79, no. 8 (1926), pp. 734-756.
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(In I this was the definition, and it is equivalent to the one in II.) As with vectors,
the inner product permits the definition of an absolute value

f1=VF ) ,//Q|f|zazv or

and of a distance |f — g| (thus the analogue of ordinary Euclidean distance). Our
space is consequently “metrized” and “topologized” by it; that is, topological
expressions such as closedness, continuity, and so forth become meaningful in the
space.

It may not be superfluous to devote a word to the consistent restriction to
functions f with finite fQ |f|* dv. In eigenvalue problems for sequences, it has
been customary since the fundamental investigations of Hilbert (cf. note 7) and
E. Schmidt!! to require the finiteness of ), |, |%; for functions f on continuous
spaces, fQ |f|? dv is in any event finite for the eigenfunctions of the point spectrum.

In the continuous spectrum, admittedly, neither Y~ |x,[> nor fQ | f|? dv is finite
(if eigensequences or eigenfunctions still exist at all and recourse need not be had
to “differential solutions”). We shall nevertheless show, by generalizing Hilbert’s
methods, that it is especially advantageous to treat the eigenfunctions in the
continuous spectrum as improper objects; that is, to formulate the eigenvalue
problem without mentioning them explicitly.

When the discrete space 1,2, .. . is taken as its basis, our function space is the
so-called complex Hilbert space (i.e. the infinite-dimensional Euclidean space):
the set of all sequences (x1, X2, . ..) with finite 3, , |x,.[>. Since, as was observed
in III, all our manifolds of functions are isomorphic (that is, can be mapped
one-to-one onto one another in such a way that the operations f + g, af, and
(f,g) pass into their analogues), we shall call all of them Hilbert spaces. They
are all to be regarded as special realizations of the general abstract Hilbert space,
which is characterized by the “intrinsic” properties A through E alone (and, up to
isomorphism, completely; cf. Chapter I).

We denote the abstract Hilbert space by $.

V.

In the abstract Hilbert space, by an H.O. we understand, as stated in I, a function
R (defined for certain f in $ and taking values in $) that possesses the following

"For example, Rendiconti del Circolo Matematico di Palermo 25 (1908), pp. 57-73.



properties:

Raifi+---+arfi) =aiRfi+---+arRfr (a1,...,ar complex constants), («)

(f,Rg) =(Rf,3), (B)

insofar as both sides have meaning. For the time being, moreover, we assume that
the domain of R is a linear manifold; that is, whenever it contains fi, ..., f, it also
contains a1 fi + - - - + ax fx. (The final definition of an H.O. will in fact be somewhat
different, but this does not concern us at first.)

We call an H.O. R bounded if | f| < 1 implies |R f| < C for some fixed constant C
independent of f. Since generally |a f| = |a|| f], this is equivalent to

IRfI<C|fl, oralso |[Rf-Rg|l<Cl|f-gl

thus it expresses a kind of continuity of R.1
In Hilbert’s theory of bounded Hermitian forms (i.e. H.O.), one may always
assume that R is defined for every f in $: if this is not the case, it can be extended
to all of § by virtue of its continuity. But if we wish to establish a general theory of
H.O. that also goes beyond the bounded ones, we may not require R to be defined
everywhere in $. (Indeed, by a theorem of Toeplitz, every H.O. meaningful
everywhere must be bounded; cf. Theorem 48, «), y), and note 61.) For example,
let Q) be the interval 0,1, and let R be the operator
Af
Rf = la
for all differentiable functions vanishing at 0 and 1. Then R is an H.O., but plainly
it cannot be defined for nondifferentiable functions. Likewise, for a highly singular
integral kernel ¢(P, P’), the expression

/ (P, P)f(P") do
Q

will not converge for every f with finite fQ |f|? dv. Another example, of a different
but equally characteristic kind, is this: let Q be the number line and R f (x) = x f (x).

121f we regard $ as a sequence space (Hilbert space proper), then the wording of our definition of
boundedness differs from Hilbert’s: in Hilbert’s terminology we require the boundedness of R
folded with itself. Nevertheless, the two formulations are equivalent; we discuss this more
closely in Chapter II, Theorem 12. It should also be noted that the entire topology of $ is always
to be understood in the sense of so-called “strong convergence”; cf. Weyl, dissertation, p. 9.
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This R too is an H.O.; but since

[ f )P dx

/_ P dx

o0

may be finite while

is infinite, this R also does not always have meaning.

The restriction that (o) and () are to hold only insofar as both sides have
meaning is therefore quite essential. As a minimum, however, we shall require
that

the domain of R be everywhere dense in $. ()

What this means can be seen without difficulty from, for example, i d/dx and
multiplication by x: the former is always meaningful for all polynomials vanishing
at 0 and 1, and the latter for all functions that vanish outside an arbitrary but finite
interval; both sets of functions are everywhere dense.

With this arrangement, however, we run the danger of requiring too little: our
H.O. could already be meaningless at points at which they could still be defined
naturally, merely because the domain was narrowed arbitrarily. (For example, for
i d/dx one could, despite the everywhere-denseness of the domain, have required
analyticity rather than mere differentiability.) To avoid this difficulty, we introduce
the concept of a maximal H.O.

An H.O. S is called an extension of the H.O. R if, wherever R f has meaning, S f
also has meaning and agrees with Rf. If S # R (that is, if S has meaning at more
points than R), then S is a proper extension. An H.O. R having no further proper
extensions is called maximal. (Abbreviations: ext., max.)

Since, as we shall see in Theorem 35, every H.O. can be extended to a max.
H.O., we must investigate max. H.O. first and foremost. To do this, however, it is
necessary to give a general formulation of the eigenvalue problem, in the abstract
Hilbert space, that takes account of point and continuous spectra on an equal
footing. This will be done in the next paragraph, following Hilbert’s formulation
of the problem.
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VI

Consider first the k-dimensional Euclidean space. If an H.O. is given there, that is,
a correspondence

R(X1,...,Xk) = (yl,---/yk)r

k
Yn = Zamnxm (Tl =1,...,k),
m=1

Amn = Epm-

(there are of course no convergence questions here), then, as is well known, R
can always be put into diagonal form by introducing new Cartesian coordinates,
that is, by a unitary transformation. Thus there is a unitary transformation matrix
{tyun } such that

K 1, m=mn, £ 1, m=n,
D D W LT I

p=1

and, after the transformation

k
En = Z UmnXm, Mn = Z UmnYm (n=1,...,k),
m=1

R is described simply by

M =Aén (m=1,...,k),

where A4, ..., Ak are real constants, the eigenvalues of R.!3 That s,

QXmn = ApUpplnp (m,n=1,...,k).

k
p=1

Here A4, ..., Ak, apart from their order, are uniquely determined by R, but
the u,,, are not. Asis immediately seen, they may be replaced by 9, u,,,, where

13As one sees, A1, ..., A are eigenvalues, and

(1, ... u), ..., (i, - -, Ukk)

are corresponding eigenvectors; cf. II.
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91, ..., 9k are arbitrary numbers of absolute value 1; and when several of the
Ay are equal, even the corresponding rows (u1y, ..., Ux,) may be transformed
unitarily among themselves in an arbitrary manner.

An ambiguous formulation of the eigenvalue problem such as this one (trans-
formability to diagonal form) is ill suited for passage from k-dimensional Euclidean
space to infinite-dimensional, that is, Hilbert space. The correct formulation of the
finite-dimensional problem, which is easy to generalize, is obtained by stating it
uniquely after Hilbert. This is done as follows.

Set

emn(A) = Z UmnpUnp (A an arbitrary real number);
Ap<A

then the matrices {e;,,(A)} are H.O. E(A) with the readily verified property

EME() = E@EN) =E(A) (A< p). (a)

(In particular, E(A)? = E(A).)!* Let Iy, ..., I, (h < k) be the mutually distinct values
among A1, ..., Ak, arranged in increasing order. Then E(A), as a function of A, is
constant on the intervals

A<y, [ <A<y, ey Ih1 <A<y, In <A,

and has jumps from the left at [y, ..., [;. In the first of these intervals it is plainly 0;
in the last, by the unitarity of {u,,,}, it is the identity matrix, hence the identity
operator 1. The last formula for «a,,, immediately gives, with [y arbitrary but
lp < I,

h o0
Qp = Z Ly (emn(lp) = emn(lp-1)) = / Adeyn(A).
p=1 -

k
n

It follows at once, if, as in IV, (f,g) = X
g = (yll oo ;yk), that

_1XnYyn When f = (x1,...,x¢) and

(f,Rg) = / rd(f, EQ)g). 8)

[ee]

It is easy to see that (@) and (p), together with E(A) = 0, respectively 1, for
small, respectively large, A, and with right-continuity of E(A) as a function of A,
determine the operators E(A) completely. Since the diagonal form of R can easily

14The meaning of AB for operators A, B that are meaningful everywhere is clear.
>The final expression is a Stieltjes integral.
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be recovered from the E(A) (respectively the e, (1)), this is the unique formulation
of the eigenvalue problem.

Let us now return to the abstract Hilbert space $. Conditions («) and () may be
carried over verbatim, provided only that the E(A) are defined precisely: they are
to be H.O. meaningful everywhere.'® We formulate the additional requirements
concerning the dependence of E(A) on A as follows:

EA) —0 (A —=-c0), EA)—1 (- +0),

E(A) — E(Ag) asA — Agwith A > Ap. )

17 (That precisely this is the correct generalization will be shown by its success.)
A family E(A) satisfying («) and () is called a resolution of the identity (abbrevi-
ated: r.i.); if R is related to it by (§), R is the corresponding operator. Convergence
questions do of course arise, but we shall see (cf. Theorem 36) that they are best
resolved by strengthening (p) as follows: Rg is to have meaning if and only if

/ AZd|E(M)gP (B")
is finite; then, as we shall show, all the integrals in () are absolutely convergent,
and (B) is to hold. (It follows from («) that |E(1)f[?, as a function of A, never
decreases; cf. Theorems 17 and 18. The integrand in (f’) is therefore nonnegative;
hence the integral in (8’) is either absolutely convergent or diverges properly,
namely to +00.) It is easy to see that an r.i. (that is, one satisfying («) and ()))
uniquely determines the corresponding operator, if one exists: the domain is given
by (8’), and all (f, Rg) by (), hence also Rg itself.

The eigenvalue problem thus consists in deciding: Is there an associated H.O.
for every r.i.? Is it maximal? Must different operators belong to different r.i.?
Which H.O. belong to r.i.?'® We shall see that the first three questions are to be

16Tn the k-dimensional space E(1)? = E(A); hence, as is easily verified, |E(A) f| < |f|. One may
therefore expect it to be bounded and thus take it to be meaningful everywhere; cf. also Chapter
I1I, Theorems 14, 15, and 16.

7For operators A,, B meaningful everywhere, A, — B means that A, f — Bf for every f. The
identity operator 1 is defined by 1f = f.

¥Hilbert proved that every bounded H.O. has one and only one r.i.; moreover, precisely those r.i.
occur for which E(A) becomes constant, hence 0 or 1, for all sufficiently small or sufficiently large
A. Condition (") then drops out, since it is always satisfied. Citation: note 7. In our formulation
the distinction between point and continuous spectrum is evidently not yet completed (in (),
A > Ag is required); this is immaterial for our purposes.
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answered affirmatively (cf. Theorem 36). For the fourth we must therefore ask
further: the H.O. associated with r.i. form a subclass of the class of all max. H.O,;
what is this subclass?

VIIL

We shall see (Theorems 36 and 38) that this subclass does not comprise all max.
H.O. There is one exceptional operator R,'” and all other exceptions can be built
from it and from the H.O. having an r.i. by certain trivial operations, not to be
discussed here (cf. Theorem 38). For R we shall see that its properties in fact
exclude every reasonable formulation of an eigenvalue problem, but that it is by
no means “pathological”: it is easy to describe (cf. note 19).

Nevertheless, max. H.O. that are bounded, definite, or real?’ must possess an
r.i.; thus certain simple properties are incompatible with the absence of an r.i. (cf.
Theorem 40). We may also interpret the occurrence of this R as showing that
the Hermitian character of infinite-dimensional operators does not prevent the
exceptional cases of elementary-divisor theory from occurring, in contrast to the
finite-dimensional case or, in infinite dimensions, to real, bounded, or definite
operators; but only a single exceptional type can occur.

For the moment, this may suffice concerning max. H.O. (In particular, we shall
not discuss further how, and to what extent, knowledge of the r.i. — that is, of the
“Hilbert spectral form” — solves the eigenvalue problem as it was formulated in I
and II. In this connection we refer to the investigations cited in notes 4 and 5.) It
remains, however, to discuss those H.O. whose maximality is not assured, or is
absent. H.O. are usually given in precisely this way: for example, as self-adjoint
differential operators defined for all n-times differentiable functions (1 being their
order) that satisfy certain boundary conditions. We mentioned in V that every
H.O. can be extended to a max. H.O.; it was not said, however, that this can be
done in only one way.

We shall also obtain simple results on this point, including the following: if
an H.O. is not itself max., or is not max. after a certain trivial extension, it can be

19 Appendix IV is devoted, among other things, to this operator.

20 et ©1, P2, ... be a complete orthonormal system in $ (cf. Definition 3); then every f can be
written uniquely in the form ;7 ; x,@,. Itis called real if all the x,, are real. R f is obtained
from f by replacing every x, by Rx, (the real part). R is real if, whenever R f has meaning,
RN f also has meaning and equals R(R f). (Thus an arbitrary choice of a complete orthonormal
system enters into the concept of “reality.”)
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made max. in a continuum of different ways (cf. the concluding remark of Chapter
VIII). Bounded H.O. always fall in the first case.

A simple example may illustrate how this nonunique extendibility arises. Let
Q) be the interval 0, 1, and let R be the operator i d/dx, defined for all differentiable
functions. Since

1 - _
(f,Rg)~ (Rf,g) = i /0 g + (g0} dx
~i{f(1)g(1) - £(0)g(0)},

R is not Hermitian; but the operators Rp and Ry, where § is a number of absolute
value 1, are Hermitian. They arise from R by the following restrictions of its
domain:

f(0)=f(1)=0, respectively f(1) =9f(0).

Ry has maximal extensions, for example Sg. All the S; are also maximal extensions
of Ro. They are all distinct: for if Sy, = Sy, = S, then S would have meaning for an
f and a g satisfying

f0)=¢g0) =1,  f(D)=9%, g)=39,

and consequently

(f,S8)~(Sf,8) =~i(9192~-1) #0,

so that S would not be an H.O.'? Thus the multiplicity of the maximal extensions
here stems from the multiplicity of the possible boundary conditions. We shall
see that, even in the most general case, the situation displays a certain analogy
with this one (cf. Theorems 26 and 27).%!

VIII.

The connection between the H.O. of $ and matrices is, as is well known, the
following. Let R be an H.O. and let @1, ¢, . .. be a complete orthonormal system

T2Translator’s note: The source prints +i in the integration-by-parts formula and omits the factor i in
this last display. With the inner-product convention of this paper and R = i d/dx, the boundary
form has the factor —i; both signs and the omitted factor have been corrected.

ZlCarleman had already found signs of this nonuniqueness for singular integral operators, but in
that case he could not solve the eigenvalue problem completely (the analogue of the decisive
condition («) from VI was lacking). Cf. note 4.
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(cf. Definition 3); then the matrix {«,,, }, where

amn = ((Pm/ R(Pn)/

is assigned to R. For bounded H.O. this assignment is entirely clear; for unbounded
ones it involves certain complications. It will occupy us in Appendix III. The
unitary transformation theory of unbounded matrices leads to a particularly
peculiar pathology, but this will be investigated elsewhere.??

Nor shall we discuss here the relation of these results to the new quantum
theory (the so-called “transformation theory”). In any event, they show that the
general theory of H.O. by no means everywhere exhibits the behavior generally
presumed and anticipated in “transformation theory” on the basis of analogy with
bounded, or even finite-dimensional, operators.

IX.

It remains to say something about the method and arrangement of this paper.
The essential device is to investigate a certain operator U, which could symboli-
cally be denoted by
_R+il
- R-il’
in place of R. For if R is an H.O., then U preserves length (that is, U f| = | f|), and
is therefore continuous and hence easier to handle (cf. Theorems 22, 23, and 24).

This “Cayley transformation”

_R+il
~R-il
is the core of our method.

All other methods fail: the elegant procedures of Hellinger and F. Riesz, because
they require iteration of the operator R, which is straightforward only for H.O.
meaningful everywhere (and hence bounded), but is initially questionable for
arbitrary H.O.; all maximum-minimum methods, as well as E. Schmidt’s method,
because they are restricted from the outset to cases without continuous spectrum.
Only Hilbert’s original method, approximation by finite-dimensional section
operators, permits certain results to be obtained, but only with very great difficulty

22Cf. a forthcoming paper by the author in Journal fiir die reine und angewandte Mathematik, “ Zur
Theorie der unbeschrankten Matrizen.”
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and only a fraction of what we can achieve.”

The arrangement of the subject is as follows. Chapters I through IV are
preparatory: I, structure of the space $; II, general facts about operators in $; I1I,
linear manifolds and their projection operators; IV, reducibility of operators. In
Chapters V through VIII, the principal work of solving the eigenvalue problem
is carried out: V, Cayley transformation; VI, extension elements; VII, deficiency
indices; VIII, the extension process. In Chapters IX and X, the exact normal forms
for max. H.O. are then established: IX, eigenvalue representation; X, operators
without an eigenvalue representation. Finally, Chapters XI and XII contain
several general theorems about unbounded operators: XI, semiboundedness; XII,
pathology of unboundedness.?* There are also several appendices. Appendix I
proves that the function spaces of Introduction I really do satisfy conditions A
through E of Chapter I, and hence that our theory is applicable to them.”” In
Appendix Il we prove a theorem on the solution of the eigenvalue problem for
unitary operators (more generally, for “normal” operators). This is a question
about bounded operators that can be solved by F. Riesz’s method, but that has
never yet been settled within the framework of Hilbert’s theory.”® We need this for
Chapter VIII; but since methodologically it belongs to Hilbert’s theory, we prefer
to treat it separately in this way. In Appendix III we examine more closely the
connection between operators and matrices (cf. Introduction VIII and note 23); in
Appendix IV the operator R (cf. Introduction VII) is investigated more precisely.

Apart from this, the paper is a logically self-contained whole that can be

BUsing this method the author was able to settle the case of real H.O. (cf. note 20), where
the exceptional case indicated in VII had not yet appeared. The process of extending H.O.,
however, could not be surveyed as it will be, for example, in Chapter VIII; and the method
was so nonconstructive that, for instance, the well-ordering theorem had to be invoked (cf.
the announcement in Jahresbericht der Deutschen Mathematiker-Vereinigung 37, nos. 1-4 (1928),
pp- 11-15). Nor could nonreal H.O. be approached in this way. The author does not wish to
miss this opportunity to thank E. Schmidt for the interest he has shown in these investigations,
especially in the extension of the results to nonreal H.O., and to note that conversations with
him repeatedly furnished essential suggestions. In particular, the concept of “hypermaximality”
of H.O. (cf. Definition 9), as well as the recognition that this property is necessary and sufficient
for the existence of an r.i., is due to E. Schmidt.

24The latter will be sharpened considerably in the author’s paper announced in note 22.

BTogether with several considerations from Chapter I, this of course yields a proof of the
Fischer-F. Riesz theorem.

26]t essentially amounts to the fact that two commuting bounded H.O. admit a common eigenvalue
form (or spectral form) in Hilbert’s sense. Cf. Hellinger—Toeplitz, encyclopedia article II, C. 13,
p- 1562 ff., where the question is solved for completely continuous H.O.
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7

read without any prior knowledge of the literature on “infinitely many variables.”
(Accordingly, the contents of Chapters I and III, and of Appendix I, apart from
their arrangement, are not new.)

I. The Abstract Hilbert Space

We characterize the abstract complex Hilbert space by five properties A through
E. It proves convenient to append to some of them several simple theorems that
already follow from the particular property alone.

A. % is a linear space.

Thatis: in $ there are an addition f + g, a subtraction f — g, a scalar multiplication
af (f,gin 9, a a complex number), and an element 0; and these obey the rules of
ordinary vector algebra.

Definition 1. A subset M of $ is called a linear manifold (abbreviated: lin. mfd.) if,
together with f1, ..., fu, it also contains ay f1 + -+ - + ay, fu. If M is any subset of H, then
the set of all

aifi+---+anfa (fi,--o, fuin M ay,...,a, constants)

is the smallest linear manifold containing MM, it is called the linear manifold spanned by
.

Definition 2. The n elements f1, ..., fy are called linearly independent (abbreviated:
lin. indep.) if
a1f1+---+anfn=0 — a1=---=an=0.

The n linear manifolds My, . .., M, are called linearly independent if
f1+'-'+ . =0, fleiUtl,...,fnei)ﬁn,

implies f{ =---= f, =0.
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B. There is in £ an inner product, analogous to that of vector
calculus, which induces a metric.

That is: there is a function (f, ) (f,gin 9, and (f, g) a complex number) having
the following properties:

L(af,8)=a(f,8), 2.(fi+ f2,8) = (f1,8) +(f2,8),
3.(f,9)=(,f), 4.(f,f)=0, anditequalsO0only when f =0.

From 1 and 2, by 3, it follows that

V.(fag)=a(f,8), 2.(f,&1+82)=(f,8)+(f, &)

The formula
Ifl=~(f, f)

defines an “absolute value,” and | f — g| defines the metric (cf. Theorem 2 and note
27).

Theorem 1. One always has
(f- &I < 1f118l.
Proof. First, by 2, 2/, 3, and 4,

’ 2 2 2 ' 2
S(f;g,f;g)+(f;g,f2;g)

1 i
=5((f, H+(3,8) ==

We replace f,¢byaf,a g (a > 0): the left-hand side remains invariant, while
the right-hand side has minimum |f||g|. We then replace f by 9 f (|9 = 1): the
right-hand side remains invariant, while the left-hand side has maximum |(f, g)|-
Hence

(f- I < 1f11gl.

Theorem 2. One always has

lafl=lallfl, 1f +&l<IfI+1gl.
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Proof. The first assertion follows immediately from 1 and 1’, the second from
Theorem 1:

(f+8 f+8)=(f, f)+(g 8 +2R(f, Q)
f + 8P = IfP +IgP +2R(f, ) <IfF +1gP* +2If1Igl,
and therefore |f + ¢| < |f] + gl

Definition 3. Two elements f, g are orthogonal (abbreviated: orth.) if (f, g) = 0; two
linear manifolds are orthogonal if every element of one is orthogonal to every element of
the other. A set M is called orthonormal (abbreviated: orthonorm.) if, for f, g in I,

L f=g
(ﬂ@—{a [P

It is called complete (abbreviated: complete orthonorm.) if it is not a proper subset of
another orthonormal set. This plainly says that

(f,¢) =0 (f fixed and g arbitrary in IN)

excludes | f| = 1, hence also excludes |f| > 0, and therefore implies f = 0. (As is well
known, for several elements or linear manifolds, pairwise orthogonality implies linear
independence.)

Definition 4. By Theorem 2, |f — g| is a distance in $,”” and hence $ is topologized. A
closed (abbreviated: cl.) linear manifold is therefore one that contains its accumulation
points. If to the linear manifold spanned by I we adjoin all of its accumulation points,
we obtain the smallest closed linear manifold containing IM: the closed linear manifold
spanned by IN.

27 A “distance” f, g is, as is well known, required to satisfy the following axioms:

,8 and itis 0 only when f = g;

1. 2
2. =
3 <

R‘OQ

8
f

+g, :
In linear spaces one adds
4. f+h,g+h=f,g, af,ag=lalf,g.

By Theorem 2, all these properties are possessed by f, ¢ = |f — g|. Note that, by its bilinearity
(1 and 1’ in B) and Theorem 1, (f, g) is continuous.
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C. In the metric |f — g|, $ is separable.

That is: a certain countable set is everywhere dense in $.

D. $ possesses arbitrarily many (finitely many) linearly
independent elements.?

E. 9 is complete.

That is: if a sequence fi, f», ... in $ satisfies the Cauchy convergence condition
(for every ¢ > 0 there is an N = N(¢) such that m,n > N implies |f, — fu| < €),
then it is convergent (there exists an f in $ such that for every ¢ > 0 there is an
N = N(¢) for which n > N implies | f, — f| < ¢).

In Appendix I we shall show that all the function spaces named in Introduction
I and II have properties A through E, and hence are special cases of the abstract
Hilbert space $. Here, however, we proceed to prove that $ is in fact completely
characterized by properties A through E: that $ is isomorphic to ordinary Hilbert
space. For this it is necessary to prove several generally known theorems about
orthonormal and complete orthonormal systems.

Theorem 3. Every orthonormal set I is at most countable; every complete orthonormal
set M is countably infinite.

Remark. Henceforth we therefore write all orthonormal and complete orthonormal sets as
sequences @1, P2, . .. (which in the former case may terminate).

Proof. Let M be orthonormal. For any two f, g in M with f # g,

f-sP=1fP+IgP -2R(f,9) =2, |f-gl=V2.

By the separability of $ (condition C), M is therefore at most countable.

It remains to show that a finite orthonormal system 9t is not complete. Let
its elements be ¢, ..., ¢,. Among the elements a1¢1 + - -- + a, ¢, there cannot
be n + 1 that are linearly independent; hence, by condition D, $ must contain an
element f different from all of them. Then

ff=f-mp1——anpn

ZThis excludes the possibility that $ be a finite-dimensional Euclidean space. Conditions A and B
were, moreover, modeled on an axiomatic system for vector space given by H. Weyl for finitely
many dimensions (Raum, Zeit, Materie, 5th ed., Berlin, 1923, §§ 2—4).
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is certainly nonzero and is orthogonal to all ¢4, ..., ¢, if we set

ar = (f, k) (k=1,...,n).

By the concluding observation in Definition 3, 9t is therefore incomplete.

Theorem 4. Let @1, @3, . .. be an orthonormal system. Then the series

D (e (g en)
n=1

is absolutely convergent for all f, g in , in particular, when f = g,

D el <IfP
n=1

Proof. For a, = (f, ¢n), one has, as is well known,

N 2 N N
'f = > aupa| =IfF=2R D (fa00)+ D (@nPu, anpn)
n=1 n=1 m,n=1
N N
=IfP=2R > @lf, )+ D andn(Pm, on)
n=1 m,n=1
N N
= 1P =2l + D lan?
n=1 n=1
N
=IfP = lan
n=1
Since the left-hand side is always nonnegative,
N N
Dl <IfFB Y el <If
n=1 n=1

Consequently Y7°_; |(f, @n)|* converges, absolutely, and is at most | f[*. Since

1 1
<SI0F el + 518 el

’(fmpn)m

the series ), 1(f, ¢un)(g, ¢n) also converges absolutely. This proves everything.
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Theorem 5. Let @1, @2, ... be an orthonormal system. The series

o0

:E]flnq7n

n=1

converges if and only if

o
> laf?
n=1

conoerges.

Proof. By condition E, it suffices to show that the Cauchy convergence condition
has the same form for the two series. This follows, for m > n, from

2 2
m n m
Davpp =D apn| =| D) ae
p=1 p=1 p=n+1
m
= Z (@p®p, aq9q)
p,q=n+1
m
= Z ap@((sz(Pq)
p,q=n+1
m m n
2 2 2
= )l =D kol = ) lagl.
p=n+l p=1 p=1

Corollary. If

_f =::E:‘1nq7n
n=1

(in the case of convergence), then

(fv‘Pn) = ay.
Proof. For N > n,
N N
Z ApPp, Pn | = Z ap(Pp, Pn) = an.
p=1 p=1

By continuity of the inner product, we may let N — oo, obtaining (f, ¢,,) = a,."

T3Translator’s note: The source prints a,, in this final clause; a,, is clearly intended.
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Theorem 6. Let @1, @2, ... be an orthonormal system. For every f, the series

fr=> anpn,  an=(frn) (1=12,..),
n=1

converges, and f — f’ is orthogonal to all o1, @2, . .

Proof. The series converges by Theorems 4 and 5; and by the corollary to Theorem
5,

(f,/(Pn)zanz(f/(Pn), (f—f,,(pn)zo.

This proves everything.

Theorem 7. For an orthonormal system @1, @2, . .. to be complete, each of the following
three conditions is necessary and sufficient:

a) @1, @2, ... span the closed linear manifold $.
B) For every f,

f = Zanfpn/ ay = (f, (Pn) (n=1,2,...).
n=1

y) Forevery f, g,
(f,8)= D (f, ou)(& @u).
n=1

Proof. First, completeness implies f): for the f — f’ of Theorem 6 must vanish.
Second, B) implies ), because f is an accumulation point of

N
AnPn,
n=1
and hence of the linear manifold spanned by ¢1, @2, . . .; it is therefore an element
of the corresponding closed linear manifold. Third, p) implies y), since

N 2

AnPp — f/
=1

N

Z AnPn

n=1

— |f? (N — ),

n

while

2 N

N
= Z amﬁ(@ml (Pﬂ) = Z |a”|2'
n=1

m,n=1

N
Z AnPn

n=1
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Thus

S el = 31 @l = 1P
n=1 n=1

If here we replace f by (f + g)/2 and (f — g)/2 and subtract, we obtain the real
part of y); if we replace f, g by i f, g, we obtain its imaginary part.

Fourth, a) implies completeness. Otherwise there would be an f # 0 orthogonal
to all @1, @2, . ... The entire closed linear manifold spanned by ¢1, ¢, ..., that is,
9, would then be orthogonal to f, and hence so would f itself:

fP=(. /=0, f=0

contrary to the assumption. Fifth, y) also implies completeness; for the same f,
condition y), with f = g, would give

fFE=(f.f=),0?=0, f=0.
n=1

Thus we have the logical scheme

completeness = f),
B) = a) = completeness, B) = y) = completeness.

Consequently these four assertions are indeed equivalent.

Theorem 8. For every sequence fi, f, . . . of arbitrary elements of $, there is an orthonormal
system @1, @2, . .. spanning the same linear manifold, and therefore also the same closed
linear manifold. Either of the two sequences may already terminate after finitely many
terms.

Remark. Choose f1, f2, ... everywhere dense, as condition C permits. It then plainly
spans the closed linear manifold $. The same is true of the orthonormal system @1, @2, . ..
constructed by Theorem 8; hence, by condition o) of Theorem 7, it is complete. This proves
the existence of complete orthonormal systems.

Proof. First, we may replace fi, f»,... by a subsequence consisting entirely of
linearly independent elements and spanning the same linear manifold. Indeed, let
g1 be the first f, # 0, let g» be the first f, not of the form a;¢; with a; arbitrary,
let g3 be the first f, not of the form a1 g1 + a2g>» with a1, a, arbitrary, and so on.
(If there is no f, outside the set of all a1g1 + -+ + ap8p, we stop with ¢,.) The
sequence g1, 2, . . . plainly has the property just required.
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7 Iz

We now apply E. Schmidt’s “orthogonalization procedure” to g1, &2, . . .

1
V1= &1, P1 = |7/ |7/1,
1
V2 = &2 — (g2, 1)1, P2 = s |7/2,
1
3= 93— (93, P1)P1 — (83, P2)P2, @3 = |7/_3|7/3,

The sequence @1, @2, . . . plainly spans the same linear manifold as g1, g2, . . ., and
hence as fi, f», .. .; it is also immediately seen to form an orthonormal system.

On the basis of these facts, we can now show that $ can be mapped one-to-one
onto ordinary Hilbert space, that is, the set of all sequences of complex numbers
(x1,x2,...) with finite > ; |x,|?, in such a way that, with «— denoting the
correspondence,

fe—(x1,x2,...) = af «—(axy,axy,...),

f e (x1,x2,...),

= f+ge—(xityL,x2+y,...),
g (yllyZ/---)

and, moreover,

(f/ g) = Z xny_n-
n=1
Indeed, let @1, @3, ... be an arbitrary but fixed complete orthonormal system,
and assign to f the sequence (x1, x2,...) with

xXn = (f, on) n=1,2,...).

That (x1, x2, . . .) belongs to Hilbert space follows from Theorem 4; that an f exists
for every such (x1, x2, . ..) follows from Theorem 5 and its corollary. One-to-one
correspondence follows from completeness: if (f, ¢,) = (g, ¢n) for every n, then
f — g is orthogonal to every ¢, and hence is 0. Of the three concluding assertions,
the first two are clear, while the third follows from condition y) of Theorem 7.

Thus it has been shown that $ is isomorphic to the ordinary Hilbert space, and
hence that any two systems 9 satisfying A through E are isomorphic to one another;
that is, A through E form a “categorical” system of axioms: they determine all the
properties of 9.
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II. Operators in Hilbert Space

An operator is a function defined on a subset of $ (possibly on all of ) and taking
values in $. We shall first define several especially important kinds of operators.

Definition 5. An operator R is linear (abbreviated: lin.) if, whenever R f1, ..., R f, are
defined, R(a1 f1 + -+ + a, f) is also defined, and in fact

R(ﬂlfl + A + anfn) = Q1Rf1 + c e + aann.

An operator R is closed (abbreviated: cl.) if, for every sequence fi, fo, ... for which all
R f,, are defined, the convergences

fo— 1, Rfy — f
imply that R f is defined and equals f*.%

Definition 6. An operator R is Hermitian (abbreviated: a H.O.) if, first, its domain spans

$ as a closed linear manifold,SO and, second, whenever R f and Rg are defined,
(f,Rg) =(Rf,8).

An operator R is length-preserving if it is closed and linear and, whenever R f is defined,

[fI=IRfI.

We begin by proving two theorems about Hermitian and length-preserving
operators. We also recall that an operator S is called an extension (abbreviated:
ext.) of an operator R if, wherever R f is defined, S f is also defined and equals
Rf;itis called a proper extension (abbreviated: prop. ext.) if R # S, that is, if S is
defined at more points than R.

Theorem 9. Let R be a H.O. There exists a linear H.O. R that is an extension of R and of
which every H.O. with these same properties is in turn an extension; and there exists a
closed linear H.O. R that is an extension of R (and hence also of R) and of which every
H.O. with these same properties is in turn an extension.

29This is evidently a continuity-like property; in every “compact” topological space it is in fact
equivalent to continuity. In Hilbert space, however, it means much less: for Hermitian operators
it is essentially always present; cf. Theorem 9.

3To this extent we weaken condition y) of Introduction V (with a view to the application to
matrices; cf. Appendix III): there, density of the domain was required.
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Proof. If we could define R as follows: R f is defined whenever
f=arfi+t--+anfu

and Rfi,...,Rf, are defined, and its value is then
aRfi+---+auRfy;

and define R as follows: R f is defined whenever there exists a sequence g1, 2, . . .
for which all Rg, are defined and

gn— f, Egn_’f*/

and its value is then f*—then these R and R would plainly have all the desired
properties. The question is whether these prescriptions are consistent.
They certainly are if

alfl +"‘+amfm = b1g1+"'+bngn/
where Rf1,...,Rfu,Rg1,...,Rgy are defined, implies
[11Rf1 + -0+ amem = blel + -+ bnRgn,

and if
fn — f/ ng — f/
where all R fr, R gn are defined, together with

Efn—>f*/ Egn_>g*/
implies f* = ¢*. It plainly suffices to prove the following two assertions:
p 8 P y P S
a]_fl + -+ anfn = O (Rf]_, [N ,an defined)

implies
alRfl + -+ aann =0,

and R R
fn — 0/ an — f* (an all deflned)

implies f* = 0.
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Suppose first that the premise of the first assertion holds. Whenever Rg is
defined,

(g, @R fi+--+aRfu) = > (3,8,R f;)
p=1

= Y (Rg,a,f,)
p=1

= (Rg,a1fi+ - +anfu) =0.

Thus all such g are orthogonal to a1R f1 + - -- + a,R f,, and so is their closed linear
span, . Hence a1R f1 + -+ + a, R f, is orthogonal to itself and therefore is 0.

Now consider the premise of the second assertion. Whenever R g is defined,
since R is a H.O.,,

(3£ = (g lim Rf,) = lim (3, Rf,)
= lim (Rg, fu) = (Rg, lim fn) = 0.
Thus all such g are orthogonal to f*, and so is their closed linear span, $; this
again implies f* = 0.

Theorem 10. Let U be a length-preserving operator. Then its domain and its range are
both closed linear manifolds, and U maps them continuously and one-to-one onto one
another. Wherever U is defined,

(f,8)=MUf,UQ).

Remark. If both the domain and the range equal $), then, in the customary terminology, U
is called unitary.

Proof. Since U is linear, its domain and range are linear manifolds. Moreover,

uf-ugl=[Uuf-gl=If-gl

Thus U f = Ug implies f = g, so the mapping is one-to-one; the continuity of
both the mapping and its inverse follows as well. Together with the closedness of
U, this implies that its domain and range are both closed sets.
In |f> = |U f[?, replace f successively by (f + ¢)/2 and (f — ¢)/2 and subtract.
This gives
Re(f, g) =Re(Uf, Ug).
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Replacing f, g by if, g gives the same result for the imaginary parts. Therefore

(f,8)=(Uf,Ug).

This proves everything.
Several properties of R (for R a H.O.) are evident:

R=R;

if S is an extension of R, then S is an extension of R. We now define maximality
for Hermitian operators.

Definition 7. A H.O. R is called maximal (abbreviated: max.) if it has no proper
extension that is also a H.O.

Since R is an extension of R, a maximal R must satisfy R = R. Furthermore, let
R be a H.O,, let S be a maximal H.O., and let S be an extension of R; then S = Sis
also an extension of R. Thus every maximal H.O. is closed and linear, and a H.O.
R has exactly the same maximal extensions as the closed linear H.O. R. In later
chapters we shall investigate the extension of arbitrary Hermitian operators to
maximal ones (cf. also Introduction VI and VII); what has just been said shows that
throughout this investigation we may restrict ourselves to closed linear operators.

We define further:

Definition 8. Let R be a H.O. The vector f is an extension element of R, and f* is
assigned to f by R, if

(f,Rg)=(f"8)
for every g for which Rg is defined. The pair f, f* belongs to the +-, 0-, or —-class

according as
Im(f*, f) >0, =0, < 0.

Theorem 11. The vector f* is uniquely determined by f (cf. Definition 8). If Rf is
defined, then f is an extension element of the O-class, and f* = Rf. The operator R is
maximal if and only if there are no further extension elements of the 0-class.

Proof. If both f* and f* were assigned to f, then

(f*/g):(f**/g)/ (f*—f**,g)zo

for every g for which Rg is defined, and therefore also for the entire closed linear
span of such g, namely $. It follows once again that f* — f* = 0. The second
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assertion is clear. For the third, the sufficiency of the condition is clear, while its
necessity follows because any extension element of the 0-class could be used to
form a proper extension of R.

The characterization of maximality given by Theorem 11 suggests the following
concept.

Definition 9. A H.O. R is called hypermaximal (abbreviated: hypermax.) if it has no
extension elements other than those for which R is defined. (That is, if R is maximal and
the +- and —-classes are empty.)

The importance of this concept® will appear later; cf., for example, Theorem 36.

We prove one more theorem concerning the continuity of linear operators.

Theorem 12. For a linear operator R, each of the following assertions is equivalent to
continuity:
a) |RfI<CIfl,
B) I(f, R =< CIfllgl-
If R is a H.O., the following is equivalent as well:
y) (f, RAOI<CIfRP

Remark. Following Hilbert, for linear Hermitian operators we also say bounded instead of
continuous. We do not investigate continuity for nonlinear operators. (Hilbert’s definition

is B).)

Proof. By linearity, a) gives
IRf —Rgl=IR(f -8l < Clf -3l

and hence continuity. In ) we need only put f = Rg to obtain
Rgl* < CIRgllgl,  IRgl < Clgl,

which is @). If R is continuous, then, because RO = 0 by linearity, thereisan ¢ > 0
such that | f| < ¢ implies |R f| < 1. Hence, again by linearity,

1
IRfl < g|f|,

311t is due to E. Schmidt; cf. note 23. When one restricts oneself to real Hilbert space, the distinction
between maximal and hypermaximal does not arise.
32For a H.O. every (f, R f) must be real, since

(f,Rf)=Rf, f)=(f,Rf).
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and therefore 1
I(f, R < |flIRg| < Elfl gl;

thus ) holds. Consequently ) and f) really are equivalent to continuity.

Plainly y) says less than f8), so for a H.O. it is enough to derive ) from y). This
is done as in Theorem 1. Substitute (f + ¢)/2 and (f — g)/2 for f and subtract; the
result is

R/, Rg) = € (317P + 515F-

Asin Theorem 1, replace f, g by af,a™'¢ with a > 0 and take the minimum of the
right-hand side; then replace f, ¢ by 9 f, ¢ with [3] = 1 and take the maximum of
the left-hand side. We obtain

I(f,Rg)I < CIflIgl,

that is, f). Here, however, Rf and Rg were assumed to be defined. We can
dispense with the definedness of Rf: R f does not occur in ), and the inequality
holds for every f for which R is defined, hence on an everywhere-dense set
(because R is a linear H.O.); since both sides are continuous, it holds for every f
whatsoever.

For a linear H.O. the condition for boundedness is

~CIfP < (f,Rf) < CIfP

(Theorem 12, y)). We split this condition in the usual way:

Definition 10. A linear H.O. R is called semibounded above, respectively semibounded
below, if always

(f,Rf) < C|fI%, respectively (f,Rf) = -C|f].

(Together, the two conditions are equivalent to boundedness by Theorem 12, y).) If, in
particular,

(f,Rf)=0,
then R is called definite.
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III. Linear Manifolds and Projection Operators

Definition 11. Let I, N be two linear manifolds, not necessarily closed. Then M + N
and M X N, respectively the linear manifold spanned by their union and their intersection,
are again linear manifolds. If, in particular, M, N are closed linear manifolds, then M x N
plainly is one as well. (Whether I + N is also closed is uncertain; for orthogonal M, N it
follows from Theorem 17.) In what follows, M, N are to be assumed closed linear manifolds.
If M is a subset of M, then their difference W — I, that is, the set of all elements of N
orthogonal to every element of I, is also a closed linear manifold. The manifold $ — I is
also called the complement of .

Theorem 13. Let Mt be a closed linear manifold. Every f can be decomposed in one and
only one way as
f=g+h, geEM, heH-I

Remark. The vector g is then called the projection of f into M. The assignment of g to
f is plainly an operator defined everywhere; we call it the projection operator of Mt and
denote it by Pay (where M is a closed linear manifold).

Proof. Uniqueness is clear. From
g1 +hi =g +h
with g1, g2 € M and hy, hy € H — M, it follows that
11— g2 =hy—hy.

This vector belongs both to M and to $ — M, and is therefore orthogonal to itself
and hence 0; thus g1 = g» and h; = hy. It remains to prove existence.

Since % is separable, there is a sequence fi, f»,... dense in M3 and this
sequence therefore spans the closed linear manifold 9t. By Theorem 8, there is a
normalized orthogonal system @1, ¢, ... that does the same. By Theorem 6,

g= > (f, on)pn
n=1

converges; together with ¢1, ¢, ..., its value belongs to 9t. The vector h = f — g
is orthogonal to every @1, @2, .. ., and therefore also to their closed linear span 9t;
hence 1 € $ — M. This proves everything.

3Every subset of a separable topological space is itself separable; see, for example, F. Hausdorff,
Einfiihrung in die Mengenlehre, Leipzig—Berlin, 1914.
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Theorem 14. The projection operator Pay is an everywhere-defined maximal H.O., and
Py, = Pan.
Proof. We know that Pyy is defined everywhere. It is a H.O. if we can prove

(f, Pmg) = (Pwmf,8)-
Writing
f=h+k, g=h+K,
where h,h’ € M and k, k' € H — I, this is the assertion (f,h’) = (h,g). But
(k,h’)=0and (k, k') =0, so
(f,hW)y=Mh+knh')y=(h,h")y=(h K +k)=(h,g).

If f € M, the decomposition of Theorem 13 is f = f + 0, and hence Py f = f.
Since Py f € M, it follows that

Pyp(Pan f) = P f,

that is, Pﬁt = Pyy. Since Pyy, is defined everywhere, it must be maximal.

The maximal Hermitian operators E having the property E? = E are, however,
of independent interest to us (they correspond to Hilbert’s “single forms”); we
therefore first investigate them in their own right.

Theorem 15. For every maximal H.O. E with the property
EZ — E, 34

there is a closed linear manifold I such that
Pyy = E.

The manifold M is the range of E.

Proof. Since M is plainly the range of Py, it suffices to show that Pogy = E when 9t
is the range of E.

Because E? = E, as is easily seen, M is the set of all f satisfying E f = f; thus
it is a closed linear manifold (since E is maximal, it is also linear and closed).

34That is, if E f is defined, then E(E f) is also defined and equals E f .
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Whenever E f is defined, f — E f is orthogonal to every element of I, that is, to
every Eg:
(Eg, f —Ef)= (g, Ef —E*f) =0.

Hence f —Ef € $— M. It follows that Pyy f = E f, so Pyy is an extension of E. Since
E is maximal, therefore Py, = E.

Definition 12. An operator satisfying the conditions of Theorem 15 is called a projection
operator (abbreviated: P.O.; by Theorem 15 the P.O.’s are identical with the Py and
correspond one-to-one to the closed linear manifolds M). A closed linear manifold M and
its P.O. Py, are called corresponding. It is immediately seen that the P.O.’s corresponding
to the closed linear manifolds (0)* and $ are respectively 0 and 1,°° and furthermore

Pg_gn =1 — Pyy.
(Thus 0 and 1 are P.O.’s, and if E is one, then so is 1 — E.)

Theorem 16. A P.O. E is always bounded and definite; in fact,

(f Ef)=IEFF,  [EfI<Ifl
Proof. We have
(f Ef)y=(f,E*f)=(Ef,Ef) = |EfP,
and hence (f,Ef) > 0. Apply this to the PO.1 - E:
(f,A=-E)f)20,  (f Ef)<(f, f)=IfF

Thus |E f[* < |f[?, and hence |E f| < |f|. This proves the displayed formulas, which
in turn imply boundedness and definiteness.

Theorem 17. Let M, N be two closed linear manifolds, and let E, F be their corresponding
P.O.’s. Then EF is a P.O. if and only if

EF =FE,

that is, if E and F commute; in that case we also call M, N commuting, and EF is the
P.O. of M x N.

%The set (0) is the set whose sole element is the zero vector of $. We do not regard the empty set
as a linear manifold.
36The symbols 0 and 1 denote two everywhere-defined operators, defined by 0f =0and 1f = f.
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The operator E + F is a P.O. if and only if

EF=0

(ot, equivalently, if FE = 0); this means that all of M is orthogonal to all of . We then
also call E, F orthogonal, and E + F is the P.O. of It + .
The operator E — F is a P.O. if and only if

EF=F
(or, equivalently, if FE = F); this means that N is a subset of M. We then also call F a part
of E, and E — F is the P.O. of M — N.%7

Proof. The operator EF is defined everywhere, and hence is a maximal H.O. if it
satisfies the symmetry condition

(EFf,g) = (f,EFY).

Now
(f, EFg)=(Ef, Fg) =(FEf,g),
and therefore
(EFf,g) = (f,EFg) = (EF - FE)f, g).

For this to vanish for every g, one must have (EF — FE)f = 0 for every f, and
hence EF — FE = 0. Thus our condition is already necessary and sufficient for EF
to be a maximal H.O. Since it implies

(EF)?> = EFEF = EEFF = E*F? = EF,

it is also necessary and sufficient for EF to be a P.O.
For E + F, the H.O. property is clear, as is maximality (the operator is defined
everywhere); it therefore suffices to examine when (E + F)? = E + F. Since

(E+F)>=E?>+F?>+EF+FE =(E+F)+(EF + FE),

this condition says that EF + FE = 0. But this implies EF = 0: multiply on the left
by E to obtain
EF+EFE =0,

37Since these operators are defined everywhere, we may form EF and E + F without hesitation;
otherwise their domains would have to be examined more precisely.
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then multiply this equality on the right by E to obtain

2EFE =0;

together these give EF = 0.°® Conversely, if EF = 0, then EF is a P.O., and hence
FE =EF =0and EF + FE = 0. Thus EF = 0is indeed characteristic; interchanging
E and F shows that FE = 0 is equivalent.

The operator E — F is a P.O. if and only if

1-(E-F)=(1-E)+F
is one. Since 1 — E and F are P.O.’s, this says
(1-E)F =0, F—-EF =0,

or, equivalently,
F1-E)=0, F-FE =0.

It remains to prove the assertions concerning 9, 9, N x N, and N + N. First
suppose EF = FE. Every EF f = FE f belongs to both It and %, hence to Mt x .
Conversely, if f € M x N, then f € N and f € N, so

EFf =Ef = f.

Thus M x N is the range of EF, and EF is its P.O.
Second suppose EF = 0 (and hence FE = 0). If f € M and g € N, then

(f,8)=(Ef,Fg)=(f,EFg)=0;

thus 9t is orthogonal to N, and the converse is equally clear. For every f, Ef € M
and Ff e . Hence (E+ F)f e M+ . If f e M+ N, then f = g+ h with g € M
and h € N, and therefore

(E+F)f =(E+F)(g+h)
=Eg+Fg+Eh+Fh
=¢g+0+0+h=f.

Thus 9t + I is the range of E + F, and is therefore a closed linear manifold, while
E + F is its P.O. by Theorem 15.

38This device is due to E. Schmidkt.
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Third suppose EF = F (and hence FE = F). This says that EF f = F f for every
f,orthat Eg = g for every g € . Since this is the defining equation of M (cf. the
proof of Theorem 15), it says that 9t is a subset of 9. Since

E-F=E-EF=E(1-F),

E — F is the PO. of
M X (H—N) =Dt —N.

All our assertions are now proved.

Theorem 18. The operator E is a part of F if and only if
[EfI<IEfl

for every f. The sum Ey +---+ Ep isa P.O. (where Ey, ..., E, are P.O.’s) if and only if
E,E, =0 (m#n, mn=1,...,p).

Proof. If E is a part of F, then E = EF, and hence

[Efl=I|EFfl<[Ffl.

Conversely, suppose this inequality holds for every f. If f = Ef, then
FflzEfl=1fl,  (f,Ef)=IFfP2IfP=(f, f)

and consequently

A-B)fF=(f,A-Ff)<0, (A-F)f=0

Thus f = Ff. Therefore, if E, F are the P.O.’s of M, N, then N is a part of N, and
hence E is a part of F.

The sufficiency of E,E,, = 0 for m # n for the P.O. character of Ey +--- + E,
follows by repeated application of Theorem 17. Its necessity is seen as follows. For
m+mn,

En fP+|EnfP? <|E fP+- +|E, f
=(f,E1f)+--+(f, Epf)
= (f, (E1+--+E)f) <IfP
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Thus, if E,f = f, then |Ey f|*> <0, so E,f = 0. Taking f = E,g, we obtain
E,E,g = 0 for every g, thatis, E,,E,, = 0, as asserted.

We conclude with a theorem on the convergence of projection operators.
Theorem 19. Let Eq, Ey, . . . be a sequence of P.O.’s, and suppose either that E,, is a part
of E,, for every m < n, or that E,, is a part of E,, for every m < n. Then there is a P.O. E

such that, for every f,
E,.f — Ef.

Proof. If we replace E1,Ey,... by 1 — E;,1 — Ey, ..., the first case becomes the
second,’ so it suffices to consider the first case.

As 1 increases, |E, f|? increases by Theorem 18, while it remains at most | f|*
by Theorem 16. Hence, for every ¢ > 0, there is an N = N(¢) such that, for all
m,n >N,

||Enf|2 - |Emf|2| < €.

If alsom < n,then E,, — E,, is a P.O., and therefore

Enf = EnfF = (f,(Ex = En)f)
:(f/Enf)_(f/Emf)
:|Enf|2_|Emf|2S €.

Thus the sequence E1 f, E> f, . .. has a limit; denote it by E f.
The operator E is defined everywhere. Since

(f,Eg) = lim (f,Eng) = lim (Exf,8) = (Ef,g),
it is a maximal H.O. We need only prove that E2 = E. We have

(f/Ezg) = (EfrEg) = JI_I)IJO(Enf/Eng)
— tim (£, E2g) = lim (£, Eng) = (f, Eg).

Thus indeed E2 = E.

$For if E is a part of F, then 1 — F is a part of 1 — E, for example because

(1-E)Y1-F)=1-E-F+EF=1-F.
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I'V. Reducibility of Operators

For finite-dimensional matrices, reducibility is customarily understood to mean
the possibility of applying a unitary transformation to the matrix so as to bring it
into a form in which—if, say, itis N = M + M, dimensional—only entries lying
simultaneously in the first M; rows and the first M; columns, or in the last M,
rows and the last M, columns, may be nonzero. If the matrix is regarded as a linear
transformation, this means that the space can be decomposed into two mutually
orthogonal linear manifolds of dimensions M; and M, each of which is carried
by the transformation into a part of itself.

For operators in $ we formulate the analogue as follows, restricting ourselves
to closed linear operators.

Definition 13. A closed linear operator R is said to be reduced by the closed linear
manifold M if, whenever R f is defined, RPay f is also defined and

RPyy f = PR f.%

Every R is plainly reduced by (0) and by $; and if 9t reduces R, then so does
9 — IN, since
Pg_an = 1 — Py

The operator R is called irreducible if it is reduced only by (0) and $.
If R is reduced by I, then for every f € M, R f, whenever defined, plainly also
belongs to I, since
Rf = RPgy f = PR f.

Thus R also gives rise to an operator in Mt (that is, a function whose domain and
range are subsets of M). We call this operator the part of R lying in IN.
We now prove two theorems on the reduction of operators.

Theorem 20. Let R be a closed linear operator and I a closed linear manifold. In order
that M reduce R, it is necessary that whenever R f is defined, RPay f also be defined, and
that whenever f € M, R f, if defined, also belong to M. If R is a H.O., these conditions
are also sufficient.*!

“0This may also be understood as the commutativity of R with Pyy.
#1In finite-dimensional spaces these conditions are also sufficient for unitary operators; in $ they
are not, but that is immaterial here.
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Proof. We have already established necessity. It remains to show that the conditions
are sufficient for a Hermitian R, that is, to prove

RPy f = PpRf.

By assumption RPyy f € M, so it remains to show that

Rf —RPayf = R(f — Pmf)

belongs to  — M. Since f — Py f € H — M, it is enough to show thatif g € H — M,
then Rg, whenever defined, also belongs to $ — 9.
Let R f be defined. Then RPyy f € M, and hence

(f,PmRg) = (Pmf,Rg) = (RPy f,g) =0.

The set of such f is everywhere dense; hence PyrRg is orthogonal to everything
and is therefore 0. Thus Rg € H — It

Theorem 21. Let My, My, . .. be a possibly finite sequence of pairwise orthogonal closed
linear manifolds which together span the closed linear manifold $. Let R be a closed linear
operator reduced by each of them, and let the parts of R lying in My, My, ... be R1, Ry, . .,
respectively.

Then R is determined by R1, Ra, . . . as follows: R f is defined if and only if

f=h+h+,  freDy,

all R1 f1,Ra fa, . .. are defined, and both series

A+t Rifi+Rafo+---

converge (if the sequence My, My, . . . terminates, the convergence assumption of course
disappears). Its value is then

Rf=R1f1+R2f2+---.

Proof. That R is defined at the points just described and takes the indicated values
follows immediately from the definitions of R, Ry, .. ., together with the fact that
R is closed and linear and is reduced by i1, My, . . .. We still have to prove that, if
Rf is defined, then f has the stated form.

Put

fP :Pgﬁpf (p :1,2,...).
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Then fp € M,, and the Pgmp, like the iy, are pairwise orthogonal. Moreover,
Ry fp = Rfp = RPw, f = Py, Rf.
It follows from the orthogonality of the Py, that
Pay,, Pan, + Pan,, Pow, + Pon, + Poy,,

form an increasing sequence of P.O.’s, which by Theorem 19 has a P.O. E as its limit.
By continuity, every I, is a part of the closed linear manifold 9t corresponding to
E. By the assumption on iy, My, . . ., therefore M = Hand E = 1.

Thus the series

fit o+,  Rifi+tRofo+---

converge, with respective sums

1f=f, 1Rf =Rf.

This proves everything.

V. The Cayley Transform

After these preparations we can take up our actual task, the closer investigation of
the various kinds of Hermitian operators. The basis of the following considerations
is a device that transfers the Cayley transform of algebra to our setting.

Let R be a closed linear H.O., and let A be its domain. The set A is a linear
manifold and is everywhere dense (and is therefore closed only when U = §, that
is, when R is defined everywhere, which is by no means assumed). Consider the
two operators R + i1, which are also defined on U. A direct calculation gives

(R+il)f,(R+il)g) = (Rf,Rg) £ (Rf,ig) +(if , Rg) +(f,8)
=(Rf,Rg)+(f,8)

In particular, for f = g,

(R +i1)f] = (R = i) f = {/IRfP? + [ fI*.

Thus f # 0 implies both (R +i1)f # 0 and (R — i1)f # 0, and by linearity f # g
implies
(R+i1)f # (R+il)g, (R—-il)f # (R —il)g.
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Suppose R + i1 and R — il map A onto € and 3, respectively. These mappings
among U, €, ¥ are therefore all one-to-one. In particular, denote the mapping from
€ onto § by U. Since R + i1, like R, are closed and linear, the same is true of U;
and the preceding equality gives

ufl=1fI

Thus U is length-preserving by Definition 6. Since €, ¥ are its domain and range,
both are closed linear manifolds by Theorem 10.

Theorem 22. Let R be a closed linear H.O. with domain W, and suppose the operators
R + i1 and R — i1 map Wonto € and §, respectively. These mappings among A, €, F are
one-to-one; in particular, the mapping from € onto § is a length-preserving operator U.
Both € and 3§ are closed linear manifolds.

Proof. This was just proved.

Definition 14. The operators R, U of Theorem 22 are called the Cayley transforms of
one another. Here R is always a closed linear H.O., and U is always length-preserving.*’

Theorem 23. A length-preserving operator U is the Cayley transform of the closed linear
H.O. R if and only if

a) Wisthesetofallp —Uep, ¢ €C,
B) R(p—-Ugp)=i(p+Ugp) foreveryp € C.

Proof. Let U be the Cayley transform of R. If f € %, then
R+iDf=ge€  Up=(R-ilf,

and hence ¢ @
p—-Up=2if, f=z—uz

Conversely, if ¢ € €, then (R +i1) f = ¢ for some f € U, and therefore
(R-il)f =Up,  ¢-Up=2if.

Thus ¢ — U¢ € A. Finally,
¢ +Ugp =2Rf,

42For the moment we know only that every closed linear H.O. R has exactly one Cayley transform
U, which is length-preserving. The scope of the converse will follow from Theorem 24.
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and so
R(p —Up) = 2iRf = i(¢ + Up).

Thus a) and ) hold.
Conversely, suppose U satisfies a) and ). If f € U, then

f=e-Up, ¢cg,
by «), and
Rf = i(p+Up)
by B). Hence
(R+il)f =2ip, (R—il)f =2ilg.
Thus (R +i1)f € € and
UR+il)f =(R-1il)f.

On the other hand, starting with any ¢ € €, we have

f=p-UpeY, Rf =i(p+Up),

and hence

/
2i
Thus € is precisely the set of all (R + i1) f with f € U, and

2ip = (R+1l1)f, @ =(R+11)

UR+il)f =(R-i1)f.
Therefore U really is the Cayley transform of R.

Theorem 24. For a length-preserving operator U there exists a closed linear H.O. R of
which it is the Cayley transform if and only if the set of all

o —-Ugp, peC,

where € is the domain of U, is everywhere dense. In that case R is uniquely determined by
u.

Proof. Necessity follows from «) of Theorem 23, since U is everywhere dense.
Sufficiency and the unique determination of R by U likewise follow from «) and
pB) of Theorem 23, once we know that ) does not involve an inconsistency in the
definition of R, and that the R so defined is a closed linear H.O.
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The first point follows from the fact that ¢ # ¢ implies

p-Up+y-Uy,

or equivalently that ¢ # 0 implies ¢ — U¢ # 0. Indeed, if ¢ = U, then, for every
X €€,
(p, x)=Uep,Ux)=(p,Ux), (p,x—-Ux)=0.
But the vectors y — U x are everywhere dense, so ¢ is orthogonal to an everywhere-
dense set, hence to all of $, and therefore ¢ = 0.
For the second point, the closedness and linearity of R follow from those of U,

while the density of the domain of R, namely the set of all ¢ — U¢g, was assumed.
It remains only to prove

(f,Rg) =(Rf,Q),

that is, that interchanging f and g in (f, Rg) changes it into its complex conjugate.
Put

f=e-Up, g=y¢-Up.
Then
(f,Rg) =(p-Uep,i(y +Uy))
=-i{(p, ) - U, ¥) + (¢, UyY) - (Uep, U)}
= i((WUp,y)-UP,9)
=i(Up,y) + iUy, ),

which makes the assertion evident.

Theorem 25. Let R, S be closed linear Hermitian operators, and let U,V be their Cayley
transforms. Then R is an extension, respectively a proper extension, of S if and only if U
is an extension, respectively a proper extension, of V. A closed linear manifold I reduces
R if and only if it reduces U.

Proof. Each assertion follows immediately from R to U by Theorem 22, and from
U to R by Theorem 23.

In the preceding theorems we reduced the problem of deciding the extension
relations of R to the much simpler corresponding problem for U. The Cayley
transforms of all R are precisely all the U of Theorem 5; here one must note that if
R is to be an extension of S, so that U is an extension of a V satisfying Theorem
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5, then U need only be length-preserving.*> Thus, instead of considering the
initially rather opaque extensions of R, we need only consider the easily described
length-preserving extensions of V, which is itself length-preserving. To orient
ourselves in questions of this kind, we prove two simple, geometrically intuitive
theorems about length-preserving mappings and closed linear manifolds.

First observe that by the dimension of a closed linear manifold 9t we mean the
supremum of all finite n for which Mt contains 7 linearly independent elements; it
is therefore one of the numbers

0,1,2,...,00.

(A substantially more general definition of the dimension of sets in $ will be given
in the next chapter, Definition 16.)

Theorem 26. Let M be a closed linear manifold, and let @1, ..., @, be a normalized
orthogonal system spanning it (such a system certainly exists; cf. the proof of Theorem 13;
heren =0,1,2,...,00, and in the last case the sequence @1, @2, . . . does not terminate).
Then M is n-dimensional.

Two closed linear manifolds M, N can be respectively the domain and the range of a
length-preserving operator U if and only if they have the same dimension. Let @1, ..., ¢y
be a normalized orthogonal system spanning IN. Then the normalized orthogonal systems
Y1, ..., P, spanning N correspond one-to-one to such operators U: to each such system
there corresponds exactly one U satisfying

uq)l:wl/-n/u@n =11b1/l~

Proof. Let @1, ..., @, be a normalized orthogonal system spanning the closed
linear manifold M. Since @1, ..., @, are linearly independent, I has at least n
dimensions. Thus, when n = oo, we are done. For finite 7, we must show that
n + 1 elements of M can never be linearly independent. Indeed, they must have
the form

f‘u:a‘u1¢1+"'+a[ung0n ((lel,...,n_i_l),
and there must be a linear relation among the n + 1 vectors in n dimensions

(@ut, ..., Qun) (u=1,...,n+1),

and hence also among the f,,.

43For the vectors @ — U include the vectors ¢ — V¢, and hence, like the latter, are everywhere
dense.



47

We turn to the second and third assertions. Let 9t be the domain and It
the range of the length-preserving operator U. If ¢1,..., ¢, is a normalized
orthogonal system spanning 9, then, because U preserves length,

wl =U(P1/'°~/¢n =U(P7’l

is a normalized orthogonal system spanning %t. Thus Mt and % both have n
dimensions.

Conversely, let 9)t, 9t be two closed linear manifolds of the same dimension, say
n. Let

(pl,...,(pp and l}'l,...,ybq

be normalized orthogonal systems spanning 9t and N, respectively. We must have

p = g = n. The series
n n

Z Xy @Pr, Z Xy

r=1 r=1
converge under the same circumstances: always when # is finite, and when n = co
if 3,72, |x,|* is finite, by Theorem 5—and only then. They therefore exhaust 9 and
N, respectively. (The inner product of Zle xr@, with @s is x, so it determines
X1, ..., Xy uniquely.) We can therefore define an operator U by

Z xr(Pr) = Z xrl,br-

r=1 r=1

u

It has domain 9t and range M, and is plainly linear. If

n

f = Z XrQr,

r=1
then

fR=IUfR=) 1R Ifl=Ufl
r=1

Thus the operator is continuous, and since its domain is closed, it is itself closed.
Hence U is length-preserving.

Conversely, length preservation, and hence in particular closed linearity, to-
gether with

Upu =1y (u=1,...,n),
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implies

u

Z xr(Pr) = Z xrl,br-

r=1 r=1
Our U is therefore uniquely determined by these properties. This proves all the
assertions of the theorem.

Theorem 27. Let U be a length-preserving operator, and let €, §§ be its domain and range
(thus two closed linear manifolds). All length-preserving extensions of U are obtained as
follows.

Choose two closed linear manifolds I, N of the same dimension, with

MCH-C, NCTH-F,

and a length-preserving operator U’ having M as domain and N as range. These determine
exactly one length-preserving extension V of U, characterized by the following conditions:
its domain and range are, respectively,

¢+, T+ N

onConehas Vf=Uf,andonMonehasVf =U"f.
By choosing M, N, U" in all possible ways, one obtains all length-preserving extensions
V of U, each exactly once.

Proof. It is clear that every length-preserving extension V of U arises in this way.
Let &, £ be the domain and range of V; it suffices to put

M=K-C, N=2-5,

and to let U’ be the restriction of V to 9t. Then all the conditions are satisfied. It is
also clear that our conditions determine at most one V: if both V" and V"’ satisfy
them, then V' f = V" f throughout € and throughout M, and hence, by linearity,
throughout their common domain € + Mi; thus V' = V. It remains only to show
that every system 9, 9t, U’ really determines at least one length-preserving V.

Since Mt and It are parts of H — € and H — §, respectively, they are orthogonal
to € and §, respectively. Hence 9t and € are linearly independent, and the
decomposition

f=g+h, g€C€, hed,

is unique in € + M. Define

V(g+h)=Ug+U'h.
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Since g, h are orthogonal, as are U g, U’h, and since U, U’ preserve length,

V(g + h)I> = |Ug + U’ h?
= gl + [P
=gl +|hf* =g + h.

The operator V is defined on the closed linear manifold € + 9, is plainly linear,
and by the preceding equality is continuous; it is therefore closed, and the same
equality shows that it is length-preserving. Moreover, as required, it extends both
U and U’.

By Theorems 26 and 27 we survey all length-preserving extensions of a length-
preserving U, and hence all closed linear Hermitian extensions of a closed linear
H.O. R; all of them can be constructed explicitly. For example, R is maximal, that is,
it has no proper extension, exactly when U has none—thus when it is impossible
in Theorem 27" to choose M and N different from (0) (cf. note 35). This is plainly
the case only if

H-€=(0) or H-F=(0),

thatis, if € = § or & = H. These questions will be investigated more closely in the
next three chapters.

VI1. Extension Elements

We now wish to characterize more precisely the closed linear manifolds €, ,
which already came into play in the preceding chapter, in relation to the concepts
of Definition 8.

For the purposes of this chapter it is convenient to use the terminology of the
residue-class calculus of algebra: if 9 is a linear manifold, not necessarily closed,
then

f=g (mod M)

means that f — ¢ € M. The symbols R, U, Y, €, F shall retain their previous
meanings, as, for example, in Theorem 22.

Theorem 28. The manifolds $ — € and $ — & are, respectively, the sets of all extension
elements f to which R assigns i f and —if.

T4 Translator’s note: The source cites Theorem 26 in this sentence; the choice of M, N is made in
Theorem 27.
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Proof. By Theorem 23, the assertion that f* is assigned to f means

(fp-Up)=(f,ilp+Up)) =(-if, ¢ +Up).

Thus f* = if, respectively f* = —if, means that f (and with it f* = +if)
is orthogonal to every ¢ € €, respectively to every Ug, that is, to all of .
Equivalently,

fenH-¢, respectively fenH—-71.

Consequently all of $ — €, respectively all of $ — §, apart from 0, belongs to the
+-class, respectively the —-class, of extension elements.

Theorem 29. The set of all extension elements of R is
A+ (H-C)+(H-9).

Proof. The extension elements plainly form a linear manifold. Since this manifold
must, as we already know, contain

?I, g)_(g; 55—8/

their sum is a part of it; it remains to show that it is no larger.
Let f be an extension element. By the preceding calculation this means

(f ¢ -Up)=(-if, ¢ +Up),
or
(f+if.@)=(f—if Up)
for every ¢ € €, with f* fixed. Let U™! be the inverse of U, with domain &

and range €. Then, wherever these operators are defined, that is, on € or ¥ as
appropriate,

p;u=U, Ul'u=1 PpPU'=u?l, Uul=1.
Now
(f =if,Up)=(f"—if, Pyle)

= (Pgf" —iPgf,Ugp)
= (UU'Pxf* —iUU'Pxf, Ug)

= (U P f*— iU Pz f, ).
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Therefore
({f +if} —{U™'Pyf* - iU 'Psf}, @) =0.
Since this holds for every ¢ € €,

Ps ({f +ify —{U Py f* = iU 'Psf}) =0,
and hence
{Pef*+iPsf}—{U Pz f*— iU 'Pzf} =0.

Equivalently,
U 'Pgf*+ Pef* = —i(U Pz f + Psf),

or, after applying —U,
ng* - UP@f* = i(ng + UP@f)
In general,
g —Py;g =Psxg =0 (mod H-M).

It follows that
Pgg = Pzg (mod (9 - C) +(H - F)).

Hence the preceding equality gives

P(gf* - UP@f* = i(P@f + UP@f) (mod (Sf) - @) + (Sf) - ?8'))

The left-hand side belongs, by its very form, to U; therefore the right-hand side
belongs to

A+ (H-C)+(H-F).
Likewise,
Pef —UPs f

belongs by its very form to 2. These two facts imply that P¢ f belongs to the same
sum. Finally,

f=Psf (mod$H-C),
so the same is true of f. This proves everything.

Theorem 30. The linear manifolds

Q[/ 55_@/ 55_3
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are linearly independent.

Proof. We must infer from
f+e+¢ =0, fed, peH-€C YPeH-7g,
that f = ¢ = 1) = 0. Equivalently, it suffices to prove that if
peH-¢ YeH-T, p+1ped,

then ¢ = 1) = 0. Assume these latter premises.
By what has already been said, ¢, ¢, ¢ + 1) are extension elements to which R
assigns, respectively,

i(P, _ilnb/ R((P + IP)/
the last of which is defined. But i(p — ¢) is plainly also assigned to ¢ + 1, and
hence

i(p—1¢)=R(p +1).

Since i and —iy are assigned to ¢ and 1), respectively, we must have

(ip, o +¢)=(p,Rlp +¢)) = (p,ilp —¢)),
2i(p, @) =0, @ =0,

and

(=i, @+ ) = (Y, R(p + ) = (¢, i(p — ),
“2i(p,9)=0, P =0.

Thus every extension element f can be decomposed in one and only one way
as

=44 f fPel, fTeH-€ feH-F;
conversely, every such f is an extension element. We call f°, f*, f~, respectively,
the 0-, +-, and —-components of f. Since R f°,if*, —i f~ are assigned to f°, f*, f~,
respectively, R assigns to
f=f+f+f
the vector
fr=RfO+ifr—if".
This decomposition is important because it permits a more precise characterization
of the 0-, +-, and —-classes.
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Theorem 31. An extension element f belongs to the 0-, +-, or —-class according as

=1L > <L

Proof. Since
f=f+f+f,  f=Rf+if-if",

and since i f* and —i f ~ are assigned to f* and f~, respectively, we have

(f =R +ifT—if ", fO+ fr+f7)
= (Rf?, fO+ARLS, fH)+Gf*, f)}
RO, [+ (=if 7, fO)
H{G@f )+ (=if )
HGF )+ (=if )
= (YRS if D+ Gf )
+{(f° =if )+ (=if 7, )
HF =)+ i )
+i{lf P =1 P
The first term and the first three brace-enclosed expressions are plainly real,
whereas the last brace-enclosed contribution is purely imaginary. It follows that

Im(f*, f) =1f*P=1fP,

which proves the assertion.

VII. The Deficiency Indices

Definition 15. Let R, U, A, €, § have their previous meanings, as in Theorem 22. Let
m, n be the dimensions of

g) - (E/ g) - %/
respectively. We call m, n the deficiency indices of R. Thus

m,n=0,1,2,...,00.

These numbers will play a decisive role in questions of maximality and hy-
permaximality. There is a close relation between them and the three classes of
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extension elements, which we shall now establish. First we generalize the notion
of dimension in $.

Definition 16. Let M be a linear manifold, not necessarily closed, and let 1 be a subset
of ©, which need not even be a linear manifold. By the dimension of I modulo M we
mean the supremum of all finite n for which there exist n linearly independent elements
whose entire linear manifold,** possibly with the exception of 0,% lies in W and outside IN.
Thus n is one of the numbers

0,1,2,...,00.

In what follows, U will not in fact be entirely arbitrary, but will always have the
following properties. First, it is a set of residue classes modulo Mt: if

f =g (modM),

then either neither or both of f, g belong to U. Second, whenever f € 1, then
af € Uftor every a # 0. It is immediately seen that, among such sets U, only the
empty set and 9t have dimension 0. It is also clear that the dimension of a closed
linear manifold U modulo (0) agrees with the dimension defined in Chapter V.
The +-, —-, and 0-classes are sets of this kind modulo ¥, as are unions of any
of them. Since the first two do not contain 0, whereas the third does, in the
zero-dimensional case they must be empty and equal to , respectively.

Theorem 32. The +-class, and also its union with the 0-class, is m-dimensional modulo
W the —-class, and also its union with the 0-class, is n-dimensional modulo U; the 0-class
is min(m, n)-dimensional modulo 2.

Proof. Let p < m be finite, as m may be oo, and let fi, ..., f, be linearly independent
elements of the m-dimensional manifold $ — €. Their entire linear manifold lies in
$ — €, and hence, except for 0, in the +-class, and therefore automatically outside
A. Thus the +-class has at least m dimensions modulo A. To prove the first
two assertions, it remains to show that its union with the 0-class has at most m
dimensions.

For m = oo this s trivial. If m is finite, we must show that, whenever f1, ..., fu+1
are linearly independent extension elements, some nonzero combination

arfi+-+ ams1 fms1 #0

belongs either to A or to the —-class.

#Since n is finite, this linear manifold is automatically closed.
#This exception will prove convenient below.
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Write
fu=fo+ i+ f (w=1,...,m+1).

The vectors fJ all lie in the m-dimensional manifold $ — €, so they are not linearly
independent. Choose 4y, ..., 4,41, not all zero, such that

a1f1+ +---+ am+1fnj+1 =0.

Then

aifitetamifun =80 +g7, ¢€W gTEH-F
For ¢ = 0 this vector belongs to 2; for g~ # 0, it belongs to the —-class by Theorem
31. This proves the first two assertions. The next two follow in the same way by
interchanging + and —.

It remains to prove the final assertion. Since the dimension of the 0-class
modulo 2 is at most both m and n, it suffices to show that it is at least min(mz, n).
Thus, for every finite

p < min(m, n),

we must exhibit linearly independent vectors f, ..., f, such that every nonzero
combination

611f1 +---+apfp

belongs to the 0-class but not to .

There are p linearly independent elements in $ — €. We may “orthogonalize”
them immediately (cf. Theorem 8), and hence may assume them normalized and
orthogonal:

(p1,...,(pp.

Likewise, let
V1,0,
be normalized orthogonal elements of $ — . Put

fi=p1+91,..., fp=0p+ Py

Then, unless a; = --- = a, =0,

arfr+-+apfy =(a1p1+---+aypp)
+ (a1 + -+ apihy).
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By Theorem 30 this vector certainly does not belong to 2, and in particular is
nonzero. Moreover,
P=

laipr + -+ ap(ppl2 = laypr + -+ apPy la> + -+ |ap|2.

Hence it belongs to the 0-class by Theorem 31. Thus fi,..., f, are linearly
independent and have all the required properties.

Theorem 33. The operator R is maximal if and only if m = 0 or n = 0, and hypermaximal
if and only if m = n = 0. Equivalently, R is maximal if and only if € = Hor § = 9, and
hypermaximal if and only if

C=%=9.

Proof. By Theorem 11, maximality means that the 0-class equals 2; by Definition
9, hypermaximality means in addition that the +- and —-classes are empty. By
the remark preceding Theorem 32, the first condition means that the 0-class is
zero-dimensional, while the additional condition means that the +- and —-classes
are zero-dimensional. Finally, by Theorem 32, these conditions say

min(m,n) =0,

thatis, m = 0 or n = 0, and, respectively, m = 0 and n = 0.
The second formulation follows immediately from the first.

The contrast between maximality and hypermaximality is now clear, as is the
role of m,n. We add the following observation concerning Theorem 32. If R is
replaced by

aR + b1l (a,breal, a #0),

which is again a closed linear H.O. with the same domain as R, then €, ¥ change
in an opaque way, and at first we cannot see what happens to m, n. But ¥, the set
of extension elements, and the 0-, +-, and —-classes plainly do not change at all
when a > 0; when a < 0, only the last two classes are interchanged. It follows from
Theorem 32 that m, n likewise remain unchanged or are merely interchanged.*

4Tet R be the following operator: R f is defined for every extension element f of R, and its value
is the assigned vector f*. The operator R is plainly closed and linear and is an extension of R.
(If R is hypermaximal, then plainly R = R; otherwise R isnot even a H.O.,sincem > 0orn > 0,
and hence the +- or the —-class is nonempty, while in these classes

(Rf, f)=(f" f)
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VIII. The Extension Process

Already at the end of Chapter VI we obtained an overview of all possible extensions
of a closed linear H.O. R; we can now decide when and how an extension to a
maximal or hypermaximal operator is possible.

Theorem 34. A closed linear H.O. R with deficiency indices m, n can be extended to one
with deficiency indices m’, n’ if and only if there exists

pe{0,1,2,...,00}

such that
m’+p:m, n’+p:n.

Proof. Consider the extension process of Theorem 27, with U, %, €, § having their
usual meanings and M, N as in that theorem. The manifolds

»-¢  H-7

is not real.) By Theorem 28,  — € and $ — § are the sets of solutions of
Rf =if, respectively ~ Rf = —if.

Thus m and n are the maximum numbers of linearly independent solutions of these equations.
By the preceding observation, the maximum number of linearly independent solutions of

aRf +bf =if

is m, respectively n, according as a > 0, respectively a < 0. This equation says

= b 1
Rf = =——+ -1
f=of,  p=-_ i
We may therefore say: let p be nonreal. For the equation

Rf =pf

the maximum number of linearly independent solutions is m when Im p > 0, and n when
Imp < 0. (For real p, the maximum number is, as usual, the “multiplicity of the point
eigenvalue” p. When p is nonreal, the equation Rf = pf must have no solution other than
f =0, since otherwise

(Rf, f)=p(f, f)

would not be real.)
These facts are related to certain results of Carleman; cf. the citation in note 4.
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are m- and n-dimensional, respectively. The question is whether they have closed
linear submanifolds M, N of the same dimension, say p, such that

H-©-Mm,  (H-F-N

are m’- and n’-dimensional, respectively.

More generally, the question is this: when does a k-dimensional closed linear
manifold | have a p-dimensional part, that is, a closed linear manifold *¥, such
that & — P has k’ dimensions? We shall see that this happens exactly when

k=K +p.

Substituting
K=9-C PB=IM, k=m, k'=m,

and then
R:g)—%, EB:%/ k:n/ k’:n’,

gives the theorem.

The condition is necessary. Indeed, suppose ¥ and & — P are p- and k’-
dimensional, respectively. They are then spanned, as closed linear manifolds, by
normalized orthogonal systems

(Plr--°r(Pp/ gblr---rt;bk//

respectively. Hence
R=P+KR-%)
is spanned by
(Pll- "I@pllpll"'lwk”

These systems are mutually orthogonal because they belong to ‘B and & —*B. Thus
§ has dimension p + k’, and therefore k = k” + p. Here either k” or p may also be
0o,

The condition is also sufficient. Suppose & has dimension k = k’ + p. Itis then
spanned by a normalized orthogonal system

(Plr--°r(pp/¢1/---/l;bk//

again allowing k” or p to be co. Let B be the closed linear manifold spanned by
®1,-.-,9p. Then & — B is spanned by 11, ..., Y, and the proof is complete.
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Theorem 35. Let R be a closed linear H.O. with deficiency indices m, n. The operator R
can always be extended to a maximal H.O. If m # n, none of its extensions is hypermaximal.
If m = n and these numbers are finite, every maximal extension is hypermaximal; if
m = n = oo, then among the maximal extensions there are both hypermaximal ones and
ones that are not hypermaximal.

Proof. By Theorem 33, maximality means that at least one deficiency index is 0,
hypermaximality means that both are 0, and maximality without hypermaximality
means that exactly one is 0. Applying Theorem 34 gives precisely the assertions of
the theorem.

Corollary to Theorem 35. If R is not already maximal, then its maximal extensions are
possible in continuum many different ways; and, whenever such extensions exist, the same
is true separately of its hypermaximal extensions and of its maximal but nonhypermaximal
extensions.

Proof. By Theorem 27, our extension method amounted to enlarging € and & by
two closed linear manifolds M, %, which, when R is not maximal, had positive
dimension.™ But a length-preserving mapping U from M onto 9 also enters, and
it can be chosen in continuum many ways: by Theorem 26, every normalized
orthogonal system

V1, Pp

spanning N gives one such U, and there are continuum many of these systems,
since, for example, 1 may be replaced by any ai; with |a| = 1.7

If R is merely an H.O., then, as we know, its maximal and hypermaximal
extensions are the same as those of the closed linear H.O. ﬁ, to which the results
just obtained are applicable. In particular, if R has only one maximal extension, then
R itself must already be maximal; the same holds for hypermaximal extensions.

We now turn to a closer investigation of hypermaximal H.O. (Chapter IX), and
then of maximal but nonhypermaximal H.O. (Chapter X).

B Translator’s note: The source prints $ — € and $ — & here; Theorem 27 shows that € and § are
meant.

#There cannot be more than continuum many extensions, since there are only continuum many
closed operators in 9, as follows easily from the separability of $.
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IX. Hypermaximal Operators and the Eigenvalue

Representation

If R is hypermaximal, then

C=5=9;
that is, its Cayley transform U is unitary: it is meaningful everywhere and has
an inverse U~! that is likewise unitary and meaningful everywhere. Thus the
hypermaximal H.O. R correspond one-to-one to the unitary operators U satisfying
the condition of Theorem 24, namely, those for which the set of all ¢ — U is
everywhere dense.

Already in the proof of Theorem 24 we observed that, if the ¢ — U¢ are
everywhere dense, then U@ = ¢ implies ¢ = 0. Here the converse also holds. For
if the ¢ — U are not everywhere dense, then they span a closed linear manifold
M # 9 (they themselves already form a linear manifold), and hence $ — Mt # (0).
Let f # 0 be an element of $ — M. Every ¢ — U belongs to M and is therefore
orthogonal to f:

(f,o-Up)=(f,¢)-(f,Up)
=Uf, Up)-(f,Up)=US - f,Up)

must vanish for every ¢; consequently Uf — f =0,or U f = f.

The unitary operators in question can therefore also be characterized as those
for which U f = f has no solution other than 0 (the number 1 is not a “point
eigenvalue”). Thus we control the hypermaximal H.O. R once we know these U.
This, however, is a problem concerning bounded operators (U preserves length
and is therefore continuous), and it can be solved by the methods of Hilbert’s
theory of bounded forms, with an addition that also belongs to that circle of
ideas. We carry out the necessary considerations, partly following F. Riesz’s simple
method, in Appendix II, and state only the result here.

Definition 17. Let a < x < b be an open interval (below, a, b will once be 0,1 and once
be —o0, ). By a resolution of the identity (abbreviated: r.i.) we mean a family of P.O.’s
E(A), with A ranging over all of (a, b), having the following properties:

a) If A < u, then E(A) is a part of E(u).
B) If A = Agand A — Ay, then, for every f,
EQA)f — E(ro)f-
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y) If A — a, respectively A — b, then

EA)f —0, respectively  E(A)f — f.

If now (a,b) = (0,1) and E(p) is an r.i., then for every f there is exactly one f*
such that, for every g,

1
(f', ) = /0 270 A(E(p) f, g)

holds.*® The operator U defined by U f = f* is unitary, and Uf = f has no
solution other than 0. Conversely, every U with these properties is produced in
exactly one way by an r.i. E(p) through the procedure just sketched (cf., as stated,
Appendix II).

We now prove:

Theorem 36. Let (a,b) = (—o0, 00), and let F(A) be an r.i. If the integral

/ T RdIE) P

oo

is finite,* then there is exactly one f* such that, for every g,

(rig)= [ adEwsg)

(o8]

where the integral on the right is absolutely convergent. We define an operator R for these
fbyRf = f*.

This R is a hypermaximal H.O., and every hypermaximal H.O. R can be produced in
this way by means of exactly one r.i.

Proof. The r.i. E(p) for the interval (0, 1) and the r.i. F(A) for the interval (oo, o)
correspond one-to-one by the following substitutions.”

E(p)— F(A)=E (—% arccotA) ,

*8This is a Stieltjes integral, and it is absolutely convergent. We write p in place of A.

% As A increases, F(A) increases, and hence so does |F(A) f|>. Moreover, A? is never negative. By its
nature, therefore, this integral either converges and is finite or diverges properly to +co.

0The substitutions

1
p=-— arccot A, A = —cotmp

put the intervals 0 < p < 1 and —c0 < A < o0 into one-to-one correspondence. For arccot, the
value between —m and 0 is always to be taken.
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F(A) = E(p) = F(-cotmp).
It therefore suffices to show the following. If E(p) is the r.i. of a unitary operator
U (cf. the discussion preceding the theorem), then F(A) really does produce an
operator R by the prescription of the theorem, and this operator is the Cayley
transform of U. Everything we know about the relation between Cayley transforms,
and everything stated before the theorem about hypermaximal H.O., unitary

operators, and r.i., then proves all the assertions.
Let, therefore, F(A) be an r.i., let

E(p) = F(—cotmp),

and let U be the corresponding unitary operator. We first show that, when

/OO/\Zd IF(A) fI? = C?

is finite, the f* of the theorem can actually be constructed.
Let A < A’ < u. Since F(A) is a part of F(u), F(u) — F(A) is a PO., and therefore

[(F(u) = EA) £, 8)| = |((F(u) = F() £, (F(u) = F(A))g)]
<|(F(w) = FA) f||(F(w) = F(A))g]-

Moreover, in general,

|(F(u) = FA)A[" = (, (F(u) - E(A)h)
= (b, E(u)h) — (h, F(A)h)
= [F(u)hf? = [F(A)R.

Consequently,®

[((F) ~ FQ) £, 8)| < IE@ £ ~IFQ) £ \IFu)gP ~ IF()gP,
W{EGS, ) = (FF, @)} < A1) 2~ [FQ) £} I = IF)P.

Now the two integrals

.[ )P = 2, ‘/ dIF()gP = FgP =, = |gP

[o'e) -

TeTranslator’s note: The source writes E(A) rather than F(A) throughout this intermediate estimate.
We use F consistently with the statement of the theorem and with the surrounding proof.
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converge absolutely. Hence the familiar inequality

\/a1b1+~-'+\/apbp§\/(a1+-~-+ap)(b1+~--+bp) (a1,...,a,,by,...,by > 0)

has, first, the consequence that

[ raes.g)

oo

also converges absolutely, and, second, that’!

< \/(/: A2d |F(/\)f|2) (/_: d |P(A)g|2) = Clgl-

For a moment, with f fixed and g variable, denote this integral by L(g). Then
L(g) has the properties

‘ [ rates.g)

[ee]

L(a1g1+ -+ +augn) = m1L(g1) + -+ a,L(gn),
IL(g)] < Clgl;

it is conjugate-linear and continuous. By a theorem of F. Riesz, there is therefore
exactly one f* such that

(f",8)=L(g)

always holds.”” This is precisely the assertion concerning f*.
The operator R can therefore actually be constructed. Let R* be the Cayley
transform of U; it remains to prove that R = R*. It is enough to show that R is an

511t suffices to recall the definition of the Stieltjes integral. The inequality just used is merely a
modified form of Schwarz’s inequality.

52The theorem is proved as follows. Since all the (f*, g) are prescribed, there cannot be two distinct
f*, so it suffices to prove existence. Let ¢1, @2, . .. be a complete orthonormal system, and put

L(pn) = an n=1,2,...).
By Theorem 7, ),

8= (3, Pn)pu;
n=1

hence, by the conjugate-linearity and continuity of L,

L(g)= ), (8 pn)an,
n=1
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extension of R*. For whenever R f and Rg have meaning, interchanging f and g
changes (R f, g) into its complex conjugate, by the definition in Theorem 36; hence

(Rf,8) =(f,Rg).

Thus R is an H.O. (its domain contains, by assumption, that of R* and is therefore
everywhere dense) and an extension of the maximal R*, which is maximal by the
unitarity of U; consequently R = R".

Suppose, then, that R* f has meaning. We must prove that R f has meaning
and equals R* f; equivalently, that

/ T RAFOfP

oo

is finite and that, for every g,

o0

(R'f,¢) = (Rf,g) = / LA(FQS, g).

and this series must converge. If 3,7 |a,,|? is finite, then

f* = Zan(Pn
n=1

converges by Theorem 5, and (f*, ¢,,) = a,. It then follows from Theorem 7, y), that

L(g) = D (f en)g on) = (f,8),
n=1

which is the assertion.
It remains to prove that >, |a,|? is finite. Since |L(g)| < C|g|, taking

g=xX1Q01+ "+ X Pm

m
< Cy Z|xn|2.
n=1

m
Z la,|* < C2
n=1

Thus Y. |a,/? is finite, and is at most C2.

gives

m
§ Ay Xy
n=1

Setx, =a,forn=1,...,m. Then
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The fact that R* f has meaning says, moreover, that

f=9-Ugp;
this will be our starting point.
Under the transformation A = — cot 1tp, the two integrals
/ A2d|F(A)fP, / Ad(FVf,g)

may be written as

/01C0t2 npd|E(p) fI?, /Ol_COt”P d(E(p)f, 8)-
To substitute f = ¢ — U@ here, we must first calculate several integrals:

1 1

(@iLML@:iA ﬂEWW%@j{A ™" d(E(p)g, )

_ /0 (1 £ ) d(E(p)p g).
It follows that>

W%JL%E@BJ:[fﬂ—eMmﬁﬂE@%%E@B)
:[fu—ehm}ME@EQﬁ¢£)
_ /01(1 — ™) d(E(min(p, p'))p, g)
_ /0 "= ) d(E(p) g, ).

Therefore, using complex conjugation in the second line®* and the general Stieltjes

3For p’ > p, the expression
(E(min(p, p"))g, )

is constant, and hence its Stieltjes differential, and therefore the corresponding integral, is 0.
4Take the complex conjugate of the preceding formula with ¢ = ¢.
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formula in the next step55, we obtain
[E(p)(¢ — Up)l* = (¢ = Ugp, E(p)(p - Up))
p .
= /O (1= e*™P)d(E(p")p, ¢ ~ Ugp)

p - P -,
- / (1 - 2"y g l / (1= e ") d(E(p" ), ¢)
0 0
p ., .,
) /o (1= e P)(1 — e ™) d(E(p")p, p)

Y
_ / 4sin(mp’) d [E(p' )l
0

It follows, using the formula of note 55 once more, that

1

1 p
/ cot(np) d [E(p)(p — Up)P = / cotZ(nmd[ / 4sin(rp’) d [E(p) P
0 0

0

1

:/ cot?(rtp) 4sin(rtp) d |E(p)pl?
0
1

:/0 4cos*(np) d |E(p)pl*.

This is finite, since it is bounded above by the finite quantity

1
| 4d1Eror = sigr

Furthermore,

1

1 p -
/ —cot(np) d(E(p)(¢ — Up), g) = / ~ cot(mp)d [ / (1-e*™")d(E(p")p, 8)
0 0 0
1
= /0 — cot(rp)(1 — e2™P) d(E(p)p, Q)

1
- /0 i(1+¢*™P)d(E(p)p, g)

The general formula for Stieltjes integrals is

B p B
/A p(p)d[ /A q(p')dr(p'>]= /A p(0)a(0) dr(p).
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= (illp +Up), 8)
= (R(p -Up), ).

This proves everything required.

We have obtained for hypermaximal H.O. the normal form analogous to
Hilbert’s spectral representation or eigenvalue representation for bounded forms
(ct. the citation in note 7). In doing so, however, we have already exhausted all
eigenvalue representations for these operators, so there certainly can be none for
maximal but nonhypermaximal H.O. (Admittedly, we have not yet constructed
an example of such an H.O.) We therefore refrain from further investigation of
hypermaximal H.O., which would offer scarcely any new points of view, and turn
to maximal but nonhypermaximal H.O.

X. Maximal but Nonhypermaximal Operators
Such an H.O. R, with deficiency indices m, n, is characterized by either
m=0, n>0, or m>0, n=0.

Since replacing R by —R interchanges m, n, it is enough to consider m = 0,n > 0.
Form U, €, . Then

C=9  6G=95-3
is n-dimensional, and U maps $ isometrically onto .

Let ®, be the image of ®y under U" (v =0,1,2,...); it too is a closed linear
manifold. For v > 0, ®, is a part of § and is therefore orthogonal to ®¢. Applying
the mapping U¥ (k = 0,1,2,...), the images G, and 6 are orthogonal, since
(f, g) is invariant under this mapping; cf. Theorem 10. Thus, in general,

®r L G (k,1=0,1,2,...; k#1).
Let ®g, ®1, ®,, ... span the closed linear manifold I, and put
H— M =9I.

We already know that U maps ®, one-to-one and isometrically onto ®,.,;. We
now show that it likewise maps N onto itself. As is easily seen, N is the set of all
elements of $ orthogonal to every ®,. Because (f, g) is invariant, its image is the
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set of all elements in the image of $ that are orthogonal to every image of the ®,,.
These are the elements of

F=9-0g

orthogonal to every ®,,1, hence the elements of $ orthogonal to ®(¢ and to all
®,4+1. This is indeed N again.

Let (p?, cey (pg be an orthonormal system spanning the closed linear manifold
®o, where possibly p = o0, and put

UWop=9, (v=012,...;9=1,...,p).

Then @7, ..., ¢, is also an orthonormal system and spans ®,. For k # I, (p’;, lies in

®y and (pé,, in ®;, and the two are therefore orthogonal. Thus all

Py (v=0,1,2,...;9=1,...,p)

form an orthonormal system; moreover, they span the same closed linear manifold
as the ®,, namely .
Foreachg=1,...,p,let

Do Par Pas- -
span the closed linear manifold ;. Then My, ..., M, span M, and M, is a part of
M. Since

Upg =i,

U maps I, into itself. In summary:

My, ..., My, N

span $, just as M, N do, and U maps them respectively into My, ..., M,, N, that is,
into subsets of themselves. Moreover, My, ..., M, as parts of M, are orthogonal
. . k ) ’ ’”
to 9t and also to one another, because their spanning vectors ¢ g Por have q" # gq".
It follows that each of
My, ..., MM, N

reduces U, and therefore, by Theorem 25, also its Cayley transform R.
Consider the parts of Rand U lying in 9, . .., M, N. Denote them, respectively,

by
Ri,...,Ry, S, and uy,..., U, V.
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By Theorem 21, R is characterized by Ry, ..., Ry, S. Now all the closed linear mani-
folds My, ..., M, are infinite-dimensional, since N, is spanned by the orthonormal
system
Qo Par Pare -

Thus they are all Hilbert spaces, meaning that they satisfy conditions A through E
of Chapter I, with the definitionsof a f, f + g, (f, ¢) unchanged,’® and hence all
the concepts developed for $ may be used in them without qualification. Thus
R;is an H.O. in M. In particular, its domain is everywhere dense in i, since it
consists of the projections of the everywhere-dense domain of R in . The operator
U, preserves length and is the Cayley transform of R,.

Three cases are possible in 0. First, 9t may be infinite-dimensional, and hence a
Hilbert space; then S is again an H.O., V is unitary, since it maps 9t onto 0, and S is
its Cayley transform, hence S is hypermaximal. Second, 9t may be N-dimensional,
where N =1,2,..., and hence an N-dimensional complex Euclidean space (cf.
note 56); then S is an H.O. in it, that is, an ordinary finite-dimensional Hermitian
operator. Third, 9t may be zero-dimensional, that is, 9t = (0); then it need not be
considered at all.

Thus nothing new can occur in N and S, and we therefore turn to M, R, U,
(g =1,...,p). They all behave alike: R is the Cayley transform of U,, and in I,
there is a complete orthonormal system

0 1 2
Oor Pgr Py - --
such that
_ _ 1
Ugpy = Uy = pp"
Thus
uq Z xv(P:; = Z vaDZH, Z |xv|2 < 00.
v=0 v=0 v=0

This completely determines U,, and hence R, once (pg, (p;, (p%, ... are regarded
as known. Using the isomorphism of M, with H, we may also say that R; must

%Every closed linear manifold plainly satisfies A through C and E, while D is equivalent to
infinite dimensionality. A finite-dimensional closed linear manifold consists only of 0 when it
has dimension 0. If it has N =1, 2,... dimensions, it is spanned by an orthonormal system
@1, ..., N and therefore consists of all

X1p1+ -+ XNPN;

that is, it is the N-dimensional complex Euclidean space of all x1, ..., xn.
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be isomorphic to the following operator R in $: R is the Cayley transform of U,
where, for a fixed complete orthonormal system g, 1,92, ...1In 9,

u i xvlpv) = i xvl;l}v+1/ i |xv|2 < 00.
=0

v=0 v=0

It remains first to show that R really exists, that is, that the evidently length-
preserving U satisfies the condition of Theorem 24. If it does, then, since U is
defined on all of $, so that € = § and m = 0, R is a maximal H.O. The range § of
U is the set of all

(o)

Z xvlpv+1/

v=0
that is, the closed linear manifold spanned by ¢1, 12, . . .. Hence $ — i is the set of
all a)y, and is one-dimensional.”” Consequently R has deficiency indices 0, 1; it is
the first example of a maximal but nonhypermaximal H.O.

It remains to prove its existence, that is, the everywhere-denseness of the set of
all ¢ — Ug. Since this set is a linear manifold, it suffices to show that all elements
of a complete orthonormal system are its accumulation points, for example all ¢,,.
Now

(QDV ¢v+1 + - %l#v—kl—l) (¢'v va+1 + - %¢v+l—1)

(Ebv - 1¢V+1 + - %¢v+l—1) - (¢v+1 + T¢v+2 +-+ %Ebv—i—l)
=1y - 7(¢v+1 +et ¢v+l)-

This differs from 1, by
1
71+ i),

whose squared norm and norm are, respectively,

' (Vyp1 + -+ Uyq)| =

%(Hbv—i-l +--t ¢v+l) \/j

With a suitable [, this is arbitrarily small. Everything is therefore proved.

T Translator’s note: The source prints aiq here; the orthogonal complement of the span of 11, 12, . ..
is plainly the span of 1.
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We formulate the result:

Theorem 37. Let 1o, 1, Y2, . .. be a complete orthonormal system. There is then exactly
one H.O. R whose Cayley transform U is defined by

o0 o o
S| - S, Speco
v=0

v=0 v=0

u

The operator R has deficiency indices 0,1 and is therefore maximal but not hypermaximal.
Proof. This was just proved.
Below we shall derive several further important general properties of R; Part

VI of the “Remarks” is devoted to its explicit representation.’® First we return to
our earlier developments and prove:

Theorem 38. Let R be a maximal but nonhypermaximal H.O.; thus its deficiency indices
are either
O on (n=1,2,...,0)

or
m,0 (m=1,2,...,00).

Put p = n, respectively p = m. Then $ can be decomposed into p + 1 closed linear
manifolds
My, ..., My, N,

which are pairwise orthogonal and together span the closed linear manifold $; when p = oo,
the sequence My, My, . . . does not terminate. They have the following properties:

a) Each of My, ..., My, N reduces R; denote the parts of R lying in them by
Ry,...,Rp, S,
respectively.

B) Each M, (q = 1,2,...,p) is infinite-dimensional and is a Hilbert space, that is,
isomorphic to 9. In the case of deficiency indices 0, n, all R, are isomorphic to R;

in the case of deficiency indices m, 0, all R, are isomorphic to —R, where R is the
operator of Theorem 37.

T8Translator’s note: The “Remarks” cited here are not included in the present article, so there is no
internal cross-reference target.
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y) There are three possibilities for W. First, it may be infinite-dimensional and a
Hilbert space, hence isomorphic to $; then S is a hypermaximal H.O. Second, it
may be N-dimensional, where N = 1,2, ..., and hence an N-dimensional complex
Euclidean space; then S is an ordinary finite-dimensional Hermitian operator. Third,
it may be zero-dimensional, that is, t = (0); then it and S may be omitted.

These Ry, ..., Ry, S determine R by Theorem 21.

Proof. For m = 0,n > 0 this was proved in the first part of this chapter; one need
only note Theorem 37. For m > 0,n = 0, it follows by replacing R by —R, thereby
interchanging m, n.

In finite-dimensional spaces every Hermitian operator can be put into diagonal
form. As long as the space has more than one dimension, the operator is therefore
reducible. In $, hypermaximal H.O. are likewise reducible, as follows.

Let R be hypermaximal, and let F(A) be its r.i. from Theorem 36. Suppose first
that there is a A such that

F(A)#0,1.

Then the closed linear manifold 9t whose P.O. is
Pyy = F(A)

is neither (0) nor . This 9t reduces R. First,

[ wairairst = [ Az aipeiny, e

o o

A
= / A2 d|FN)f?,

o0

by the observation of note 53; and this is finite whenever

l/wAadwuvﬂz

o0

is finite. Second, in that case,™

(F(A)Rf,g) =(Rf,F(A)g)
_ / VA(E)f, F(A)g)

[ee]

Translator’s note: From these displays through the following scalar case, the source switches from
the previously declared F back to E. We retain F consistently.
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[ A d(F(MF(A)f, g)

[ee]

_ / N d(F(AYEL)F, g)

o0

=(RF(A)f,8)

for every g. Thus
F(A)Rf =RF(A)f.

Suppose, on the other hand, that every F(1) equals either O or 1. Then, by «) of
Definition 17, there is a Ag such that the former holds for A < Ay and the latter
for A > Ag. The number A is finite by ), and at A = A the latter holds by g).1'°
Therefore

(Rf,g):/ /\/d(F(A')f,g)z/\O(f,g), Rf =Aof.
Thus Ag 1 is an extension of R, and hence, by maximality;,
R=A2Ap1.

But this operator is plainly reduced by every closed linear manifold.

Reducibility is therefore a vestige of transformability to diagonal form, and as
such is most closely connected with the possibility of an eigenvalue representation.
Irreducibility of a matrix already signifies the occurrence of exceptional cases in
elementary-divisor theory, something excluded by Hermitian character in finite
dimensions and, as we have seen, also in $ for hypermaximal operators. From
this point of view, the following property of R is particularly noteworthy.

Theorem 39. A maximal H.O. is irreducible if and only if, for a suitable choice of the
complete orthonormal system g, 1, Y2, . .. in Theorem 37, it coincides with R or with
—R. Both alternatives can never occur for the same H.O.

Proof. Let R be maximal and irreducible. By the preceding discussion it is certainly
not hypermaximal, so Theorem 38 applies. Since the M occurring there reduces
R and is nonzero, it must equal $. Thus p = 1 and 9t is absent. Hence R = Ry, and
by B) of that theorem it is R or —E, with a suitable choice of Vg, 1,12, . ... In the
former case the deficiency indices of R are 0, 1, while in the latter they are 1, 0; the
two alternatives are therefore incompatible.

T0Tyanslator’s note: The source interchanges the references to ) and y) in this sentence; the
references are corrected here.
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It remains to S}E)W that K, and hence also —E, E irreducible; equivalently, by
Theorem 25, that U is irreducible. Suppose that U is reduced by 9, and hence

also by
N=9-N.

The everywhere-defined U maps each of these manifolds into a subset of itself.
Put . .
M = UM, N =UMN).

If M = M and N’ = N, then the range of U would contain both M and N, and
hence also
M+N =9,

which is not the case. Thus I or 9’ is a proper subset of N or N, respectively, and
N — M # (0) or N —N £ (0).

Let f # 0 belong to M — I, respectively to N — N’. It is then orthogonal to N,
respectively 9. Being an element of I, respectively N, it is also orthogonal to N
and M, respectively to M and M. It is therefore orthogonal to the entire range of
u,

M+ 9.

That is, it is orthogonal to every ¢, 12, . . ., and hence
f =aiyy (a #0).

Consequently ¢ also belongs to Mt — M, respectively to 9t — N, and thus to I,
respectively 9. But 9t and N contain their U-images; whichever of them contains
Yo therefore also contains 1, 12, . . ., and hence all of . Thus either

NM=29,

or
H-M=N=9H,  M=(0).

This proves everything.
Together with R, the operator

aR + b1 (a,breal, a #0)
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is also maximal and irreducible, and hence, up to the choice of coordinate system,
equals either R or —R. For a > 0 its deficiency indices are 0, 1, so in that case R is
the possibility; for a < 0 they are 1, 0, so in that case —R is the possibility.

Finally, we mention that the decomposition of the H.O. R in Theorem 38 admits
a kind of converse, which makes it possible to construct closed linear Hermitian
operators R having any prescribed deficiency indices m,n. Since m = n = 0
is realized by every hypermaximal H.O. (for example, by 1), we may assume
m+mn > 0.

There then exist m + n infinite-dimensional closed linear manifolds

My, ..o, Wy, Ny, o, Ny,

which are pairwise orthogonal and together span $ as a closed linear manifold. o7
Each is isomorphic to $, so we can realize —R in the first m of them and R in the
remaining 7; denote the resulting operators by

Rl,...,Rm,Sl,...,Sn.

It is easily verified that, when combined according to the prescription of Theorem
21, these yield a closed linear H.O. R, and that R has deficiency indices m, n.

XI. Semiboundedness

We shall give several properties that every nonhypermaximal (but maximal) H.O.
must lack. (Most of the results of the following theorem will soon also be obtained
by another route.)

Theorem 40. A maximal but nonhypermaximal H.O. can be neither semibounded above
nor semibounded below (and hence, a fortiori, cannot be bounded); it can neither be
defined everywhere nor take every value; and it cannot be real in any complete normalized
orthogonal system (cf. note 20).

Proof. For such an operator there is a closed linear manifold M reducing it such
that the part lying in 9t is R or —R, by Theorem 38. If it possessed any of the

57Let @1, @2, ... be a complete normalized orthogonal system. Divide it into m + n subsequences

l,b%,l,b;,...; ...;g[){",l,b?,...;)(%,)(;,...; e XTI XY

(either m or n may also equal o), and let My, ..., M, Ny, ..., N, be the closed linear manifolds
spanned by these respective subsequences.
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first four properties just named, then R or —R would have to possess the same
property. But R (and hence also —R) has none of them, as will be shown in its
detailed discussion in Appendix IV, § 4.

As for the last property: if an operator is real, in the sense of note 20, in
a complete normalized orthogonal system, then for it there is no distinction
between i and —i, and hence its deficiency indices are equal. For a maximal but
nonhypermaximal H.O., however, they are unequal; cf. Theorem 33.

We now turn to the systematic investigation of semibounded operators.
Theorem 41. A H.O. R that takes every value is hypermaximal. 1t takes each value exactly
once.

Proof. Let f be an extension element of R, and let f*be assigned to it. By assumption
there is a ¢ for which Rg is defined and Rg = f*. For every h for which R# is
defined,

(f,Rh) = (f", 1) = (Rg, 1) = (g, Rh).

Since R takes every value, it follows that f = g; hence R f is defined. Thus R is
hypermaximal. At the same time we have proved that R f = Rg implies f = g, by

putting f* = Rf.
Theorem 42. A linear H.O. R satisfying
(f, Rf) = |fP

for every f in its domain can be extended to a definite hypermaximal H.O.

Proof. First form the closed linear H.O. R. Plainly it too satisfies

(f,Rf) = IfP.

Let M be the range of R;itis plainly a linear manifold. We have

IFR<(f, R <IfIRfl,  IRfl=Ifl,

and L B
IRf =Rgl=IR(f =g =If -gl
Thus R f= R g implies f = g, so R has an inverse R™!. This inverse is plainly also

closed and linear, is defined on 9t, and is continuous because

If —gl= R f-R'g|.
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Consequently It is closed, and we may form the closed linear manifold
N=9-N.
Let f € 9. Whenever R g is defined, it belongs to M, and hence

(f,Rg)=0

Thus f is an extension element to which 0 is assigned. If R f is defined, therefore,
R f =0, and then f = 0. Hence the domain U of R, which is a linear manifold, and
It are linearly independent.

We may therefore define a new operator S as follows: S f is defined when

f=g+h, geWU, heW,
the decomposition being unique, and its value is
Sf =Rg.

The operator S is an extension of R and is a H.O. Indeed, if

f=8+h,  fl=g"+W,
with g, ¢’ € Wand h, h’ € N, then

(f,$f)=(g+1,Rg") = (g, Rg")
= (Rg,8") = (Rg, &'+ 1) = (S, f")

The manifold % reduces S. By definition, S f is always defined on %t and equals
0 there; and since every S f equals some Rg and therefore lies in I, we also have

PySf =0=SPyf.

Hence M = H — I also reduces S. Denote the parts of S lying in M, N by S” and
S”, respectively.
The range of S is M. Since

Sf =PySf =SPayf,

S already takes each of its values in M, so S’ also has range It. As the one-to-one
linear image of the infinite-dimensional domain A (which is infinite-dimensional
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because it is everywhere dense), M is likewise infinite-dimensional and hence is a
Hilbert space. We may therefore apply Theorem 41: S’ is hypermaximal, while S”
is in fact 0.
It follows immediately that S itself must be hypermaximal. Moreover, it is
definite. Indeed, if
f=g+h, g€, heWM,

then N N
(f,Sf)=(g+h,Rg) =(g,Rg)>I|gl>0.

This proves everything.

Theorem 43. Suppose a linear H.O. R satisfies either

(f,Rf) = CIfP

for every f in its domain, or
(f,Rf) < CIfP

for every such f; these are precisely the conditions of semiboundedness. Then R can be
extended to a hypermaximal H.O. S satisfying, respectively,

(f,SH=CIfE or  (f,Sf)<CIfP

Here C’ may be chosen to be any number less than C, respectively greater than C.*

Proof. For C' = 0, C =1, and the > sign, this is Theorem 42. All other cases reduce
to this one by considering, in place of R, S,
1 ! 1 !
C S C

c_olTc-ol c_c°Tc-on

XII. Pathology of Unbounded Operators

We begin with several auxiliary theorems.

Theorem 44. If R is a linear H.O. that is not semibounded above, then, for every
n=1,2,...and every C, there exists an n-dimensional linear manifold on which R f is
always defined and throughout which

(f.Rf) = CIfF

8The theorem probably remains true for C’ = C, but no proof of this is available.
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Proof. Let f1, ..., fr be arbitrary elements for which Rfj, ..., R f; are defined. We
tirst show that there must be a ¢ such that

oL f,..., f lpl =1, R is defined, (p,Rp) > D.

Suppose the contrary. Since only the linear manifold spanned by fi, ..., fi matters,
we may “orthogonalize” them (cf. Theorem 8), replacing them by a normalized
orthogonal system

P1,---, Q1 (lSk).

Let f be arbitrary, subject only to R f being defined. By adjoining f and orthogo-
nalizing, we can write

f= aupu+bo,

!
u=1
where

lp| =1, oLo,..., 0

Since Rf,R¢1, ..., Re; are defined, Re is also defined; by our contrary assump-
tion,

(p,Rp) < D.
Now l
FR =D lagP + b,
pu=1
and

l

(f Rf)= ). auT(py Rpy)

w,v=1

I
+2Re > bau(p, Rpy) + bP(p, Re)
p=1

)
< > lallaud loul IRey|
w,v=1

)
+2 )" [bllayllplIRpyl + [bPD.
u=1



80
If

then

2
l
(f Rf) <D’ (Z o] + |b|)

u=1
l
<(+1)D’ (Z jau? + |b|2) = (1 +1)D'|fP.
u=1

Thus R would be semibounded above, contrary to the hypothesis.
We go one step further. Let g1, ..., gk now be entirely arbitrary. Then there
exists a ¢ for which Rg is defined and

pl=1, (o, Rp)=D, g, g)l<e (p=1,...,k ¢>0).

(Thus it is not quite exactly orthogonal.) Indeed, the vectors f for which Rf is
defined are everywhere dense. Choose fi, ..., fr with

|glu_flu|S€ ((uzlr'--rk)/
and choose ¢ as in the result just proved. Then
lpl=1,  (¢,Rp) 2D,

and
(0, 8l = (@, 8u — f)l < lpllgu — ful < €.

We can now prove the assertion itself. Choose successively:

©1, Reqjdefined, |p1|=1, (¢1,Re1)=D;
2, Readefined, |pal =1, (p2,Rp2) 2D, [(Rp1, p2)l <1;

©un, Rey,defined, |pul=1, (¢n,Rey) 2D,
|(Rq01’ @7’1)| < 1/ ey |(R§0n—1/ @n)' <1.

Thus all Rp,, are defined,

|(PH| = 1/ (@y/R(Py) Z D/
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and
(R, o)l <1 (u<w),
hence, by the Hermitian property, for every u # v. It follows that

n 2 n
Z“u@y = Z audy(Pu, v)
u=1 w,v=1
n
< > lagllallpul o]
w,v=1
2
n n
<| D lal| <n ) la,P,
u=1 u=1
while
n n n
Zayqow R Zayqoy = Z auay(Pu, Rpy)
u=1 u=1 wu,v=1
n n
= > 10uP(@u Rpp) + D audi(pu, Rpy)
u=1 u,v=1
HFV
n n
>D > lay = > layllal
u=1 w,v=1
u#v
2
n n
=(D+1) ) la~| > lal
u=1 u=1

n
>(D+1- n)z a2,
u=1
If D > n — 1, the second inequality shows that

n

Zapgoy =0

p=1
implies

n
Z|au|2=0, a1 =---=a, =0.
u=1
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Thus @1, ..., ¢, are linearly independent, and the linear manifold of all Zzzl auPu
is n-dimensional. Moreover, the two inequalities give

2
n n

Z aupu, R Z QuPu (]2 w Zn: APy

u=1 u=1 pu=1
Taking also
D>nC+n-1,

we therefore have throughout this linear manifold

(f.Rf) = CIfF%

This proves the theorem.

Theorem 45. Let R be a linear H.O. that is not semibounded above, let f1, ..., fr be
arbitrary elements, and let C be any number. Then there exists a ¢ for which R is defined
such that

oL f,. ., fr lp| =1, (p,Rp) > C.

Proof. > Choose the linear manifold in Theorem 44 to be (k + 1)-dimensional. In it
the equations

(f,9)=0,...,(fr,9) =0,

which represent at most k independent linear conditions, have a solution f # 0.
Multiplication by a scalar allows us to arrange | f| = 1. This f has all the required
properties.

Theorem 46. Every linear H.O. R that is not semibounded above is an extension of a
definite linear H.O. S.

Proof. It suffices to exhibit an everywhere-dense sequence fi, f», ... such that all
R f, are defined and

n n
Zx#f#,R nyfy >0 n=1,2,...).
u=1 u=1
Indeed, the operator S defined on the linear manifold spanned by fi, f>,...—an

everywhere-dense, and hence nonclosed, manifold—and agreeing there with R is
plainly a linear definite H.O., and R is its extension.

When R fi, ..., R fr were defined, we already obtained this at the beginning of the proof of
Theorem 44; but we must free ourselves from that assumption.
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Let g1, &2, . . . be an everywhere-dense sequence such that all R Qu are defined.
Thus g1, &2, . .. may be taken to be a subsequence dense in the domain 2 of R; the
domain itself is everywhere dense, and such a sequence exists because ¥, as a
subset of 9, is separable; cf. note 33. Let Cy, Cy, . .. be a sequence of numbers to
be specified later.

Using Theorem 45, choose a sequence @1, @7, . .. with the following properties:

R defined, |p1|=1, (¢1,Re1) > Cy;
Ry defined, |p2| =1, (@2, Rp2) >Ca, (Re1,¢2) =0;
Rz defined, |p3|=1, (@3,Rep3)>C3, (Re1, ¢3) = (Re2, p3) =0;

Thus all R, are defined,
|(Py| = 1/ ((P‘UIR(P‘U) Z Cy/ (R(P[.l/ (PV) = 0 ([Ll < V),
and therefore the last equality holds whenever u # v. Put

1 1
fi=g1+ @1, f2=gz+§(P2, f3=g3+§<p3, e

and claim that, with a suitable choice of C1, C», .. ., the sequence fi, f>, ... has all
the desired properties.
First, it is everywhere dense:

|fn - gnl =

For every f there is a subsequence gn;, gn,, - - - Of g1, 2, - .. such that g, — f,
and then also fn;, — f.
We now compute (f, R f) for the linear combinations of fi, f», . ... For every n,

n n
Z Ay fu, R Z A fi
=1 p=l
n 5 ay < O Ay
= Z a#g# + Z _(P‘u/ Z ang‘u + Z —RQO‘U
u=1 == w1 F

n

_ "\ 4,
= Z ayav(gu,RgV)+2Re Z “—(qoy,Rgv)
w,v=1 u,v=1 H
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n

aua,
+ Z ((Py/ R@y) + Z %((Pw R(Pv)-

u,v=1
uFv
Consequently,
n n
Z aufu, R Z ay fu
u=1 u=1
n n n
|(Pu| IRgvl Cy
> = > laullad g IR =2 > laylla] ——==+ > la,—%
u,v=1 pv=1 H u=1 H
n C n 2|R |
u 8v
= sl > (|g,J||RgV| + )|ay||av|.
u=1 H w,v=1 H
Put
2|Rgy|

Ay = 1gul IRgy| +

This depends on g1, §2,..., butnoton fi, fo,... or on @1, @2, ..., that is, not on
Cq,Co,...."11 We estimate the subtracted term:

Z Awlaglla,) = ZAMF

w,v=1

+ Z (A + Avlag lay

w,v=1
U<v

n
A 2
< ZA#H|”u|

1
[21/ e 1(Ayv +Avy)2|ay|2 V= [J|av|2]

u,y= 1
pu<v
n u—-1 n 1
= Z A +ZZ“‘P‘1(A + A+ Z —— ¢ ay?
py up pu 2p—i IS
u=1 p=1 p=u+1

T Translator’s note: The source changes the factor 2/ in the expansion to 2/v in the following bound
and then drops the factor 2 in the equality and in the definition of A,,. The three occurrences
have been made consistent with the preceding expansion.
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n p=2
< {AW +1+ Z 27(App—o—1 + Ay_a_lly)z} |al.
u=1 0=0

Denote the expression in braces by E/J' Then
u=1 p=1 u=1 H

It therefore suffices to set
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and the proof is complete.®"'2

%0For the purposes of the work announced in note 22, we record here a certain sharpening of this
estimate, although we do not need it here. We have

2 2
Z”#fu = Z”#é’#“‘z - Pu
u=1 u=1
n . n lllll_v
= Z aua,(gu, &v) +2Re Z }—(q%lgv)
w,v=1 w,v=1 H
audy
+ Z ((Pw (Pv)
w,v=1
- 2pullgyl  lpulleyl
< 3 dlgullsil + v }|a||av|
Hél{gy 8 U e u
C 2|gv| 1
= 3 (lsuls+ 22 i,
#;‘1(&’ ST A

Denote the expression in parentheses by EW. As in the text,

u=2
Z Cyvlayl lay| < Z {ny +1+ Z ZO(Cy,p—a—l + Cy—a—l,y)z} |ay|2~

w,v=1 0=0
Call this brace-enclosed expression Ey. Then
2
n

e 2
Zayfy < ) ' Dylaf.

H=1 #:1

N

If we now put _ .
Cu= Hz(By +uDy),

then, whenevera; =---=a,.1 =0and n > p,
n n n 2
(Z Ay fu, R {Z a#fu} -P Z Ay fu
u=p u=p H=p

~(Cu = _
= (F ~B, - pr) lau? = 0.
p=p
Thus, on the linear manifold spanned by

fp/ fp+1/ fp+2/ sy
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We have already obtained a rather “pathological” result, which is easily
sharpened further.

Theorem 47. Let R be a linear H.O. that is not semibounded above or, respectively, not
semibounded below. Then there is a hypermaximal H.O. S satisfying throughout

(f,Sf)ZC|f|2, respectively (f,Sf)SC|f|2,

such that R and S are both extensions of the same linear H.O. Here C may be chosen
arbitrarily.

Proof. For C = —1 and failure of semiboundedness above, this follows from Theorem
46 and Theorem 43, in which one takes C = 0 and C” = —1. Every other value of C
follows from this case by considering, in place of R, S,

R-(C+1)1, S—(C+1)1,

or, respectively,
—-R+(C-1)1, -S+(C-1)1.

The strangest consequences for unbounded Hermitian operators follow from
this. The relation of a H.O. to its matrix, and of that matrix to its sections, is
thereby qualitatively different from the bounded case. In particular, the “section
spectra” of unbounded matrices have very little to do with the spectrum of the
matrix itself and do not, in any sense, “approximate” it as they do in Hilbert’s
theory. We shall say something about the operator-matrix relation in Appendix
I1I; the detailed discussion of the properties of unbounded matrices will be given
in the work announced in note 22.

We give several further characteristic properties of unbounded Hermitian
operators. In contrast to Theorems 41 through 47, we now restrict ourselves to
closed linear operators.

Theorem 48. Let R be a closed linear H.O. Then the following four assertions are

which is again everywhere dense and hence nonclosed, one even has

(f Rf) = plfP

foreveryp=1,2,....

T2Tyanslator’s note: In note 60 the source drops the factor 2 from the bound on the mixed term,
although it is present in the preceding exact expansion. The two occurrences have been restored
here; consequently the definitions of EHV and 5}, use the corrected bound.
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equivalent:

a) R is bounded,

B) R is bounded and hypermaximal,

y) R is defined everywhere,

0) there is no closed linear H.O. of which R is a proper extension.

61

Proof. Suppose first that R is not semibounded above. Choose C so that

(f Rf) <CIfP

occurs, and then, by Theorem 47, choose a hypermaximal H.O. S such that

(f.Sf)=CIfP

always holds. Plainly S cannot be an extension of R. Now R, S are extensions of a
linear H.O. T, and, since they are closed and linear, they are also extensions of the
closed linear H.O. T. Since S is not an extension of R, we must have T # R; thus )
is not satisfied.

If R is not semibounded below, then ) fails for —R, and hence also for R. Thus
unboundedness implies the negation of 6); equivalently, 0) implies «).

Assertion ) implies y): for R is closed and continuous, so its domain is closed;
but the domain is everywhere dense, and hence must equal $. Assertion y) implies
0): if R were a proper extension of a closed linear H.O. S, then S would not be
maximal and so, by the corollary to Theorem 35, could be extended to several
maximal Hermitian operators, for example to an R’ # R. Whenever R’ f and Sg
are defined,

(R'f,8)=(f,R'g)=(f,5¢) =(f,Rg) = (Rf, Q)

Since the set of such g is everywhere dense, R’ f = Rf. Thus R would be an
extension of R’, with R” # R, even though R’ was to be maximal.
We have the logical scheme

a) = y) = 0) = a),

so a),y), 6) are logically equivalent. Assertion ) implies «), while ) follows from
@) and y); hence it too is equivalent to them.

®1The equivalence of @) and y) is the well-known theorem of Toeplitz, Mathematische Annalen 69
(1911), p. 321.
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Theorem 49. Let R be an unbounded closed linear H.O. Then it is an extension of a
closed linear H.O. that can be extended to continuum many different maximal Hermitian
operators.

Proof. By Theorem 48, 0), R must be a proper extension of a closed linear H.O.
S. This S is not maximal and therefore, by the corollary to Theorem 35, has the
required property.

Appendix I. Function Spaces

We shall prove here the assertion announced in Chapter I: all the function spaces
mentioned in Introduction I and II are abstract Hilbert spaces, that is, they satisfy
conditions A through E of Chapter I. For the “ordinary Hilbert space” of all
sequences

(¢}
(x1,%,...)  with Z|xn|2<oo,
n=1

this proof is unnecessary as soon as at least one system satisfying A through E
is known: every such system is, by the concluding considerations of Chapter
I, isomorphic to the ordinary Hilbert space, which must therefore also possess
properties A through E. Hence we need consider only the function spaces of
Introduction L.

Let Q) be one of the metric spaces named there, or indeed any more general
structure of which we require only the following. On () there are to be notions of
“measurability,” a “measure,” and an “integral,” denoted

@,

in the Lebesgue sense. We shall not spell out precisely what this “Lebesgue sense”
is to mean; it would be easy to describe, but somewhat lengthy. The considerations
below will in any event reveal which properties of these notions matter. We also
assume that Q) is separable.

The function space " consists of all measurable complex-valued functions

f(P) on Q for which
NGRS

is finite; two functions differing only on a set of measure 0 are not regarded as
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distinct. The meanings of a f and f + g are clear, and we put

(f,8) = /Q F(P)e(P) do.

These definitions are permissible. If f, ¢ € &', so that

2 2
/Q f(P)P do, /Q g (P)R do

are finite, then a f and f + g also belong to $’. Indeed,
[ s
Q

/ £(P) + g(P)P do
Q

is plainly finite, while

is finite because
f(P)+ g(P) < 2|f(P)] +2Ig(P)P.
Moreover,

[ reig@iao
Q

is meaningful, and indeed absolutely convergent, because

F(PIRP) < 51 FPIR + 33 (PP

We now verify conditions A through E in order.
A, B. These are plainly satisfied.

C. We must find a sequence
fi(P), f2(P), ...

which is everywhere dense with respect to the distance

If-8l= \//Qlf(P)—g(PN2 dv.

The measure of () may be infinite, but in any case ) can be exhausted by an

increasing sequence
I, I, ...
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of subsets of finite measure. If f is any function in ’, define fy,for N =1,2,...,
by

f(P), Pellyand|f(P)|<N,

0, otherwise.

fn(P) = {

For every P,

IN(P) — f(P),

IR
Q
are bounded above by fQ | £(P)|> dv. Hence

and all the integrals

/Q fu(P) = F(P)P do — 0;

that is, fy — f in our distance. Thus the functions which are nonzero only on
a set of finite measure and which are also bounded are everywhere dense. It
therefore suffices to find a sequence dense among them.

Let f be a function of this class. Let M be the measure of the set on which it is
nonzero, and let A be the supremum of its absolute value. In the closed disk

{zeC:|z| <A},

choose finitely many Gaussian rational numbers pj, ..., px (numbers in Q + iQ)
forming an e-net, where ¢ > 0 is otherwise arbitrary.'> Put

£.(P) = pn, f(P)# 0and pj, is nearest to f(P) among p1, ..., Pk,
‘ - 0, otherwise.

It follows immediately that

/ f(P) = F(P)Pdo < Me?.
Q

Thus f, — f as ¢ — 0. Consequently, those functions which take only Gaussian-
rational values, take only finitely many distinct values, and for which the set

T3Translator’s note: The source partitions the real interval [-A, A] using rational numbers, although
%’ consists of complex-valued functions. We instead use a finite e-net of Gaussian rationals in
the disk |z| < A; the resulting bound below is M 2.
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corresponding to each nonzero value has finite measure are also everywhere dense.
The desired sequence need only be dense among these functions.

If ¥ is any subset of (2 of finite measure, let fy be the function equalto1 on X
and 0 elsewhere. The preceding class is simply the class of all functions

p1fr, + -+ Prfr

where p1, ..., px are Gaussian-rational numbers. If we can find a sequence of sets
D y@

which is everywhere dense among all sets of finite measure—the distance between
two sets X/, X" being the distance between their functions fy/, fr~, that is, the
measure of their “difference set”

(Z/ + ZN) _ (Z/ . ZN)62

—then the functions
P1fron) e+ Prfron
with
k=1,2,..., P1,--., Pk € Q+iQ,
ny,...,ng=1,2,...,

would be everywhere dense in $’, and we would have reached our goal. It remains
to find such a sequence of sets.

Let X be a set of finite measure M. As is well known, M is the infimum of the
measures of all open point sets containing . Let X’ be such a set with measure
at most M + ¢. Then the “difference set” I’ — X has measure at most ¢. Thus the
open sets are everywhere dense.

Since () is separable, there is in ) a sequence of open sets

A1, Ay, ...

forming an “equivalent neighborhood system,” in the sense that every open set X’
is the union of all the A, contained in it—say, of

Anyy Dy, -+

®2Here +, —, and - denote union, set difference, and intersection, respectively.
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Let the measure of X’ be M’. Then the measures of
Nnyy A+ Ay Ay + Ay + Ay,

converge to M’. If, for example, the measure of
Ay, +---+ Ay, is already at least M’ — ¢, then the “difference set”

Y= (A 4+ Ayy)
has measure at most ¢. Thus the sets
Ay, -+ Ay, (k=1,2,...;ny,...,n,=1,2,...)
are likewise everywhere dense,®® and there are only countably many of them. This

brings us to our goal.

D.Letk =1,2,.... Choose k pairwise disjoint sets Kj, . .., Ki in ), each of finite,
nonzero measure. Let f,(P) = 1 on Kj, and f;(P) = 0 elsewhere (h =1, ..., k).
Then f1, ..., fr are plainly linearly independent (and belong to £’).

E. Let f1, fo,... be a sequence of functions satisfying Cauchy’s convergence
criterion: for every ¢ > 0 there is an N = N(¢) such that, for m,n > N,

/Q fu(P) = fu(P)Rdo < c.

Following a proof of Weyl, choose
N1 <N; <N N, >N !
1< N2 <IN3g<---, p=Nlgr |-
Then .
2
P = fy PP o <
Consequently, the set on which

1
|y (P) = fv, (P 2 55
has measure at most 277. Hence

)= Py PS5, i) = i P < i

%3Naturally, we take only those of finite measure.
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everywhere except on a set of measure at most

i, 1 -1
2r  op+l _2p—1’

Where these inequalities hold, the sequence pr (P), pr+1 (P),... has a limit. It
therefore has a limit everywhere except on a set of measure at most 2! 7. Since
this is true for every p, the exceptional set has measure zero.

Define

f(P)= ]}if(}opr(P)

where this limit exists, that is, everywhere except on a null set, and put f(P) =0
otherwise. If m > N(¢), then, for all sufficiently large p (namely, as soon as
N, > N(e)),

/Q|fm(P) — pr(P)|2 dv < e.

We may therefore let p — oo, obtaining

/Q fu(P) = (PP < c.

Thus f,, — f, and hence f, belongs to &', and secondly f,, — f. This proves
everything asserted.

Appendix II. The Eigenvalue Problem for Unitary
Operators

1.

Throughout what follows we consider everywhere-defined, bounded (continuous)
linear operators R on $; thus Theorem 12(«a), () applies to them. Hermitian
character, however, will not always be assumed. For fixed f, the functional

L(g) = (f,Rg)

has the properties

L(a1g1 + -+ angn) = a1L(g1) + - + ayL(gn), IL(g)I < Clfllgl = DIgl.



95

The theorem of F. Riesz (cf. Note 52) is therefore applicable: L(g) = (f*, g). We
denote the uniquely determined f* by R*f. Then R* is an everywhere-defined
and plainly linear operator, and

(f,Rg)=(R"f,g), (Rf,8) =(f,R"g).

The first equation is the definition; the second follows by interchanging f, ¢ and
taking complex conjugates. In particular,

R'fPP =R f,Rf)=(f,RR[)<CIfIIR'fl,  IR"f|<CIf],

so R* too is bounded.®*
One verifies at once that

R* =R, (R+S)" =R =S,
(RS)* = S'R”, (aR)* =aR",
0" =0, 1" =1.

% For bounded Hermitian operators, R = R* is characteristic. Every unitary
operator U belongs to our class (it is bounded because |U f| = | f]), and within this
class it is characterized by

uua=uu-=1, that is, u-t=u.

66

2.

Now suppose that R is Hermitian. We first attack its eigenvalue problem by the
method of F. Riesz. Let

n

p(x) = Z ayx"

v=0

%4For matrices, this star means taking the conjugate transpose; for integral-operator kernels it has
the analogous meaning, and for differential operators it means taking the adjoint.

65The operators in question are everywhere defined, so the operations +, —, and multiplication are
meaningful without further qualification; cf. Note 37.

%T1f U is unitary, it has an inverse U~!, and

(fulg)=WUf,uuy)=Uf,g =(fUg

for all f, g; hence U™! = U*. Conversely, if U! = U*, then (U f,Ug) = (f,U*Ug) = (f,g), so
that |U f| = | f|. Thus U is isometric; since it is everywhere defined and assumes every value
(U™ is everywhere defined), it is unitary.
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be a polynomial with real coefficients.’'* Then

n

p(R)= > a,R",  R'=1,
v=0

is a Hermitian operator of our class. Addition, subtraction, and multiplication of
these p(R) are performed exactly as for the polynomials p(x); in particular, all of
them commute. Choose C such that |R f| < C|f| for every f.

Theorem 1°. If p(x) > 0 for —C < x < C, then p(R) is positive.

Proof. Let M be any finite-dimensional, and hence closed, linear manifold, spanned
for example by the orthonormal system @1, ..., . The operator

R’ = PyyRPyy
is Hermitian and satisfies
IR” f| = |PmRPax f| < [RPay f| < C|Pyy f| < C|f].

It is therefore of our class and is plainly reduced by 9t (its part in $ — M is zero). Its
part in M is a k-dimensional Hermitian operator, say with eigenvalues Ay, ..., A.
Since |R’ f| < C|f], all |[A;] < C. The operator p(R’) is also reduced by M, and its
part there has the eigenvalues p(11), ..., p(Ax), all nonnegative. Thus, if f € N,

(f, p(R")f) = 0.

Now let f be arbitrary, and take for 9t the closed linear manifold spanned
by f,Rf,...,R"f. Then f € M, R'"f = Rf,...,R"f = R"f, and therefore
p(R")f =p(R)f. Hence (f,p(R)f) = 0. Since f was arbitrary, p(R) is positive.

Theorem 2°. If |p(x)| < € for -C < x < C, then

IP(R)f] < elfl.

Proof. Theorem 1" applies to the polynomials ¢ + p(x); hence the operators 1+ p(R)
are positive, and

(f Ael=p(R}f) 20, |(f, p(R)f)I < el fI.

T4 ranslator’s note: The source begins this sum at v = 1, although the immediately following
definition of p(R) begins at v = 0 and explicitly includes R? = 1. The lower limit has therefore
been normalized to O here.
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By Theorem 12 (the equivalence of y and «), this means precisely that [p(R) f| < ¢|f].
Theorem 3. Let P(x) be continuous on —C < x < C, and let p1(x), p2(x),... be

polynomials converging there uniformly to P(x). Then p,(R) f has a limit f* depending
only on R, f, and P(x).

Proof. This follows immediately from Theorem 2.

We therefore define P(R)f = f*. This gives an everywhere-defined linear
Hermitian operator, because the p,(R) have those properties; it is bounded by
Theorem 48(«), (), or directly because the p,(x), and hence by Theorem 2" the
pn(R), are uniformly bounded.

Theorem 4*. The P(R) are added, subtracted, and multiplied just as the P(x) are. Theorems
1* and 2* hold for them as well; and when P(x) is a polynomial, the old and new definitions
agree.

Proof. The last assertion follows by taking p1(x) = p2(x) = - - - = P(x). The remaining
assertions hold for the polynomials p(x), and hence, by continuity, also for P(x).

3.

We now depart from F. Riesz’s route.

Theorem 5. Let Mg be the set of all f for which R f = 0, and let Mg be the set of all R f
and their limit points. Then
Mg = H - Ng.

Proof. The vectors R f form a linear manifold. It is enough to show that 9)tg consists
of all g orthogonal to this manifold. Orthogonality to it means

(g,Rf)=0 forevery f,

thatis, (Rg, f) =0, and hence Rg = 0.

Theorem 6°. If R, S are positive, then Mr..s is a part of Mg, and N is a part of Nr4s.
Proof. From (R + S)g = 0 it follows that

0<(g,Rg) =< (g, (R+5)8) =0,

and hence (g, Rg) = 0. For positive R one has
(f RQIP < (f, Rf)g RY).
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This is proved just like the corresponding inequality for R = 1 in Theorem 1. Thus
(g,Rg) = 0implies (f,Rg) = 0 for every f, and therefore Rg = 0. The preceding
relation says that 9ig,s is a part of Mig; Theorem 5° then shows that Ny is a part of

NR4s.
We define

fa(x) = Max(x —a,0), M(R, a) = My, r), N(R, a) = Ng,(r)-
Theorem 7. Throughout M(R, a), respectively N(R, a), one has
(f,Rf) <alfl, respectively (f,Rf)>alf
Proof. Put g,(x) = Max(—(x — a),0). Since
fa(¥)ga(x) =0, fa(x) = galx) = x -1,
we have, with S’ = f,(R) and §” = g,(R),
§'§" =8"5"=0, §S'"-§8"=R-al

by Theorem 4*. Both S” and S” are positive. In M(R, a) = Ms we have S’ f =0, so

Rf=af-S"f,  (f,Rfy=alfP?~(f,S"f)<alfP.
In N(R, a) = Ng, by Theorem 5 and S”’S” = 0, we lie in M. Thus S” f =0, and

Rf=af+S'f,  (f,Rf)=alfP+(f,S'f)>alfP.

Theorem 8. If a < b, then M(R, a) is a part of M(R, b), and (R, b) is a part of N(R, a).
Moreover, for a < —C, respectively a > C,

MR, a)=(0), MR,a)=9H, NR,a)=9H, NR,a)=(0),

respectively.

Proof. Since fp(x) > 0and f,(x)— fp(x) > 0, the first assertion follows from Theorem
6%, applied to f;(R) and f,(R) — f»(R).T™ For the second, if a nonzero f belonged,
when a < —=C, to (R, a), or, when a > C, to NW(R, a), then

(f,Rf) <a|f? < -C|f[%, respectively  (f,Rf) > alf* > C|f]?,

M5Translator’s note: The source prints f, — f, > 0 and applies the theorem to f, and f, — f,. Since
a < b gives f, > f;, both signs have been corrected.
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contrary to the definition of C in Theorem 12()). Hence the corresponding
manifold is (0), and its orthogonal complement is $ — (0) =

Theorem 9°. Quite generally,

®f.8)= [ ad(Puaf.g).
where the integral may be taken between any two limits smaller than —C and greater than
C.

Proof. For f = g, the assertion follows from Theorems 7* and 8".°” Substituting
(f +g)/2and (f — g)/2 and subtracting gives the equation for the real parts in

%7The operator R commutes with f;(R), by Theorem 4*, and is therefore reduced by M(R, 4): from
fa(R)f =0 follows f,(R)Rf = Rf;(R)f =0, and one applies Theorem 20. Thus R commutes
with P‘J.R(R,a)~

Let
X0 <xp<--<Xp, xo<-C, xp,>C.

Then

p
(Rf, f)= Z(R(PJJE(R ) = P ey ) f 1 f)

v=1

(RPaw( x,)-m(Rx1) f 7 f)

(RPyx(r x, (R 20 1) f + f)

M= I 1M

(RPy(R, 2, )0(R 2,1 f » PIRR, 200 (R x01) ) -

<
11
—_

The last step uses the commutativity just noted. By Theorem 7%, each summand lies between

X1 |PoR xy)-mR o) fI and x| Pap(r xy)-0(R xy 1) f 2
and
PR 2 )-m(R 20 ) f P = PR 20) fI = [P 1) I

Consequently,

(Rf, £) < > 20 (1P v fI* = 1Por 2o ) f ),

DM 3D

(Rf, £)= > o1 (1P c) f* = 1P o) f 1)

1l
—_

v
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general; replacing f, g by i f, g then gives the imaginary parts.

Theorem 9" is essentially Hilbert’s result for bounded Hermitian operators. We
proceed to two Hermitian operators R, S of our class.

Theorem 10". If R, S commute, then so do

Poyr,a) and  Pays p).

Proof. Since R, S commute, so do all P(R), Q(S): this is immediate for polynomials
and follows by continuity for general continuous functions. In particular, f,(R)
commutes with f,(S). Hence (R, a) reduces f;,(S), by the argument in the
preceding footnote, and so does M(R, a) = H—IN(R, a). Thus M(S, b) is obtained by
first taking, within (R, a), the f for which f,(S) f = 0, then doing the same within
N(R, a), and finally adding the two closed linear manifolds. The commutativity of
the two projection operators follows at once.

4.

We now turn to the so-called normal operators A of our class, characterized by
AAT = ATA.
The Hermitian operators

R_l(A-i-A*), S =

1
== A-A"
2 i( )

2i
then commute, and

A=R+iS, A" =R -1iS.
Form the projection operators

E(A,a,b) = Py a)Pans,p)-

Theorem 11*. The operator A and the E(A, a, b) satisfy the following conditions:*®

These are the upper and lower Stieltjes sums. By the definition of the Stieltjes integral, they
yield

(Rfrf):/adlpﬂﬁ(li,a)ﬂz:/ad(P‘JJt(R,a)f'f)~

68Cf. Introduction IX and Note 58.
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a The operators E(A,a,b) and E(A,a’,b") commute, and

E(A,a,b)E(A,a’,b") = E(A, min(a, a’), min(b, b’)).
B For sufficiently small a or b, E(A, a,b) = 0. For sufficiently large a, respectively b,

it is independent of a, respectively b; and for sufficiently large a, b, it equals 1.
Moreover,

(Af,g) = / (a +ib)d(E(A,a,b)f, g),
(A°f,g) = / (a - ib)d(E(A, a,b)f, ),

where the double integrals extend over a sufficiently large rectangle.
Proof. By Theorems 9" and 107,

®f.0)= [[adeannrg), 9= [[oaEnans,g).

Everything now follows immediately from Theorem 8%, Theorem 9%, Theorem 107,
and the definition of E(A, a, b).

Unitary operators U are normal, since UU* = U*U = 1, so Theorem 11" applies
to them. Their E(U, a, b), however, have further properties, which we now derive.
First, quite generally,

(Af,E(A,a,b)g) = / (a' +ib")d(E(A,a’,b")f,E(A,a,b)g)
= // (a’ +ib")d(E(A,a,b)E(A,a’,b)f, g)
= // (a’ +ib’) d(E(A, min(a, a’), min(b, b)) f, g)
= [m [:(a’ +ib")d(E(A,a’, V) f, g),
and

(Af,Ag) = / (a—ib)d(Af, E(A,a, b)g)

- (a—ib)d{ / Oo / :w’+ib’>d(E<A,a’,b’>f,g)}
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- //(a — ib)(a +ib)d(E(A,a,b)f, g)
_ // (> + b d(E(A,a,b)f, g),

where the interchange in the second calculation is as in Note 55. Also

r.9)= [ a(EA,abf,5)

For unitary A, therefore, (f, g) = (Af,Ag) gives

/ (1-a*-b?)d(E(A,a,b)f,g) =0,

and, on putting f = g,
//(1 —a? - b»)dIE(A,a,b)f? =0.

5.

If R is a rectangle
a’<x<a’, b <y<b’

with vertices (a’, b’), (a”,b"), (a’,b"), (a”,b""), define the projection operator°

E(A,R) = E(A,a”,b") - E(A,a",b') - E(A, ', b") + E(A,a’, 1)
= Py(r,a) (1 = Po(w,a7)) Pocs,pr) (1 = Poucs b))
= Po(R,a")M(R,a")R(S,b")IN(S,b")-

Suppose that R has no point in common with the unit circle. Then throughout
R either 1 — a2 —b% > ¢, or 1 —a? — b? < —¢, for some ¢ > 0. For every f
such that E(A,R)f = f (thatis, f lies in N(R,a")M(R, a”)N(S, b")M(S,b"))*’,
we therefore have

//(1 —a?® - bz)d|E(A,a,b)f|2
R

T6Translator’s note: The source reverses M and N in this rectangle projection, the following
parenthesis, and Note 69. Since E(A, a, b) is increasing in each endpoint, the interval factors
are M(R, a")M(R, a”") and N(S, b")M(S, b"), as corrected here.

%9Since f lies in both N(R, a’) and M(R, a”’), Pop(r,a) f equals 0 for a < a’ and f for a > a”; thus
E(A,a,b)f is independent of a outside this interval. The same is true of b outside b’ < b < b”.
Accordingly, the integral over the whole plane may be identified with the integral over R.

/ (1-a®-b%)d|E(A,a, b)f|2
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> €

= el .

// dlE(A,a,b)f|2
Thus f =0, and E(A,R) = 0.

If R, S are disjoint rectangles (their boundaries may meet),”" 17 then
E(A,R)E(A,S) = 0.
If two rectangles R, S together make exactly one rectangle 7°,”! then
E(A,R)+E(A,S8)=E(A,T).

Repeated use of these facts yields the following. If U is a union of finitely many
rectangles Ry, ..., R, then

E(A,U)=EA,R1)+---+EA Ry

is a projection operator; it is independent of the rectangular decomposition of U.
If U,V are two such sets having at most boundary points in common, then

E(A,U)E(A, V) =0, E(A,U+V)=EA,U)+EA,YV).

Moreover, if U does not meet the unit circle, then E(A, U) = 0. It follows easily
that if U,V have the same points in common with the unit circle, and neither has
a corner on that circle, then

E(A,U)=EA,YV).

We can now, so to speak, transform the Stieltjes double integral to polar coordinates.

7OWrite, for example,
R:a" <x<a”, b <y<b”, S:c<x<c”,d<y<d’.

Oneofa” <c’,c¢” <a’,b” <d’,ord” <b' musthold. In the first case M(R, a"”) is a part
of M(R, ¢’), so M(R, a”) is orthogonal to N(R, c’). Hence Pyyr o)Pu(r,) = 0, and a fortiori
E(A,R)E(A,S) = 0. The other three cases are identical.

T Translator’s note: In Note 70 the source instead states (R, a”’) L M(R,c’) and writes the
corresponding product of projections. The complementary factors have been corrected here;
the corrected orthogonality is the one needed for the conclusion.

“IEither a” = ¢’ or ¢”” = a’, while simultaneously b’ = d” and b” = d”; or b” =d" ord” =V’,
while simultaneously a’ = ¢’ and a” = ¢”. The assertion follows directly from the definition of
E(A,R).
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6.

Let 0 < p < 0 £ 1. There certainly exist finite unions of rectangles U whose
intersection with the unit circle is exactly the arc from 27mtp to 2o, and none of
whose corners lies on the unit circle. For all such U, E(A, U) is the same projection
operator; denote it by F(p,0). For0<p <o <1 <1,

F(p,0)+ F(o,7) = F(p, 7).
Putting F(p) = F(0, p), we therefore have
F(p, o) = F(o) — F(p).

Since plainly F(0, 1) = 1, it follows that F(1) = 1. The F(p) are projection operators,
and because F(o) — F(p) is a projection operator for p < g, F(p) is a part of F(o).
Define the hitherto undefined F(0) to be 0.

Partition the integration region in

(Af, f) = // (a +ib) dE(A,a, b) I

(a large rectangle) into rectangles Ry, . .., Ry as follows. Each has diameter at most
& > 0, and none has a corner on the unit circle. Order them so that Ry,..., Ry,
where I < k, meet the circle in the respective arcs

27P0,2TP1; - .. 2TPK-1, 270y, O=po<p1<---<pp=1

Choose a point &, from each R,. Then

k
Af, 0=, [[ @+ mde,n s
v=1 v

differs by an arbitrarily small amount’? from

k k
év d|E(A/ /b) |2: év(E(A/RV) ’ )
Y Il AEG P =) £ f

2For every rectangle S, //S d|E(A,a,b)f|* > 0, since it equals |[E(A, S) f|*. Thus the difference is
at most

s/ dlE(A,a,b)f? = e[ f]>
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M= iD=

(Svu:(Pv—l/ Pv)f|2

E(IF(pu) f = [F(pvr) f ).

<
Il
—_

We may choose
&, = e?miey, Pr-1<p, <py (v=1,...,h),
so the last expression becomes

h
D e () £ = [F(py-1) ).

v=1

The points po, p1, ..., pn are at most ¢ apart. Hence

1
(Af, f) = /0 270 dE (p) £

73

Theorem 12*. For every unitary operator U there is a family of projection operators E(A),
0 < A <1, with the following properties:

a If A < u, then E(A) is a part of E(u); moreover E(0) = 0 and E(1) = 1.

BIfA > Agand A — Ay, then, for every f,

EQA)f — E(ro)f-
Forall f,g,
1
uf,g) = /0 ™ d(E(A)f, g).

Proof. Consider the F(A) just constructed. They have property «, but may fail to
have 8. Let
0<Ap <1, AM>Ar>---> A, Ay — Ap.

The F(A,) form a decreasing sequence of projection operators. By Theorem 19,
there is a projection operator E such that

F(\w)f — Ef

73The integral on the right converges; for example, prescribe po, p1, . . ., p» and adapt the rectangular
partition to them.
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for every f. This E depends only on Ag: for any two such sequences, suitable
subsequences can be interlaced to give another sequence of the same kind, for
which the convergence must also hold. Denote this E by E(Ay).

Since F(Ao) is a part of every F(Aq), F(A2), ..., it is a part of E(Ag). If Ag < o,
choose A1 = pg; then E(Ay) is a part of F(ug) = F(A1), since it is a part of all the
F(Ay). Thus

F(A)isapartof E(A), E(A)isapartof F(u) (A <),

and consequently E(A) is a part of E(u) for A < p.
Now let A > Ag, A — Ag. The projection E(A) — E(Ag) is a part of F(A) — E(Ao).
Hence

[EQ)f —EQo)fI <[F(A)f — E(Ao) fl,

and the right-hand side tends to zero by the definition of E(A¢). Thus the E(A)

satisfy § and also «, apart from the requirements E(0) = 0, E(1) = 1. We enforce

those by definition; § may then fail at A = 0. Denote the old value of E(0) by E.
For F(A) we had

1
Wt = [ e dEw e
0
The functions |F(A) f|* and |E(A) f|* are monotone in A, and, for A < g,

IF) > < IEQ)fP < [F(u) fI.

It follows readily that the same integral relation holds with E(A). This is the
asserted final relation when f = g. Substitution of (f + ¢)/2 and (f - g)/2,
followed by subtraction, gives its real part for arbitrary f, g; replacing f, g by
if, g gives its imaginary part.

It remains to repair the possible failure of f at A = 0. For 0 < A < 1, replace
E(A) by E(A) — E. Everything else remains unchanged and this last point is put in
order.

7.

Theorem 12 was the principal difficulty. Some easy uniqueness theorems now
follow.

Theorem 13", If projection operators E(A) are chosen in accordance with conditions a, 8
of Theorem 127, then there is exactly one unitary operator U related to them as in that
theorem.
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Proof. There is at most one such U, since Theorem 12" determines every (U f, g),
and hence every U f. It remains to prove existence. The argument used in the
proof of Theorem 36, and o2 =1, give

1
/0 e A(EQ) £, 9)| < |11l

Call the integral on the left L(g), with f fixed and g variable. Then

L(ai1g1+ -+ angn) = mL(g1) + -+ + a,L(gn), IL(I < |fllg] = Clgl.

F. Riesz’s theorem applies (cf. Note 53): there is exactly one f* such that L(g) =
(f*,g). Define U by Uf = f*. This is plainly an everywhere-defined linear
operator; only its unitarity remains to be proved.

First |(U f, ¢)| < |fllgl, so U is bounded and U* exists. We have

1

1
(Uf/g)=/0 M A(EWN S, 8), (U*f/g)=/0 e A(EN)S, 8).

The first equation is the definition; the second follows by interchanging f, ¢ and
taking complex conjugates. Just as at the end of Section 4, these formulas give

ufs,ug)=(,8, @fUg=(f g
Consequently
wuys,g)=UUf,g)=(f,8)
forall f,g,soU"U = UU" = 1; that is, U is unitary.

Theorem 14", For a given unitary operator U, only one family E(A) of projection operators
can be related to it as in Theorem 12"

Proof. The formula
1
whg= [ e,

is trivial for n = 0, is the definition for n = 1, and follows from U~! = U* forn = —1.
If it has been proved for m, n, then it also holds for m — n, since the method used
at the end of Section 4 gives

1 .
U f,urg) = / 2T G F, ),

0
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whereas

umf,utg)=(U"u”f,g)=U"U"f,g)=U"U"f,g)=U"T"Ff,g).

Thus the formula holds for every n = 0, £1, £2, .. ..
If F(A) is a second family with the same properties, then the same equation
holds with F in place of E. Hence

1
[ ratEws, - Eay,g) =o

first for every p(A) = ¢2"™*, and then for their linear combinations, the trigonomet-

ric polynomials. By continuity it holds for every continuous p(A) with p(0) = p(1).
Because of condition § in Theorem 127, it remains valid for functions having finitely
many jumps, provided the value at a jump is always taken on its right. Put, for

0<Ap<1,
1, 0<A <A,
P(A)={

0, otherwise.

Then

Ao
[ a@wr9- EWs ) = €0, - Fof, ) =0

Since this holds for all f, g, E(Ag) = F(Ap). Here Ag # 1; at Ag = 1 the assertion
follows from condition « of Theorem 12*.

8.

Theorems 12%, 13, 14" show that the correspondence in Theorem 12 between a
unitary operator U and a family of projection operators E(A) satisfying «a, 8 is
one-to-one, and exhausts all U and all E(1). To be a resolution of the identity;,
these E(A) still require

EANf— f A<1, A -1

cf. Definition 17. We shall therefore have proved everything announced in Chapter
IX once we show that this property is equivalent to the assertion that ¢ = Ug
occurs only for ¢ = 0.
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First suppose ¢ = U@, ¢ # 0. Then

1
R((p, ) - Uy, ) =R /O (1-e*™Yd(EN), )

1
= / 2sin?(ntA) d|E(A) @l
0

The left-hand side vanishes, while, for every ¢ > 0, the right-hand side is at least

/ A 2sin*(nA) d|E(A)@|* > 2sin*(me) / a dlE(A)p)?
6 = 2sin2(ng)(|g(1 — &)pl’ ~ [E(e)gl).
For ¢ < 1, the last expression is nonnegative, and therefore zero:
[E(1 = e)¢| = [E(e)gl.
As ¢ — 0, the right-hand side tends to zero, and hence so does the left. Thus
E(1-¢)p — 0+ ¢.

Conversely, suppose E(A)f / f asA <1,A — 1. By Theorem 19, there is a
projection operator E such that E(1)g — Eg for every g; in particular E f # f. For
f’ = f — Ef, therefore,

f'#0, EWNf —Ef =0

Now |E(A) f’| is nonnegative and monotonically nondecreasing in A. Since it tends
to zero as A — 1, it must vanish identically. Hence

EQf =0 (A<1), EQ)f =f.
It follows that

1
Urg)= [ e aEWs 9= (8)
for every g, and therefore U f” = f’. This completes the proof.

Appendix III. Operators and Matrices

1.

It is desirable to translate our results on Hermitian operators into the customary
terminology of matrices. We shall see that, in the unbounded case, the terminology
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of operators is considerably more practical. In the bounded case, by Hilbert’s
results, the two amount to the same thing. We shall also see that closed linear
Hermitian operators correspond to Hermitian matrices whose row sums of absolute
squares are all finite, though not necessarily bounded. These are the so-called
square-summable matrices.

The more detailed theory of these matrices is to be developed in the work
announced in Note 22. Here we give only what is needed for orientation and for
the purposes of Appendix IV.

A matrix

A =A{au}, wv=12,...,

will be called Hermitian square-summable (abbreviated H. square-summable) if

G =T, D ol <oo (u=1,2,..).

74 1f @1, @2, . . . is a complete normalized orthogonal system, define an operator R
on the vectors ¢y, and only on those vectors, by

[ee]

R(Py = Z Auv Py,

v=1

the series converges. The closed linear manifold spanned by ¢1, ¢, ...1is , and

((Pw Rey) = ﬂ =0y = (R(Pp/ Pv).

Thus R is Hermitian. We call R the elementary Hermitian operator of A, {1, @2, ...},
and call its linear extension R and its closed linear extension R the linear and
closed linear Herm/z\tzan operators, respectively, of A, {1, @2, .. .}.

The operator R f is defined precisely for finite sums f = Zzzl Xy, and

Ef = Zx” (Z aw(pv) = Z Zawx# Py

u=1 v=1 v=1 \u=1

The operator R is not so easy to characterize directly, but its extension elements
are. For f to be an extension element, with f* assigned to it, one must have

(f" ov) = (f, Repy) = Z(f/ goy)((Pw Rey) = Z ayv(f/ %)I v=12,...,

‘U:]. y:l

74Then every series Z;’:l 00,y converges absolutely, so the matrix A% can be formed.
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since R and R have the same extension elements. Write
(f, ou) = xy, f= Z XuPu-
p=1

There is an f~ satisfying

(f" @v) = Z ApvXp
p=1
if and only if
2
PIDILIEN LS
v=1 [u=1
and in that case it is
DDA
v=1 \pu=1
Thus
2
f= Z XuPu, Z |xp| < o,
p=1 p=1
is an extension element if and only if, for
Yy = Z Ay Xy, (75)
u=1

one has Yoo [y, < co; then
fr= Z YvPv-
v=1

75 Tf, in fact, R f is defined, then f is certainly such an extension element.
Furthermore,

(f", f)= Zyvx_vz Z Zayvxy Xy,
v=1 v=1 \ u=1

75Both 3 u |a #v|2 and ) p |x H|2 are finite, so the series ) 4 AuvXy converge absolutely.



112
(F )= D %l = )% (Z H_) -
u=1 u=1 v=1

Thus the O-class is characterized by the interchangeability of the two infinite
summations.

2.

We now show that, for every closed linear Hermitian operator R, there are an H.
square-summable matrix A = {a,, } and a complete normalized orthogonal system
@1, 2, ... such that R is the closed linear Hermitian operator of A, {p1, ¢2,...}. It
is enough to specify the ¢,, for

Auy = (R(Pw (Pv)

then determines A. If every R¢,, is defined, A is H. square-summable: a,, = a,,
is clear, and

211l = ) I(Rpy, 9u)P = Ryl < co.
v=1 v=1

Let S be the elementary operator of A, {1, @2, ...}. Then

Sfu= Z Ay Py = Z(Rﬁow Pv)pv = Roy;
v=1 v=1
glus S is the restriction of R to @1, @3, .... We must choose this system so that

S = R. In other words, for every f for which Rf is defined, there must be a
sequence f1, fo, ... of finite linear combinations of @1, 3, ... such that

fo—=f, Rfs = Rf,

and of course every R@, must be defined.
This is achieved if there is a sequence g1, g2, . . ., with every Rg,, defined, such
that for each f in the domain of R a subsequence gn,, gn,, - . . satisfies

gNn_>f’ RgNn—>Rf

This sequence is automatically everywhere dense. It is then enough to orthogonal-
ize g1, %2, . .., as in Theorem 8§, to obtain @1, ¢», . . ..
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Such a sequence is constructed as follows. Let hi1, hy, . .. be everywhere dense
but otherwise arbitrary. For every triple of positive integers m, 1, k for which there
is an f in the domain of R satisfying

1 1
— < = — < —
= fls 2 I =RfI< T,

choose one such f, denoted f,, , r. Written as a single sequence, these f,, ,  have
all the required properties. Indeed, given f, R f and ¢ > 0, choose k with 2/k < ¢,
and choose h,;, h,, such that

1 1
— < — — _
o= fl< 7, lh=RfI< L.

Then fy, 1 i is defined, and

1
|hm - fm,n,kl < E’ |hn - Rfm,n,kl <

Consequently
|f = funil <€, IRf = Rfmnxl < e

Since ¢ was arbitrary, the construction is complete.

3.

For a given R, there may be several pairs

A = {ayV}/ {(Pll (PZI .. '}/ B = {b}lV}/ {1101/ l7b2/ .. '}r

whose closed linear Hermitian operator is R; both A and B are to be H. square-
summable. The two complete normalized orthogonal systems determine a unitary
infinite matrix

{uyv}/ Uy = ((P[J/ va)
Indeed,

o

Dttty = D (P U)W, @) = (P, 9) = Sy,
p=1 p=1

oo

ZM_WMPV - Z(llbﬁ“ QOP)(QDP’ Ivbv) = (EZ}MI l7Z}1/) = 6yv- (Uq)

p=1 p=1
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Moreover,
Pu = Z(@w‘l’v)‘l’v = Z Upythy,
v=1 v=1
Hb‘u = Z(l)b,ur (PV)(PV = Zu_w(Pv (UZ)
v=1 v=1

The usual transformation formulas also hold for a,,, b v
Auy = (@y/ Rey)
= Z((Pyr #}P)(l)bp/ R(Pv)

p=1

= > (@u o) RYp, ¢y)

p=1

- Z((Pw%) Z(R%/%)(%, ®v)
=1

o=1

i (Z bpguw,um) .

p=1

—

Interchanging i, v, and p, 0, and taking complex conjugates, using a,, = 4, and
bps = bsp, gives

Auy = i (i bpouypm) = i i bpouypm . (Us)
p=1 \o=1

o=1\p=1
Similarly, the inverse formulas are!'®
o0 (o¢] (8] o0
= Z (Z ApoUpuUoy | = Z Z ApoUpuUov |- (Us)
p=1 \o=1 o=1\p=1

Thus far the customary theory of unitary transformations of Hermitian matrices
remains valid, but no farther. Given an H. square-summable matrix A = {a,,},

8Translator’s note: In the second iterated sum of (Us), the source prints b,s. The inverse transfor-
mation requires 4, as used in both sums here.
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a complete normalized orthogonal system ¢1, ¢, ..., and an arbitrary unitary
transformation matrix {u,,} satisfying (U1), an attempt to apply (U2)—(U,) need
not initially produce any convergent series at all. Even if all the convergences in
(Us) and (Uy) occur, the closed linear Hermitian operator of A, {¢1, ¢2, ...} may
change under the transformation. We shall not pursue these relations here; they
will be discussed fully elsewhere (cf. Note 22).

4.

It remains to mention how to determine the closed linear manifolds €, & associated
with the closed linear Hermitian operator R of A, {p1,p2,...}, where R is its
elementary Hermitian operator; cf. Theorem 22. €, respectively &, is the set of all
(R +11) f, respectively (R - i1) f. Closedness of R, together with the properties of
R + i1 established in Theorem 22, readily shows that this is the set of limit points
of (R +i1) f.7° This, in turn, is the linear manifold spanned by the (R + i1) f, hence
by the (R + i1)¢,. Accordingly, €, respectively &, is the closed linear manifold
spanned by

oo

R+il)p, = Z Ay @y = 1@y,

v=1

Appendix IV. The Operator R

1.

The operator R and its Cayley transform U were defined in Chapter X, Theorem
37, as follows. Let ¢g, @1, @2, . .. be a complete normalized orthogonal system and

put
Z xv(Pv) = Z XvQv+1, Z |xv|2 < o0.
v=1

=0 v=0

u

Thus R f is defined for all

f=¢-Up = xopo+ (x1 — x0)p1 + (X2 — X1)P2 + -,

76If a sequence (E +il1)f converges, then so does Uil(ﬁ +il)f = (E Fi1)f; hence f and ﬁf
converge. The converse is immediate: if f and R f converge, then so does (R +i1)f.
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and then

Ef =i(p + U(p) = ixo@o + 1(x0 + x1)@P1 + i(xX1 + X2)2 + -+ .

Equivalently,
E (Z yv (Pv )
v=0

is defined when
lyol* + [yo + yal* + lyo + y1 + o> + -+

converges; for necessarily
Xo=Yo, X1=VYo+Yyi, Xo=Yo+yi+y2,....
Its value is then
iyopo + (2iyo + iy1)e1 + iyo + 2iy1 + iy2)pa + -+ - .
In this way we obtain a kind of matrix for R:
0, u>v,

Auv = i u=v,

21, p<v.

It is not, of course, a matrix in the sense of Appendix III: it is neither Hermitian
nor square-summable. This is unsurprising, since all Roy, u=20,1,2,..., are

undefined.

To give a genuine matrix for R, we must first find a complete normalized
orthogonal system 1,1, ... for which every Ry, is defined. Put, for m, k =

0,1,2,..,

Wk = Pkl + Qpokeigg + oo+ Qop41)2k-1

~ Pem+1)2k — Pem+1)2k+1 — " T Pm+1)2k1-1-

Our criterion shows that K(Zf’:o Xy @y) is certainly defined if only finitely many x,

are nonzero and ijozo x, = 0; this is the case here.
The equality

(C‘)m,k/ C‘)n,l) =0
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certainly holds when the two expressions have no ¢, -term in common. It also
holds when all the ¢, occurring in one occur in the other, all with coefficient +1, or
all with coefficient —1. Except when m = n, k = I, one of these alternatives always

occurs; on the other hand,

|wm,k|2 — 2k+1.

Consequently
l,bm,k — 2_(k+1)/2wm,k

form a normalized orthogonal system, and all Egbm,k are defined.
This system is complete. Indeed, let

f = Z Xy @y
=0

be orthogonal to all ¢, k, equivalently to all w,, k. This says

Xpok+1l + Xpokslyq + o0+ X(2m+1)2k_1
— X@m+1)2k ~ X@m+1)2k+1 ~ *** ~ X(ma1)2k+1-1 = 0.
For k = 0, this yields
X0—x1=0, xp—-x3=0, x4—-x5=0, x¢—x7=0,...;

that is,
Xp=X1, X2=X3, X4=X5, Xe=X7,....

For k =1, it gives
Xo+x1—x2—x3=0, xg4+x5—%x6—2x7=0,...,

SO
ZX():ZXQ, ZX4=23C6,...,

and therefore
Xp = X1 =X = X3, X4 =X5=X6=X7,....
For k = 2, it gives
X0+ X1 +Xo+X3—X4—X5—Xg—Xx7 =0,
and hence 4x¢ = 4x4, and so forth. Thus, altogether,
X0 =X1 =X =""".

But Y07, |x,[* can be finite only if all these numbers vanish. Hence f = 0, proving
completeness.
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2.

Define the matrix {b,; k.n,1} by

bm,k;n,l = (¢m,k1 El,bn,l) = 2_(k+l)/2_1(a)m,k1 Ka)n,l)-

Itis H. square-summable, and its elementary Hermitian operator S is the restriction
of R to the ¢, x. Consequently R is an extension of S, and, being closed and linear,
an extension of S. If S is maximal, then necessarily

EzS;

that is, R is the closed linear Hermitian operator of {by, i1}, {Wm i }-

We prove maximality by showing that the manifold € of S is all of $. By
Appendix II1.4, the vectors El[lm’k + 1Yk, Or equivalently Ewm,k + 1w, k, must
span $ as a closed linear manifold. Thus it is enough to show that if

f = Z Xy Py
v=0

is orthogonal to all Ewm,k +iwmk, then f =0.
The formulas in the preceding section give

Ea)m,k = iQpokrt + 3P ok + 000+ (2k+1 - 1)i(P(2m+1)2k—1
+ (281 - Dig@meryor + (2 - 3)iPometypker

+31Q 1)1 -2 F 1P (r1)2k41-1,

and therefore

Ea)m,k + ia)m,k = 2i(Pm2k+1 + 41'(Pm2k+1+1 + -4+ 2k+1i(P(2m+1)2k_1
+ (2k+1 - Z)i(P(Zm-i-l)Zk + (2k+1 - 4)i(P(2m+1)2k+1 +--

+ 2i(P(m+1)2k+1_2.
Orthogonality of f to these vectors means
2Z'ym2k+1 + 4iym2k+1+1 + -+ 2k+1iy(2m+1)2k_1 + e+ 2Z'E(m+1)2k+1_2 = 0.

Thus
X():O, x2:O, X4=0,...;



119

Xo+2x1+x2=0, x4+2x5+x6=0,...;
X0+ 2x1+3x0 +4x3+3x4+2x5+x6 =0, ...,
and so forth. It follows successively that
xo=x1=x2=---=0,

and hence f = 0.
It remains to calculate

bm,k;n,l = 2_(k+l)/2_1(wm,k1 Ea)n,l)/

which is immediate because both vectors have been expressed in terms of the
@y. If m # n and k = I, there are no common ¢, -terms, so the result is zero; for
m = n,k = I, direct calculation again gives zero. Let k > . If n lies outside

m2kt o (m+1)2K -1,

there are again no common ¢, -terms, and the result is zero. If # lies in this interval,
then

n=m2k_l+p or n=(m+1)2k_l—p—1, p=0,1,“,,2k—l—1_1.

In the two cases, respectively,

(2p+1)2'-1 (p+1)2+1-1
(W k, Ry 1) = Z [-i2a +1)] - Z [-i2a +1)]
a=p2l+1 a=(2p+1)2!

— _1'21(_2 . 21) — 1'2214-1’

or
(p+1)2+1-1 (2p+1)2!-1
(C‘)m,kr an,l) = Z [—i(Z(X + 1)] - Z [—i(Za + 1)]
Oc=(2p+1)21 a:p21+1

=—i2l(2- 2 = —i 22141,

For k < I, Hermitian symmetry and interchange of m,n, and k,I, give the

corresponding values
0, —i 22k+1, i 22k+1.
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After the normalizing factor in b, k., 1, the values

0, ii22k+1, ii221+1

become
0, ii2(3k_l)/2, J_ri2(3l_k)/2,

respectively.
We reduce the double index m, k =0,1,2, ... to the singleindexp =1,2,... by

p = (@2m +1)2k,
The result may then be stated as follows.

Theorem 1*. In the complete normalized orthogonal system 1, >, . . . described above,

there is an H. square-summable matrix B = {b, 4} such that R is the closed linear Hermitian

operator of B, {1, P2, .. .}. Its entries bpg, p,q=1,2,..., are defined as follows.
Partition the sequence of positive integers into cells. The interval

m2K 1, (m + 1)2k1

is a cell; the intervals
m2 41, ..., 2m +1)2F

and
@m+1)25+1,...,(m +1)2"!

are its first and second halves, respectively; (2m + 1)2F is its center and k its degree. Every
positive integer p is the center of exactly one cell, called the cell of p.
If neither of the cells of p, q is a proper part of the other, then

Bpg = 0.

If one is a proper part of the other, and k, | are the degrees of the smaller and larger cells,
respectively, then

_ 1;0nk=D)/2

The sign is determined by the following table:

‘ it lies in the first half it lies in the second half
p’s cell is smaller - +
q’s cell is smaller + -
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Thus B is i times a skew-symmetric matrix.”1
Zelle
Erste Halfre

— o e e e e e e e e e e e e e e e e e e e e - Mitte ” Zweite Halfte
1 N |

I === || SEPOh W S i o J Grad @ -
.J.[LY iy 1||’Y,Y|Y;1lr |IfrT|| ilit- = - - - r'a1—.-

7 H4 J ¢ 5 6 7 7'1 72 13 1% 15 16 - - - - - 2

We obtain a better view of R by realizing it in function spaces. Let Q be the interval
0,1, and form its function space: the set of all Lebesgue-measurable functions
f(x)on 0 < x <1 for which

1
[) |f (x)? dx < o0.

By Appendix I, this is a Hilbert space isomorphic to $; denote it by $*.
The functions
e, n=0,£1,£2,...,

form a complete normalized orthogonal system in $*. Let 3 be the closed linear
manifold spanned by ‘
e, 1 =0,1,2,.

It is infinite-dimensional and therefore itself a Hilbert space; in 3 we shall realize
R.
The operator
uf(x) — eZme(x)
is isometric, indeed unitary, on $*, and maps J into a part of itself. Put
Pv(x) = e2vmix, v=0,1,2,....

Then @o, ¢1, @2, ... is a complete normalized orthogonal system in J, and

U(PV = QPy+1-

T9Translator’s note: In the reproduced source diagram, the German labels mean: Zelle, “cell”; Erste
Hiilfte, “first half”; Mitte, “center”; Zweite Hilfte, “second half”; and Grad, “degree.” Thus Grad
0, ..., Grad 3 denote degrees 0 through 3.
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Thus U agrees on I with U, and R is its Cayley transform. Hence R f(x), for f € 3,
is defined when

fx) = o) -Upx) = (1-p(x), @€,

and then B |
Rf(x) = i(p(x) + Up(x)) = i(1 +e*¥)g(x).

Equivalently, it is defined when both

[

belong to J, and in that case

_ 2mix
RF() =i T f(2) = = cotln) f(2)

Let f(x) € 3. For f(x)/(1 — e2™%) to belong to 3, its absolute square must be
integrable and it must be orthogonal to every

p2nmix n=-1,-2,...
This implies
1
/ cot?(rx)| f (x)[> dx < oo,
0
since R f(x) = —cot(mx) f (x). We now show that this condition conversely implies
fl) ~
1o €3 (f €3).
Indeed, ,
1 cot(mtx) + 1 1 5 1
_| = < + =
‘1 — e2nix 2i < pcotim) + 5
Thus ) )
/ & dx < 0,
0 1 — e2mix
and the functions )
X
‘L , 0<p<l,
1-— peme
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are absolutely uniformly integrable. Consequently,as0 < p <1,p — 1,

1 1
/ f(X) —2nmix dx f(X) —2nmix dx.
0

We must show that the right-hand side vanishes for n = -1, -2, .. .; it is enough to
prove this for the left-hand side, for every 0 < p < 1. Now

_ 2 1x
1- peZT(zx va "

and, for fixed p, the series converges uniformly in x. Therefore

N 1
v (x)e—Z(n—v)Tcix dx = / (X) v 2v7'czx —2nmix dx
; p /0 f Z pre

1
/ f(x) : e—an’x dx
0

1 — peznlx

as N — oo. Sincen = -1,-2,...andv =0,1,2,...,onehasn —v = -1,-2,....
Because f € 3, the left-hand side is always zero; hence the right-hand side vanishes
as well.

We can now prove the following.

Theorem 2. Let & be the Hilbert function space just described, and let 37", respectively
.+ be the closed linear manifolds spanned by all

e with n > k, respectively with n < k,

wheren, k =0,+1,+2,.... The 3 are infinite-dimensional, and hence are again Hilbert
spaces.
Define R on $* as follows: if f(x) and — cot(nix) f(x) belong to *, that is, if

1 1
[1rwpix<o, [ coluilsepr <o
0 0

then R f (x) is defined and

Rf(x) = —cot(nx) f (x).
If f(x) lies in one of the 37 and R f(x) is defined, then R f (x) lies in the same 3. Thus
R may be restricted on each 35 to a Hermitian operator there.”” On every 3 this gives R,

and on every 3, it gives —R.

7This is by no means the reducibility of R by J;: whenever Rf is defined, RPy: = f need not also
be defined.
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Proof. For 33 = 3, this has already been proved. The unitary map

fx) = e f (x)
takes (9, R, 3J7) to (9%, R, SZ). The unitary map
fx)— f(1-x)
takes (9°, R, i”sfk) to (9%, -R, S;) Hence the assertions hold for all i”s;f

It is also easy to show that this R is a hypermaximal Hermitian operator on $°.

4.
To every
o0 o
2nmix 2
f(x)zzane ™, Z|an| < &,
n=0 n=0
in 3},7® we may associate the function

F(z) = Z a,z"
n=0

analytic in the unit disk; it is analytic there because }’ |a, |> < 00, and hence a,, — 0.

The circle Parseval identity gives™?’

dz
2np, 2 2
E |a,* = hm E la,|” = hrr} = /|Z| r|F(z)| "

Thus the functions F(z) analytic in the unit disk for which

— [ FerZ

271 |z|=r

78The series 3>, a,e2"™¥ converges, in the metric used throughout this paper, “in the mean”:
n=0

|

but not necessarily pointwise.
T20Translator’s note: The source prints 7" and omits the normalizing factor 1/(277) in the contour
integral. Both have been corrected to the standard Parseval identity.

N 2

flx) - Z p2nmix

n=0

dx — 0 (N — o),
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remains bounded as » — 1 form a Hilbert space. Since

_ .e2nix +1
- COt(ﬂX) =1 m,
R is represented there by
= z+1
RF(z) =i F(z),
(2) = i = F(2)

provided the result again belongs to the stated class.
Another noteworthy realization of R is obtained by considering functions f(x)
defined on 0 < x < co with

/000|f(x)|2dx < 00,

It then corresponds to the differential operator

)
dx

with the boundary condition f(0) = 0. We shall not pursue this realization here.””

It remains to verify the properties of R used in Theorem 40. First, R is not
everywhere defined and does not assume every value. Realize it, by Theorem 2,
in J7. Since

1 1
/ cot?(rix) dx = / tan?(tx) dx = oo,
0 0

R is undefined for f(x) =1, and never assumes that value.
Second, R is bounded neither below nor above. Realize it as in Theorem 1**
and put

f = 17[}21/ + i¢2v+1.
Then B 1
(f,Rfy=7%2"*2, |ff=2

Thus, for any C, values with

(f,R>CIfF or  (f,Rf)<CIfP

are obtained by choosing V5 > |C].

79Tt will be discussed in the work mentioned in Note 22.
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