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Introduction

This book presents a unified and, as far as possible and appropriate, mathe-
matically sound account of the new quantum mechanics. Over the last few years,
this theory has taken on a form that is presumably definitive in its essentials: the
so-called “transformation theory.” Our main concern will be the general and fun-
damental questions that have arisen in connection with it. In particular, we shall
examine more closely the difficult questions of interpretation, many of which
are still not fully resolved. The relation of quantum mechanics to statistics and
to classical statistical mechanics is especially important here. We shall generally
leave aside applications of quantum-mechanical methods to particular problems
and the more specialized theories that branch off from the general theory, at least
insofar as we can do so without impairing an understanding of the general con-
nections. This seems all the more appropriate because several excellent accounts
of these matters already exist or are being published.

We shall, however, develop the mathematical tools needed for the theory: the
theory of Hilbert space and its so-called Hermitian operators. This calls for a de-
tailed treatment of unbounded operators as well, extending the theory beyond its
classical scope as established by HILBERT, E. HELLINGER, F. RIESZ, E. SCHMIDT,
and O. TOEPLITZ. A word about our method is in order. As a rule, we shall cal-
culate with the operators themselves, which represent physical quantities, rather
than with the matrices obtained from them by introducing a particular, arbitrarily
chosen coordinate system into Hilbert space. This “coordinate-free,” or invariant,
approach is strongly geometrical and has considerable formal advantages.

DIRAC, in several papers and in his recently published book, has given an
account of quantum mechanics that can scarcely be surpassed in brevity and ele-

! Among the comprehensive accounts available in German are the following: Sommerfeld,
supplementary volume to the 4th edition of Atombau und Spektrallinien, Braunschweig, 1928;
Weyl, Gruppentheorie und Quantenmechanik, Leipzig, 1928, second edition, Leipzig, 1931;
Fraenkel, Einfiihrung in die Quantenmechanik, Berlin, 1929; Born and Jordan, Elementare Quan-
tenmechanik, Berlin, 1930; Dirac, Prinzipien der Quantenmechanik, translated by W. Bloch,
Leipzig, 1931.
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gance and is likewise invariant in character.” It may therefore be appropriate to
explain why we adopt a substantially different method.

Because of its clarity and elegance, DIRAC’s method has now been adopted
in much of the literature on quantum mechanics. Yet it fails to meet the require-
ments of mathematical rigor, even if these are reasonably relaxed to the standard
customary in theoretical physics. For example, it consistently maintains the fic-
tion that every self-adjoint operator can be put into diagonal form. For oper-
ators that cannot, this requires the introduction of “improper” functions with
self-contradictory properties. Such mathematical “fictions” may sometimes be
unavoidable even when one merely wants to calculate the numerical result of
an intuitively specified experiment. There would be no objection to this if these
conceptual constructions, which do not fit within the present framework of analy-
sis, were really essential to the new physical theory. Just as Newtonian mechanics
gave rise to the infinitesimal calculus, which in its original form was undoubtedly
self-contradictory, quantum mechanics would then call for a reconstruction of
our “analysis of infinitely many variables.” The mathematical apparatus would
have to change, rather than the physical theory. But this is by no means the case.
We shall show that transformation theory can be given a mathematically sound
foundation that is just as clear and unified. It must be emphasized that this is
not a matter of making DIRAC’s method mathematically precise and explicit. A
different approach is required from the outset: one based on HILBERT’s spectral
theory of operators.

In examining the fundamental questions, we shall show in particular how the
statistical formulas of quantum mechanics can be derived from a few qualitative
basic assumptions. We shall also discuss in detail whether its statistical charac-
ter can be traced to ambiguity—that is, incompleteness—in our description of
nature. Such an explanation would accord best with the general principle that
every probability statement arises from incomplete knowledge. This explanation
“by hidden parameters” has indeed been proposed repeatedly, as has a related
explanation that assigns the “hidden parameters” to the observer rather than to
the observed system. It turns out, however, that such an explanation can scarcely
be made satisfactory; more precisely, it is incompatible with certain qualitative
basic postulates of quantum mechanics.’

% See Proc. Roy. Soc., London, vol. 109 (1925) and subsequent volumes, especially vol. 113
(1926). Independently of Dirac, P. Jordan, Z. Physik, vol. 40 (1926), and F. London, Z. Physik,
vol. 40 (1926), provided related approaches to the foundations of the theory.

® See Chapter IV and VL.3.
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We shall also consider the relation of quantum-mechanical statistics to thermo-
dynamics. Closer investigation shows that we can overcome the familiar difficul-
ties of classical mechanics associated with the “assumptions of disorder” needed
to establish thermodynamics.*

* See Chapter V.
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I. Introductory Considerations

1. The Origin of Transformation Theory

This is not the place to dwell on the great successes attained by quantum
theory during the period from 1900 to 1925, a development dominated by the
names of PLANCK, EINSTEIN, and BOHR.? At the end of this development it was
clear and practically beyond doubt that all elementary processes, that is, every-
thing occurring on the atomic and molecular scale, are governed by the “discon-
tinuous” laws of the quanta. In almost every area there were also quantitative
quantum-theoretical methods, which usually yielded results in good or tolerable
agreement with experience. Of fundamental importance was the acceptance, in
theoretical physics, of the idea that the principle of continuity (“natura non facit
saltus”) prevailing in the perceived macroscopic world is merely simulated by a
process of averaging in a world that is discontinuous in its essence: we generally
perceive only the combined effect of many times 10?4 elementary processes’! at
once, so that the all-leveling law of large numbers completely conceals the true
nature of the individual processes.

Nevertheless, there was still no mathematical and physical framework for
quantum theory that brought together everything then known, let alone one with
the monumental unity of mechanics, electrodynamics, and relativity theory—a
unity that quantum phenomena had shattered. Despite quantum theory’s evi-
dently justified claim to universality, it lacked the necessary formal and concep-
tual apparatus; instead, it was a tangle of fundamentally different and indepen-
dent approaches, heterogeneous in character and partly contradictory. The most

> Its principal stages were: Planck’s discovery of the quantum laws in the case of “black”
cavity radiation (see, for example, Planck’s account in his book Wirmestrahlung, Leipzig,
1906); Einstein’s demonstration of the corpuscular nature of light, the light-quantum theory,
Ann. Physik [4], vol. 17 (1905), which furnished the first instance of the wave—corpuscle
duality that, as we now know, governs all microphysics; and Bohr’s application of these
two groups of laws to the atomic model, Fysisk Tidskr., vol. 12 (1914), and Z. Physik, vol. 6
(1920).

Tl The German long-scale Quadrillionen is rendered numerically: one Quadrillion is 10%4.
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conspicuous points were the correspondence principle, still partly rooted in clas-
sical mechanics and electrodynamics (but destined to play a decisive role in the
eventual clarification), and the self-contradictory duality in the nature of light
(waves and corpuscles; cf. Note 5 and Note 148). Finally, there was the exis-
tence of unquantized (aperiodic) and quantized (periodic or multiply periodic)
motions.®

The year 1925 brought the resolution. An approach of HEISENBERG's was de-
veloped by BORN, HEISENBERG, and JORDAN, and shortly afterward by DIRAC,
into a new quantum theory—the first complete, coherent system that physics
had possessed in this field. A little later, starting from an entirely different point,
SCHRODINGER found “wave mechanics,” which accomplished the same thing
and soon proved equivalent to the HEISENBERG-BORN-JORDAN and DIRAC sys-
tem (at least in the mathematical sense; cf. 1.3, 1.4).” On the basis of BORN’s statis-
tical interpretation of the quantum-theoretical description of nature,® DIRAC and
JORDAN were able to fuse the two theories into a single theory, “transformation
theory,”” in which the two complement one another and allow physical questions
to be treated with particular mathematical simplicity.

We should also mention, although it lies outside our immediate subject, that
after GOUDSMIT and UHLENBECK had also discovered the magnetic moment and
angular momentum of the electron, almost all the difficulties of the earlier quan-
tum theory disappeared, so that we now possess an almost entirely satisfactory
system of mechanics. Admittedly, the great unity with electrodynamics and rel-
ativity theory mentioned at the outset has not yet been recovered; but at least
there is a mechanics of universal validity, into which the quantum laws fit with
self-evident necessity and which satisfactorily explains the greater part of our
experience. '’

® Through the work of Epstein and Sommerfeld, the quantum laws supplementing the laws
of mechanics were known for multiply periodic motions (see, for example, Sommerfeld,
Atombau und Spektrallinien, Braunschweig, 1924). On the other hand, it was established that
a freely moving mass point, or a planet on a hyperbolic orbit, as opposed to one on an ellip-
tic orbit, is “unquantized.” A complete account of this stage in the development of quantum
theory will be found in Reiche, Die Quantentheorie, ihr Ursprung und ihre Entwicklung, Berlin,
1921, and Landé, Fortschritte der Quantentheorie, Dresden, 1922.

7 This was proved by Schrodinger, Ann. Physik [4], vol. 79 (1926).

8 Z. Physik, vol. 37 (1926).

See the papers cited in Note 2. Schrodinger’s papers have appeared in book form: Abhand-

lungen zur Wellenmechanik, Leipzig, 1928.

10" The present situation may be characterized as follows. For individual electrons and the
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2. The Original Formulations of Quantum Mechanics

As a preliminary guide, we shall briefly set out the fundamental ques-
tions addressed by HEISENBERG-BORN-JORDAN “matrix mechanics” and
SCHRODINGER “wave mechanics.”

In both theories we are initially given a problem of classical mechanics char-
acterized by a Hamiltonian function H(qi, ...,k p1,- .-, k). (Asis explained in
more detail in textbooks of mechanics, this means the following. The system has
k degrees of freedom, that is, its state at any given time is specified by the nu-
merical values of k coordinates ¢, ..., q;. The energy is a given function of the
coordinates and their time derivatives:

E:L(Ql,--~7Qk;Q17"‘JQk)7

and is as a rule quadratic in the derivatives ¢y, . . ., ¢;. The “conjugate momenta”
D1, - - ., pr of the coordinates gy, . . ., ¢; are introduced by
oL oL
P1r= %7 Pk = 7.5
g1 Oqk
under the above assumption about L, they depend linearly on ¢, ..., ¢;. In any
event, we can eliminate the ¢y, . . ., ¢, from L by means of the py, . .., px, obtaining

EZL(CIl;--ka;Ql,---an):H(Ql;---»%ap17-~-;pk)-

This H is the Hamiltonian function.) In both theories one now wishes to learn
from this Hamiltonian function as much as possible about the true, that is,
quantum-theoretical, behavior of the system!'!—first of all to determine its

electron shells of atoms or molecules, the theory is entirely successful, both for electrostatic
forces and for the electromagnetic processes involved in the production, propagation, and
transformation of light. In treating atomic nuclei, however, and in attempting to construct
a general relativistic theory of electromagnetism, it appears, despite remarkable partial suc-
cesses, to lead to great difficulties that can hardly be overcome without essentially new
ideas.

As is well known, classical-mechanical motion is completely governed by the Hamiltonian
function, since it gives the equations of motion

0H ) 0H

=20 = U=1,...k).
qi apl’ bi aQI ( ) 7)

Before the discovery of quantum mechanics, attempts were made to account for quantum
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possible energy levels, then to study the corresponding “stationary states,” to
calculate their “transition probabilities,” and so forth.'?

The prescription given by matrix theory for solving this problem is as follows.
Find a system of 2k matrices Q1,...,Qx, P, ..., P'> which, first, satisfy the rela-
tions

Qan_QanZO; PmPn_Panzov

0, m # n,

Pan_Qan: h (m,nzl,...,k),
—1, m =n,
271

Y

and for which, second, the matrix W = H(Q1, ..., Qk, P, ..., Py) is diagonal. (We
shall not enter here into the origin of these equations, especially the first group,
the so-called “commutation relations,” which govern the entire noncommutative
matrix calculus of this theory. The reader will find exhaustive information on
this in the works cited in Note 1. Here h is PLANCK’s quantum of action.) The di-
agonal elements of W, say w;, ws, . .., are then the various possible energy levels
of the system. The elements of the matrices @1, ...,Q k—qﬁ%, Cos qr(;fr)t—determine
in a certain manner the transition probabilities of the system (from the mth state

phenomena by retaining these equations of motion and imposing additional “quantum con-

ditions” (see Note 6). For every set of values of ¢, ..., qx, p1, ..., px given at time ¢ = 0, the
equations of motion determined the subsequent evolution in time: the system’s “trajectory”
in the 2k-dimensional “phase space” of ¢1, ..., gk, p1, - - ., pr. An additional condition there-

fore restricts the set of possible initial values, or trajectories, to a particular subset. Corre-
sponding to the small number of admissible orbital levels, only a small number of energy
levels are then possible. Although quantum mechanics has broken completely with this pro-
cedure, it is clear from the outset that the Hamiltonian function must also play a major role
in it. For all experience establishes the validity of Bohr’s correspondence principle, which
states that, in the so-called limiting case of large quantum numbers, quantum theory must
yield results agreeing with classical mechanics.

The last three concepts come from the earlier quantum theory, developed chiefly by N. Bohr
before the advent of quantum mechanics. We shall later analyze them in detail from the
quantum-mechanical standpoint; see Dirac’s theory of light, to be presented in IIl.6. An
account in their historical setting is given in Bohr’s papers on atomic structure from the
years 1913-1916, published in a German translation by H. Stintzing, Braunschweig, 1921.
As closer mathematical analysis shows, the matrices must necessarily be infinite. We shall
not discuss their properties here, since we shall examine them in full detail later. For the
present, we need only understand that formal algebraic calculations with these matrices
follow the familiar rules of matrix addition and multiplication. In particular, 0 and 1 denote
the zero and identity matrices: respectively, the matrix all of whose entries vanish, and the
matrix with zeros off the diagonal and ones on the diagonal.

12

13
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with energy w,, to the nth state with energy w,, w,, > w,) and the radiation
emitted in the process.
Note also that the matrix

W:H(Qla"kaapla"ka)

is not completely determined by @1, ..., Qk, P, ..., P; and the classical Hamilto-
nian function H(qi, ..., qx, p1,-- ., k), because the (); and P, do not all commute
under multiplication. In the classical interpretation of H(q1, ..., qx, p1,---,Pk), by
contrast, distinguishing a term p;¢; from a term ¢;p; would be meaningless. In H,
therefore, one must go beyond the classical meaning of this expression and spec-
ify the order of the factors ¢; and p; in its terms. This process has not been carried
out in complete generality, but suitable conventions are known for the most im-
portant special cases. (In the simple case in which the system under investigation
consists of v particles, and hence has k£ = 3v coordinates ¢, . . ., g3,—so that, for
instance, gs,—2, q3,—1, q3, are the three Cartesian coordinates of the pth particle,
p = 1,...,v—and the interaction of these particles is given by a potential energy
V(qi,-..,qs), there is, however, no such ambiguity. The classical Hamiltonian
function is then

H(q17 -5 q3u,P1,5 - - - 7p3l/)
1

2 2 2
= Z %(psu—z + P3u_1 + D3,)

p=1"""#

+ V(Ql? ceey Q31/)7
where m,, is the mass of the uth particle and ps;,—2, p3,—1,p3, are its momenta.
It is perfectly clear what this means after the matrices Q1,...,Qs,, P1,..., P3,
have been substituted; in particular, the V' term causes no difficulties, since
all the @Qi,...,Qs3 commute with one another.) The important point is
that only Hermitian matrices are admitted, that is, matrices A = {a;,} for
which a,,, = @, holds identically (the elements a,,, may be complex!).

Consequently, H(Q1,...,Qk, Pi,..., ;) must be Hermitian whenever all the
Q1,...,Qk, P1,..., P, are Hermitian. This restricts the possible orderings of the
factors discussed above, but not enough to determine H(Q1,...,Q, P, ..., Py)
uniquely from the classical H(q1, ..., qk, p1,--- k).

By contrast, the prescription of wave mechanics is as follows. First form the
Hamiltonian function H(qu, ..., gk, p1, - .., px), and then, for an arbitrary function

14 If Q,, P, are Hermitian, neither ; P, nor P;Q, need be Hermitian, but %(QlPl + Pi@1)
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Y(qi, - - ., qx) in the configuration space of the system (and not in phase space, that
is, the py, ..., pi are not to occur in !), set up the differential equation
h 0 h 0
(Q17 y 4k i aqlv ) Qi aqk> @/’(Qb 7%)
= )\1/)(le SR Qk)
Here H (ql, s Gk 5 8?11 . 221 82 ) is understood in the natural sense as an op-

eration on functions. For example, in the case mentioned above,

H(q17 -5 q3u,P1,5 - - - 7p3l/)

v

1
:ZQ (psu 2+p3u 1+p3M)

p=1
+ V(Ql? © Q3u)7
it transforms the function ¢ (g1, .. ., ¢3,) into
1 ( h > (82 5> 0>
— | == Y+ P+ v |+ VY
/; 2m,, \ 2mi <8q§u2 8q§ufl dq 2
(we have omitted the variables ¢y, . . ., g3, in V and ¢). Since the operation ¢ % aiql

differs from the operation 3 :-¢;,"” there is again an ambiguity concerning the

order of the factors ¢, and p,, in H(qi,...,qx,p1,-..,pr). But SCHRODINGER
showed how a particular variational principle removes this indeterminacy while
ensuring that the resulting differential equation is self-adjoint.'®

always is. In the case of Q1P;, however, both (Q2P1 + P1Q?) and Q1 P1Q; are possible.
Admittedly, if P1Q1 — Q1P = 11 these two expressions happen to be equal. In the case
of Q3 P}, the possibilities 1nclude L@Q3PE+ P2Q3), Q1 PEQ1, P1Q3 Py, and so forth; here the
expressions do not all coincide even in the special case just mentioned. We shall not pursue
this further here, since the operator calculus to be developed later will make these relations
much more transparent.

15 We have T L8 L
2ni 0 ) = Dorig Yt o Y
Thus
ho o hO_h,
wmiog TN e T omi

where 1 is the identity operation, taking v into itself. In other words
the same commutation relation as the matrices Py, Q1.
16 See his first two papers in the book cited in Note 9, Ann. Phys. (4), vol. 79 (1926).

, 27” aq and ¢; satisfy
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This differential equation (the “wave equation”) now has precisely the char-
acter of an eigenvalue problem: ) is regarded as the eigenvalue parameter, and
the eigenfunction ¢ = ¢ (qi,...,q) is required, for example, to vanish on the
boundary of configuration space (the space of the ¢i,...,qx), and to be regular
and single-valued within it. According to wave theory, the eigenvalues A (in both
the point and the continuous spectrum'”) are the possible energy levels. The as-
sociated (complex!) eigenfunctions 7 are in turn related to the corresponding
states of the system, which are stationary in BOHR's sense. For example, consider
a system of v electrons (k = 3v; cf. above), and let e be the electron’s charge. Ac-
cording to SCHRODINGER, the uth electron is to be thought of as “smeared out”
over the whole z,y, 2z (= ¢3u—2, ¢3u—1, ¢3,) space. Its charge density, measured at
the point z,y, z, is given by

e / .. / |¢(q1 o qQ3u—3TYRG3pu+1 QSu)|2
—_——

3v—3 fold
dgy - -- d(]3u—3 dQ3u+1 e dgay.

(For the total charge to come out as e, 1) must be normalized by the condition

/ /W * 43y | dqi---dgz, =1

3v fold

[integration over all 3v variables!]. The same equation results for every p =
V)

Wave mechanics also describes systems that are not in stationary states in
BOHR’s sense.'® If the state is not stationary, that is, if it changes with time, then
the wave function ¢ = 9(q1, ..., ¢x; t) contains the time ¢ and changes according
to the differential equation'

h 0 h 0
2w Oq1’ 27 Oqp

—-H ((_h,...,Qk, )w(Qh,Qk,t)

17" See the first of Schrodinger’s papers cited in Note 16. The spectrum and its parts will not
be defined precisely until II.6-9.

§ In the original formulation of matrix mechanics (see our discussion above), there was no
general concept of a state encompassing the stationary states as special cases. The theory
dealt only with the stationary states associated with the energy eigenvalues.

Y"H =H(q,...,qx;,D1,---,Dk) may even contain the time ¢ explicitly. In that case, of course,
there will in general be no stationary states at all.
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h 0

T 2miot

That is, ¢ can be prescribed arbitrarily at t = ¢y, and is then uniquely determined
for every t. Comparing SCHRODINGER's two differential equations shows that
even the wave functions v of stationary states depend on ¢, but only in the form

(q1s - qwit)-

Yl arit) = e 7 M(q, ., g 0).
Thus ¢ occurs only in a factor independent of ¢, . . ., ¢;; (that is, constant in config-
uration space) and of absolute value 1, so that, for example, the charge-density
distribution defined above does not change. (More generally, we may expect any
factor in ¢ that is constant in configuration space and has absolute value 1 to be
unobservable in principle. Our later detailed analysis will confirm this.)

Since the eigenfunctions of the first differential equation form a complete or-
thogonal system,”’ we can expand every ¢ = ¥(qi, . .., q) in terms of them. Let
the eigenfunctions be 11,19, . . . (all independent of ¢ again!), and their respective
eigenvalues \j, )y, . ... The expansion is?!

¢(Q1a - 7ql€) = ZanwnWl» <. 7qk)
n=1

If ¢» does depend on ¢, then ¢ will enter the expansion coefficients a,, (whereas the
eigenfunctions 1,5, ... are, now as always in what follows, to be independent
of t). If, therefore, the given ¢ = (¢, ..., q) is in fact ¢¥(qi, ..., qx; to), then, in
view of

= w((ha cees qls t) = Z an(ﬂwna
n=1

Hw = Z a'n(t)H7/)n = Z Anan(t)wm
= n=1
=\ h

278 8t¢ ; o " (8)ton,

comparison of coefficients in the second differential equation gives

ian(t) = —Aan(t), an(t) = cpe h A,

20 If there is only a point spectrum; see IL.6.
1 This series expansion, like all those that follow, converges “in the mean.” We discuss this
more closely in II.2.
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that is,

an(t) = ei%An(tito)an(tO) = ei%An(tito)am

e}
=g qrt) = e A Mg (g, r).
n=1
If, then, 7 is not stationary, that is, if more than one of the a,, is nonzero, 7 (as
t varies) no longer changes merely by a factor constant in configuration space
and of absolute value 1. Consequently, the charge densities defined above will in
general also change; that is, actual electrical oscillations take place in space.22
As we see, the two theories differ considerably in their concepts and practical
prescriptions. Nevertheless, they always yielded the same results from the outset,
even in details where both departed from the older versions of quantum theory.”*
As mentioned in 1.1, this remarkable fact was soon explained by SCHRODINGER's
proof of their mathematical equivalence.”* We shall now turn to this proof of
equivalence and at the same time set out the general “transformation theory” of
DIRAC and JORDAN, which encompasses both theories.

3. Equivalence of the Two Theories: Transformation
Theory

The fundamental problem of matrix theory was to determine the matrices
Q1,...,Qr, P1,..., P so that, first, the commutation relations of 1.2 (p. 14)'? are
satisfied and, second, a certain function of them, H(Q1,...,Q, P1,..., Px), is a
diagonal matrix. In their very first publication, BORN and JORDAN divided the
problem into the following two steps.

First they sought matrices Q, ..., Qy, P1, ..., Py which need only satisfy the
commutation relations—something easily accomplished;? as a rule,

A=H@,....0.P,.... Py

The absence of such oscillations in stationary states, and only in these states, was one of

Bohr’s most important fundamental postulates in 1913. Classical electrodynamics contra-

dicts it.

See the second of Schrodinger’s papers cited in Note 16.

* See Note 7.

12 The source cites p. 5 here, but the commutation relations are printed on original p. 6. The
link leads directly to those relations.

2 Gee, for example, §§ 20 and 23 of Born and Jordan’s book cited in Note 1.
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was then not a diagonal matrix. Next they sought the correct solutions in the
form

Ql = 5_1@15; SRR Qk = S_léksa
P, =S'PS,..., P, =S"1P.S,

where S could be an arbitrary matrix (provided, of course, that it had an
inverse S~! with the properties S!S = SS™! = 1). The commutation re-
lations for Qq,...,Q, Pi,..., P ensure that Qi,...,Q, Pi,..., P, also sat-
isfy them, whatever the choice of S! Moreover, the transformation takes
H = H(Q,,...,Q, P1,...,Py) into H = H(Qy,...,Q P,..., ) according
to H = S7'HS.?® Thus the only remaining requirement on S is that, for the given
H, the matrix S™'HS be diagonal. (One would also have to ensure that S71Q;S,
etc., are Hermitian, just as @1, etc., were. Closer inspection shows, however, that
this additional requirement on S can always be satisfied afterward, and therefore
we shall disregard it entirely in the present preliminary discussion.)

Thus a given H must be transformed into diagonal form according to the
scheme S~'HS. Let us therefore formulate precisely what this means.

Let the matrix H have the elements huw, the unknown matrix S the elements
s, and the diagonal matrix H, likewise unknown, the diagonal elements w,,
that is, the general element wuéwj.y The statement H = S~!HS is equivalent to
SH = HS, and this means (equating the corresponding elements on both sides as
determined by the familiar rules of matrix multiplication)

E Suv * wuéug = § hw/ * Svo;
v

v

%6 Since
St.1.S=1,
St aA-S=a-S'4S,
S'.(A+B)-S=S"14AS+S7!BS,
S'.AB.S=514S.571BS,
every matrix polynomial P(A, B, ...) satisfies

S™'P(A,B,...)S= P(S'AS,S7!'BS,...).

Choosing the left-hand sides of the commutation relations as P proves that these relations
are invariant; choosing H as P gives S—IHS = H.
7§, = 1for u = v and 0 for u # v is the familiar Kronecker-Weierstrass symbol.
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that is,
E o Sug = Wy Spp.
14

Thus the individual columns s;,, S2,, ... of the matrix S (¢ = 1,2,...), together
with the corresponding diagonal elements w, of H, solve the so-called eigenvalue
problem

Zhw,:l:,,:)va:# (n=1,2,...).

(The trivial solution z; = x93 = --- = 0 is of course excluded.) Indeed, z, = s,,,
A = w, is a solution. (The possibility z,, = 0, that is, s,, = 0 [for all v], is ruled
out, since then the gth column of S would vanish identically although S has an
inverse S™!!) It is noteworthy that these are essentially the only solutions.

The equation above says that transforming the vector x = {z1,z9,...} by
the matrix H is equivalent to multiplying it by the number A\. We transform
x = {x1,22,...} by S7}, obtaining a vector y = {y1,92,...}. Transforming y by
H amounts to transforming = by HS™! = S7!HS - S=! = S~IH, that is, to trans-
forming Az by S7!; the result is therefore \y. Now Hy has the components '
>, WYy = w,y,, while Ay has the components \y,. Thus w,y, = Ay, is re-
quired for all = 1,2,.. ., thatis, y, = 0 whenever w, # A. Denote by n? the
vector whose gth component is 1 and all of whose other components are 0. The
preceding statement then says that y is a linear combination of those 7? for which
w, = A—in particular, it is zero if this never occurs. The vector x is obtained
by applying S to y; it is therefore a linear combination of the images of those 7?
under S. The pth component of Sn? (since the vth component of 7? was 9,,) is
Y Sudve = Sue- Thus, if we regard the pth column of S, sy, s9,, . . ., as a vector,
x is a linear combination of all columns for which w, = A—in particular, zero if
this never occurs. This proves our original assertion: the wy,ws, ... are the only
eigenvalues, and z, = s,,, A = w, are essentially the only solutions.

This is very important: knowledge of S, H not only determines all solutions
of the eigenvalue problem, but conversely, once we have solved the eigenvalue
problem completely, we can determine S, H from it. For example, H is obtained
as follows: the w, are simply all the solutions )\, each such A appearing in the
sequence wp,ws, . .. as many times as there are linearly independent solution se-

3 The source prints Hy here, although the diagonal components used in this sentence are
those of Hy.
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quences 71, Z9, . . . corresponding to it.”® This already determines the wy, w, ...
up to their order.””
The central problem of matrix theory is thus the solution of the eigenvalue
equation
Zhwx,,:)va:# (n=1,2,...). (EY)
v

Let us now turn to wave theory. Its fundamental equation is the “wave equation”

Ho(qr - qr) =X o(q1- - qx), (E>)

where H is the differential operator already discussed. All solutions ¢(q; - - - ¢)
and A are sought, excluding the trivial solution ¢(q; - - - gx) = 0, A arbitrary. This is
analogous to what was required in £: the sequence z;, x9, . . ., which we can also
regard as a function z, of the “discontinuous” variable v (with values 1,2,...),
corresponds to the function ¢(q; - - - gx) of the “continuous” variables ¢, . . ., g; A
plays the same role in both cases. But the linear transformation

Ty Z Iy,
14
bears little resemblance to the other transformation,

o(qr-qu) — Ho(qr- - qr)-

How can we establish an analogy between them?

We have treated the index v as a variable analogous to the £ variables
¢,---,q: Thus a positive integer corresponds to a general point in the k-
dimensional configuration space, which we shall henceforth denote by Q2. We
should therefore not expect a sum over (2 to be the counterpart of . Instead,

the integral / e / -+ dqy - --dg (or, more briefly, fQ -+ dv, where dv is the
Q

volume element dg; - - - dg;, in ) is the proper analogue. The matrix element
h,,, which depends on two integer indices, thus corresponds to a function

5 The columns s1,, 2., - .. of S for those g with w, = ) form, as we have seen, a complete
system of solutions; and, as columns of a matrix possessing an inverse, they must be linearly
independent.

? Any permutation of the columns of S, together with the corresponding permutation of
the rows of S~1, permutes the diagonal entries of H in the same way. Thus the order of
w1, wa, . .. is indeed undefined and cannot be determined.
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h(qi,....qk: 4%, - --,q,), where ¢i1,...,q; and ¢, ..., g, range independently over
Q. The transformation

:UMI—>§ huvx, or x,,r—>E hyr T,
v 1

thereby passes into

‘P(%“'Qk)'—>/"'/h(qr"%;qg"'QIIC)SD(CA"'Q;g)d%"'dqza

Q

and the eigenvalue problem £, which we may also write as
Z huu’xu’ =\ Ty,
l//

passes into

/--'/h(Q1~~qk;q’1"-92)¢(Qi---q;)dq{-"dqz

Q

=X-o(q- Q). (E3)

Eigenvalue problems of type /s have been extensively investigated in mathemat-
ics and can indeed be treated in close analogy with problems of type ;. They
are called “integral equations.”*’

Unfortunately, £> does not have this form. More precisely, to put it in this
form, we would have to find, for the differential operator

h 0 h 0
211 O0q1” 27 Oqr )’

H:H<q17"'an7
a function h(q ---qx; 4} - - - q;.) such that the following identity holds for every
elqr- - qr):

Hep(qr - qr)
=/---/h(ql---qk;q’l---%)s@(q’l---q;i,-)dfﬁ---dqic- (D

Q

% The theory of integral equations received its definitive form from Fredholm and Hilbert. An
exhaustive account, with bibliographical references, is given in Courant-Hilbert, Methoden
der mathematischen Physik, Berlin, 1931.
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This h(q:1 - - qx; ¢} - - - q.), if it exists, is called the “integral kernel” of the functional
operation /1, and H itself is then called an “integral operator.”

Such a transformation is, however, in general impossible: differential oper-
ators H are never integral operators. Even the simplest operator on functions,
which maps each ¢ to itself and which we denote by 1, is not an integral operator.
To see this, take k& = 1 for simplicity. What is required is

©(q) = /_OO hq,q")p(q) dq'. (A1)

In this equation replace ¢(q) by ¢(q0+¢), put ¢ = 0, and introduce the integration
variable ¢’ = ¢’ — qo."* We then obtain

©(qo) =/ h(0,q" — qo)p(q") dq".

Replacing qo, ¢" by ¢, ¢, we see that h(0,q — ¢q) solves our problem along with
h(q,q'), and hence that we may assume h(q,¢’') to depend only on ¢’ — ¢q. The
requirement then becomes

o(q) = /_oo hd —q)e(d)dd (Mg q) =h(d —q)). (Ay)

(0. 9]

As another replacement of ¢ (q) by ¢(qo + ¢) shows, it is enough to consider ¢ = 0,
that is,

p(0) = / ha)e(q) dg. (As)
Replacing ¢(q) by ¢(—q) shows that h(—gq) is a solution along with h(g), and
hence so is hi(q) = M; thus h(q) may be assumed to be an even function
of q.

It is clear that these conditions cannot be fulfilled: if we choose ¢(q) > 0 for
q 20, p(0) =0, then Az implies ¢(q) = 0 for ¢ = 0.> > But if we choose ¢(q) = 1,
we obtain [~ h(g) dg = 1, whereas the preceding considerations certainly imply
7o Pa) dg = 0.

4 The source prints ¢” = ¢’ — qo. The substitution needed for the formula immediately follow-
ing itis ¢” = ¢’ + qo. The printed sign is retained here.

31 More precisely, if we use Lebesgue’s concept of the integral, ¢(¢) = 0 must hold for ¢ = 0
except on a set of measure zero; that is, apart from such a set, ¢(¢q) = 0.

1> The source prints ¢(g) = 0 in this conclusion; the argument concerns h(g) = 0. The printed
symbol is retained.
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Nevertheless, DIRAC postulated the existence of such a function:

d(q) =0forgqg =0, 6(q) = 0(—q), /OO 6(q)dq = 1. (Ay)

—0o0

It would satisfy As:

/OO 5(q)p(q) dg = ¢(0) - /OO 5(q) dg + /OO 5(q) (e(q) — ¢(0)) dq

—0o0 —0o0 —0o0

290(0)-1+/000-dq=90(0),

—0oQ0
and hence also A, A,. It is to be imagined as vanishing everywhere except at
zero, but as being so infinitely large there that the integral of §(¢) nevertheless
comes out as 1.7
Once this fiction has been accepted, a wide variety of differential operators
can be represented as integral operators, provided that, besides d(q), its deriva-
tives are also introduced. Thus one finds

= d—n /OO 0(q —q)e(q) dd
=/ o oq—4q)-p(d)dqd
:/_ 5 (g — ) (d) do

7" p(q) =/ 0(qg = q)q" - (q) dq’,
that is, jq—nn and ¢" - - - have integral kernels 6 (¢ —¢') and §(¢ — ¢')¢", respectively.
The same scheme can be used to find integral kernels of arbitrarily complicated
differential operators. With several variables ¢, ..., ¢, products of ¢ functions
serve the same purpose; for example,

/ /ql_Q1 —q5) - 0(qe — @) 0(dy - - - qi) day - - - da,

:/: l U_Z l/_(:@(qg%'”q;c)(s(%—9/1)51(1/1} 5(@2-(1&)6&1&] ]

%2 The graph of §(q) is thus conceived as an infinitely narrow and infinitely high spike at
q =0, of area 1. This is approximately the limiting behavior of \/a/7 e~ as a — +oo, but
is nevertheless impossible.
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- 0(q — q3,) dg,
— / l . l/ o(qdy - q.)0(q2 — q3) dqé} = ] o(qr — q1,) dgi, =

= SO(Q1Q2 s Qk):

d(h/ /5Q1_q1 (g2 — a3) -+~ 0(ar — qr)p(dr -~ qi,) ddf - - - daj,

= ——plq---a), et

Thus the integral representation I can be forced upon practically every opera-
tor.

Once this representation is available, the analogy between the problems £
and F; is complete: one need only make the replacements

e gy Ve d g ZH/~-~/~~dQ’1-~dqz, T .
I// N /
Q

Just as the vectors z, correspond to the functions ¢(qi - - - qx), the matrices h,,/
must be paired with the integral kernels h(q; ---qx; ¢ - - - ;). It is more conve-
nient still to regard the integral kernels directly as matrices, calling the ¢; - - - g
their row indices and the ¢ - - - ¢, their column indices (corresponding to v and
V', respectively). In addition to ordinary matrices {h,,/} with discrete sets of
rows and columns (identified by the numbers 1,2,...), we then have others
{h(qr---qe;d} -+ - q)} (the integral kernels), for which the two sets are each
identified by £ variables ranging continuously over all of (2.

This analogy may seem merely formal, but it is more than that. The indices v
and v/ can themselves be regarded as coordinates in a configuration space if they
are interpreted as quantum numbers. In BOHR'’s theory, these numbers label the
possible orbits in phase space, which form a discrete set because the quantum
conditions exclude the others.

We shall not pursue these ideas further here. DIRAC and JORDAN devel-
oped them into a unified theory of quantum processes, but “improper” objects
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such as d(z),d'(z),... play an essential part in that theory. These objects lie
outside the framework of generally accepted mathematical methods, and we
wish to describe quantum mechanics using those methods. We therefore turn to
SCHRODINGER's alternative way of unifying the two theories.

4. Equivalence of the Two Theories: Hilbert Space

The method sketched in 1.3 amounted to setting up an analogy between the
“discrete” space of index values, Z = (1,2, ...), and the continuous configuration
space () of the mechanical system ({2 is k-dimensional if % is the number of clas-
sical mechanical degrees of freedom). It is no wonder that this cannot succeed
without doing some violence to formalism and mathematics: the spaces Z and
(Y really are very different, and any attempt to relate them must encounter great
difficulties.”

What actually matters to us, however, is not a relation between Z and (2 at all,
but only one between their respective functions: that is, between the sequences
x1, T3, ..., which are functions on Z, and the wave functions ¢(q; - - - ¢x), which are
functions on (2. For these alone enter into the problems of quantum mechanics.

In SCHRODINGER's theory, the integral

/ /|90 dQ1 - dgy,

played an important role: it had to equal 1 for ¢ to be used in making physical
statements (cf. [.2). In matrix theory, on the other hand (cf. problem £ in 1.3), the
vector z1, s, ... plays a decisive role, and, in accordance with HILBERT's theory
of such eigenvalue problems (cf. the reference in Note 30), it is always required
to satisfy Y, |z,|> < oco. Indeed, it is customary, if only to exclude the trivial
solution z, = 0, to impose the normalization Y |z,|*> = 1. Thus, in Z and Q,
respectively, it is natural to restrict the class of admissible functions to those for

which
Sl and / / (e q) 2 day - - day

% Incidentally, such a unification was sought long before quantum mechanics by E. H. Moore,
the creator of so-called “General Analysis.” See the article by Hellinger-Toeplitz in the Math.
Enzyklopidie, vol. 11, 3, 9, Leipzig, 1927.
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are finite; only for such functions can multiplication by a constant make the indi-
cated sum or integral equal to 1—that is, normalize a solution in the customary
sense.”* We denote these classes of functions by F; and Fy, respectively.

We now have the theorem: F; and Fp are isomorphic (FISCHER and
F. RiEsz®). This means precisely the following. It is possible to establish a
one-to-one correspondence between F; and Fj, that is, to associate with every
sequence 71, Ta, . .. having finite ) |z,,|> a function ¢(q; - - - gi) for which

/ /I@ ar)|* dgy - - - dgy,

is finite, and conversely, in such a way that the correspondence is linear and pre-
serves length. Here “linearity” means that, if x;, 22, ... and y1, y2, . . . correspond
to w(q1---qx) and ¢ (qi - - - qi), respectively, then axy, azs, ... and z1+y1, x2+ 12, . . .
correspond to ay(q; - - qx) and ©(q1 - - qx) + ¥(q1 - - - q&), respectively. “Preserva-
tion of length,” for corresponding x1, x9, ... and ¢(q; - - - q), means

S = / /Iso @) dgy - dagy

(The expression “preservation of length” comes from the custom of regarding
x1, T, ...and ¢(q - - - qx) as vectors, and

IS ek and / / ol )2 dgs - - da

4 Ithas repeatedly been observed in Schrodinger’s theory that, for the wave functions ¢, only

the finiteness of
//‘@(ql;,qk)‘qulqu
Q

is essential. Thus ¢ may, for example, be singular, and even become infinite, provided
that this integral remains finite. An instructive example is the hydrogen atom in Dirac’s
relativistic theory; see Proc. Roy. Soc., London, vol. 117 (1928), and also W. Gordon, Z.
Physik, vol. 48 (1928).

A proof of this theorem will emerge in the course of our discussion of Hilbert space (see I1.2
and 3, especially Theorem 5 in I1.2). It is worth adding that the easier half of the theorem,
sufficient for many purposes, is the isomorphism between Fy and a suitable part of Fz; this
is due to Hilbert, Gott. Nachr., 1906. Schrodinger’s original proof of equivalence (see Note 7)
rests only on this half of the theorem.

35
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as their “lengths.”) Indeed, something more holds: if z;,z2,... and y1, 2, ..
correspond to ¢(q; - - - qx) and ¢(q1 - - - g ), respectively, then

Z%yu / / Glar---ar) day - - - dg,

(and both sides are absolutely convergent). In this connection, one might actually
wish for
Z T, = / / k) dqi - - - dg,

or something similar, that is, a complete analogy between summation on the one
hand and integration on the other. Closer inspection shows, however, that in

quantum mechanics summation ) | and integration / e / -« dq - - - dgy are al-

Q
ways applied only to expressions x, 7, and ¢(q1 - - - ¢&x)¥(q1 - - - @), respectively.
We shall leave the construction of this correspondence to the next chapter,
where we shall examine it in detail. But its significance should be emphasized.
The spaces Z and (2 are very different; establishing a relation between them must
lead to insoluble mathematical difficulties. By contrast, £z and Fy are isomor-
phic, that is, identical in their internal structure (they realize the same abstract
properties in different mathematical objects). Since they, and not Z and 2 them-
selves, are the actual analytic basis of matrix and wave theory, respectively, this
isomorphism means that the two theories must always yield the same numerical
results. More precisely, this holds if the isomorphism associates the matrix

H

I
=
O
I
B
~
=

with the operator

h 0O h 0
H:H<917-~-a9k; )

2mi Oq1” 2w Oqy,

Since the two arise by the same algebraic operations from the matrices Q,, P; (I =

., k) and the functional operators ¢; - - -, QZZ 8‘2[ e (l=1,. k;) respectively,
it suffices to show that ¢;--- corresponds to the matrix Q, and 2m aq - to the
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matrix P;. Now nothing further was required of the Q,, P;(I=1,...,k) than that
they satisfy the “commutation relations” stated in 1.2: 1

@m@n - @n m — Y Fmﬁn - Fnﬁm =0,
_ o 0, m # n,
QmPTL_Pn m: h (m,n=1,2,...).
—1, m =n,
2me
The matrices corresponding to ¢; - - -, %a% -+ will certainly do this, for the func-

tional operators ¢; - - -, %a% -+ themselves possess the stated properties,” and

these are not lost in the isomorphic transfer to F;.

The systems F; and Fy are isomorphic, and the quantum theories built on
them are mathematically equivalent. We may therefore expect to obtain a unified
construction by taking as our starting point the intrinsic properties common to
these two classes of functions. Such a construction would be independent of the
incidental features of the particular formal framework chosen and would display
only the essential features of quantum mechanics.

Fy is generally called “Hilbert space.” Our first concern will therefore be to
find the intrinsic properties of Hilbert space, independent of its particular realiza-
tion as F; or Ip. The mathematical object described by these properties (which,
in a concrete calculation, is to be identified with Fz or F, but which is more con-
venient to handle for general purposes) will be called “abstract Hilbert space.”

We therefore propose to describe abstract Hilbert space and then to prove the
following points with full rigor:

6 In the second line of the following display, the source reverses the order of the position and
momentum factors relative to the commutation relation on original p. 6, without changing
the sign on the right. The display here retains the source’s order and sign.

% We have

Gm Qo 2(q1, - Qk) = Qo G - Q(q1s -+ -5 Qi)

I I
anaQnSD qi,---,4k) = aqnaqmw q1,.--,49k),

and

U ) =2 )
R CIE R MR eal L CIRENL S

q?’TL

40, m # n,
@(QD"WQk)a m=n,

from which the desired operator relations follow immediately.
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1. Abstract Hilbert space (H.S. for short) is uniquely characterized by the prop-
erties to be stated; that is, it admits no essentially different interpretations.

2. Both F; and Fy have these properties.

(This will rigorously establish the matters explained only qualitatively in 1.4.)
Once this has been done, we shall use the mathematical apparatus thus obtained
to construct quantum mechanics.
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II. General Considerations on Abstract
Hilbert Space

1. Characterization of Hilbert Space

We must carry out the program formulated at the end of 1.4: to characterize
Hilbert space, which provides the mathematical basis for treating quantum me-
chanics, in such a way that we use no concepts other than those subsequently
required in quantum mechanics. Accordingly, these concepts must make just as
much sense in the “discrete” function space F; of sequences z,, (v = 1,2,...)asin
the “continuous” space Fy, of wave functions ¢(q; - - - gx), where ¢, . .., g, range
over the configuration space (2. As we have already indicated, these concepts are
the following;:

«) “Scalar multiplication,” that is, multiplication of an element f of Hilbert
space by a (complex) number a: af. In F this turns z, into az,; in Fy, it turns
@(q1 - qr) Into ap(qr - - - qr).

) Addition and subtraction of two elements f, g of Hilbert space: f£g. In Fy,
,, and y, thus yield , £ y,; in Fo, p(q1 - - qx) and ¥ (q1 - - - qx) yield o(q1--- ) £
V(gL qr)-

7v) “Inner multiplication” of two elements f, g of Hilbert space, which, unlike
«) and (), yields not an element of Hilbert space but a (complex) number: (f, g).
In Fz, x, and y, thus yield ) x,7,; in Fo, ¢(q1 - - - qx) and ¥(q; - - - qx) yield

/ / g qr) dgy - - - dgp.

The definitions in Fz and Fj, still require the corresponding convergence proofs.
We shall supply these in I1.3.

In what follows we shall consistently denote points of Hilbert space by
fig,..., 0,7, ..., complex numbers by a,b,...,z,y,..., and positive integers by
k,l,m,...,pv,.... Where necessary we shall also call Hilbert space R, as an
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abbreviation for “infinite-dimensional Euclidean space,” analogous to the usual
notation R, for “n-dimensional Euclidean space” (n = 1,2,...).

What is noteworthy about the operations af, f £ g, and (f,g) is that they
are precisely the fundamental operations of vector calculus: for example, those
on which calculations of lengths and angles in Euclidean geometry, or of force
and work in particle mechanics, are based. The analogy is clearest for F; when,
instead of the z;, 2, ... in R, one considers the ordinary points z1, ..., z, of an
MR, for which the operations «), (), and 7) can be performed in just the same
way. In particular, for n = 3 we obtain the situation in ordinary space. Under
some circumstances it is more convenient to regard z, . . . , z,, not as points but as
vectors, say from the point 0, . .., 0 to the point z1, ..., z,.

To characterize abstract Hilbert space, we therefore take the fundamental vec-
tor operations af, f &+ g, and (f, g) as our basis. As the following discussion will
show, we shall include all the fR,, along with R. Accordingly, where we do not
yet wish to distinguish between R, and the fR,,, we use the neutral designation
A for the space.

First we postulate the characteristic vector properties for R:%

A. R is a linear space.

That is, addition f + ¢ and “scalar” multiplication a f are defined in R (f, g are
elements of §), a a complex number; f + g, af belong to §), and it has an element
0.® They obey the familiar rules of vector algebra:

f+g=9+f (commutativity of addition),
(f+9)+h=f+(g+h) (associativity of addition),
a(f+g9)=af +ag, (a+b)f=af+0bf (distributivity of multiplication),
(ab)f = a(bf) (associativity of multiplication),
0f=0, 1f=1 (the roles of zero and unity).

The rules of calculation not mentioned here follow readily from these postu-

% The characterization of &, by A, B, and C"") is due to Weyl (see, for example, Raum, Zeit,
Materie, Berlin, 1921). To obtain R in place of R, it is natural to replace ' (n) by C (>) but
D and E then become necessary; see the discussion below.

% In addition to the zero point or zero vector 0 of R, there is the number 0, so that the same
symbol is used for two things. The context, however, leaves no room for confusion.
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lates.”” For example, the role of zero in addition:

f+0=1-f4+0-f=(14+0)-f=1-f=F.
Subtraction is also uniquely determined: define
—f=0CE0-f, f-g=f+(=9)
Then

(f=9)+g=(f+(=9) +g=f+((-g9)+9),
(f+9) —g=(f+9)+(=9)=f+(9+(-9)),

and both expressions are

fH((=)-g+1-9)=f+ (=) +1)-g
=f+0-g=f+0=F.

The distributive laws also hold for subtraction:

a-(f-g)=a-f+a-(=g)=af +a-((-1)-9)
=af+(a-(-1)-g=af+((-1)-a) g
=af + (—ag) = af — ayg,

(a=b)-f=a-f+(=b) - f=af +((=1)b)- f

= af + (—bf) = af —bf.

There is no need to pursue these matters further: all the rules of linear vector
calculus plainly remain valid here.

As with vectors, we can therefore define when certain elements f1, ..., fr of
are linearly independent:

Definition 1. fi, ..., f; are linearly independent if a; f; + - - - + ay fr = 0, with
complex numbers ay, ..., a;, impliesa; = --- = a = 0.

We next define the analogue of the linear figures of vector calculus (a line,
plane, and so forth through the origin): the linear manifold.

Definition 2. A subset 91 of A is called a linear manifold if, together with any
k(= 1,2,...) of its elements f1,..., fi, it also contains their linear combinations

17 The source prints 1f = 1 in the preceding list. The identity required here, and used in the
next calculation, is 1 f = f. The printed formula is retained.
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arfi + -+ + apfr.” If A is any subset of R, the set of all a1 f; + -+ + afx (k =
1,2,...; ay,...,a; arbitrary complex numbers; fi, ..., f; arbitrary elements of )
is a linear manifold that evidently contains 2. It is clearly a subset of every other
linear manifold containing 2. It shall be called “the linear manifold spanned by
2,” and denoted by {2(}.

Before developing these concepts further, we formulate the next fundamental
principle of vector calculus: the existence of the inner product.

B. A Hermitian inner product is defined in ‘3.

That is, (f, g) is defined (f, g belong to $, and (f, g) is a complex number),
with the following properties:*

(f'+ "9 =9+ (f"9) (distributivity in the first factor),
(a-f.g9)=a-(f,9) (associativity in the first factor),
(f,9) = (9. f) (Hermitian symmetry),
(f,f) >0, (f,f)=0onlyfor f =0 (definiteness).

By Hermitian symmetry, the two properties of the first factor imply correspond-
ing properties of the second: interchange f and g and take the complex conju-
gates of both sides. Thus

(f,9'+9")=(d)+ (9",  (fra-g)=a-(f.9)

This inner product is of great importance because it permits the definition of
distance. In Euclidean space the magnitude of a vector f is, as is well known,
defined by || f|| = \/(f, f),*! and the distance between two points f, g by || f — g||.
We shall follow this precedent.

¥ Tt would sulffice to require that af belong to 9 whenever f does, and that f + g belong to
9 whenever f, g do. For then, together with fi,..., fi, the set 9t contains a; f1,. .., ar fx,

and successively also a1 f1 + ax f2, a1 fi + asfo +asfs, ..., a1 f1 + - + ap fr.
%0 The reality of (f, f) already follows from Hermitian symmetry: with f = g, this states that

(f; ) = (£, 1)

*1 1f f has components 1, ..., x,, the discussion in v) of II.1, specialized to finitely many
components, gives

n

VED = | Yl

v=1

which is the usual Euclidean length.
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Definition 3. The “norm” of an element f of Ris || f|| = \/(f, f); the “distance”
between two elements f, gis || f — g].*?

We shall now show that this definition has all the properties required of a
distance. To do so, we first prove:

Theorem 1. The inequality |(f, g)| < |||l - |lg]| always holds.

Proof. First, if = = u + iv is a complex number, with u, v real, Re z and Im =
denote its real and imaginary parts, respectively: Re z = u, Im z = v. We have

IFI7+ llgll* = 2Re(f,9) = (f, ) + (9,9) — (f.9) — (9. f)
=(f-9,f—9) >0,
Re(f,9) < 5UIFIIP + llgl).

Replace f, g by af, % g, where a is real and positive. The left side is readily seen to
remain unchanged, whereas the right becomes 3 (a?(| f||* + 2z ||g||?). Since this is at

least Re(f, g), the same is true of its minimum, which is || f|| - ||g||- For f, g # 0 this

minimum is attained at a = % ; for f = 0or g = 0itis approached as a — 400

or a — +0, respectively. Thus

Re(f,9) < |IfII- llg]l-

Replace f, g here by e f, g, with « real. The right side remains unchanged, since
(af,af) = aa(f. ) = lal*(f, ), lafll =lal- | fl,
so that [|af|| = || f|| for |a| = 1. The left side becomes

Re(e"(f,g)) = cosaRe(f,g) — sinaIm(f,g).

Its maximum is evidently

v/ (Re(f,9))? + (Im(£, 9))* = (. 9)].

which gives the assertion:

[(F Dl <A1 gl

Corollary. Equality can hold only if f, g differ by a constant complex factor.
Proof. Equality in Re(f, g) < (|| f||*+]|g|*) requires (f—g, f—g) = 0, hence f =
g. In passing from this relation to |(f, )| < ||f]| - ||gll, we replace f, g by e*®af, g

2 Since (f, f) is real and > 0, || || is real; the square root is chosen nonnegative. The same
therefore holds for || f — g||.
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(a,« real, a > 0), unless f or g is zero. Equality therefore requires e¢“*af = % g, or
g = a*e"f = cf, with ¢ # 0. Conversely, equality clearly holds if f or g is zero, or
if g=cf (c#0).

Theorem 2. We always have ||f|| > 0, with equality only for f = 0. Also,
la- fIl = lal-[|f]|- The inequality || f + g[| < || f[| + [lg| always holds, with equality
only when f, g differ by a constant, real, nonnegative factor.

Proof. We have already established the first two assertions above. The inequal-
ity in the third is proved as follows: '®

(f+ag,f+9)=(ff)+ (9.9 +(f,9)+ (g f)
= If1? + llgll* + 2R(f, 9)
<L+ Nlgll® + 20171 - gl = (A1 + g2,
1f =+ gll < [£]] + [lgl]-

Equality requires Re(f,g9) = ||f]| - ||g||. By the considerations in the preceding
corollary, this implies that f or g is zero, or that g = a*f = cf, with c real and
positive. Equality clearly does hold in this case.

It now follows immediately from Theorem 2 that the distance ||f — g¢|| has
these properties: f, g have distance zero when f = ¢, and never otherwise. The
distance between g, f is the same as between f, g. The distance between f, h is no
greater than the sum of the distances between f, g and ¢, h. Equality holds only
when g = af + (1 — a)h, with a real and 0 < a < 1.*> The distance between af, ag
is |a| times the distance between f, g.

But these are precisely the properties of distance that, in geometry and topol-
ogy, allow the concepts of continuity, boundedness, limit point, and so forth to be
reduced to the concept of distance. We therefore make the following definitions:

A function F(f) defined on R takes its values either in R or in the complex
numbers. It is continuous at f, in R if for every ¢ > 0 there is a § > 0 such that
| f — foll < dimplies ||F(f) — F(fo)l| <eor |F(f)— F(fo)| < ¢, according as the

8 The source prints R(f, g) in this calculation, where the surrounding argument uses Re(f, g)
for the real part. The printed notation is retained.

43 By Theorem 2, applied here to f —g, g—h, we must have f —g = 0, thatis, g = f;org—h =0,
thatis, g = h; or g — h = ¢(f — g) with creal and > 0, that is,

c 1
= —h.
c+1f+c+1

9

Thus g = af + (1 — a)h, with a = 1,0, ¢/(c + 1) respectively. Geometrically, this means that
the point g lies on the segment joining f, h.
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values of F' are points of R or numbers. The same function is called bounded in
M, or in a given subset of MR, if throughout that set ||F'(f)|| < C or |F(f)| < C,
where C' is a suitably chosen but fixed constant. Analogous definitions apply
to several variables. A sequence fi, fo,... converges to f, or has limit f, if the
numbers || fi — f||, || f2 — f||,. .. converge to zero. A point is a limit point of a set
2(, a subset of R, if it is the limit of a sequence from A4 In particular, 2 is called
closed if all its limit points belong to it, and everywhere dense if its limit points
comprise all of R.

We also observe that af, f + g, and (f, g) are continuous in all their variables.
The first two assertions are clear from

laf —af'll = lal-If = £II

1(f+9) =+ ==+ =N <f=Fl+llg—dl
Further, if ||f — f'|| <ecand |lg — ¢|| <&, put f' — f =, ¢ — g = 1. Then

(f,9) = () =1(f,9) = (f + ¢, 9 + )]
= [(0,9) + (1;9) + (0, )]
< [(@, I+ (D) + [, )]
< llll - llgll + (LA~ 1] + flell - [l
<e(IlFll + gl +e).

As e — 0, this tends to zero, and can therefore be made smaller than any ¢ > 0.

As we see, properties A and B enable us to say a good deal about R, but
not enough to distinguish the i, from one another and from 9i: the number of
dimensions has not yet been mentioned. This is, however, known to be related
to the maximum number of linearly independent vectors. If such a maximum
n=0,1,2,... exists, the following holds for that n:

C™. There are exactly n linearly independent vectors.

That is, n such vectors can be specified, but n + 1 do not exist.

If there is no maximum, on the other hand, we have:

C(>), There are arbitrarily many linearly independent vectors.

That is, for every k = 1,2, ..., one can specify k such vectors.

* The following definition of a limit point is also customary: for every ¢ > 0, there is an f’ in
A with || f — f’|| < e. The equivalence of the two definitions is proved exactly as in ordinary
analysis.
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Thus C is not really a new postulate: if A and B hold, some C'") or C(>)
must hold. Depending on which we choose, we obtain a different space $i. We
shall see that C'") implies that % has all the properties of n-dimensional com-
plex Euclidean space. In contrast, C'*) does not yet suffice to ensure that 3R is
essentially identical with Hilbert space 9R,; two further postulates D and E are
needed. More precisely, we shall show that an 9} satisfying A, B, and €' has all
the properties of R, in particular D and E, which we shall state presently and
which therefore follow from A, B, and C'"”). We shall further show that an %R sat-
isfying A, B, C () D, and E has all the properties of R, but that D and E are
essential: they do not follow from A, B, and (), We now formulate D and E;
the proof that all %R, and 9, also possess these properties will be given later, in
I1.3.

D. R is complete.*

Thatis, if a sequence f1, f2, . .. in A satisties Cauchy’s convergence condition—
for every ¢ > 0 there is an N = N(¢) such that m,n > N implies || f,, — fo|| < e—
then it converges: it has a limit f, in the sense defined above.

E. R is separable.”

That is, there is a sequence fi, fa, ... in R that is everywhere dense in ‘.

In I1.2, as promised, we shall use this foundation to develop the “geometry”
of YR and see that it agrees with that of R, or ...

2. Geometry of Hilbert Space

We begin with two definitions. The first contains just as much of the geo-
metric theory of angles as our purposes require: the concept of a right angle, or
orthogonality.

Definition 4. Two elements f, g of R are orthogonal if (f,g) = 0. Two lin-
ear manifolds 9, N are orthogonal if every element of 9 is orthogonal to every
element of M. A set O is called an orthonormal system if, for all f, g in O,

_JL f=y

5 For brevity we use the technical term from topology (see, for example, Hausdorff, Mengen-
lehre, Berlin, 1927), which is explained below in the text.
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That is, any two distinct elements are orthogonal, and each element has norm 1.%
In particular, O is called complete if it cannot be a subset of another orthonormal
system containing additional elements.*’

We also note that completeness of the orthonormal system O evidently means
that no f of norm 1 exists that is orthogonal to all of ©; see note 46. But if merely
f # 0 and f were orthogonal to all of O, then f' = ﬁ - f would meet all these
conditions, since ||f|| > 0: || f'|| = m || fll = 1, and f’ is orthogonal to O. Thus
completeness of O means that every f orthogonal to all of © must vanish.

The second definition plays an essential role only in R in R,,, every linear
manifold already has the property it defines; see the end of 11.3. We therefore
cannot give an intuitive geometric picture of it.

Definition 5. A linear manifold that is also closed is called a closed linear
manifold. If 2( is any set in YR and we adjoin to {2}, the linear manifold spanned
by £, all its limit points, we obtain a closed linear manifold containing 2. It is a
subset of every other closed linear manifold containing 2.** We call it the closed
linear manifold spanned by 2(, and denote it by [2].

We now turn to a closer analysis of %R, especially of its complete orthonormal
systems. To theorems that assume, in addition to A and B, either C (") or all three
conditions C'*), D, and E, we append the superscript (n) or (c0), respectively.
Theorems valid in both cases receive no superscript.

Theorem 3(™). Every orthonormal system has at most n elements; it is com-
plete if and only if it has n elements.

Remark. The first assertion implies that there is a maximum number of ele-
ments for orthonormal systems. Systems attaining this number are complete by
definition. Thus in case C'"") complete orthogonal systems exist; according to the
theorem they have n elements, @1, @2, ..., .

Proof. Every finite orthonormal system is linearly independent. Let it be
©1, 02, - - -, Pm. From

a1+ -+ ampm =0

taking the inner product with ¢, (1 =1,2,...,m) givesa, = 0. By C ("), therefore,
it cannot have n + 1 elements. Consequently, an arbitrary orthonormal system

* Indeed, ||| = /(f. /) = L.

*7" As one sees, the complete orthogonal systems correspond to Cartesian coordinate systems
in fR,,, that is, to the unit vectors in the directions of their axes.

48 As a linear manifold, such a set must contain {}; and, being closed, it must also contain
the limit points of {2(}.




41

cannot have a subset with n + 1 elements. It is therefore finite and has at most n
elements.

One with n elements thus admits no extension and is complete. But one with
m < n elements, @i, ¢s, ..., ¢n, is not complete. Among the linear combinations
aip1 + -+ ampm, No n > m are linearly independent. By C' (") there are therefore
elements f distinct from all these combinations, so that

Y=f—a1p1—— amPm

is always nonzero. Now (¢, ¢,) = O means a, = (f,¢,) (0t =1,2,...,m), and can
thus be achieved for all ;1. Our system is therefore incomplete.

Theorem 3(®). Every orthonormal system is finite or a countably infinite se-
quence; if complete, it is necessarily infinite.

Remark. We may therefore write all orthonormal systems as sequences
©1, 2, . .., possibly terminating and hence finite, and shall do so. Here, having
infinitely many elements is necessary for completeness but is not sufficient,*’
unlike the corresponding condition under C'").

Proof. Let O be an orthonormal system and f, g two distinct elements. Then

(f=0.f=9)=(NH+(99)—(f.9)=(9./)=2  |f—gll=V2

Let fi, f2,... be the everywhere dense sequence in i provided by E. For every f
in O there is an f,, of this sequence with ||f — f.,|| < 3v/2. The corresponding
fm, [n for f, g must be distinct, since f,, = f,, would imply

If =gl =[I(f = fin) = (g = i)l
S ||f_ fm” + ”g - fm“ < %\/5"‘ %\/52 \/5

Thus to every f in O corresponds an f,,, from the sequence fi, fs, ..., with distinct
f corresponding to distinct f,,,. Hence © is finite or a sequence.

As in the proof of Theorem 3" one shows that if SR contains more than m
linearly independent elements, a system ¢y, @2, . . ., ¢, cannot be complete. Since
O>*) makes this true for every m, a complete system must be infinite.

Insofar as the following theorems concern convergence, they apply only to
O>). Nevertheless, their other assertions make it preferable to formulate them
generally.

Y If 1, o, ... is complete, then g5, p3, . .. is no longer complete, but is still infinite!
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Theorem 4. Let ¢, ¢, ... be an orthonormal system. Then every series
> ([, ¢u)(g, ) with infinitely many terms converges absolutely. In particular,
taking f = g, we always have Zy 1(f,00)|? < |fI2.T

Proof. Put a,, = (f, o), V= .. Then f — ijv L Oy =1 is orthogonal to
all p,, v = 1,2,...,N; see the proof of Theorem 3. Since f = ZV L Qupy + U,
we have

N

N
= au(w o)+ ) alpn, )

uy—l v=1

+‘§E:au'w @V ¢ dﬁ

—Z|ay|2 + (1, ) >Z|a,,|2-

Thus S0, Ja,|? < || f]|%. If the system ¢y, s, . .. is finite, this immediately gives
S lau)? < || f]]?. If infinite, letting N — oo establishes the absolute convergence
of 3" |a,|* and shows that its sum is at most || f||*>. This proves the second asser-
tion.

Since

[(f,20) (g, 20)| < 53U )l + 19, 00)

our convergence result also gives the more general convergence statement of the
first assertion.

Theorem 5. Let ¢4, s, . . . be an infinite orthonormal system. Then Y ° | 2,0,
converges if and only if Y 0 | |z,|> does. The latter series has nonnegative real
terms and therefore either converges or diverges to +oc.

Proof. The assertion concerns only ('), so we may use D, Cauchy’s con-
vergence criterion. Accordingly, > °° | x,¢, converges—that is, the sequence of
partial sums Y | z,¢, converges as N — oo—if and only if, for every ¢ > 0,
there is an N = N (¢) such that

L M
g xu@u" E xu@u
v=1 v=1

T The source uses single bars in | f|? here; the proof uses the norm notation || f||?. The printed
formula is retained.

<e (L,M > N).
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Assume L > M > N. Then

L M
§ TyPy — § TPy
v=1 v=1

= <&,

L
>z

v=M+1

2

L L L
Z Ty Py = Z TPy Z Ty Py

v=M+1 pu=M+1 v=M+1
L L
= Y malewe) = Y |l
pwr=M+1 v=M+1
L M
=2 =3 ln P,
v=1 v=1
and therefore
L M
0< Z |2, |* — Z |2, |* < 2
v=1 v=1

But this is precisely Cauchy’s convergence condition for the sequence 3\ |z, |2,
N — oo, hence for the series > 7| |z, |
Corollary. For f = )" x,¢,, we have (f,p,) = z,, whether the orthogonal
system is finite or infinite, with convergence of course assumed in the latter case.
Proof. For N > v, the inner product (Z,]j:l TP, Puv) is

N
Z xu(ﬁpu; 901/) = Ty
u=1

If o1, p9,... is finite, take N equal to the largest index. If infinite, let N — oo,
using continuity of the inner product. In either case the resultis (f, ¢,) = z,.

Theorem 6. Let 1, p»,... be an orthonormal system and f arbitrary. The
series defining f' = > x,¢,, with z, = (f,¢,) (v = 1,2,...), always converges
when it has infinitely many terms. The element f — f’ is orthogonal to ¢1, @2, . . ..

Proof. Convergence follows from Theorems 4 and 5. By the corollary to Theo-
rem 5, (f', ) =2, = (f,¢u), 50 (f — f',0,) =0.

After these preparations, we can give general criteria for completeness of or-
thonormal systems, valid also under C'>).

Theorem 7. Let ¢y, 2, ... be an orthonormal system. Each of the following
conditions is necessary and sufficient for completeness:
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a) The closed linear manifold [p1, s, . . .] spanned by ¢1, @9, . .. equals .

$) We alwayshave f = > x,¢,, wherez, = (f,¢,) (v =1,2,...; convergence
by Theorem 6).

v) We always have

(fa g) = Z(fa 901/)(97 901/)

v

(absolute convergence by Theorem 4).

Proof. If 1, pa,... is complete, then f — > x,p,, where z, = (f,¢,), v =
1,2,..., is zero, since by Theorem 6 it is orthogonal to ¢1, @9, .... Thus ) holds.
If 5) holds, every f is the limit of its sums S~ | z,¢, as N — oo, if the system is
infinite, and therefore belongs to [¢1, @2, . . .|. Hence this manifold equals R, and
a) holds. If ) holds, argue as follows: an f orthogonal to all ¢, ¢s, ... is also
orthogonal to their linear combinations and, by continuity, to their limit points,
hence to all of [, ¢2, .. .]. It is therefore orthogonal to all of R, and thus to itself:
(f, f) =0, f = 0. The system is consequently complete.

We thus have the logical scheme

completeness — ) — a) — completeness,

so a) and () have been shown necessary and sufficient.

To deduce completeness from ), let f be orthogonal to all ¢, ¢, ... and put
f=g9 Then (f,f) =>,0-0=0,s0 f = 0; the system is complete. Conversely,
), which is equivalent to completeness, gives

N N
(f,9) = Jim_ <Z(f7 AR Y REHE %)
]\VZZI v=1
= lim > (£,0)(9:00) - (9 00)
N;\’;Il
_ Nliinm;(f, 0,)(9, 0v)

= (f,00)(g.00)-

If the system is finite the limiting processes are unnecessary. This is ), which is
therefore also necessary and sufficient.
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Theorem 8. For every sequence fi, fa,... there is an orthonormal system
©1, P2, - . . spanning the same linear manifold. Both sequences may terminate af-
ter finitely many terms.

Proof. First replace f1, f2,... by a subsequence g, g2, . . . spanning the same
linear manifold and consisting of linearly independent elements. Proceed as fol-
lows: let g; be the first nonzero f,; ¢o, the first f,, distinct from every a;g;; g3, the
first f,, distinct from every a;g; + a2g2; and so on. If, for some p, no f,, exists that
differs from all a; g1 + - - - + a,g,, we stop at g,. These g1, g2, . . . evidently meet the
requirements.

We now apply E. Schmidt’s so-called “orthogonalization procedure”:

Y1 = 91,
1
Y1 = M,
Il
Y2 = g2 — (92, 901) * L1,
1
Y2 = * 72,
172l
V3 = g3 — (93, 901) TP1 — (93, 902) * P2,
1
Y3 = * 3,
||’Y3||

Each ¢, is well-defined, since its denominator ||, is nonzero. Otherwise 7, = 0,
and g, would be a linear combination of ¢, ..., y,_1, hence of ¢i,..., 9,1, con-
trary to the assumption. Further, g, is clearly a linear combination of ¢, ..., ¢,
and ¢, a linear combination of g1, ..., g,. Thus the two sequences determine the
same linear manifold.

Finally, by construction ||¢,|| = 1, and for ¢ < p we have (v,, ¢,) = 0, hence
(¥p,pq) = 0. Since we may interchange p, ¢, the last equality holds whenever
p # q. Thus @1, @9, ... is an orthonormal system.

Theorem 9. For every closed linear manifold 9t there is an orthonormal sys-
tem spanning precisely 9t as a closed linear manifold.

Proof. In case C(") the theorem is self-evident. If R satisfies A, B, and '™,
every linear manifold sm in R satisfies A, B, and C'"") for some m < n. The
remark to Theorem 3" therefore applies to 9t: there is an orthonormal system
©1,. .., o complete in M. By Theorem 7, o), this is precisely the assertion. As we
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see, the assumption of closedness is unnecessary in this case; indeed, closedness
is proved. Compare the discussion preceding Definition 5.

In case (™), recall that R is separable by E. We shall show that 9 is also
separable; indeed every subset of 2} is separable. Take the everywhere dense
sequence f1, fo,...in MR, as in E of IL.1. For each f,, and each m = 1,2,..., form
the ball &, ,, consisting of all f with ||f — f,|| < 1/m. For each &, ,, containing
points of 9, choose one such point g, ,,. Thus g, ,, may be undefined for some
n, m, but the defined points form a sequence in 91.> Let f be any point of 9, and
e < 0.71% There is an m with 1/m < ¢/2, and an f,, with ||f, — f|| < 1/m. Thus
R,m contains a point of 9, namely f, so g, is defined and || f,, — gnm|| < 1/m.
Hence || f — gnm|| < 2/m < €. Thus f is a limit point of the defined g,,,, and this
sequence meets the requirement.

Denote this sequence, which lies in 9t and is everywhere dense there,
by fi, f2,.... The closed linear manifold [fi, f2,...] it determines includes
all its limit points, hence all of 9. But since M is a closed linear manifold
containing fi, f2,..., [fi,f2,...] is also a subset of M, and therefore equals
it. Choose the orthonormal system ¢1, ¢y, ... according to Theorem 8. Then
{e1,02,...} = {f1,f2,...}. Adjoining the limit points on both sides gives
[o1, 02, ...] = [f1, f2, .. .] = 9, which was our assertion.

We need only put 9t = R in Theorem 9 to obtain, by Theorem 7, o), a com-
plete orthonormal system ¢y, @3, .... Thus complete orthonormal systems exist.
We are now in a position to show that R is an R,, or R, according as C) or
) holds, and is therefore determined in all its properties.

It remains only to show that 93 can be mapped one-to-one onto the set of all
{x1,...,2,}, orof all {z1,x9,...} with > 7 |z,|? finite, in such a way that:

1. f «— {z1,20,...} implies af +— {ax1,azxs,...}.

2. f— {z1,29,...} and g +— {y1,v2,...} imply f + g «— {z1 + 1,22 +
Yo, .. }

3. f+— {x1,29,...} and g «— {y1, 92, ...} imply

U Recall that a double sequence g, (n,m = 1,2,...) can also be written as a single sequence:

911, 912, 921, 413, 922, 431, - - -
119 The source prints ¢ < 0; the following approximation argument requires € > 0. The printed

inequality is retained.
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(In the infinite case, absolute convergence must also be proved in 3.) We now
give this correspondence f «— {z1,z2,...}.
Let 1, @2, ... be a complete orthonormal system In case C'™ it terminates at

©n; in case C'(*) it is infinite (Theorems 3™, 3(>)). We put
T Or 0O
f=2 we
v=1

By Theorem 5 this series converges in the infinite case as well, since > | |z,|? is
finite; thus precisely all of fR,, or i is covered. By Theorem 7, ), and the finite-
ness of > 121 |(f, vu)|? (Theorem 4), all of R is covered as well: put z, = (f, p,).
It is clear that each {1, x9,...} corresponds to only one f; the converse follows
from the corollary to Theorem 5. Conditions 1 and 2 are evidently satisfied, and
3 follows from Theorem 7, 7).

3. Digression on Conditions A-E°!

We still have to verify assertion 2 at the end of 1.4: that F; and Fy, actually sat-
isfy conditions A-E. It suffices to consider Fy, for in I1.2 we have already shown
that a space A satisfying A-E must agree in all its properties with R, thatis, F,
so A-E must hold for F; as well. We shall also prove the independence of condi-
tions D and E from A—C(>), mentioned in I1.2, and the fact that they follow from
A—C' that is, that they hold in R,,. These three purely mathematical questions
form the subject of this section.

We begin by verifying A-E in F. This requires the Lebesgue integral; for
its foundations we refer the reader to the relevant specialist literature.”> The
Lebesgue integral is used only on this occasion, however, and familiarity with
it is not required for the later chapters.

In 1.4 we introduced (? as the k-dimensional space of the ¢, ..., g, and Iy, as
the totality of all functions f(q; - - - g») for which

/ /Iso ar)|* dqy - - - day,

51 This section is not needed to understand the sections that follow.
%2 For example, Carathéodory, Vorlesungen iiber reelle Funktionen, Leipzig, 1927, especially

pp. 237-274; Kamke, Das Lebesguesche Integral, Leipzig, 1925.
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is finite; here all of ¢y, ..., g, range from —oo to +00. All our deductions would
remain valid, and their proofs could mostly be carried over word for word, if we
restricted the ranges of ¢i, . . ., qx, so that Q2 became, for example, a half-space, the
interior of a cube, the interior of a sphere, the exterior of these figures, and so on;
indeed, we could even choose €2 to be a curved surface, such as the surface of a
sphere.

To avoid inessential complications, which the reader can readily work
through by following the pattern of our proofs, we confine ourselves to the
simplest case just described. We now take A-E in succession.

Ad A. We must show that if f, g belong to Iy, then af, f £ g do also; that is,

the finiteness of
Lues [
0 0

must imply that of [, |af|* = |a|* [, |f]* and [, |f % g|*. Since no misunderstand-
ing is possible, we use these abbreviations for

/ /|f a)|* dqy - - - dgy.,
/ /|9 2 dgy - - - day.

The first assertion is trivial. In view of |f + g|* = |f|* + |g]|* & 2Re(fg),” the
second is established as soon as the finiteness of [, |fg| = [, |f|g|is assured. But
| fllg] < 5(IfI* +1g]?), so this follows from the assumptions.

Ad B. We define (f,g) as [, fg; as we have just seen, this integral converges
absolutely. All the properties postulated in B are evident except the last: that
(f,f) = 0 implies f = 0. The equation (f, f) = 0 means [, |f|? = 0, so the set
of points at which |f|? > 0, thatis, f(q1 - - - qx) # 0, must have Lebesgue measure
zero. Suppose we regard two functions f, ¢ as not essentially different when

% In general,

lz+yP=(z+y)(z+y)
=T+ yy + (xy + Ty)
= |z|* + [y + 2Re(zy).
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f # g, thatis, f(q1---qx) # 9(q1---qr), holds only on a set of points ¢ - - - ¢; of
Lebesgue measure zero.”* We may then conclude that f = 0.

Ad C.Let Oy,..., O, be nregions in 2, no two of which have a common point,
and each of whose Lebesgue measures is positive but finite. Let fj(g; - - - ¢x) equal
1 in O; and 0 elsewhere. Since fQ | fl|2 equals the measure of O;, the function
fi belongs to Fo (I = 1,...,k).""" The fi,..., f, are linearly independent. For
a1 fi + -+ + anf, = 0 implies that the function on the left vanishes except on a
set of Lebesgue measure zero; hence it has zeros in every O;. But it is constant,
equal to a;, in O, so a; = 0,1 =1, ..., n. This construction works for every n, and
therefore C'°) holds.

Ad D. Let the sequence fi, fo, ... satisfy Cauchy’s convergence condition: for
every € > 0 thereis an N = N(¢) such that [, |f,, — fu|> < € whenever m,n > N.

Choose
1
ny =N (g) )

1
ng >ny, N <§) ;

1
ng > ny,ng, N (@) ;

Thusn; <ny <---,and n,,n,41 > N(1/8”), so
1
/ |fny+1_fnu|2<§'
Q

Consider the set P") of all points at which |f,,,., — f..| > 1/2". If its Lebesgue
measure is ©*), then

2
1 (v)
_ 2 > v [ — — ’LL_
/&:Z|fny+1 fnu| i ILL 2V 4V )

(v) 1 1
K - V) « =
4v < 81/7 H < I
Now let Q™) be the union of P, pv+1) pw+2)  Tts Lebesgue measure is

S /‘L(V) _|,_ M(V+1) + /‘L(V+2) + [P

>* This is standard practice in the theory of the Lebesgue integral.
T The source gives the upper index as k here, although the regions and functions in this con-
struction are indexed from 1 to n. The printed index is retained.



50

1 1
<§+2u+1+2u+2+"'
1
_21/—1'

Outside Q) we have 2

1
|fnu+1 - fny| < ?7

1
|fnu+2 - fnu+1| < ﬁv

1
|fnu+3_fnu+2| <W> ERI)

and hence, in general, for v </ <17,
|fnl,// - fnl,/| < |fnl,/+1 - fnl,/| + |fnl,/+2 - fTLV/+1|
Tt |fnl,// - fnl,//_1|

1
21/’ + 21/’+1

1 1
21/”—1 < 21/—1 '

< ot
As v — oo, this tends to zero independently of v”; that is, the sequence f,,,, fn,, - - -
satisfies Cauchy’s convergence condition provided ¢; - - - ¢, does not lie in Q).
Since, for fixed q; - - - qi, these are numbers, the sequence converges. Equivalently,
if fo., fns, ... fails to converge at some g, - - - g, that point must belong to QW),
Let @) be the set of all ¢; - - - ¢ at which convergence fails. Then () is a subset
of Q), so its measure is less than that of @), and thus less than 1/2"~!. This
must hold for every v, although (@ is defined independently of v; hence () has
Lebesgue measure zero. It therefore makes no difference to set, for example, all
fn equal to zero on () (see note 54). Then f,,, fn,, ... converges on () as well, and
consequently everywhere.

We have thus given a subsequence f,,, fy,,... of fi, f2,... which converges
at every point ¢; - - - ¢;; this need not be true of fi, f2, ... itself. Denote the limit
of fu,, fras--- by f = f(a1---qx). We have still to show: 1. that f belongs to
Fy, thatis, [, |f]? is finite; 2. that f is the limit of f,,, fs,, ... not merely in the
sense of convergence at every ¢, ..., g, but also in the sense of convergence in
norm in Hilbert space, thatis, || f — fu,|| = 0, or [, |f — fu,|?> = 0; 3. that in this

12 The source uses strict inequalities here and in the following triangle estimate. From the def-
inition of P(*), the bounds outside Q) follow directly only with <; the triangle inequality
likewise gives <. The printed signs are retained.
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sense it is even the limit of the entire sequence fi, fs,. .., thatis, ||f — f.|| = 0, or
fQ ’f - fn|2 — 0.

Let ¢ > 0, choose vy so that n,, > N(¢), for example 1/8"° < ¢, and let v > 1,
n > N(g). Then [,|fn, — fal> < &. As v — oo the integrand tends to |f — f,|?,
so a convergence theorem for Lebesgue integrals (see the reference in note 53) 11
gives [ |f — fol* <e.

First, therefore, fQ |f—f1|? is finite, thatis, f— f1 belongs to Fy; since f; belongs
to Fy, so does f. This proves 1. Second, the inequality above gives [, |f—f,|* — 0
as n — 0o, proving 2 and 3.

Ad E. We must give a sequence of functions fi, fo, ... everywhere dense in Fj,.

Let €21,(,... be a sequence of regions in (2, each of finite measure, which
together fill all of 2; for example, let Q2 be the ball of radius N about the origin.
Let f = f(qi---qx) be any element of F,. For every N = 1,2,... define fy =

fn(qr- - qr) by

flar-ar) Do €

14k ),

fnla-ar) = and |f(q1---qx)] < N,
0, otherwise.

As N — oo, fn(qi---qx) — f(q1---qr); indeed, equality holds from a certain
N onward. Thus |f — fy|* — 0. Furthermore, f — fx equals either 0 or f, so
|f — fn]* < |f[?. The integrals [, |f — fn|* thus have the fixed, finite majorant
Jo |12 Since the integrands tend to zero, so do the integrals, by the convergence
theorem just cited: [, |f — fn|* = 0, || f — fn]| — 0.

Call G the class of all functions ¢ = ¢g(q1 - - ¢x) for which the set of points
where g # 0 has finite measure and which satisfy an inequality |g| < C through-
out the space, with arbitrary but fixed C. All the fx above belong to G, so G is
everywhere dense in Fj,.

Let g belong to GG, and let ¢ > 0. Let M be the measure of the set where
g # 0, and C an upper bound for |g|. Choose a chain of rational numbers —C' <
prL<p<---<p<Csuchthatp; < —C+¢e,po<pr+e ...,p < pi_1+¢
C' < pi+e; this is easily done. Replace each value of Re g(q; - - - gx) by the nearest p;
(s =1,2,...,1), leaving only 0 unchanged. This gives a new function h; (¢ - - - qx)
differing everywhere from Re g by less than ¢. Similarly form hs(q; - - - ¢x) from

T13 The source cites Note 53 here; the references for Lebesgue integration are in Note 52.
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Im g. Then, for h = hy + iho,

/|g—h\2:/]Reg—h1\2+/]1mg—h2]2
Q Q Q

< Me* + Me? = 2Me?,
lg —nll < V2Me.

Given 6 > 0, choose € < §/v/2M; then ||g — h|| < 6.

Call H the class of all functions h = h(q:---qx) taking only finitely many
distinct values, all of the form p + i with rational p, 0, and taking each nonzero
value only on a set of finite measure. The functions h just constructed belong to
H, so H is everywhere dense in G, and hence in Fg.

For a set II of finite Lebesgue measure define a function fi1 = fii(q:1 - - - qx) by

1, inlI,

0, otherwise.

fH(Q1"'Qk) = {

The class H evidently consists of all

(,03 + Z‘Us‘)fﬂs

]~

1
(t=1,2,...; ps,0s rational).

»
Il

We now seek a sequence of IT-sets, I, T1?) .., with the following property: for
every Il-set and every ¢ > 0 there is a I1(™ such that the measure of the set of all
points belonging to II but not to 1), or to I1™ but not to I, is less than ¢. This
set is called the symmetric difference of II and I1™. If we have such a sequence,
the functions

t

Z(ps + Z.US)JCI'[(’LQ

s=1

(t=1,2,...; ps,0s rational; ng =1,2,...)

are everywhere dense in H. For if we choose [1(") for each of the earlier II, as
just described, we obtain

J

t t 2

Z(ps + Us)st - Z(ps + ias)fﬂ(ns)

s=1 s=1
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2

t
< Z |(ps + i0s) fu, — (ps + i0%) friens)
s=1 Q

t
- Z(pg + O-s)/ |st - fH(ns)
s=1 Q

t
o 2 2y measure of the symmetric difference
- E :(p s + Os ) '
s=1

2

of IT, and T1("s)
t
2 2
< E :(ps +Js) €.
s=1

Given § > 0, the choice e = 62/ 32, (p? + 02) already yields

t t

Z(IOS +ios) fri, — Z(PS +i0%) friens)

s=1 s=1

<.

The functions 3_'_,(ps + o) frms) form a sequence if ordered appropriately. ™'

For let 7 be a common denominator of all py,01,...,p, 04, and pf,of, ..., p}, 0}
their numerators. The functions in question are then

¢
% > (0 +i0%) fracn,
s=1
where t,7 = 1,2,...; pl,o, =0,£1,£2,..;and ny, = 1,2,..., for s = 1,...,t.
Arranging these functions in a sequence is the same task as arranging their nu-
merical parameters t, 7, p}, 0}, ..., p;, 05,01, ..., . Order these tuples by increas-
ing values of

t+ 7+ |pyl + oy + o]+ o+ - g

Only finitely many of the tuples correspond to each given value of this sum. If we
also put each of these finite collections in any order, we obtain a simple sequence.

To give the required sequence of sets TI(V) TI(?) .., we use the fact that for ev-
ery set II of finite Lebesgue measure M and every ¢ > 0 there is an open point
set II' containing IT whose measure exceeds that of 1I by less than ¢; see the ref-
erences in note 52, and also note 45, where the concept of an open point set is

T4 The source omits i from p +ios both here and in the first term of the preceding integral esti-
mate. Both omissions are retained; the surrounding construction uses complex coefficients
pPs + 10s.



54

defined. For an open II' and an ¢ > 0, however, there evidently exists a set 11"
composed of finitely many cubes, contained in II', whose measure falls short of
that of I1” by less than §."'> The edge lengths and center coordinates of the cubes
may all be chosen rational. It is now easy to see that the symmetric difference
defined above, of IT and I1”, has measure less than 6 + 6 = 24, and hence less than
£ when 6 = /2. We have therefore reached our goal if we can arrange the sets of
cubes just described in a sequence.

These sets are characterized by the numbern = 1,2, ... of their cubes, together

with their edge lengths »%") and center coordinates 5&”), € ,Ef’) (v =1,...,n).
The » 51 e f p Y) are rational; let the1r common denominator be n = 1, 2,.
and their numerators »/*) = 1,2, .., 51 e ,§k =0,4+1,42,.... Thus our sets

of cubes are characterized by the tuples

n? /)77 %/(1)7 g:/[(l)) A 75]2(1)7 AR %l(n)7 gi(n)7 ttt 7§]2(n)

Ordering them by increasing sums

nn+ 2@+ 1gW 418l +
+ ™ g+ 160,

we obtain a simple sequence, exactly as in the earlier analogous example of linear
combinations of functions.

Before proceeding, let us answer the following question. Given a space R
satisfying A-E, with C' () in which subsets 99t of /R do A—E hold again, with the
definitions of af, f + g, and (f, g) unchanged?

For A to hold, 9t must be a linear manifold B holds automatically. We post-
pone C for a moment: some (') or C'**) holds in any event. D says that if a se-
quence in 9 satisfies Cauchy’s convergence condition, it has a limit in 91. Since
such a sequence certainly has a limit in R, all that is required is that this limit
also belong to 91; that is, 9t must be closed. E always holds, as we saw in the
proof of Theorem 9. Thus, to summarize, 9 must be a closed linear manifold.
Let o1, g02, ... be the orthonormal system spanning 9t (Theorem 9). If it is infi-
nite, C*) evidently holds, and 9% is isomorphic to PR.,, hence to N itself. If it
terminates at ¢,, so that the system is ¢y, ..., ¢,, then (") holds, for example by
Theorem 3""; that is, M is isomorphic to R,,.

15 The source compares the measure of I1” with itself; the comparison required here is with IT'.
It also introduces € where the estimate uses ¢. These printed slips are retained.
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But D and E hold in 9 in any event, and therefore in every 9i,; thus they also
follow from A-C"),

As we see we have used logical devices to avoid directly verifying A-E, with
O™ or C>), in R, or R Such a verification presents no essential difficulty,
however, and is left to the reader.

It remains to show the independence of D and E from A-C(*). As we have
just seen, every linear manifold in i, satisfies A, B, E, and either C' () or (>0, if
it is not closed, however, it fails to satisfy D. In that case C () must hold, since
O™ implies D. It is easy to give such a manifold. Let ¢1, ¢, . . . be an orthonormal
system. The elements ZJVV=1 z,p,, with N = 1,2, ... and arbitrary z, ..., 2y, form
a linear manifold, but not a closed one. For }_.° | 1o, exists, since )7, (1/v)%i
finite, and is a limit point of this manifold but not an element of it:

|
g —p, — —py (N — o0).
1% 1%

Thus D is independent of A~C>) and E.

Next consider all complex functions z(«) of a continuously varying parame-
ter o, —00 < a < 4-00. Require that the points where z(«) is nonzero can be listed
in a sequence and that the sum }__ |z(«)|? over those points is finite.”” All these
functions x(«) form a space Riont.. For any two points z(«), y(a) of this space,
z(«) and y(«) are nonzero only on two sequences of s, respectively, and we can
combine these into a single sequence. Outside some sequence oy, s, .. ., there-
fore, () = y(a) = 0. We therefore need consider only the values =, = z(ay),
yn = y(ay,) for n = 1,2,.... As long as we are dealing with only two points of
Riont., €verything behaves just as in R,. Consequently A and B hold in SRkons.
exactly as in R...”°

The same is true for k points of Ryent., £ = 1,2,..., SO ) also holds. It re-
mains true even for a sequence of points of Ryoni.. Let these be z;(a), z2(a), .. ..
For each n = 1,2,..., the a’s for which z,(«) # 0 form a sequence a@, ozén), .
All these sequences together form a double sequence al (n,m=1,2,...), which
can also be written as the simple sequence ozgl), aél), a?), ozgl), a§2>, a§3), .... Hence
D also holds in Ryt just as in R.. E is different: there all points of R are in-
volved, since all must be limit points of a suitable sequence. We therefore cannot

> Although « varies continuously, this is a sum, not an integral: only countably many values
of o occur in the sum!
% Naturally, we define (z(a) yas >, z(a)y(a).
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infer it for Ryone. from NR.. Indeed, it is not satisfied, for one of its consequences
fails: there is an orthonormal system which cannot be written as a sequence, con-
trary to Theorem 3(°).

Put

ryfe) =4 0
0, a#p.

For every 3, z5(a) is an element of Ryone, and the zs(«) form an orthonormal
system. They could be written as a sequence only if all the 8’s, —oc0 < 8 <
400, could be so written, which, as is well known, is impossible.57 Thus E too is
independent of A—C(*) and D.

Notice, incidentally, the fundamental difference between the function space
of the f(z) with finite [*°_|f(z)|*dz and that of the z(«) with finite ) |2(a)[*.
We could equally well describe the former as the space of all z(«) with finite
[72 |z(a)* da. The entire difference consists in replacing [~ -+ da by > ---.
Nevertheless the former space is an Fj, thus satisfies A-E and is isomorphic to
R, Whereas the latter, Ryt , violates E and is essentially different from 9. Yet
the two spaces are identical; only the definitions of norm in them differ! !¢

4. Closed Linear Manifolds

Section I1.2 is important for us not only because of the proof of isomorphism,
but also because several theorems on orthonormal systems were proved there.
We now wish to pursue the geometrical analysis of Hilbert space and examine
more closely the closed linear manifolds, which play a role in fi, analogous to
that played in R, by straight lines, planes, and so forth, that is, the R,,, m < n.

First recall the notation of Definitions 2 and 5. If % is any set in R, then
{4} and [2A] are, respectively, the linear manifold and the closed linear manifold
spanned by 2, that is, the smallest object of the respective kind containing £I.

We extend this notation as follows. If 2(,‘B,... are arbitrary subsets and
f.g,... elements of R, then {A,B,..., f,g,...} and [,B,..., f,g,...] denote,
respectively, the linear manifold and the closed linear manifold spanned by the
set obtained by combining the 2,*B, ... and the f, g, ...

57 This is the set-theoretical theorem on the “uncountability of the numerical continuum.” See,
for example, Hausdorff’s book cited in Note 45.
116 The statement that the spaces are identical is retained from the source. Under the finite-
norm conditions specified above, they contain different sets of functions.
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In particular, if 9,01, ..., finitely or infinitely many, are closed linear mani-
folds, we denote the closed linear manifold [90t,91,...] by 9 + 91 + - - .. Clearly
{9, 91, ...} consists of all sums f + g+ - - -, with f ranging over 9, g over 91, and
soon; (M, I,...] =M+91+ - is obtained by adjoining the limit points. If there
are only finitely many sets 91,91, .. ., and every element of each is orthogonal to
every element of the others, then, as we shall soon see, these two constructions
give the same result; this need not hold in general.

If 9 is a subset of 9N, consider also the totality of elements of 91 orthogonal
to all elements of M. This too is evidently a closed linear manifold; denote it
by 9t — 9. Theorem 14 will make clear the reasons for calling this subtraction.
Especially important is SR — 901, the set of all f orthogonal to the whole of 9; it is
called the closed linear manifold complementary to 9.

Finally, we mention three particularly simple closed linear manifolds: first, R
itself; second, the set consisting of 0 alone, {0} = [0]; and third, the set of all af,
where f is a given element of R and « is variable, which is plainly a closed linear
manifold and hence equals both {f} and [f].

We now introduce the concept of projection, entirely analogous to that of Eu-
clidean geometry.

Theorem 10. Let 901 be a closed linear manifold. Every f can then be decom-
posed in one and only one way into two summands f = g + h, with g in 9t and
hin R — 9.

Remark. We call g the projection of f onto 9, and &, which is orthogonal to
the whole of 91, the perpendicular from f to 9i. We introduce the notation Py f
for g.

Proof. Let 1,9, ... be the orthonormal system which exists by Theorem 9
and spans the closed linear manifold 9. Put g = > (f,¢n) - ¢n. By Theorem 6,
the series converges when it has infinitely many terms; its sum g plainly belongs
to M. Furthermore, by Theorem 6, h = f — g is orthogonal to all of ¢y, o, . ... But
the vectors orthogonal to h form a closed linear manifold, so not only ¢y, ¢2, . . .,
but all of 91 is orthogonal to h; that is,  belongs to R — M.

If there were another such decomposition f = ¢’ + A/, with ¢’ in 9t and /' in
R—M, theng+h=¢ +1,and g — ¢ = ¥ — h = j. Thus j would belong both
to Mt and to R — M, and would consequently be orthogonal to itself: (j,j) = 0,
j=0,and henceg =g, h="n.

Thus Py f is an operation assigning to every f in R its projection Py f onto 9.
In the next section we shall define an operator R as a function defined on a subset
of R and taking values in fR; that is, a correspondence assigning certain Rf in R
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to certain f in 9R. It need not assign a value to every f; for other f in R it may be
undefined, or “meaningless.” Thus Py is an operator defined everywhere in fR;
call it the projection operator of 1.

Theorem 11. The operator Py has the following properties:

Py(arfi + -+ anfn)
=a1Pmf1+ -+ anPmfn,
(Pmf.9) = (f, Pmg),
Pw(Pmf) = Pnf.

M is the set of all values of Py, that is, the set of all Py f; it can also be charac-
terized as the set of all solutions of Py f = f, whereas SR — 901 is the set of all
solutions of Py f = 0.

Remark. In the next section we shall see that the first property characterizes
the so-called linear operators, and the second the so-called Hermitian operators.
The third says that applying Py twice has the same effect as applying it once. The
usual symbolic notation for this is Py Poy = Pax, or Pfﬁ = Py

Proof. From

Ji=g+hy, .., Jo=0nthy,
(gl7"'7gn€m; hly-"vhném_w>7

we obtain

arfi+ -+ anfn = (@191 + - + angn)
+ (a1h1 4+ - 4 anhn),

where a1g1 + - - - + a,g, belongs to 9 and a1~y + - - - + anh, to R — M. Hence

Po(arfr+ -+ anfn) =a191 + - + angn
:alpﬁﬁfl ++anpfmfn

This is the first formula. Second, let

f:g/+h/’ g:g//—‘l—h//’
(¢,g" €M; W, " € R —M).

Then ¢', ¢" are orthogonal to ', h”, so

(9/79) — (g/)g// _|_ h”) — (g/,g//)
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= (g +n.9") = (f.9"),

that is, (Pmf,9) = (f, Pmg). This is the second formula. Finally, Py f belongs to
M, so Popf = Py f + 0 is the decomposition of Porf guaranteed by Theorem 10;
thatis, P;(Pmf) = Pmf. This is the third formula.

The equations Py f = f and Py f = 0 mean, respectively, that in the decompo-
sition f = g + h, with g in 9t and A in R — M (Theorem 10), we must have f = g,
h =0,0org =0, f =h; thatis, f belongs to 9t or to ;R — I, respectively. These
are the fifth and sixth assertions. By definition all Py f belong to 91, and each f’
in 9 equals some Py f, for example, by what we have just said, Py f’. This is the
fourth assertion.

Observe also that the second and third formulas of this theorem give

(P f, Pmg) = (f, PmPmg)
= (f, Pmg) = (Pmf, 9)-

We now wish to define the projection operators Py independently of the 91.

Theorem 12. An everywhere defined operator £, in the sense explained be-
fore Theorem 11, is a projection operator, that is, £ = Pay for a suitable closed
linear manifold 90, if and only if it has the properties

(Ef.9) = (f,Eg), E*=E

(see the remark to Theorem 11). Moreover, 9 is then uniquely determined by E,
by Theorem 11.

Proof. The necessity of these conditions and the determination of 9t by E are
clear from Theorem 11. We need only show that if £ has the stated properties,
there is a closed linear manifold 9t with £ = Py.

Let 9 be the closed linear manifold spanned by all £ f. The vector g — Eg is
orthogonal to all £/ f, since

(Ef,g— Eg)=(Ef,g) — (Ef, Eg)
= (Efag) - (EQfag) = 0.

The elements of 2R orthogonal to g — E'g form a closed linear manifold containing
every Ef, and therefore all of 9. Hence g — Eg belongs to R — M. Thus the
decomposition of ¢ associated with M is g = Fg+ (¢ — Eg), so Pmg = Eg, where
g was arbitrary. This proves everything.
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If M = R or [0], then R — M = [0] or R, respectively. Thus f = f + 0 or
f = 0+ fis the decomposition according to Theorem 11, and Py f = f or 0. We
call the everywhere defined operator specified by Rf = f the operator 1, and
that specified by Rf = 0 the operator 0. Thus Py = 1, P = 0. Furthermore, the
decomposition f = g + h associated with 91, where g is in 9t and ~ in R — 9N,
can clearly also be used for /R — 91 in the form f = h + g. For since g belongs
to 91, it is orthogonal to every element of R — 9, and hence belongs to R —
(R — M). Consequently Ppf = g and Pr_mf = h = f — g; thatis, Pr_mf =
f—Pomf. We express this fact, Pr_onf = 1f— P f, symbolically as Pr_on = 1— Py.
For addition, subtraction, and multiplication of operators, see the discussion of
Theorem 14.

Notice that we readily saw above that 901 is a subset of R — (R — M); a direct
proof that the two sets are equal would probably be more involved. It follows
immediately, however, from

Pyr_-om) =1 — Pr-om
—1—(1— Py) = P

The preceding discussion also shows that if E is a projection operator, sois 1 — £
and since 1 — (1 — E) = F, the converse holds as well.
Theorem 13. We always have

IBFI?=(EL . IEFI <

The conditions ||Ef|| = 0 and ||Ef|| = ||f|| characterize the f in R — 9 and N,
respectively.
Remark. In particular,

1Ef = Egll = E(f =9l < If =gl

that is, the operator E is continuous. Compare the discussion after Theorem 2 in
IL1.
Proof. By the observation after Theorem 11,

IEfI* = (Ef, Ef) = (Ef. [)-
Since 1 — F is also a projection operator,

IESI*+ 1S = ESIP = 1ESIP + 111 = B)fII?
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Both summands are nonnegative, so both are at most || f||?; in particular || Ef||? <
IF112 IEfI < |If]l. We know from Theorem 11 that ||Ef|| = 0, or Ef = 0,
expresses membership in R — 9. By the relation above, [|[Ef| = | f|| means
|f —Ef|l=0, Ef = f, and hence, by Theorem 11, that f belongs to 1.

For two operators R, S, we understand by R+S, aR, with a a complex number,
and RS the operators defined by

(R+S5)f=Rf£S5/,
(aR)f =a- Rfa
(RS)f = R(Sf),

and naturally put
R'=1, R'=R, R*=RR, R’=RRR,

The rules governing these operations are easy to establish. For R &+ S and aR,
all the elementary laws valid for numbers are readily verified, but this is not so
for RS. The distributive laws (R + S)T' = RT + ST and R(S +T) = RS + RT
do hold, as can be checked; the latter, however, requires R to be linear, as in the
remark to Theorem 11 and the discussion in the next section. The associative law
(RS)T = R(ST) = RST also holds, but the commutative law RS = SR does not
hold in general: (RS)f = R(Sf) and (SR)f = S(Rf) need not be equal.

If it does hold for two particular operators R, S, they are said to commute.
Thus, for example, 0 and 1 commute with all everywhere defined R:

RO=0R=0, Rl=1R=R;

so do R™ and R", since R™R" = R™*" and thus does not depend on the order of
m,n.

Theorem 14. Let E, F' be projection operators, associated with the closed lin-
ear manifolds 91, 91. Their product EF' is also a projection operator if and only if
E, F commute, that is, EF' = F'E. In that case it is the projection onto the closed
linear manifold P consisting of the common elements of M, M. The sum £ + F
is a projection operator if and only if EF' = 0, or equivalently F'E = 0. This
means that all of 91 is orthogonal to all of 0N; £ 4 F' is then the projection onto
M+ N = M, N], which in this case equals {M,N}. The difference £ — F' is a
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projection operator if and only if £F" = F, or equivalently I'E) = F'. This means
that 91 is a subset of M; £ — F is then the projection onto M — M.
Proof. For EF, we must check the two conditions of Theorem 12:

(EFf,9)=(f.EFg),  (EF)’=EF.
Since (EF'f,g9) = (Ff, Eg) = (f, FEg), the first condition means

Since this holds for all f, (EF — FE)g = 0; and since this holds for all g, EF —
FE =0, EF = FE. Commutativity is thus necessary and sufficient already for
the first condition, but it also implies the second:

(EF)> = EFEF = EEFF = E*F? = EF.

Since £ + F always satisfies ((E+ F)f,g9) = (f,(E + F)g), because E, F' do, only
the second condition, (E + F)? = E + F, needs checking. In view of

(E+F)?=FE*+F*+FEF +FE
= (E+F)+ (EF + FE),

it simply means EF' + F'E = 0. Now if EF' = 0, then E'F is a projection operator,
and what was proved above gives EF' = F'E/, hence EF + FE = 0. Conversely,
EF + FE = 0 implies

E(EF + FE)= FE*F + EFE=EF + EFE =0,
E(EF + FE)E = E*FE + EFE?
— FFE+EFE=2-EFE =0.

Thus EFE = 0, and therefore FF' = 0. Consequently £'F' = 0 is necessary and
sufficient, as is F'E = 0, since E, F' play identical roles.

The operator £ — F' is a projection operator if and only if 1 — (E — F)) =
(1—E)+ Fisone. Since 1 — E and F are projection operators, what we have just
proved shows that this is characterized by (1 — E)F =0, F — EF =0, EF = F,
orequallyby F(1-FE)=0,F—-FE=0,FE=F.

We still have to prove the assertions about 91,91, where £ = Py, F' = Pa.
Firstlet EF' = FE. Every EF f = FEf then belongs to both 9t and 91, hence to
B. For every ¢ in *3 we have Eg = Fg = g,s0o EFg = Eg = g; that is, g has the
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form EF f. Thus * is the range of £F’, and Theorem 11 gives '}’ = Pyp. Second,
let EF = 0, hence also FE = 0. Every (E + F)f = Ef + F f belongs to {91, 91},
and every g in {9, 91} equals h + j, with ~ in M and j in 9. Hence Eh = h,
Fh=FEh=0,Fj=j Ej=EFj=0,s0

(E+F)h+j)=FEh+Fh+Ej+Fj=h+7,
(E+ F)g=g.

Thus ¢ has the form (F + F) f. Consequently {91, 91} is the range of £ + F; but
E + F is a projection operator, so {91, 91} is its associated closed linear manifold
(Theorem 11). Since {9,MN} is closed, it equals 901,91 = M + N. Third, let
EF = F,hencealso FE = F. Then F = Ppand 1 — F = Pyr_yn,s0 F — F =
E — EF = E(1 — F) equals Py, where ‘B is the common part of 9t and %R — 91,
that is, 2t — 9.

Finally, EF = 0 means that (EF f,g) = 0, and hence (F'f, Eg) = 0, always
holds; that is, the whole of 91 is orthogonal to the whole of 91. And EF = F
means F'(1 — E) = 0: all of 91 is orthogonal to R — M, or equivalently, N is a
subset of R — (R — M) = M.

If N is a subset of M, we shall also say that ' = Py is a part of £ = Py, and
write £ > F or F' < E. This means EF = F, or equivalently F'E = F, and entails
commutativity. Either by considering 91, 0 or by direct calculation, one sees that
0 < E < 1always holds; that £ < F, F' < Eimply E = F; and that £ < F,
F < G imply E < G. Thus our relation < has the properties of an ordering by
magnitude. Notice also that £ < F',1 — E > 1 — F, and orthogonality of E to
1 — F are all equivalent. Furthermore, orthogonality of E, F' implies that of £', F”
it B/ < E, F' < F. If M, M are orthogonal, we also call E, I' orthogonal; this
means E'F' = 0, or equivalently F'E = 0. Conversely, if £, F' commute, we shall
also say that their 91, 9T commute.

Theorem 15. The relation £ < F'is equivalent to || Ef|| < ||F f|| for every f.

Proof. The relation £ < F implies £ = EF, so |Ef|| = ||[EFf| < ||Ff]| by
Theorem 13. Conversely, this inequality has the consequence that if F'f = 0, then
|Ef|| < ||Ff|]l =0, Ef =0.Since F(1 — F)f = (F — F?)f = 0, we therefore have
identically E(1—F)f =0, thatis, E(1—-F) =E—-EF =0,E = EF,hence E < F.

Theorem 16. Let £}, . .., E}, be projection operators. Their sum E; + --- + E},
is also a projection operator if and only if all £,,,, £, m,l = 1,...,k, m # [, are
orthogonal to one another.

Another necessary and sufficient condition is

1BV + -+ B S1P < P
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for every f. Moreover, £ + --- + L} is then the projection operator of 91, +
S My = My, ..., M), which in this case equals {9y, ..., M}, where £, =
Pgml,. . .,Ek = Pgmk

Proof. The last assertion follows by repeated application of Theorem 14, as
does the sufficiency of the first criterion. If the second criterion holds, so does the
first. For m # land E,,f = f, we have

1A+ IES I = 1B fIP + I B
SNBSS+ + IEAP < IIFIP
IEfIP =0, Eif=0.

But E,,,(E,. f) = En f holds identically, so E;(E,, f) = 0, that is, E}E,, = 0. Finally,
the second condition is necessary: if F; +- - -+ E}, is a projection operator, Theorem
13 gives

B+ + B S?

= (Evf, )+ + (B, )

=((Er+ -+ E0)f. f)

= (B + -+ E)fIP < A1

We therefore have the following logical scheme:

Ei + - -+ + Ej is a projection operator
—> second criterion
—> first criterion

= Fy +---+ Ej is a projection operator.

Thus all three are equivalent.

Lastly, we prove a theorem on the convergence of projection operators.

Theorem 17. Let E;, E», ... be an increasing or decreasing sequence of pro-
jection operators: £y < Ey < --- or By > Ey > ---. They then converge to
a projection operator E, in the sense that £, f — Ef for every f; moreover, all
E, < Eorall E, > E, respectively.

Proof. It suffices to examine the second case, since the first is reduced to it by
replacing 1, Es,...,Eby1 — E,1 —E,...,1— E. Let, then, £} > Ey > ---.

By Theorem 15, || By f||> > ||[Eaf]|? > -+ > 0, 80 limy, 00 || Em f]|? exists. Hence
for every € > 0 thereisan N = N(¢) such that ||| E,, f|*> — | E1f||*| < € for m,l > N.
For m <[wehave E,, > E;, and E,, — E is a projection operator. Thus

1w fI* = 1 ESI? = (Bnf, f) = (Eif, f)
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= ((Em - El)fv f)
= (Em — E)fI? = | Enf — ESI,

which gives ||E,,f — Eif|| < /. The sequence E;f, Esf,... therefore satisfies
Cauchy’s convergence condition, and hence has a limit f*, by D of I.1. We thus
define an everywhere defined operator by E'f = f*.

Passing to the limit in (E,, f, g) = (f, Eng) gives (E'f,g) = (f, Eg), and passing
to the limit in (E, f, E.g) = (E.f,g) gives (Ef, Eg) = (Ef, g); hence (E%*f,g) =
(Ef,g), E* = E. Thus FE is a projection operator. For [ > m we have ||E,,f| >
| E.f||; letting | — oo gives ||Enf|| > [|Ef|, so E,, > E by Theorem 15.117

If £y, Es,... are pairwise orthogonal projection operators, then Ei, E; +
Ey, By 4+ E> + Ej, ... are all projection operators (Theorem 16), and plainly form
an increasing sequence. By Theorem 17 they therefore converge to a projection
operator which is greater than or equal to all of them and which we may denote
by Ey+Es+---. Let By = Py, By = Poy,, ..., E1+E2+- -+ = Py. Sinceall £, < E,
M., is a subset of M, so M also contains [Ny, My, ...] = Ny + My + --- = M.
Conversely, all 9t,,, are subsets of 9V, so E,,, < Py = E'. By continuity, therefore,
E < E' (compare the reasoning in the proof above), and 9t is a subset of 9.
Hence 9t = 9, £ = E’; thatis, M = My + My + - - -, or, in another notation,

P vonyt. = Py + Py, +-- -

This concludes our discussion of projection operators.

5. Operators in Hilbert Space

We now understand the geometry of the infinite-dimensional Hilbert space
N well enough to turn to its linear operators, that is, the linear mappings of R
into itself. For this purpose we must introduce several concepts, some of which
have already been anticipated in the preceding section.

We have already dealt with operators in the preceding section. In accordance
with what was said there before Theorem 11, we define them as follows.

Definition 6. An operator R is a function defined on a subset of 9} and tak-
ing values in f3; that is, a correspondence assigning certain elements R f of R to
certain elements f of fA.

117 The source writes E,, in the inequality preceding the limit [ — oo; its index should be I. The
printed index is retained.
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Here we admit the spaces 3, as well as R. Notice that if SR, is an Fp, the
operator R is defined for elements of Fy, that is, ordinary configuration-space
functions, and its values are functions of the same kind. The operators are then
so-called “functions of functions,” or “functionals.” Compare the examples in 1.2
and [.4. The class of f for which Rf is meaningful, the domain of R, need not
include all of fR; if it does, R is called everywhere defined. Moreover, the class
of Rf, the range of R, which is the image of its domain under R, need by no
means be contained in the domain. Thus the existence of R f need not imply that
of R(Rf) = R?f.®

We have already stated in the preceding section what is meant by R + 5, aR,
RS, R™, where R, S are operators, a a complex number, and m =0,1,2,...:

(RES)f=Rf£Sf,
(&R)f =a- Rf7
(RS)f = R(Sf),
R'=1, R'=R, R*=RR, R?=RRR,

In specifying the domains, we must of course remember that the left sides, that is,
the operators R & 5, aR, RS, are meaningful only when the right sides are mean-
ingful. For example, R &+ S is defined only on the common part of the domains
of R and S, and so forth. If Rf takes different values for distinct arguments, the
operator has an inverse R~!: R™!f is defined whenever Rg = f has a solution g,
and is equal to that ¢g. The rules of calculation valid for R + S, aR, and RS were
already discussed in the preceding section. Here we add only the following ob-
servation about domains. The operators declared equal there also have identical
domains, whereas operator equations such as 0 - ® = 0 do not hold as regards

8 Let, for example, R, be an Fy,, where (2 is the space of all real z, —o00 < z < cc. Then d/dx
is a function of functions, that is, an operator; but in our sense it is defined only for those
f(z) that are differentiable and for which

< |d
/_ o 'dacf (z)
is finite (see 11.8, where this is discussed more precisely). Of course, d*f(x)/dz? need not
then exist in general, nor need

be finite. The function f(z) = |z|3/2¢~*", for example, behaves in this way.

2
dx

d2

w dx

()
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domains: 0f is always meaningful, but by definition (0 - R) f is meaningful only
when Rf is, although whenever both sides are meaningful, both equal zero. In
contrast, 1 - R = R-1 = R, and also R™ - R' = R™*! hold for the domains as well.

If R,S possess inverses, then RS also has one, and, as is readily seen,
(RS)™' = S7'R™!. Furthermore, for a # 0, (aR)™! = LR~ If R~ exists, we can
also form the remaining negative powers of R:

RfZ — RflRfl’ R73 — RflRflRfl’

After these general remarks, we turn to a closer examination of the special classes
of operators that will be particularly important for us.

Definition 7. An operator A is called linear if its domain is a linear manifold,
that is, if together with fi,..., f; it contains a; f1 + - - - + a; fi, and if

Alarfi+ - +apfe) = atAfi + - + arAfi.

Henceforth we shall consider only linear operators, and specifically those whose
domains are everywhere dense.

For some purposes, this last requirement can replace the requirement that an
operator be defined everywhere, which we must abandon in quantum mechan-
ics. The point is important enough to merit closer examination. Consider, for
example, the configuration space of Schrédinger’s wave mechanics, assumed for
simplicity to be one-dimensional: —oo < ¢ < +o0.

The wave functions are the (q) with finite | j;o lo(q)|? dg; these form a Hilbert
space (see I1.3). Consider also the operators ¢--- and QLMC%] ---. They are plainly
linear operators, but their domains by no means comprise the whole Hilbert
space. For ¢ - - -, this is because

+00 +o00
/ |qso(q)|2dq=/ ¢*|0(q)|* dg

—0o0 —0o0

may very well be infinite even when fj;o lo(q)|? dq is finite, so go(q) no longer

belongs to Hilbert space. For %diq, this is because there are nondifferentiable
2

functions, as well as functions for which [ :L;o lo(q)|* dq is finite but

—+00 h d 2
— d
/_ _ |2mi dqs&(@) q
h2 400 d 2
= — — d
el dqs@(Q) q
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. 2 _a2 . 2 .
is not, for example |¢|'/2¢™% or e~ sin(e? ). The domains are nevertheless every-

where dense. Both operators certainly apply to every ¢(q) which is nonzero only
in a finite interval —C' < ¢ < C and is continuously differentiable everywhere;
and this set of functions is everywhere dense.”

We further define:

Definition 8. Two operators A, A* are called adjoint to one another if they
have the same domain and the following relations hold throughout that domain:

(Af,9) = (f,A%),  (A"f,9) = (f, Ag).
Interchanging f, g and taking the complex conjugates of both sides shows that
each of these two relations follows from the other. It is also clear that the relation
between A, A* is symmetric, that is, A*, A are adjoint as well. Thus A™ = A.
We also observe that A can have only one adjoint A*: if A is adjoint both to A}
and to A3, then A} = Aj3. Indeed, for every ¢ for which Ag is meaningful,

(Alf,9) = (f, Ag) = (A5f, 9).
Since these g form an everywhere dense set, A} f = Aj f; since this holds generally,
Al = A5. Thus A determines A* uniquely, and likewise A* determines A.
It is readily seen that 0, 1, and indeed all projection operators E are adjoint
to themselves (compare Theorem 12): 0%, 1*, and E* exist and equal 0, 1, and E,
respectively. Furthermore, (¢ A)* = aA*, and, insofar as A + B can be formed at
all, that is, their domain is everywhere dense, (A + B)* = A* + B*. With readily

determined restrictions concerning the domains, we finally have (AB)* = B* A%,
since (ABf,g) = (Bf, A*g) = (f, B*A*g), as well as (A71)* = A*~!, since

(A7 f,9) = (A1 f,A*A* g)

% The discussion of condition E in I.3 shows that it suffices to approximate arbitrarily closely
every linear combination of functions that equal 1 on a finite union of intervals and 0 else-
where. For this, it is enough to approximate each such function individually. In turn, we
need only consider functions equal to 1 on a single interval, since the others are sums of
these. Let the interval be a < x < b. The function

0, r<a—corx>b+e,
ofma—x
cos“| —= , a—e<uz<a,
2 ¢
fla) = Tx—b
2
cos?( = ), b<xz<b+e,
2 €
1, a<zx<b

does satisfy our regularity requirements and gives an arbitrarily close approximation when
€ > 0 is sufficiently small.
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= (AATIf, A lg) = (£, A g).

Return now to the example of Schrodinger’s wave mechanics, this time with
a k-dimensional configuration space. Hilbert space consists of the ¢(qi, ..., qx)

with finite ffooo---ffooo\gp(ql---qk)|2dq1---qu. For the operators ¢;--- and
Sridg T We have

(@) = a, <ii>* A

271 O 271 Oq

/_Z"'/_ZQZ'SD(Ql"'Qk)
(g qr) - day - - dag
/ /

The first is clear from

Q) - dqy -+ - dgy.

/ /°° b0
27m8ql e
) - dgy - - - day

d -d
5 aql@b(ql qk) - dqi - - - dg,

The second says that

that is,
. N\ a q1 qk q1 qk
¥ q1 qk aql Q1 qr
X dqy -+ dqr =0,
or

I; cean) - a=+4
A*)+oc},n§~>+oo /_Oo /_Oo [90((]1 ) - (@ Qkﬂql:—B
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X dqi -+ -dg—1dgiq1 -+ - dgi = 0.

The limit must exist, since the convergence of all the integrals

[ [

is assured: ¢, v, 8%907 a%w belong to Hilbert space.™® It remains only to show
that the limit vanishes. If it were nonzero, the certainly existing limit of

/ / o(qi- - q)V(qr - qp) dqr - - - dg—1 dgiy1 - - - dgge

as qg — +oo or as ¢ — —oo would be nonzero. This is incompatible with the
absolute convergence of

/ / olqr - ar)¥(qr - qr) dgr - - - dg—1 dqr dqiy1 - - - dgy,

since ¢, 1 belong to Hilbert space.
If A is the integral operator

/ / K qe;dh - q)

Qk) d(h ko,

one readily sees that A* too is an integral operator, but with kernel
y g P

K(q\ - dqy;q---q:) insteadof K(qi - qi;qi- ;)

Now consider matrix theory, where Hilbert space consists of all sequences
1, %, ... with finite 37°7 | |2,|>.""” A linear operator A transforms {z1,zs,...}
into {y1,99,...}

A{zy,x9,...} ={y1,90,...}.

T18 The source writes z; in these derivatives, where the coordinate elsewhere in this argument
is g;. The printed notation is retained.

9 The source uses 1 as the summation index but n as the subscript of x,,. This mismatch is
retained.
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Because A is linear, 1, 92, . . . must depend linearly on z1, 73, . . .:%

00
Yu = E AuyTy-
v=1

Thus A is characterized by specifying the matrix a,, . It is immediately apparent
that the matrix associated with A* is @,,, the conjugate transpose matrix.*

The analogy with matrix theory just explained suggests the definition of a
Hermitian operator which we shall now give. At the same time we introduce
two other concepts important for our later purposes.

Definition 9. The operator A is called Hermitian if A* = A. It is also called
definite if, in addition, (Af, f) > 0 always holds.®! ' The operator U is called
unitary if UU* = U*U = 1.9

0" This argument is not rigorous, since it uses linearity for infinite sums, and so forth. It can,
however, be completed as follows. Let o1, 2, ... be a complete orthonormal system, and
let A, A* be adjoint operators. Put f = > z,¢, and Af =5 07, y,p,. Then

Yu = (Af, ‘Pu) =(f A*‘PM)

o0

> (f.00)(A*pu, ) by Theorem 7, )]
1

N
Il

0.9}

xu(@/m A‘Pu) = Z(A@w 80/1)$1/-

v=1

o

N
Il
—

Thus, if we set a,,, = (Ayp,, ¢,), we obtain the formula y,, = Y 0 | a,, @, of the text, with
absolute convergence assured.

In the Hilbert space of sequences z1, x2, . . ., the sequences ¢; = 1,0,0,..., 92 =0,1,0,...,
and so forth form, as is easily seen, a complete orthonormal system. For f = {z1, z2,...} we
have f =Y 0 z,¢,, and for Af = {y1,y2,...}, Af = .- yup,. This recovers precisely
the representation used in the text.

Forming a;,,, for A*, we find

aZV = (A%pu, ) = (pu, App) = (App, o) = Gy

1 (Af, f) isin any event real, since it equals (A*f, f) = (f, Af) = (Af, ).
120" The historical term definite (German definit) permits zero values here. In modern terminol-
ogy this condition is usually called nonnegative or positive semidefinite; strict positive definite-
ness is not intended.
Thus U, U* must be defined everywhere. Moreover, they are inverse to one another, so both
assume every value, and each value only once.

62
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For unitary operators we therefore have U* = U~!. By definition,

(Uf,Ug) = (UUf,g9) = (f,9)

so in particular, for f = g, |[Uf|| = ||f]|. Conversely, this last property implies
unitarity if U is defined everywhere and takes every element of the space as a
value (see note 62). This is proved as follows. First,

IUFI =111,
thatis, (Uf,Uf) = (f, f),
(Ut f)=(f, 1)

Replacing f by (f + ¢g)/2 and (f — g)/2, respectively, and subtracting gives, as is
readily calculated, Re(U f,Ug) = Re(f, g).
Replacing f here by i f gives Im instead of Re. Thus, in general,

(Uf,Ug)=(f,9),  thatis, (U'Uf,g)=(f9)

For fixed f this holds for all g, so U*U f = f; since it holds for all f, U*U = 1. It
remains to show UU* = 1. For every f thereis a g with Ug = f, and then
v f=0U0"-Ug=U-UUg=Ug = f,
hence UU™ = 1.

Since linearity gives

|Uf=Ugll =11Uf =gl =IIf —gll,

every unitary U is continuous. Hermitian operators need by no means be con-
tinuous; for example, precisely the operators important for quantum mechanics,

q--- and QLm.d% .-, are discontinuous.®

% For a prescribed value of [° | (q)[2dg, either of the integrals
+oo ) ) +oo d
d —

/oo q"le(q)["dg  or /oo dqw(a)

can be made arbitrarily large. For example, let ¢(q) = ae~t7 . All three integrals are finite
for b > 0, but are respectively proportional to a?b~/2, a?b=3/2, and a?b'/2, so the values of
two of them can be prescribed arbitrarily.

2
dq
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Our formal rules for A* give immediately the following results. If U,V are
unitary, then so are U ~land UV, and therefore all powers of U. If A, B are Her-
mitian, then so are A + B; but aA is Hermitian only for real a, unless A = 0, and
AB only if A, B commute, thatis, AB = BA. We also know that all projection op-

it exists, and all polynomials in A with real coefficients. It is also noteworthy that
if A is Hermitian and X arbitrary, X AX* is Hermitian:

(XAX*)" = X™A*X* = XAX™.

Examples are all XX*, with A = 1, and X*X, with X* in place of X. For unitary
U, UAU ! is Hermitian, since U~! = U*.

Continuity is fundamental for operators, just as it is for the scalar-valued func-
tions familiar from analysis. We therefore give several criteria for the continuity
of a linear operator.

Theorem 18. A linear operator R is continuous everywhere if it is continuous
at f = 0. A necessary and sufficient condition for continuity is the existence of
a constant C such that |[Rf|| < C - || f]| holds generally. This condition is itself
equivalent to the general validity of

[(Rf,9)l < C-IfI-Mlgll-

For Hermitian R, this need only be required for f = g: |(Rf, f)| < C - | f|% or,
since (Rf, f) is real (note 61),

—C- 1P < (R Py < C-IIfI%

Remark. The concept of continuity for operators originates with Hilbert,*

who called it “boundedness” and defined it by our penultimate criterion. If only
one of the two inequalities in the last criterion holds generally, R is called semi-
bounded, from below or from above, respectively. Thus, for example, every defi-
nite R is semibounded from below, with C' = 0.

Proof. Continuity at f = 0 means that for every ¢ > 0 there is a § > 0 such that
| f]| < 0 implies ||Rf|| < e. Then

If = foll <6

64 Gott. Nachr., 1906.
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= [|R(f = fo)ll = [|Rf — Rfoll <&

thatis, R is also continuous at f = fj, hence everywhere.

If |Rf|| < C - f]|, with, of course, C' > 0, we have continuity: we may put
§ = ¢/C. Conversely, if continuity holds, we may determine the § corresponding
toe = 1and put C = 2/6. For |Rf|| < C - ||f]| holds in any event for f = 0. For
f#0,hence || f|| >0, putg = \(IS/Tﬁ - f. Then ||g|| = 6/2, so

5/2

Rg|| =" |IR 1

IRgll = gy I BT <1,
17 _

IRFI < 5 = Ol

From |Rf|| < C - ||fI| follows |(Rf.9)| < |Rf] - |gll < C- [I£]l- lgll- Conversely,
setting g = Rf in |(Rf,g)| < C - ||f|| - llgll gives [[Rf||* < C - |If]l - [ Rfll, hence
|Rf|| < C || f||- For Hermitian R, it remains to show that

(REOI<C-fIP
= |RALI<C- A Ngll-

Substitution of (f + g)/2 and (f — g)/2 for f gives®

| Re(Rf, 9)|
() -5
col| |7
2 2
_ M —2F||g|| .

%5 The Hermitian character of R is required in the third step of the calculation

f+g f+yg f-9 f-y
03272)‘<Rg:’2>

(Bf,9) + (Rg,[) _ (Bf,g)+ (f, Rg)
2 2

_ (Rf,9)+(Rf,9)
= 5 = Re(Rf,9).
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Now, as in the proof of Theorem 1, replace f, g by af,a™'g, with @ > 0. Minimiz-
ing the right side gives |Re(Bf, g)| < C-|f]| - |lg]l-"*' Next replace f by e f, with
real o; the maximum of the left side gives

(Bf, )< C-Nfl- gl

So far, however, this has been proved only when Rg is defined. Such ¢ form an
everywhere dense set, and Rg does not occur in the final result, which therefore
extends to all g by continuity.

We prove one more theorem on definite operators.

Theorem 19. If R is Hermitian and definite, then

(Rf.9)| < V(Rf. [) - (Rg,9)

always holds. In that case (Rf, f) = 0 implies Rf = 0.
Proof. The inequality follows from the general validity of (Rf, f) > 0, that
is, definiteness, in precisely the same way that Schwarz’s inequality |(f,g)| <
(f,f)-(g,9), or [(f,9)] < |IfIl - lgll, was proved from (f,f) > 0 in Theorem
1. If now (Rf, f) = 0, this inequality also gives (Rf,g) = 0 whenever Ry is
meaningful. Thus it holds on an everywhere dense set of ¢’s, and by continuity
for all g. Hence Rf = 0.
In conclusion, we call attention once more to the important concept of com-
mutativity of two operators R, S, that is, the relation RS = SR.
From RS = SR follows

S--.SSR=S---SRS
~9.---RSS=..-=RS---8S;

that is, R and S” commute, n = 1,2,.... Since R1 = 1R = R and S" = 1, this
holds also for n = 0. If S~ exists, thenS L.SR-S™1=8"1.RS-S7! Inview of

S1.8.R.-S'=6"15.RS'=RS!,
St.RS.S'=95"1R.S571=857!R,
we therefore also have RS~! = S~'R. Hence n = —1 is admissible too, and con-

sequently all n = —2, -3, .... Thus R commutes with all powers of S. A second
application shows that every power of R commutes with every power of S. If R

121 The source prints B here; the operator in the surrounding argument is R. The printed letter
is retained.
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commutes with S, T, it plainly also commutes with all a5, and with S + T and
ST. Together with the preceding result, this implies that if 12, S commute, then
all polynomials in R commute with all polynomials in S. In particular, putting
R = S shows that all polynomials in R commute with one another.

6. The Eigenvalue Problem

We can now address in abstract Hilbert space the problem that was central
to quantum mechanics in the special realizations Fz and Fg: solving equations
E; and E; of 1.3. This is called the eigenvalue problem; we must give it a new,
unified formulation.

In 1.3, both E; and E» required us to find all solutions ¢ # 0 of

Ho = Ap, (E)

where H is the Hermitian operator corresponding to the Hamiltonian function
(see that section), ¢ is an element of Hilbert space, and A a real number: H is
given, while ¢, A are sought.

There were, however, requirements on how many solutions had to be found.
We needed enough solutions to ensure that:

1. In matrix theory, the solutions

©1 = {811,512, . -}, Y2 = {8217822, .- -}7

—we are in F';—could be assembled into a matrix S = {s,, } possessing an inverse
S—1.seel.3.

2. In wave theory, every wave function ¢(q; - - - ¢f), which need not itself be a
solution, could be expanded in a series of the solutions

o1=wo1(q-qr), p2=wpalq1--qr), -,

where @1, 2, ... may belong to different \’s:

olar---a5) = Y canlar - a5)-
n=1
Although this latter point was not mentioned in 1.3, the requirement is indispens-
able for the further development of wave theory, especially for Schrodinger’s
“perturbation theory.”

% See the fifth paper in the book cited in Note 9, Ann. Phys. [4], vol. 80 (1926).
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Now 1 amounts to the same thing as 2. For the matrix S transforms
{1,0,0,...},{0,1,0,...},...into

{311, 512, 813, - - -}; {321, 522, 523, - - -}, )

respectively, and therefore transforms the whole Hilbert space i, into the closed
linear manifold spanned by 1, 2, . ... For S7! to exist, this latter manifold must
therefore also equal 9. But 2 says precisely the same thing: it too requires that
every ¢ be approximated arbitrarily closely by linear combinations of 1, ¢2, . ...
Let us make the implications of this condition precise and reexamine the proper-
ties of equation E with the formal apparatus now available.

First, since ¢ # 0 is required and ay is a solution whenever ¢ is, it suffices to
consider solutions with ||¢|| = 1. Second, we need not require \ to be real; this
follows from Hp = A\g:

(He, ) = (Ap, ) = A, ) = A

(see I1.5, note 61). Third, solutions ¢, p2 belonging to different \;, Ay are orthog-
onal:

(Het, p2) = M1, 92),
(Hot, v2) = (@1, Hpa) = Xa(p1, @2).

Thus /\1(@1, (,02) = )\2(@1, QDQ) and /\1 7£ )\2 give (g01, QDQ) =0.

Let A1, A9, ... now be all the distinct \’s for which E is solvable. For each A
with solvable Hy = Ay, choose a solution ¢, of norm one. By what has just been
said, these ¢, form an orthonormal system. By II.2, Theorem 3(>°) this system is
either finite or an infinite sequence, so the \’s too can be written as a sequence,
possibly terminating.

For each A = )/, all solutions of Hp = Ay form a linear manifold, and in
fact a closed one.?® By Theorem 9, therefore, there is an orthonormal system

7 We deliberately do not discuss finer questions of convergence. They were not formulated
precisely in the original versions of matrix and wave theory either, and we shall settle them
later in any case; see, for example, I1.9.

The latter assertion is immediately clear only for an everywhere-defined continuous H, that
is, when f, — f implies Hf,, — Hf. However, as is easily seen, the weaker property that
fo — f, Hfn, — f*imply Hf = f* also suffices. This is the so-called “closedness” of H;
see the author’s paper in Math. Ann., vol. 102 (1929). It is always satisfied by the operators
of quantum mechanics, even the discontinuous ones. More precisely, a Hermitian operator
that is not closed can be made closed, while remaining Hermitian, by extending its domain
in a uniquely determined way. The analogous statement does not hold for continuity, for
example. See I1.9, p. 76.

68
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©p1s--->Ppu, Of such solutions spanning precisely this closed linear manifold.
The number v, is plainly the maximum number of linearly independent solutions
for A = \,, and is therefore also called the multiplicity of the eigenvalue \,. Here
v = 1,2,...,00; ¥ = oo can occur, for example for H = 1, v = 1.7 By the
preceding discussion, the ¢, 1, ..., ¢,,, for different p are also orthogonal to one
another, so all the

Ppv (p=12..5v=1,...,1,)

together form an orthonormal system. Its construction shows that it spans the
same closed linear manifold as all solutions ¢ of E.

Enumerate the ¢, , in any order as 91,1, .. ., and let the corresponding ), be
MDD X@ . The condition formulated above, that all solutions of E should span
R as a closed linear manifold, therefore means that 1,3, ..., which are only
a subsystem of the solutions, must already do so. By Theorem 7, «), this means
that the orthonormal system is complete.

Solving the eigenvalue problem in the sense of quantum mechanics would
thus require finding enough solutions

P =114,
and )\:)\1,)\2,...

of E to form a complete orthonormal system from them. In general, however,
this is by no means possible. In wave theory, for example, one finds that some of
the solutions of E, that is, E; of 1.3, do not have a finite integral of their squared
absolute value,® and hence do not belong to Hilbert space. Yet all these solutions
are needed to expand every wave function in terms of solutions, as explained
above. Thus there is no complete orthonormal system of solutions in Hilbert
space, the only space admitted in E.

On the other hand, Hilbert’s theory of the eigenvalue problem shows that
this phenomenon is by no means exceptional in the behavior of operators, even
continuous ones.”’ We must therefore deal with the situation that arises when it
occurs. Its physical meaning will be considered later; see II11.3. When it occurs,
that is, when the orthonormal system selected from the solutions of E is not com-

122 The source prints v = 1 at the end of this example. For the identity operator, the eigenvalue
is A = 1 and its multiplicity is infinite. The printed symbol is retained.
% See, for example, Schrodinger’s treatment of the hydrogen atom in the work cited in
Note 16.
70" See the reference in Note 64.
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plete, one says that a “continuous spectrum of H” exists. The A;, Ay, ... form the
“point spectrum of H.”

Since the formulation based on E has proved inadequate, our next task is to
find another formulation of the eigenvalue problem for Hermitian operators and
then apply it to quantum mechanics. First we shall state and explain this formu-
lation, following Hilbert; see the reference in note 70.

7. Continuation

The equation
Hp = Ap,

together with the requirement that a complete orthonormal system can be formed
from its solutions, was obtained by analogy with the finite-dimensional spaces
R,

In R, His a matrix {h,,}, p,v =1,....n, by, = h_w; it is a familiar algebraic
fact that the solutions ¢ = {z1,...,x,} of Hp = A\p, that is,

Zhwxvz)‘xu (n=1,...,n),
v=1

contain a complete orthonormal system.”!

As we have seen, letting n — oo does not carry this property of R, over
to R, so the eigenvalue problem must be formulated differently in .. We
shall now see that it has a new formulation which is equivalent to the old one in
R, and does extend to .. Both formulations express the same thing in every
R,, n = 1,2,..., namely the possibility of transforming Hermitian matrices to
principal axes; but one extends to 9, while the other does not.

Let {z11,...,Z1n}, .-, {Tn1, ..., Zn,} be the complete orthonormal system of
solutions of the eigenvalue equation, and A4, ..., A\, the corresponding \’s. Thus
the vectors {x11,..., 210}, ..., {Tn1,. .., Tnn} form a Cartesian coordinate system
in R,,. The transformation formulas from the coordinates 11, ..., r, in this coordi-
nate system to coordinates &, . . ., &, are then

{517 <o 7€n}
- xl{xlla s 71:172} + -+ xn{xnla s 7xn’rl};

71 See, for example, Courant-Hilbert, cited in Note 30.
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that is,
n n
§1= Z Tp1lp, -+, §n = Zx,un?,m
p=1 p=1
and inversely,

n n
= E xl,ug;u ey In = E xn,ug,u-

Using the variables r1,...,r, and a new set n,...,n,, together with the as-
sociated 11,...,1, given by the formula above, we may write the conditions

n
Y et b o = Ay, as

Z (Z huvxpl/> M

pu=1 \v=1
n
= E : Aok Tl
p,p=1

that is,

> b

pr=1

Y (z —g) (z _77>
p=1 p=1 pn=1

The Cartesian character of our coordinate system, on the other hand, is expressed
by
n
> 6T
p=1

Finding a matrix {z,,} with properties D and O is thus equivalent to solving
the eigenvalue problem in fR,; and it was in this form that the transfer to R
failed. This failure is not surprising, however, for the following reason. Condi-
tions D and O do not completely determine the unknowns A,, z,,,. Although the
theory of these principal-axis transformations shows that the ), are uniquely de-
termined up to order (see the reference in note 71), the situation is much worse

(D)

(©O)
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for the z,,,. Each row z,,...,z,, may plainly be multiplied by a factor 6, of ab-
solute value one. If some ), coincide, even an arbitrary unitary transformation
among the corresponding rows z,1, . .., x,, is admissible! To attempt the difficult
passage to the limit n — oo with quantities that are not uniquely determined is
hopeless. How can the process converge when the freedom in choosing A, z,,,
allows them to undergo arbitrarily large fluctuations along the way?

This gives us a clue to the proper approach. We must first try to replace condi-
tions D, O and the unknowns \,, z,, by new conditions and quantities with the
required uniqueness. We shall find that passage to the limit then presents fewer
difficulties.

If [ is any value assumed by one or more \,, then

5 ( —5) (zm)
Ap=l \p=1 pn=1

is invariant under the changes of \,, z,, listed above, which are compatible with
D and O. If [ differs from all the ), the expression is zero and is therefore certainly
invariant. Consequently the Hermitian form

E(l;€,m)
-3 (e ) (L),
A<l \p=1 p=1
where £, stand for &;,...,&, and 1, . . ., n,, respectively, is likewise invariant, for

arbitrary [.1%

Knowing the E(l; &, n), that is, their coefficients, makes it easy to recover the
Aps T If we therefore formulate the eigenvalue problem, D and O, so that only
the E(l;&,n) occur in place of the \,, z,,, we have achieved the desired unique
formulation.

Let E(1) be the matrix of the Hermitian form E(I; £, n).”> What do D and O say

125 The source prints m as the last upper summation limit in D and mixes the summation
indices p, p in O and in the displayed definition of E(/; £, n). These indices are retained. The
preceding coordinate transformation supplies the consistent interpretation.

72 Thatis, E(l) = (e, (1)) and

n

E(lvévn) = Z euu(l)guﬁu-

nr=1

Thus e (1) = >_5 <) TouZov-
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about the family of matrices E([)?

O means that for sufficiently large [, namely larger than every \,, E(I) = 1, the
unit matrix. The nature of £(/) shows that for sufficiently small /, namely smaller
than every \,, E(l) = 0; and as [ increases from —oo to +00, E(l) remains constant
except at finitely many points, where it changes by jumps. These points are the
distinct values among Ay,..., \,; denote them by [; < Iy < --- <[, m < n. At
each such point the function is discontinuous only from the left, since -, _; is
continuous from the right as a function of /; with }°, _, the reverse would hold.
Finally, as we shall show, for I <",

EW)EW") = EQ"E() = E(1),

where the products are matrix products.

It is more convenient to prove this for E(I';¢,n) and E(I";€,7n) in the coor-
dinate system of r;,...,r, and vy,...,1,. Introducing these variables changes
E(l';¢,m) and E(I";€,n) into

Z LYy and Z £pYp;
A<l Ap <l

respectively. Their matrices thus have zeros everywhere off the diagonal; in the
pth diagonal position they have 1if A, < " or A, < 1", respectively, and 0 other-
wise. For these matrices the assertion above is clear.

We now reformulate D as well. It evidently says

> &

w,r=1
= IA{E(l;6n) - E(l—1:&,0)},
T=1

where [y is any number less than [;. But E(l; &, n) is constant on each of the inter-
vals

—OO<Z<Z1; l1§l<l2;

ey

o1 <1< lyp; 1y <1< 4o0.

Thus for every system of numbers Ay < Ay < Ay < .-+ < Ay, provided [y, ..., 1,
occur among Ayq, ..., Ay,

> hwémy

pr=1
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k
— ZAT{E(AT; §&n) — E(A—1;€,m)}.

Using Stieltjes’s concept of the integral,”® this can also be written

+o00

> b= [ AEXEn),

pr=1 -0

The integral | _Jr;o can plainly be replaced by any f;’ with a < I3, b > [,,. Alterna-
tively, since this equation holds for every coefficient, we can write it as a matrix
equation:
+o0
H= / ANAE(N), H={h.}

Our discussion has thus led to the following task. Given a Hermitian matrix
H = {hu }, find a family of Hermitian matrices E()\), —oo < A < 400, with these
properties:

S1. For sufficiently small A\, E()\) = 0; for sufficiently large A, E(\) = 1. As
a function of A, E()) is constant everywhere except at finitely many points. At
those points it changes by jumps, with discontinuity only from the left.

Sy. We always have E(N)E(\") = E(Min(\, \")).7*

S3. Using the Stieltjes integral,

H = /+OO>\dE()\).

oo

Although it would be easy to recover the solutions D, O from 5,-S53, we shall not
do so here, since this is the only form of the eigenvalue problem that we shall

73 For the concept of the Stieltjes integral, see Perron, Die Lehre von den Kettenbriichen, Leipzig,
1913; and, with particular attention to the requirements of operator theory, Carleman, Equa-
tions intégrales singulieres, Upsala, 1923. For readers less interested in these matters, its defi-
nition will suffice. For every partition Ag, A1, ..., A of the interval a, b, with

a§A0<A1<---<Ak§b,

form the sum Zle F(A){g9(Ar) — g(A-_1)}. If this converges as the partition Ay, ..., A
is made progressively finer, the integral f; f(z)dg(x) is declared to exist and to equal this
limit. For g(x) = z, it becomes the familiar Riemann integral.

In our case, therefore, the equation derived states that | _Jr;o xdE(x;&,n) exists—we used
A instead of x for the variable—and equals >7 | _; 7 &uiy-
min(a, b, ..., e) is the smallest, and max(a, b, . . . , €) the largest, of the finitely many real num-
bers a, b, ..., e.

74
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need in quantum mechanics. Instead, we proceed at once to generalize 5,-53
from finitely many to infinitely many variables, that is, from R,, to R.

In R, H and the F(\) must evidently be understood as Hermitian operators.
Given H, we shall therefore try to determine a family £()) standing in a certain
relation to it, modeled on 5,—-53. We must find the i, analogues of 5,-55.

We retain S, unchanged, since the number of dimensions of R,, plays no role
here. We shall, however, reformulate it slightly using our results on projection
operators (I1.4). First, for X' = )" = ), it states F(\)?> = E()), so the E(\) must be
projection operators. Then S, means that \' < A’ implies E(\') < E()\"); we may
restrict ourselves to A’ < )”, since the corresponding result follows for A" > \".
See Theorem 14 and the text following it in II.4.

Some caution is required with S3: A = [~ AdE()) is meaningless, since the
Stieltjes integral is defined for numbers, not for operators. It is easy, however,
to replace H, E(\) by numbers that convey the intended operator relation. We
require

400
(Hf.9)= [ AdENL9)
for every f, g in R, insofar as Hf is meaningful; H = fj;o AdE()) is to be under-
stood only symbolically, as an abbreviation for this.

Finally, S; is substantially affected when the number of dimensions becomes
infinite. In R,,, the points beyond which E()) equals 0 or 1, or at which it makes
its discontinuous jumps, are the eigenvalues of H, while its intervals of constancy
are the intervals free of eigenvalues. As n — oo, various things can happen. The
smallest and largest eigenvalues may tend to —oo and +oo, respectively, while
the others, becoming ever more numerous, may become more and more densely
situated, so that the intervals of constancy may shrink to points. In Hilbert’s the-
ory, this last possibility in particular may signal the appearance of the so-called
continuous spectrum.”> We must therefore alter S; quite substantially in pass-
ing from the R, to R, allowing for the possible disappearance of the discrete,
stepwise character of the variation.

From this perspective it is quite plausible to drop the requirement that £(\)
eventually attain the values 0, 1, and instead require merely convergence to 0 and
las A = —ooand A — +oo, respectively. Likewise, instead of requiring constancy
on intervals and jumps at points, we admit continuous increase as well. The less

75 See the reference in Note 64 and Carleman’s book cited in Note 73. We shall return in detail
to these “continuous spectra”; see II.8.
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restrictive requirement that, at any point of discontinuity, the function be discon-
tinuous only from the left may, on the other hand, be provisionally retained. We
therefore formulate 5; as follows: as A — —o0, E(\) — 0; as A — o0, E(\) — 1;
and as A — Ao, A > g, BE(\) = E()\g).”°
One more observation is needed concerning 5. In the finite-dimensional R,
wehad A =" [, F,, where F, denotes the matrix F(l.) — E(l,_1). By 5,7
foro > T1:
FoE(,)
= E(ZT>E(ZU) - E(ZT—I)E<ZG>
= E(l;) = E(l;-1) = I,
foroc<rt-—1:
F.E(ly)

Consequently,

Similarly, H? = "™ | IPF,. The same transformation as for H itself therefore gives

T=1"T
+00
H2:/ N dE(N).

—00

76 By A(\) — B, where A()\), B are operators in R, and \ is a parameter, we mean that
A(N) f — Bf for every f in R. This is thus an abbreviation for convergence statements in
Hilbert space.

124 The source cites S; here; the multiplication rule used below is stated in S>. The source
reference is retained.
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In R, we therefore expect the analogous symbolic equation, which in scalar form
reads e
(.= [ RdEO.g)

This will be confirmed below. For f = g, since

(Hf, ) = (Hf,HF) = [HFIP,
(BN ) = IEXFIF,

it follows that .

M7= [ X a0
This formula suggests that the £(\) determine not only the value of Hf when it is
meaningful, but also when it is meaningful. For the integral [ _Jr;o NEA(|EN)f1?)
has an integrand which is never negative, \* > 0, and a nondecreasing expres-
sion after the d sign, ||[E()\) f|%* compare S, and Theorem 15 in I1.4. Thus by its
nature the integral either converges to zero or to a positive finite value, or di-
verges properly, that is, to +00.”” This holds independently of its relation to H,
whether Hf is meaningful or not. We may therefore expect Hf to be meaningful,
that is, to exist in R, if and only if the proposed value of ||Hf||?, namely the
expression | _Jr;o M2 d||E()) f]|?, which is meaningful for every f, is finite.

Our reformulation of S;-55 therefore reads as follows. Given a Hermitian
operator H, we seek a family of projection operators E(\), —oco < A < +o0, with
the following properties:

S1. As A — —ooor A — +oo, E(A)f — 0 or f, respectively; as A — )¢ with
A> X, EQN)f — E(N\o)f, for every f.

So. If N < N, then E(\) < E(\).

S3. The integral

00
| eanemsp),
which by its nature either converges to zero or a positive finite value, or diverges
properly, determines the domain of H: Hf is defined if and only if this integral is
finite. Then, for every g,

+00
(Hf.g) = / NA(EM)f.g).

oo

7 This follows from the definition of the Stieltjes integral given in Note 73. For a proof, see
the accounts cited there.
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The latter integral converges absolutely whenever the former is finite.”

H itself does not enter properties Sy, S5 atall. A family of projection operators
E()\) with these two properties is called a resolution of the identity. A resolution
of the identity standing in relation S; to H is said to belong to H.

Thus the eigenvalue problem of R is this: does every given Hermitian op-
erator H have resolutions of the identity belonging to it, and how many? The
desired answer would be that there is always exactly one. We must also examine
how our definition of the eigenvalue problem relates to the methods generally
used in quantum mechanics, especially in wave theory, to determine the eigen-
values of Hermitian operators.

8. Preliminary Considerations on the Eigenvalue
Problem

The first question prompted by our definition of the eigenvalue problem is
this. Conditions 5,-53 look completely different from the problem with which
we began the preceding section; it is no longer apparent what they have to do
with one another. In fR,, to be sure, we derived S-S5 from those conditions. In
R, however, the situation is essentially different: the two formulations are no
longer equivalent here, although, as mentioned, they were equivalent in R,,. The
entire question is therefore reopened. We must determine to what extent the new
formulation includes the old one, that is, when and how our E()\) determine the
earlier A1, Ao, ... and ¢1, @9, .. ..

Let the resolution of the identity E(\) belong to the Hermitian operator A.
When is the equation

Ap = Ay

solvable? The equation Ay = gy is equivalent to (Ap, g) — Ao(p, g) = 0 for every
g; that is, ™

0— / T NEON9) — 2ol 9)

8 See Math. Ann., vol. 102 (1929).
125 The source changes the unknown from ¢ to f in this derivation, retaining ¢ in the first
subtracted term. Its notation is retained.
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SRICTER

= [ 02BN 0)

—0o0

First put g = E()\o)f. Then

0= / T 0= M) dENf EOo))

—Oo

_ /OO (A= Ao) d(EQ)EON £, /)

—Oo0

- /OO (A = Qo) d(E(Min(X, Xo)) f, f)

—0o0

= [ = (BT ) )
We can split [~ _into [ _Ago + [y, In the first integral, Min(), Ao) can be replaced by
A, and in the second by ). The expression after the d sign in the latter integral is
therefore constant, so that integral vanishes. The first integral therefore gives °

[ = diEmsi <o

Ao
Second, put g = f. Then

0= / "= M) AEN S, f)

~ [ - rmpagEes?),
Subtracting the first equation from this, and also reversing the sign of the inte-
grand, we obtain

Ao

| o= N a(E0fI) =0

Now examine the integrals f (Ao =N d(IEN)fI?) and [7(A = Xo) d([[E(N) f]1?)
more closely. In both, the integrand is nonnegative and a monotonically nonde-
creasing function of A stands after the d sign. Thus for every ¢ > 0,

/ "o = V([ EO)FI?)

—0o0

126 The source prints the limits )¢, co in the following integral, although the preceding split
requires —oo, A\g. The printed limits are retained.
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Vv

Ao—€
/ (o= ) d(|EQN) ]2

/M dENFIP)

=c-|[E(A —e)fIP,

Vv

and

e.¢]

(A= X0) d(IEN)fI)

Ao

> / T ) dIEN )

ote

> / _=dIBNIP)

=e(lFI”P = 1EGo + ) £11%)
—e|lf = E(o+o)f|*

The right sides are therefore nonpositive; since they are identically nonnega-
tive, they must vanish. Hence

E(X —¢e)f =0, EX+e)f =

By the right continuity of £ ()\), we may let ¢ — 0 in the second equation, obtain-
ing E(X\o)f = f. For A > )\, the second equation, with ¢ = A — Ay > 0, then gives
E\)f = f; for A < A, the first, with e = \g — XA > 0, gives E(\) f = 0. Thus

f7 )\2)\07

BN = {0, A< .

This necessary condition is also sufficient, for it implies

(Af.9)= [ AEO9) = olf.9).
as follows by recalling the definition of the Stieltjes integral in note 73. Hence
(Af —Xof,g) =0 for every g, thatis, Af = A\of.

How should this condition be interpreted? First, it implies that £()) is discon-
tinuous at A = \g. By Theorem 17 in I1.4, E'(\) must tend to a projection operator
both as A — Ao, A < Ag, and as A — Ao, A > \¢; denote these limits by E(l)(/\o)
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and E®@)()), respectively.”” By S;, E®(\) = E()\o), but in the case of disconti-
nuity, EM () # E(\). Furthermore, since E(\) < E()\g) for A < Ay by S5, we
always have EM()\g) < E()\). Thus E()\) — EM()\) is a projection operator, and
discontinuity is characterized by its being nonzero.

The condition E(\)f = 0 for every A < \g implies E(M(\g)f = 0, and is also
a consequence of it, since £(\) < EM()\y). The condition F(\)f = f for every
A > X follows from E(\) f = f: wehave E(\) < E(N), E(N)E(X\) = E(\y), and
hence E(\)f = E(N)E(M\o)f = E(X\o)f = f. Thus Af = A\of is characterized by
EM(N\o)f =0, E(\o)f = f, or, by Theorem 14 in 11.4, by (E()\o) — EM (X)) f = f.
If we put E(\g) — EM(\g) = P, , this says that f belongs to 901,,.

We have therefore shown that Af = Af has a nonzero solution f only at points
of discontinuity of E()); the solutions form the closed linear manifold 91, just
defined.

The complete orthonormal system of solutions, possibly belonging to differ-
ent \’s, sought in IL.6 therefore exists if and only if the 9M),, —co < Ay < oo,
together span the closed linear manifold :.,,. We discussed in II.6 how the sys-
tem is then to be constructed. The mutual orthogonality of the 91, can be seen
afresh: Ay < po implies

P, P,
= (E(Xo) — EM(X0)(E (o) — EM (o)) =0,

because

E(Xo) — EW () < E(X\o) < EW (1),
E(po) — BV (o) <1 — EW(po).

Without determining precisely when such a complete system exists, we can
at least show that it cannot exist if £/(\) increases continuously on some interval
w1, po: thatis, if py; < po, F(A) is continuous on 3 < A < po, and E(u1) # E(us).
For when A < 1y, E(\) — E(l)()\) < E(A\) < E(); when p1 < A < po, continuity
gives E(\) — EW(\) = 0; and when s < A, E(\) — EM(\) < 1 - EM()) <
1— E(uz). Thus E(\) — EMW()) is always orthogonal to E(jis) — E(j11). Put E(j19) —

79 This was proved only for sequences of A’s. The limit must, however, be the same for all
such sequences approaching )¢ from a given side (either A < Ay or A > \¢). For two such
sequences can be interlaced to give another of the same kind; since the latter has a limit,
both constituent sequences must have that same limit. It follows that the same convergence
holds as A approaches Ay continuously from that side.
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E(p11) = Py then all 9ty are orthogonal to . If a complete orthonormal system
could be selected from them, 91 would contain only 0, that is, E(u2) — E(u1) = 0,
contrary to the assumption.

We call the points of discontinuity of £(\) the point spectrum of A. They are
the A for which Af = \f, f # 0, is solvable. Choosing an f with || f|| = 1 from
each nonzero M) produces an orthonormal system, by the orthogonality of the
My. By Theorem 3 in I1.2, this system is finite or a sequence, so the \’s of the
point spectrum form at most a sequence as well.

The spectrum of A consists of all points in every neighborhood of which E())
is nonconstant. We have seen that if there are intervals containing points of the
spectrum of A but none of its point spectrum, that is, intervals of continuity of
E()) on which it is not constant, the eigenvalue problem is certainly not solvable
in the sense formulated at the beginning of II.6. We shall not investigate the pre-
cise conditions of this insolubility further. The problem may also be insoluble
when the point spectrum meets every interval containing points of the spectrum.
Separating the point spectrum from the rest is then considerably more laborious
and falls outside the scope of our subject. The reader will find these investiga-
tions in Hilbert’s cited papers.

We shall, however, show how to construct £()\) when there is a complete
orthonormal system ¢, ¢, ... of solutions of Ay = Ay, with A = Aj, g, ... for
© = 1,2, ..., respectively—the case of a pure point spectrum, as we shall call it.

We have®
E(\) = Z Py,
A<

The sum may have no summands, in which case E(\) = 0; a positive finite num-
ber, when its meaning is clear; or infinitely many, when it converges by the con-
cluding discussion of 11.4.

Indeed, S5 is evident, for if N < \”, then

EN)—EN)= > By,
N <A<\

is a projection operator, so E(\') < E(\") by Theorem 14.

80 This is the exact counterpart of the definition of E()\; &, ) given in 11.7.
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To prove S, note that for every 18
S PP =D U el = 1P
p P

by Theorem 7; thus > [| P, f | converges. For every ¢ > 0, we can therefore
specify finitely many p’s such that the sum over those alone already exceeds
| fII*> — &, and consequently every sum Z'p from which they are absent is less

than . Then also )

/
> Pyt
p

/
=D NP fIP <e.
p

In particular,

> Pf| <e
A<
2
> Pof| <e
Ap>A
2
> Pof| <e
Ao<Ap<A

when ) is chosen sufficiently small, sufficiently large, or sufficiently close to g
and > ), respectively. Thus indeed®

E\f = Z Py, f — 0

Ap<A
as A\ — —oo,
f=ENf=>Y_ Py f—0
Ap>A
as A — +0o,

81" As the construction in the proof of Theorem 10 shows, P, f = (f,¢) - ¢ when |[¢| = 1;
hence || P fI| = [(f; )] = [(2, F)I-

82 By Theorem 7,
F=> (1,00 00=Y _ Poyf-
0 0

This also follows from the concluding discussion in I1.4.
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ENf—-EMXN)f= Y  DPgf —0

Ao<A, <A
as)\—>)\0, )\2)\0
Thus S; holds.

To establish S, put f = z1p1 + 2202+ -+, 50 Af = Mz1p1 + Aewapa + - - - . For
Af to be meaningful, > | A%|z,|* must therefore be finite. But™

/ N2 d|EOV) /2

/ AR

Ap<A

o
- Z)‘§|%|27
p=1

| awisg

:/ Ad prvp

Ap<A

= Z Moolp = (Af, 9)-
p=1

and®

8 By Note 73,

/_ (Z mg2> = hmZAQ Z ERE

Ao<A Ar_1<Xg<A,

If A2 — AE_l < ¢ throughout, that is, if the mesh Ay, ..., A, is sufficiently fine, this changes
by less than e }~0° | |z,|* = ¢[| f||* when replaced by

k
Z Z )‘Z|x9|2 = Z )‘Z|x9|2'

T=1A,;_1<A,<A, Ao<Ap <Ay

For Ao sufficiently small and Aj; sufficiently large, this is arbitrarily close to
> o001 A2|w,|?. ¥ [Translator’s note: In the preceding sum, the source uses the summation
index 7 but retains g in the summand; this inconsistency is reproduced.] This sum is there-
fore the required limit, that is, the value of the integral.

The next integral formula is proved in exactly the same way.
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Thus S is satisfied as well. 7?8

Let us also consider two cases of a pure continuous spectrum, that is, cases
in which there is no point spectrum at all. Let i be the space of all functions
f(q1 - - - q) with finite

/ / |f(Q1"'CIz)|2dCJ1“'sz,

and let A be the operator ¢; - - -, whose Hermitian character is evident.

The equation Af = Af means (¢; — A\)f(q1,...,q) = 0, thatis, f(g1---¢) =0
everywhere, with the possible exception of the (I — 1)-dimensional plane q; = 0.
But, by what was said about condition B in I1.3, this plane is inessential because
its Lebesgue measure, that is, volume, is zero; hence f = 0.541%

Thus there is never a nonzero solution of Af = Af. We can nevertheless
see, by a nonrigorous argument, where to look for the solution. The equation

128 The source prints A? on the left of the second integral identity, where the right side requires
A, and changes v, to y,, for the same coefficients. It also prints A\ > X above where A > )¢ is
intended. The printed forms are retained.

At this point the mathematically correct method we follow diverges from Dirac’s symbolic
procedure (see, for example, his book cited in Note 1). Dirac’s procedure nevertheless treats
the functions f satisfying (¢ — A) f (q) = 0as solutions for simplicity, we putl = j = 1,
q; = g. Yet every inner product (f,g9) = [ f(q dq is zero, whereas f is to be nonzero.
The function f(q) is therefore imagined to be mflmte at ¢ = ), the only point where it is
nonzero, in such a way that the inner products (f, g) become nonzero. Since f(¢q) = 0 for
q # ), the integral [ f(¢)g(q) dg can depend only on g()\); and its additivity clearly requires
it to be proportional to g(/\) Thus it is cg(\), where ¢ # 0. Replacmg f(g) by f(g)/c makes
¢ = 1. We thus have a fictitious function f(q) satisfying [ f(¢)g(q) dg = g(\).

It is enough, of course, to consider A = 0. Then write f (q) = 5 (q); it is defined by

84

A as(g) =0, / 5(q)f(q) dg = (0).

For arbitrary ), the solution is §(¢— ). Although no function § with property A exists, there
are sequences of functions tending toward such behavior; naturally, the limiting function
does not exist. Examples are ' [Translator’s note: Here, and in the approximate functions in
Notes 97 and 98, the source alternates between ¢ and x. Its notation is retained.]

0, J|z|>¢,

1
a0 < )
fo(q) = { e Pl<e

or f-(q) = /a/me " as a — +oo. See also 1.3, especially Note 32.
The source prints g; = 0 for the exceptional plane; the preceding equation gives ¢; = ), as
the following paragraph also states. The printed zero is retained.

129
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(¢ — N f(q1,...,q) = 0says that f may be nonzero only for ¢; = A. A linear com-
bination of solutions for several values, say A = X, )", ..., A®), would therefore
be an f nonzero only for

g =N, X'\,

As a linear combination of all solutions with A < )y, we may therefore regard
an f which is nonzero only for A < )\g.?! In the case of a pure point spectrum,
however, we had

= Y Py, = Pn,,

ApS/\O

Ny, = [Spp()\pg)\o)] )

that is, 91\ consisted of the linear combinations of all ¢, with A, < Ay, hence of all
solutions of Af = Af with A < A\o. We may therefore expect, nonrigorously and
heuristically of course, that now E()\g) = Py, where 1), consists of the f which
are nonzero only for ¢; < Xo. Then $i — 9, plainly consists of the f which
always vanish for ¢; < )\¢. Consequently,

flar-a), g < Ao,

E<>\0>f(QI"'QZ){O ¢ > A
; j 0-

In this wholly nonrigorous way we have found a family of projection operators
E(X\) which may be expected to satisfy S;—S; for our A. Indeed, S; and S5 hold
trivially; in S, the case A — )\ holds even without the restriction A > \g, so E()\)
is continuous everywhere in \. To see that S5 also holds, it suffices to establish
the equations

/- T X AEW?

:/ \2d / / / -l

2
:/ A / / vl

; c-dgj—1dgjs1---dg

31 The source writes A < )y here. Since the passage concerns the support of f, this should

read ¢; < Ag. The original wording is retained.
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/ / Clf(a- - g-1aia1 - @)l

d% 1 dQJ dQJ+1 -dq
= ||Af||2,

| e
:/ Ad / / /f %)

and

x g(q1 - ~qu) dqi - - dgj - - - dg
/ / f : ijl)\QjJrl s QZ)
d)\
/_ X g(q1- - -1 Agj+1 - q1)

X dgy - - - dgj—1 dgjtr - - - dgp

/ / q;f “qj-145495+1 " - Q)

X g q1 - 4q;-14959541 " QZ>
X dqy - - - dgj—1dg; dgj1 - - - dgp
= (Af,9).

Once again, the approach based on the point spectrum, or equivalently on the
old definition of the eigenvalue problem, must fail, since E()\) increases continu-
ously everywhere.

This example also indicates how to find the £()) in the continuous spectrum
in the general case. Determine (without mathematical rigor!) the solutions of
Af = \f; since A lies in the continuous spectrum, these f do not belong to $i.
at all. Form their linear combinations for all A < ). Some of these again belong
to R and may form a closed linear manifold N,,. Then put E(\g) = Py, . If
this has been done properly, one can afterward verify S-S5 for A and these E(\),
thus giving a rigorous justification of the heuristic argument after the fact.

8 A rigorous development of this idea, which is to be regarded here only as a heuristic ap-
proach, is given in papers by Hellinger, J. f. Math., vol. 136 (1909), and Weyl, Math. Ann.,
vol. 68 (1910).
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The second example we wish to consider is the other important operator of
wave mechanics, 2h 9 . To avoid inessential complications, put [ = j = 1; the

other cases proceed 51m11ar1y. We must therefore examine the operator

h 0

Afla) = 27i 8q

(9).
When ¢ ranges over —oo < g < +o0, this is a Hermitian operator, as we saw in
I1.5. For a finite range a < ¢ < b, however, this is not so:

(A/fv g) - <f7 A/g)

For this to vanish, the domain of ;- gq must be restricted so that two arbitrarily

chosen f, g from it satisfy f(a)g(a) ) = f(b)g(b), that is, f(a) : f(b) = g(b) : g(a).
Varying f with g fixed, we see that f(a) : f(b) must have the same value ¢

throughout the domain, where 6 might also be 0 or co. Substituting for f, g then
gives =1 /6, that is, |#| = 1. Thus, to make %6% Hermitian, we must impose an
additional boundary condition of the form

with ¢ any fixed number of absolute value one.
First take the interval —oco < ¢ < +o0.
The solutions of Ay = Ay, that is, 7-¢'(q) = Ap(g), are the functions

olq) = ce F M.
These cannot, however, be used directly for our purpose, since [~ _[p(q)[*dg =

f Cw |c|2 dq = +o0o, unless ¢ = 0, ¢ = 0. Notice that in the first example we found
the solution (¢ — \), a fictitious, nonexistent function (see note 84); here we find
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e’n M, a perfectly ordinary function, which nevertheless does not belong to 9,
because the integral of its squared absolute value is infinite. From our standpoint
the two situations amount to the same thing: whatever does not belong to R
does not exist for us.®

As in the first case, we now form linear combinations of the solutions belong-
ing to A < ), that is, functions

Ao 27i
fla) = [ e
We hope that among these there will be functions belonging to %R, that these
will form a closed linear manifold 9%} , and finally that the projection operators
E'(No) = Py, . will form the resolution of the identity belonging to A’. An exam-
ple supporting the first conjecture is obtained by putting

1, A>)\
c(N=<{" """ A<
0, A< A,

Then

Ao
fla) = / ¢ g
A

1
27

e h Nd e%)‘lq

2l
This f(q) is regular at every finite point and decreases like 1/q as ¢ — %00, so
[ 1f(g)|? dq is finite. The other conjectures are also correct, as follows from the
theory of Fourier integrals. That theory states the following.®”

Given any function f(z) for which [~ |f(z)[?
function

dx is finite, we can define the

m/ e

The integral [~ _|F(y)|* dy is again finite and in fact equals [°_|f(z)|* dz. More-
over, LLf(x) = f (—x). This is the so-called Laplace transformatlon, which also
plays a major role elsewhere in the theory of differential equations.

% Naturally, only success in physical applications can justify this standpoint, or its adoption
in quantum mechanics.

87 Plancherel, Circ. Math. di Pal., vol. 30 (1910); Titchmarsh, London Math. Soc. Proc., vol. 22
(1924).
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Replacing =,y by \/27/hq, \/27/h p, we obtain the transformation

27

Mf(q) = F(p) f/ P f(g) dg,

which has the same properties. It therefore maps R, onto itself: M f(q) = g(p) is
solvable for every g(p) in R, with f(q) = Mg(—p). It leaves || f|| invariant and is
linear; by 115, this M is unitary. Also M?f(q) = f(—q),so M1 f(q) = M*f(q) =
M f(—q), and M commutes with M?, that is, with f(q) — f(—q).

Our proposed definition of 9t} was therefore that f(q) belongs to it if F'(p) =
M~ f(q) vanishes for every p > ). Here

F(p) = Vhe(p),

with the ¢(\) used above. These F(p) form, as we know, the closed linear man-
ifold 91,,; hence its image under M, 97, ,» is also a closed linear manifold. The
operator £'(\o) is obtained from F(\o) just as 91)  is obtained from 9M,,, by trans-
forming all of R, with M. Therefore E'(\g) = M E(\g)M~!. Consequently E'()),
like E()), has properties S, S». It remains to prove S, that is, that the resolution
of the identity E()\) belongs to A’.1%

We confine ourselves to showing that if f(¢) can be differentiated with-
out particular convergence difficulties and [ |5 f'(¢)|*dg is finite, then
J22 A2 E' (M) f))? is finite and (A'f, g) f_ooAd (E'(N)f,9).5% Indeed, with
M~'f(q) = F(p),

132 The source omits the prime on E in this sentence, and on A in the equation Ay = Ay above.
The surrounding argument concerns E "and A’; the printed notation is retained.
8 That is, E’(\) belongs not to A’ = a itself, but to an operator whose domain includes

27rz

that of A’ and which agrees with A’ on the latter domain. See the discussion in I1.9.
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Thus for the specified f, A = MAM~!, where A is the operator q---, or p- - -

since we use p as the variable here. Since the assertions above hold for A, E()),
they remain valid after transforming 9i, by A; hence they hold for A" = M AM -1
and E'(\) = ME(A)M~1.

The situation is essentially different for _a_ on the interval a < ¢ < b, with

finite a < b. As we know, a boundary condition

fla): f0) =0, 0] =1,

is also necessary to preserve its Hermitian character. Again %g flq) = Af(q) is
solved by

flq) = ce ™,
but now f; \f(q))?dq = f; Ic|*dgq = (b — a)|c|? is finite, so f(q) always belongs to
R The boundary condition must still be satisfied:
Fla): f(b) = enMab) — g,
Putting 0 = e, 0 < o < 27, this becomes

2
2N (@ —b) = —ia— 2kmi (k= 0,41,42,...),

h
h o
- . k) .
b—a (27r *
Thus there is a point spectrum. The normalized solutions are characterized by

(b—a)|c]* =1, for example ¢ = 1//b — a:

1 27
er(q) = e

1 2z th)

:\/b—a ’
k=0,+1,42, ...

S
|
IS

This is an orthonormal system, and it is also complete. % For if f(q) is orthog-
onal to every (q), then e?=a?f(q) is orthogonal to every er-a*, and therefore
e%xf(b;—ﬂa:l:) is orthogonal to every ¢*?, that is, to 1, cos x, sin z, cos 2, sin 2, . . .. It
is defined on the interval

b—a
a < r <b,
2T

133 The source uses positive exponents in the two factors multiplying f in the following com-
pleteness argument. Removing the phase of ¢;, requires negative exponents; the printed
signs are retained.
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whose length is 27, so familiar theorems show that it must vanish.*” Hence f(q) =
0 as well.

Thus there is a pure point spectrum, a case we dealt with in general at the
beginning of this section. Notice how the boundary condition, that is, § or «,
affects the eigenvalues and eigenfunctions.

Finally, we may also consider a half-infinite interval, say 0 < ¢ < +o0.

Again we must first check the Hermitian character. We have

(A/fvg) - (fv A/g)
bt

- (F'(@)g(a) + f(@)g'(q)) dg

27m 0

- (@@

271

That f(¢)g(q) — 0 as ¢ — +oco is shown just as it was in IL5 for the interval
—00, 4+00. Thus f(0)g(0) = 0 is required. Putting f = g shows that the boundary
condition must be f(0) = 0.

Serious difficulties arise in this case. The solutions of A’ = Ay are the same
as on the interval —co < ¢ < 400, namely ce ' M. They do not belong to R, and
violate the boundary condition. The failure to satisfy the boundary condition is
already cause for concern. Stranger still, the procedure outlined earlier would
lead to the same E'()\) as for —oco < ¢ < 400, since the improper solutions, that
is, those not belonging to R, are the same. How can this be reconciled with the
fact that the operator is different? Moreover, the resulting operators are not the
ones we need. For if in the Hilbert space F of the f(g), 0 < g < 400, with finite
171 £()|? dg, we again define M, M~ by

M f(q) = F(p) /equf ) dg,

then M maps the Hilbert space Fyy of all f(q), 0 < ¢ < oo, with finite [, | f(q)|*dg,
into a different Hilbert space: Fq» of all F(p), —oo < p < oo, with finite

Jo | F () dp.

8 All Fourier coefficients vanish, and hence so does the function itself; see, for example,
Courant-Hilbert, cited in Note 30.
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Although [|M f(q)|| = ||f(¢)|| naturally still holds—by the theorems men-
tioned earlier, if we extend f(q) by zero for —co < ¢ < 0—the equality
|M~YF(p)|| = ||[F(p)| by no means holds in general. For by those theorems,

27

if we define f(q) also for ¢ < 0 by f(q) = \/LH [°. e wPiE(p) dp, then

1712 = [ 1Fw)R

o0

LR

oo

MoEP = 2= [ 2 dg.
|MEYE = 1) /O|f(q)\ q

Thus ||[M~!F|| < || F|| unless the function f(q) defined above happens to van-
ish for every ¢ < 0. Consequently E'(\) = M E(A)M ™! is not a resolution of the
identity at all;’’ the method has failed.

We shall soon see, in note 105, that this is inherent in the situation, because no
resolution of the identity belongs to this operator.

Before concluding these preliminary considerations, we give several formal
rules for calculating with operators represented, through their resolutions of the
identity, in the symbolic form

A= /OO NAE(N).

oo

First let F' be a projection operator commuting with every E()). Then for all
A< N,

IEQ)Ef = E(N)Ff|?

= [I(EO") = EX)FFI”

= [|IF(E(X") = BEQ)FII®

< I(EW) = EW)) A

%" Although MM f(q) = f(q)—it suffices to define f(g) = 0 for ¢ < 0 and apply the earlier
theorems—we do not always have M M~ F(p) = F(p). For in general | M ~'F| < ||F||, and
therefore || MM ~1F|| < ||F||. Thus MM =1, MM~ # 1: M~ is not the actual inverse
of M at all. Nor can there be another inverse, for, if there were one, M ~'M = 1 would
force it to equal our M 1. Consequently, for E’'(\) = M E(A)M~*, one may still infer, for
example, E'(\)? = E'()), since only M~ M enters this calculation; but E/(\) — MM ~! #1
as A — 4o0.
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Since E(\'), E(N), E(\) — E(V), and also E(\")F, E(N)F, E(N")F — E(N)F =
(E(N") — E(X))F are projection operators, this gives

IEX)ELI* = |EX)Ff]*

< IEN)AP = IEN) A

Therefore [~ N2 d||E(A)f||> > [ X*d||E(A\)Ff||?, and by S3, AF f is meaningful
whenever Af is. Furthermore,’!

AF = / T NA(EOF)

—0o0

- / T NA(FEQ) = FA.

Thus A, F also commute. In particular, by S,, we may take any E()\) for F. Then

AE(\) = / TN A(EN)EO)

oo

_ /_ " N d(E(Min(A, X))

[
_ /; N AE(N) + /:O N dE(N).

The last integral vanishes because the expression after d is constant. Hence

A
AE()) = E(\)A = / N dE(N).

oo

91 Strictly speaking, this must be proved nonsymbolically, using the rigorous equation
(Af,g) = [ Nd(E(X)f, g). The calculation then runs as follows:

(AFf,g) = / NA(E(NF,g) = / NA(FEO) . )
— [XUEW1.Fg) = (Af.Fg) = (FALg).

It follows that AF = F A.
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It follows further that”?

A? = /OO Nd(E(M\)A)

— 00

_ [T AXdE(X)
YR

= /OO N AE()N).

In general,

A — / N AE(N),

oo

for induction from n — 1 to n gives’

A" = An1g = / T d(EO)A)

—00

— OOA”‘ld ' NdE(N)
[orsa( [ o)

= /Oo NTLONAE(N)

—0o0

= /Oo ATdE(N).

Thus, for any polynomial p(z) = ay + a1 + - - - + a,z™,
pA) = [ W)

Here we naturally understand p(A) to mean apl + a; A + - - - + a, A"; the identity
[Z_dE()\) = 1 follows from 5.

92 This follows from the identity, valid generally for Stieltjes integrals,

A
/ fd ( / g(\) dh(A’)) - / FNg(N) dh(N).

It is immediately plausible from the reciprocal relation between d and [ *A rigorous proof
was given by the author in Annals of Mathematics, vol. 32 (1931).



105

We further observe that if (), s(\) are arbitrary functions and we define two
operators B, C symbolically by”

B= /OO r(\) dE(V),
- /OO SO AE(N),

then -
BC:/ r(A)s(A) dE(N).

The proof proceeds exactly as in the special case B = C = A:
BEO) = [ r0)d(EW)EO)

-/ ) d(E(Min(x, X))

I /

% That s,
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The following relations are trivial to verify:
B* = / r(A) dE(N),
aB = / ar(X) dE(N),

B+C = /_Oo (r(\) = s(\) dE(N).

oo

There is therefore no formal obstacle to writing B = r(A) for such functions r(\)
as well.”™*
Especially noteworthy are the discontinuous functions

p L, N<A
er(X) = 0, N>\

For these, by 5, 3*

6)\<A) = /_OO 6)\(>\/> dE()\)

[©.9]

— / ' dE(N) = E()).

[©.9]

At the beginning of this section we discussed the operator A = ¢;---; its E())
was multiplication by 1 or 0 according as ¢; < A or ¢; > ), that is, multiplication
by ex(q). Thus ex(gj---) = ex(g;) - - -, which serves to illustrate these concepts.

9. Digression on the Uniqueness and Solvability of
the Eigenvalue Problem

The preceding section gave only a qualitative survey, guided by particular
examples, of the question of which resolutions of the identity £()) belong to a

% The precise foundation of this notion of a function of an operator was given by the author
in Annals of Math., vol. 32 (1931). E. Riesz was the first to define more general functions of
operators by passage to limits from polynomials.

134 The source writes dE()) in the first integral below although the integrand uses X’ as its
variable. The printed notation is retained.
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given Hermitian operator A. We still lack a systematic investigation. A mathe-
matically complete treatment is beyond the scope of this book. We must confine
ourselves to proving some points and reporting the rest, all the more because a
detailed knowledge of these matters is not absolutely necessary for understand-
ing quantum mechanics.”

Theorem 18 showed that continuity of linear operations is expressed by

[AfII < C -1, (St)

with arbitrary but fixed C. By Theorem 18 there are several equivalent forms of
condition St, namely

[(Af, )l < - fllllgll; (St1)
(A, Al < C-IIfI1% (St2)

The latter applies only to Hermitian A.

Condition St;, equivalent to continuity, is Hilbert’s concept of boundedness.
Hilbert formulated and solved the eigenvalue problem for bounded, that is, con-
tinuous, Hermitian operators; see note 70. Before discussing this, however, we
must introduce one further concept.

A Hermitian operator A is called closed if it has the following property: when-
ever fi, fa,...1is a sequence of points, all Af,, are meaningful, and f,, — f, Af, —
[, then Af is meaningful and equals f*. Notice that continuity could be defined
in a closely related way: if all Af,, and Af are meaningful and f,, — f, then also
Af, — Af. The difference is that closedness assumes the existence of a limit f*
of the Af,, and only under that assumption asserts its equality to Af, whereas
continuity also asserts the existence of f*.

Here are some examples. Let %R, again be the space of all f(q) with finite
2 1f(@)?dg, —oo < g < oo; let A be the operator ¢- -, defined for all f(q)
with finite [*° |f(¢)|*dg and [ ¢?|f(q)]* dg; and let A’ be the operator 5 aaq
defined for all everywhere differentiable functions with finite [*°_|f(q)|*dg and
[ 152 f'(q)|? dg. Both, as we know, are Hermitian. The operator A is closed. For
suppose f, = f, Af, — f*, thatis,

/_OO [fa(q) = f(q)]? dg — 0,

%> Alongside Hilbert’s theory of bounded operators, the following discussion chiefly draws
on the theory of unbounded Hermitian operators. The latter theory was established by the
author in the work cited in Note 78. M. Stone independently obtained similar results, Proc.
Nat. Ac., 1929 and 1930.
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o0
| lah@ - £@Pd -0
—00
By the reasoning used to prove D in .3, there is a subsequence f,,, fn,,... of
f1, f2, ... converging to a limit everywhere except on a set of ¢’s of measure zero:

fn, (@) = g(q). Hence

l[”mw—fmﬁwzm

oo

| s - rwP g =o.
Thus, except on a set of measure zero, g(¢) = f(¢) and qg(q¢) = f*(¢), hence
also qf(q) = f*(q); thatis, f*(q) and ¢f(q) are not essentially different. But f*(q)
belongs to R by assumption, and therefore so does ¢f(q). Consequently Af(q)
is meaningful and equals ¢f(q) = f*(q).

In contrast, A’ is not closed. Put f,,(q) = e VT /" f(¢) = e7l4l. Clearly all Af,
are meaningful but Af is not, since f is nondifferentiable at ¢ = 0. Nevertheless,
as is readily calculated, f, — f, Af, — f*if f*(q) = —sgn(q)e”9, where sgn(q) =
—1,0,+1for g < 0, =0, ¢ > 0, respectively. >

We now show that, unlike continuity, closedness is a property that can always
be achieved for Hermitian operators with little effort, by the process of extension:
leave the operator unchanged at all points of R, where it is defined, and define
it at some additional points where it was not yet defined.

Let A be any Hermitian operator. Define an operator A as follows: Af is
meaningful if there is a sequence f1, f2, ... with all Af,, meaningful, such that f is
the limit of f,, and the Af,, also have a limit f*; then put A f = f*. This definition
is admissible only if it is unambiguous, that is, if f, — f, g, — f, Afn, — f7,
Ag, — g" imply f* = g*. Indeed, whenever Ag is meaningful,

(f*,9) = lim(Afy, g) = lim(fn, Ag) = (f, Ag),
(9", 9) = lim(Agn, g) = lim(gn, Ag) = (f, Ag).
Thus (f*,g9) = (g%, g). The set of these g is everywhere dense, so f* = ¢*, and

A is well defined. This A is an extension of A: whenever A f is meaningful, A f
is meaningful too and equals Af. It suffices to put all f,, = f and f* = Af. By

135 In this example the source writes A where the differential operator A’ is meant and omits
its factor h/(2mi) from f*. The printed notation and formula are retained.
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passage to the limit, the linearity and Hermitian character of A imply the same
properties for A Finally, Ais closed. Suppose all Af, are meaningful and f,, — f,
A fn — f*. There are sequences f, 1, fn2,... with Af, ,, meaningtul, f,,, = fn,
Afpm — fr,and A fn = f;. For each n there is an NV, such that for m > N,

1 |
an,m - an S N HAfn,m - an S .
n n

Hence ann fon =0, AfunN, — an — 0,80 fun, — f =0, Afyun, — f* — 0. By
definition, A f=f~

Notice that a discontinuous operator can never be made continuous by exten-
sion.

If an operator B extends an operator A, that is, whenever Af is meaningful,
Bf is meaningful and equals Af, we write B - A or A < B. We have just proved
A < A, with A Hermitian and closed. It is immediately clear that for every closed
B with A < B, we must also have A < B. Thus A is the smallest closed extension
of A, and A=A,

The close relation between A and A suggests replacing A throughout by A,
since this extends the domain of A to its natural extent; viewed in relation to
the domain of A, the original domain is unnecessarily restricted. We make this
replacement, and may henceforth assume all Hermitian operators to be closed.

Consider also a continuous Hermitian operator A. For it, closedness is equiv-
alent to closedness of its domain. The condition ||Af|| < C - || f||, characteristic
of continuity, plainly also holds for zzf, so A too is continuous. Its domain is then
closed, but must also be everywhere dense, and consequently equals R.. Thus
Ais everywhere defined, as is every closed continuous operator. The converse
holds as well: if a closed operator is everywhere defined, it is continuous. This is
Toeplitz’s theorem,”® whose proof we cannot discuss here.

Hilbert’s result is that every continuous Hermitian operator has a unique res-
olution of the identity; see the reference in note 70. Since a continuous operator
is defined everywhere, [ A?d||E()) f||*> must always be finite. Since it also equals
|Af|?, and hence is at most C? - || f||? by St, we have

0> JAfIP — O I
- / X2 d|EOV /2

% Math. Ann., vol. 69 (1911).
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- [ amous P

- [ -
Now put f = E(—C —¢)g. Then E(\)f = E(Min(\, —C — €))g, which is constant
for A > —C — ¢, so we need consider only f:oi_g. There E(\)f = E()\)g and
A —(C? > (C+¢)? - C? > 2Ce. Hence

—C—¢
oz%k/ d| E(N)g|?

= 2C¢||[E(-C - e)gl”,
IE(—C —e)g|* <0,
E(-C —¢)g=0.

Similarly, taking f = g — E(C + ¢)g, one proves g — E(C +¢)g = 0.

Thus for every ¢ > 0, E(—C —¢) = 0, E(C +¢) = 1, thatis, E(\) = 0 for
A < —Cand E()\) = 1for A > C. By S5, the latter also holds for A = C. Thus E())
varies only in —C' < A < C. Conversely, this implies continuity of A:

|MﬂP:[ X2 d|EOV) 12

[©.9]

C
=/ X2 d|EOVf1?
C

C
30”/‘@Wﬂﬁ
C

= [ apse

=C*- |17,
[AfII < C - f]-

We see, then, that resolutions of the identity varying only within finite A-intervals
account for precisely all continuous A. But what of the remaining, discontinuous
Hermitian operators? All resolutions of the identity which vary at arbitrarily
large \ are still available. Do they account for all these Hermitian operators?

We must first understand the significance of the fact that these operators can-
not be defined everywhere.

It is conceivable that a Hermitian operator is undefined at points of Hilbert
space where it could reasonably be defined. For example, our operator A’ =
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2’;1 aaq was undefined for f(q) = e~19; and we could also have restricted 2hl 5
analytic functions on —oo < ¢ < 400, with real ¢,”” and so forth. Our requirement
that its domain be everywhere dense does protect it from excessively arbitrary
restrictions, and we can also confine ourselves to closed operators. Yet even this
is not effective enough.

For example, take the operator A" =

to

e aq on the interval 0 < ¢ < 1. Thus f(q)

is assumed to be differentiable everywhere, with fo |f(q)|? dq and fo |f'(q)]? dgq
finite. To make A’ Hermitian we must impose a further boundary condition, f(0) :
f(1) = e, 0 < a < 27. Denote the domain of these f(q) by 2, and A’ itself
in this case by A/. We also consider the boundary condition f(1) = f(0) = 0;
denote the corresponding domain of f(g) by 2°, and A’ itself by A’°. All the A/,
are extensions of A’’, which is therefore Hermitian and has an everywhere dense
domain.”® Consequently their closures A/, are also extensions of A", All the 4/,
are distinct from one another and from A”°. For the manifestly unitary operation
f(q) — €P1f(q) carries A" into A’ + hﬁ £1, and 2, into A4, A into AY; thus it
carries A}, into 4], , + hﬁ 21, A% into A’ i + hﬂ ~1, and therefore A’ into A’ gt hﬁ 1,
A" into A0 + 181, Hence Al = A0 would 1mp1y Al_, = A" so that all the A’7
would be equal. It therefore suffices to show that zzlv’a # ;ﬂy for a # ~. This is the
case if A, A; have no common Hermitian extension, that is, if A’ is not Hermitian

7 The functions f(q) analytic on —oo < ¢ < +o0, with f_ (q)|*dq, f_ |f'(q)|*dq, and so
forth finite, are also everywhere dense in .. By D in IL.3, the linear combinations of

1, a<q<hb,
fa,b(q) = {

0, otherwise

are everywhere dense, so it suffices to approximate these arbitrarily closely by functions of
the foregoing kind. For example,

(x —a)(z —b) 1

1
2 - 5 Tg hyp c = e2(x—a)(z=b)/e 4 1

@) =

is of the required kind and converges to f,;(q) as e — +0.
® It again suffices to approximate the f,4(¢), 0 < a < b < 1, by functions from 2°. Suitable
examples are

&, 1 1 l(z—a—¢)(zr—b+e)
fa,b(Q) 9 §Tghyp <€ 2(1— ) ) ,

with ¢ — +0.
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on the union of 2, and 2. Since ¢'*? belongs to 2, and €7 to 2, and

(A/eiozq7 ei’yq) . (eiaq’ Aleifyq)

1 1
_ m/ etla=7)g dqg — W/ eila=)q dq
0 0

1
[ et
0

= ¢l 140,

this is indeed the case.™® Thus the closed Hermitian operator A" is defined on
too narrow a domain: it has proper closed Hermitian extensions, namely the A’,,
where “proper” means different from itself. Moreover, there are infinitely many
possible choices of extension: every A/, is admissible, and each gives a different
solution of the eigenvalue problem. The spectrum is always a pure point spec-
trum, but depends on o, being the set h(5- + k), k = 0,41, £2, .. .. For the opera-
tor A" itself, on the other hand, we cannot expect any reasonable solution of the
eigenvalue problem at all. Indeed, later in this section we shall show that a Her-
mitian operator belonging to a resolution of the identity—that is, one for which
the eigenvalue problem is solvable—has no proper extensions. An operator with
no proper extensions, which is therefore already defined at every point where it
could reasonably be defined, without destroying its Hermitian character, will be
called maximal. We have thus seen that a resolution of the identity can belong
only to maximal operators.

It can be shown that every Hermitian operator can be extended to a maximal
one; for a nonmaximal closed operator this can always be done in infinitely many
ways. Thus the only uniquely determined stage in the extension is the passage
from A to its closure ﬁ; cf. the end of note 95. The most we can therefore hope for
is that precisely one resolution of the identity belongs to each maximal Hermitian
operator. Closed continuous Hermitian operators are defined everywhere, and
are consequently maximal.

We now have to examine whether this expectation is justified. This involves
two questions: the existence and the uniqueness of the resolution of the iden-
tity. The result will be that there is either no such resolution or precisely one;
and the former case actually occurs. Thus the eigenvalue problem is uniquely

136 The source omits the factor h/(27i) from the right side of this calculation, although that
factor occurs in the definition of A’. The printed calculation is retained.
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determined but is sometimes insoluble. In a certain sense, however, insolubility
is exceptional. We shall briefly indicate the method of proof.

If f(\) is a rational function and A is a finite-dimensional matrix that can
be transformed into diagonal form by a unitary transformation, then the eigen-
vectors of A remain eigenvectors of f(A), while the corresponding eigenvalues
ALy -5 Ay become f(A1), ..., f(A,).”? If f()\) maps the real axis onto the unit cir-
cle, it transforms matrices with real eigenvalues into matrices whose eigenvalues
have absolute value one: that is, it transforms Hermitian matrices into unitary
matrices.'” Such a function is f(A) = 4i; the corresponding transformation,
called the Cayley transformation, is

A—1l U+1
= — A=—1 .
A+l U-1
We shall apply this transformation to our Hermitian operator A.™ Its meaning
is that U f is defined if and only if f can be written as (A +il)p = Ay + iy, and
is then (A — il)p = Ap — ip. We hope that this determines a unique value of
Uf for every f, and that U is unitary. The finite-dimensional proof cannot be
used here, since it assumes the possibility of diagonalization, that is, a pure point
spectrum. If the assertion is true, however, we can solve the eigenvalue problem
by the following method.
For a unitary operator U, the eigenvalue problem has a unique solution: there
is precisely one family of projections E(0), 0 < o < 1, satisfying the following
conditions.

3. E0)=0,E(l) =1;and as 0 — og with o > ¢, E(0)f — E(00)f.

wl

If o/ < o”,then E(0') < E(c").

% Since we may think of f()) as approximated by polynomials, it suffices to consider polyno-

mials, and hence their building blocks, the powers f(A\) = A%, s = 0,1,2,.... As a unitary
transformation makes no difference here, we may assume that A is diagonal; its diagonal
entries are its eigenvalues )y, ..., \,. Thus we need only show that A* is also diagonal and
has diagonal entries A7, ..., A}, which is evident.

To verify that these properties characterize Hermitian and unitary matrices respectively, we
again need only consider diagonal matrices. The conjugate transpose of the diagonal matrix

100

A with entries Ay, ..., A\, is the diagonal matrix A* with entries A, ...s An. Hence A = A*
means A\; = Ai,..., A\, = A\, thatis, all A\;,..., )\, are real; and AA* = A*A = 1 means
MAL=1,..., 0\, = 1, thatis, [A\]| =+ = [\, = 1.

137 The scalar function printed above is the reciprocal of the function used in the displayed

formula for U. The latter convention is used consistently in the subsequent argument; both
printed forms have been retained.
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Sy (Uf,g) = [y ¥ d(E(0)f, g)-

Here U f is always meaningful, and the integral always converges absolutely.'"!

This follows from Hilbert’s theory, since a unitary operator is continuous; cf.
notes 70 and 101. The analogy with S-S5 for Hermitian operators is evident.
There are only two differences. Instead of the real integrand A ranging over the
real axis, the complex integrand e?™ 7 runs around the unit circle. And the de-
scription of the domain in S3 is unnecessary here, since unitary operators are
defined everywhere. Already in f},,, the relation between Hermitian and unitary
matrices was largely analogous to that between the real axis and the unit circle;
cf. note 100.

By 51, E(0)f — 0as o — 0, 0 > 0. It need not follow, however, that E(o)f —
faso — 1,0 < 1: E(0) may be discontinuous at 1. By Theorem 17 in 11.4, the
limit from the left is a projection E’; cf. note 79. If E’ # 1, there are nonzero
solutions of £'f = 0. Since E(0) < E' for o < 1, this is equivalent to E(o)f = 0
for every o < 1. As at the beginning of 11.8, we obtain (U f, g) = (f, g) for every g,
and hence U f = f. Conversely, if U f = f, then

1
| a0 = Wih) = (1.0),
and consequently
1
R [ B = (1.1,
0

/0 (1 —cos2mo)d(E(o)f, f) =0,
or

1
/0 (1 = cos 270) d|| () f]|? = 0.

101 For proofs of these facts see the author’s paper cited in Note 78; see also A. Wintner,
Math. Z., vol. 30 (1929). The absolute convergence of all integrals fol f(o)d(E(o)f,g) with
bounded f(o) can be seen as follows. It suffices to consider Re(E(co)f, g), since replacing
f,gbyif,g turns this into Im(E (o) f, g). Now

Re(E(0).9) = (B0 7L 120 - (0152152,

so we need only consider (E(o)f, f). In f01 f(o)d(E(0)f, f) the integrand is bounded, while
the function of o following the d is monotone. The assertion is therefore clear.



115

Thus E(o)f = 0 for every 0 < ¢ < 1, and the same is automatic for o = 0.
Discontinuity at 1 is therefore equivalent to the existence of a nonzero solution of
Uf = f. But in the Cayley transformation, ¢ = Af +if, Up = Af — if; hence
Up = p implies f = 0 and ¢ = 0. In this case, therefore, E(c)f — falsoaso — 1
from below.

Now
2mio
e +1
A= —li——— = —cot 7o,
e o __ 1
1
o = —— arccot \
T

maps the interval 0 < ¢ < 1 onto the whole real axis —co < A < 400 in a one-to-
one, monotonically increasing manner. Consequently, if we put

1
F\)=F (—— arccot )\) :
T

©
E = F(—cot o),

then F'()\) satisfies S, S5. We shall show that F'()) satisfies S; for A if and only
if F(o) satisfies S for U. This reduces the existence and uniqueness questions
for the possibly discontinuous Hermitian operator A to the corresponding ques-
tions for the unitary operator U, where, as already noted, both have affirmative
answers.

Suppose first that A is Hermitian and that its Cayley transform U is unitary.
Then E(c) exists and satisfies 51—53, while F()\), defined by (C), satisfies S, S-.
If Af is defined, put o = Af +if,sothatUp = Af —if, f = (¢ — Uyp)/(2i), and

Af = (¢ + Uy)/2. In a partly symbolic notation,'"” we obtain
f= 5o =Up)
~ 9 ¥ ¥

1 L
- . Tio 1
5 (90 /06 d (0)90>

We apply Stieltjes integrals to elements of 9, in place of numbers. The meaning of the
resulting relations is this: choose an arbitrary fixed g € R, and replace each element of R,
occurring in them by its inner product with g; the resulting relations are to hold for every
g. Compared with the operator Stieltjes integrals in 1.7, this is a semisymbolic procedure:
there two elements f, g were chosen arbitrarily, and (... f, g) was formed instead of (..., g),
the dots standing for an operator.

102
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14 _ 2mic
- L 26; dE(o)p,
1 1 — 6271'1'0'
E(o)f = —— d(E(0)E(c")yp)
€

Hence

1E@)fII* = (E(o)f. f)

o (1 _ 627ria/>(1 _ 6727ria/>

0 d|| E(o")ell”

sin? o’ d||E (o) ||
For the integral in S this gives
+00 )
[ ears

cot? mo d||E(U)f||2
cot’ o d (/ sin? 7T0/d||E(U/)90||2>

0
cot® 7o - sin’ 7o d|| E(o)p||?

cos> o d|| E(o) ]|
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This integral is finite, since it is at most f01 d|E(o)¢||* = ||¢||*. Furthermore,

1
Af = §(<P+ Uep)
1 Yoo
== (gp—f—/ i dE(J)gO)
2 0
1 2mio
1
:/ LdE'(U)gp
0 2
1 2mic 2mic
e +1 1—e
= | —i— : dE
/0 Yemio — 1 2 (9)¢
1 o 2mic’
1 — e2mio
:/ cotwad(/ ;dE(al)cp>
0 0 21
1
=/ —cotmodE(o)f
0
+00
:/ ANAF(N)f.

Thus the final assertion in S5 also holds. In other words, A is an extension of the
operator belonging to F'(\). Since the latter is maximal, as we shall prove, it must
coincide with A.10318

Conversely, suppose that F'()\) belongs to 4, that is, that 5;—53 hold. Define

E(c) by (C); then Sy, S, hold. For arbitrary ¢, put

+00 1
F= [ P

l
/1 L B
= _— O

o —cotmo 41 7

105 We tacitly assume that an operator of this kind exists for every resolution of the identity
F()). That is, whenever [~ A2 d||F()) f||? is finite, there is an f* such that, for every g,

[e.e]
(9= [ raFENL9).
— 00

and these f are everywhere dense. The Hermitian property follows from S; by interchang-
ing f, ¢ and taking the complex conjugate of the last equation. Both assertions are proved
in the paper cited in Note 78.

138 The preceding calculation shows, for every f in the domain of A, that A f equals the spectral
integral defined by F'. It therefore directly shows that A is a restriction of that operator. The
source reverses the direction of extension here; its statement is retained.
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1 i
1_67TZO'
— - dE(o)w.
/0 2i @)

This integral converges, since its integrand is bounded. As before,
FA)f=E(0)f
1 27rw )
dE(o)E(0)¢

0

/1 L — et dE(Min(o,0'))p

/ e dE(o")ep.

o

Thus
+00
Af :/ AAE(N) f
R
= / —cot(mo)dE(o) f
0
1 2mio o 2mio’
e +1 1—e¢
= ——d - dE(d’
/0 Vemio _ ] (/0 2i (o W)
1 omi omi
e YY1 + 1 1 —e yiw1ea
= —f— . dE
/0 Yemio Z1° T 2 (9)¢
1 2mio
1
- [ e
0 2
and hence

1
Af+if = [ dBloyo =,
01
Af —if = / > dE (o).
0

Thus Uy is meaningful and equals fol e’™7 dF(0)p. Since ¢ was arbitrary, U is
meaningful everywhere. By taking the inner product with an arbitrary ¢ and
then the complex conjugate, we also see that U*1) equals fol e *™7 dE (o). The
final calculation in I1.8 then shows that UU* = U*U = 1: U is unitary and belongs
to (o).

The solvability of the eigenvalue problem for A is therefore equivalent to the
unitarity of its Cayley transform U, and uniqueness is then assured. It remains
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only to decide whether we can always form U, and when it is unitary. To settle
these questions, we again start from a closed Hermitian operator A.

We defined U as follows: Uy is meaningful if and only if ¢ = Af +if, and
is then equal to Af — if. First, however, we must show that this prescription is
unambiguous: each ¢ can arise from at most one f. In other words, Af +if =
Ag+ig must imply f = g; or, by the linearity of A, Af +if = 0 must imply f = 0.
We have

IAf £if|* = (Af £if, Af £if)
= (Af,Af) £ (Af,if) £ (if, Af) + (if,if)
= AFI? Fi(Af, ) £i(Af, £) + I fIP
= [ AFIZ+ IIFII.

Thus Af +if = 0 implies | f||* < ||Af + if||* = 0, and hence f = 0, which
justifies our definition. Secondly, |Af + if|| = ||[Af — if], thatis, [|[Ug| = |¢]|.
Thus U is continuous wherever it is defined. Furthermore, let & be the domain of
U, the setof all Af +if, and § its range, the set of all Uy, or equivalently of all
Af —if. Since A and U are linear, &, § are linear manifolds; they are also closed.
For if ¢ is a limit point of € or §, respectively, there is a sequence ¢, ¢, . .. in the
corresponding manifold with ¢, — ¢.

Thus ¢, = Af, £ if,. Since the ¢, converge, they satisty Cauchy’s conver-
gence condition; cf. D in II.1. By

Hfm o fn” < HA(fm _ fn) + Z(fm o fn)” - H@m o SOnHa
the f,, certainly satisfy this condition as well; and by
[Afm = Afull = [[ACfm = fu)
< NA(fm — fo) £i(fn = f)ll = lom — @nll,

so do the Af,,. Thus both f1, fo,... and Af;, Afs, ... converge, by D in IL.1: f,, —
f, Af, — f*. Since Ais closed, Af is meaningful and equals f*. Hence

Qpn:Afniifn_)f*iif:Afiif7
Spn_>907

so that ¢ = Af £ if; thus ¢ too belongs to € or §, respectively.
Consequently U is defined on the closed linear manifold & and maps it onto
the closed linear manifold §. It is linear and, since | U f —Ug|| = ||U(f—9)| = || f—
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g||, leaves all distances unchanged: we shall call it length-preserving. Thus f # g
implies U f # Ug, so the mapping is one-to-one. We also have (f,g9) = (Uf,Ug),
as is proved in exactly the same way as for unitary operators in I1.5. Hence U
also leaves all inner products unchanged. But U is plainly unitary if and only if
¢ =7 =R

Now let A, B be two closed Hermitian operators, U, V their Cayley transforms,
and let the sets above be &, § and &, §), respectively. We immediately see that if
B is a proper extension of A, then V' is a proper extension of U: € is a proper
subset of &, and § a proper subset of §). Hence ¢ # R, § # R. Then U is not
unitary, and the eigenvalue problem for A is insoluble. This proves the theorem
we have cited several times: if the eigenvalue problem for A is soluble, then A
has no proper extensions; that is, A is maximal.

Let us return to the single closed Hermitian operator A, with its &, §,U. If
Af is meaningtul, then for Af +if = ¢, Uy is meaningful and equals Af — if.
Hence f = 5-(p — Up), Af = L(¢ + Uyp), or, on putting v = ¢/(2i), f = ¢ — Uy,
Af =i(y + Uy). Conversely, if f = ¢ — U1, then Af is certainly meaningful:
since U1 is meaningful, ¢y = Af’ + if’ with Af' meaningful, and Uy = Af' —if’,
so that f = ¢ — Uvy = 2if’. The domain of A is therefore the set of all » — U1, and
for f = ¢ — Uy we have Af = i(yp + Uy). Thus A, too, is uniquely determined
by U and its &, §. At the same time, we see that the ¢y — U1 must be everywhere
dense, since they form the domain of A.

Conversely, let us start from two closed linear manifolds ¢, § and a linear,
length-preserving mapping U from € onto §. Does there then exist a Hermitian
A whose Cayley transform is this U?

At any rate, the ¢y — U1y must be everywhere dense, so let us assume this. By
what we have just said, the proposed A is then uniquely specified. The remaining
questions are whether this definition is possible, whether A really is Hermitian,
and whether U really is its Cayley transform. The first point is settled once we
show that any f of the form f = ¢—U¢ determines ¢ uniquely; thatis, if p—Uyp =
Y —Uvy implies ¢ = 9, orif p—Up = 0 implies ¢ = 0. Indeed, suppose o —Up = 0.
For g = v — U1 we then have

= (Up, Up) — (¢, Uh) = (Up — ¢, Uth) = 0;
since the set of these g is everywhere dense, ¢ = 0.

For the second point we must prove (Af, g) = (f, Ag): interchanging f, g must
turn (Af,g) into its complex conjugate. Let f = ¢ — Uy, g = ¢ — Uy; then
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Af =i(p+ Uyp) and

(Af,g) = (ile +Up), ¢ — UY)
=i(p, ) +i(Up, ¥)

= i[(Up,v) — (U, )]

= i(Up, ) + iU, ).

This plainly has the required behavior when f, g, or equivalently ¢, 1, are inter-
changed. For the third point, we argue as follows. Let ' be the Cayley transform
of A. Its domain is the set of all

Af+if =ilo+Up) +i(p — Up) = 2ip,
that is, the domain of U; and there

V(2ip) = V(Af +if) = Af —if
=i(p+Up) —i(p —Uyp) = 2iUep.

Thus Vo = Uy, and hence V = U.

Assigning to each closed Hermitian operator A its Cayley transform U there-
fore gives a one-to-one correspondence with the linear, length-preserving map-
pings U for which the set of all ¢ — Uy is everywhere dense.!”* We can now
describe all Hermitian extensions B of A, since all length-preserving extensions
V of U are easy to find. The ¢ — V¢ are automatically everywhere dense, because
their subset consisting of the ¢ — Uy already is. For A to be maximal, U must be
maximal, and conversely. If U is not maximal, then & # R, § # R, conversely,
these inequalities imply that U is not maximal. For then R, — & # 0, Ro —§ # 0.
We can therefore choose a nonzero ¢, from R, — € and a nonzero ¢ from R, —3F;
by replacing them with ¢y/||¢o||, ¥0/||%0||, we may even arrange ||¢o|| = ||| = 1.
Now define an operator V on [&, | by putting V f = Uy + ai)y for f = ¢ + aypo,

104 For the eigenvalue problem of A to be always soluble, the unitarity of U would have to
follow, that is, ¢ = §F = R, or R. In R, this is not the case, as we inferred from the
existence of nonmaximal A. In 2&,, it must hold, and this can also be seen directly. All linear
manifolds are closed; thus the set of ¢ — Uy, being closed and everywhere dense, is R,,. The
set € of the ¢ has at least as many dimensions as its linear image, the set of ¢ — Uy, and
therefore has the maximum possible dimension n. As a one-to-one linear image of €, § has
the same dimension. Hence ¢ = § = R,,.
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with ¢ in € and a a number. Clearly V is linear; since ¢ is orthogonal to ¢, and
Uy to 1y, we have

LFIIP = lleoll® + lal?,
IVFI = 1Uel* + lal*,

and hence ||V f|| = || f||: V is length-preserving. Finally, V is a proper extension
of U. Thus the characteristic condition for A to be maximal is & = R or § = R..

If, on the other hand, A is not maximal, both closed linear manifolds R, —
¢, R — § are nonzero. Let orthonormal systems spanning them be ¢y, ..., ¢,
and 71, . .., 1, respectively; cf. Theorem 9 in I1.2. Here p, ¢ may have any of the
values 1,2,...,00; for p = 0o or ¢ = oo, the respective ¢ or i) sequence does
not terminate. Put » = Min(p, ¢) and define V' on [€, ¢4, ..., ;| as follows: for
f=¢p+ Z:;:l a,,, where ¢ belongs to € and a,, ..., a, are numbers, put V f =
Up+ Y. _ ayh,. Again it is easy to see that V is linear and length-preserving,
and a proper extension of U. Its domain is [&, ¢y, ..., ¢,], which for r = p equals
(€, R — €] = R its range is [§, 1, . . ., ¢¥r], which for r = g equals [§, Roc — F] =
R Thus at least one of them certainly equals 9i.. Let V be the Cayley transform
of the Hermitian operator 5. By what we have said, B is an extension of A and
is maximal. Notice that the ¢ and 1) can be chosen in infinitely many ways: for
example, we can replace ¢ by any 6¢; with || = 1. The same is therefore true of
V and B.

This completes our discussion of the eigenvalue problem, with the following
result. Whenever it is soluble, it has only one solution; for nonmaximal opera-
tors it is certainly insoluble. Nonmaximal operators can always be extended to
maximal ones in infinitely many different ways. Throughout, we are speaking of
closed Hermitian operators. The condition for maximality is not quite the same
as that for solvability of the eigenvalue problem: the formeris & = R or § = R,
the latter ¢ = R and § = R..

We shall not investigate more closely here those operators for which the for-
mer condition holds but the latter does not. For these operators the eigenvalue
problem is insoluble, and maximality prevents us from remedying this by pass-
ing to a proper extension. They are characterized by € = R, § # R, or
¢ # Ry, § = R Such operators do indeed exist, and all arise from two simple
normal forms, so that, compared with maximal operators having a soluble eigen-
value problem, they can be regarded as exceptional cases. The reader will find
further details in the author’s paper cited in note 95. At any rate, such operators
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must for the present be excluded from quantum-mechanical considerations. As
we shall see below, the resolution of the identity belonging to a Hermitian op-
erator enters so essentially into all the concepts of quantum mechanics that we
cannot dispense with its existence, and hence with the solvability of the eigen-
value problem.!”” Accordingly, we shall as a rule admit only Hermitian operators
whose eigenvalue problem is soluble. Since this property strengthens maximal-
ity, these operators are called hypermaximal.'®® They are precisely the operators
that correspond one-to-one to resolutions of the identity.

Finally, let us mention two classes of closed Hermitian operators that are cer-
tainly hypermaximal. First, the continuous operators: these are meaningful ev-
erywhere and hence maximal; and since their eigenvalue problem is soluble by
Hilbert’s theory, cf. the reference in note 70, they are even hypermaximal. Second,
the operators that are real in some realization of R, provided they are maximal.
For the only difference in the definitions of &, § was the sign of i, which can-
not matter when everything else is real. Thus & = R, implies § = R, and
conversely: maximality implies hypermaximality. Without assuming maximal-
ity, we can at any rate say that i, — € and YA, — § have the same number of
dimensions. Thus, in the terminology used above in investigating extensions,
p = ¢, and hence r = p = ¢ and

[679017"'7907’] = [67%00 - e] :%007
[3;@%,-- '7w7‘] — [‘S?%OO _g] - %OO
The extension obtained there is therefore hypermaximal. Real operators conse-

quently always have hypermaximal extensions. The paper cited in note 95 shows
that the same holds for all definite operators.

105 Tn the paper cited in Note 78, the author showed that the following operator is maximal but
not hypermaximal. Let R, consist of all functions f(q) defined for 0 < ¢ < oo for which
I.7 1f(q)|? dq is finite. Let R be the operator z'diq, obtained, for example, by first defining
it on all continuously differentiable f for which [~ _|f’(¢)|* dg is finite and f(0) = 0, and
then taking its closure. ™ [Translator’s note: The source prints —oco as the lower limit in the
integral involving f’, although the functions were defined on [0, 00). The printed lower
limit is retained.] Thus R = —%”A’ , if the A’ of I1.8 is taken for the interval 0 < g < oc;
consequently R is Hermitian. That R is maximal but not hypermaximal can be verified by
calculating ¢ and 3.

This example is noteworthy because A’ = —Z- R is usually interpreted as the momentum
operator in a half-space bounded on one side by a wall at ¢ = 0.
106 This concept originates with Erhard Schmidt; see the paper cited in Note 78.
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10. Commuting Operators

According to the definition given in I1.4, two operators R, S commute if RS =
SR. If the operators are not both defined everywhere, equality also requires the
two sides to have the same domain. We shall initially consider only Hermitian
operators that are defined everywhere, and hence continuous, so that this diffi-
culty concerning domains does not arise. Together with R, S we consider their
resolutions of the identity E()), F/(A).

The commutativity of R,S means (RSf,g) = (SRf,g) for all f,g, or
(Sf,Rg) = (Rf,Sg). Furthermore, commutativity of R,S implies that of
R" S, n = 0,1,2,..., and therefore that of p(R),S for every polynomial
p(x) = ap + a1z + - - - + a,z”. Now, symbolically,

R= /C AdE(N),

-C

C
s(R) = / s(\) dE(N).
-C
Here C'is the constant introduced in I1.9 for the continuous operator R, there
called A; and s(z) is any function; cf. I1.8, especially note 94. For polynomials
s(z), (s(R)f,Sg) = (Sf,s(R)g), and therefore

C
/ s(A)d(E(N) f,Sg)
-C ¥
) *)
_ /_ s(\) d(Sf, E(\)g).

C

Since every continuous function s(z) can be approximated arbitrarily closely by
polynomials, uniformly on —C' < z < C, (*) also holds for continuous s(x). Now

put
A —x, 1< A,
s(x) =
{O, T > )\0.
Then (¥) gives
Ao
[ =N dE0)S0)

Ao
- / (o= N (S5 B(Ng)
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Replacing A\ by Ao + ¢, ¢ > 0, subtracting, and dividing by ¢, we obtain '

Ao
/ A(EN, Sg)

—-C

)\0 g
v AN im0 Sg)
A

o 3

Ao
- / A(5f, E(\)g)
—C

)\0 g
v AN s BOg).
A

o 3

Letting ¢ — 0, and noting S, we get

Ao Ao
| awosso = [ dISTEM)

-C
(E(Xo)f,Sg) = (Sf, E(X)9g).

Thus all E(\) with —C < Ay < C commute with S. The others certainly do as
well, since for \y < —C or Ay > C, respectively, E(\g) = 0 or 1. Hence, if R
commutes with S, so do all the E()). Conversely, if every E(\) commutes with
S, then (*) holds for every function s(x), and thus every s(R) commutes with S.
We may conclude, first, that R commutes with S if and only if every E(\) does;
and second, that in this case all functions of R, the s(R), commute with S as well.

But an £(\) commutes with S if and only if it commutes with every F'(u): ap-
ply our theorem to S, E()\) in place of R, S. Thus another characteristic condition
for R, S to commute is that every £()\) commute with every F(u). Furthermore,
as shown above, commutativity of R, S implies that of 7(R), S, and this, replacing
R, S by S,r(R), implies that of 7(R), s(5).

If the Hermitian operators R, S are not required to be continuous, the situa-
tion becomes more complicated, since the domains of RS and SR may be hard to
determine. For example, R - 0 is always meaningful: 0f =0and R-0f = R(0f) =
RO = 0. But 0 - R is meaningful only where R is; cf. the discussion in IL.5. Thus,
if R is not meaningful everywhere, the different domains imply R -0 # 0 - R,
so that strictly speaking R and 0 do not commute. This state of affairs is quite
inconvenient for our later purposes: 0 ought to commute with all Hermitian op-

10 The source prints (A — Ag)/¢ in the two short-interval integrals below. Subtracting the pre-
ceding formulas gives (Ao + ¢ — \)/¢; the printed factors are retained.
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erators, not merely continuous ones.'”” We shall therefore define commutativity
differently for discontinuous R, S, restricting ourselves to the hypermaximal R, S,
which by I1.9 are in any case the only ones of interest. Our definition is this: R, S
shall commute in the new sense if all the F/(\) commute in the old sense with all
the F'(11), these again being their respective resolutions of the identity. For contin-
uous R, S, the new definition is identical with the old one, as we know; but if R
or S, or both, are discontinuous, it need not be. An example is R, 0: they did not
commute in the old sense, but do in the new, since for 0 every F(u) is either 0 or
1,'% and therefore commutes with the E()).

We proved above that if R, S are two commuting continuous Hermitian opera-
tors, then every function r(R) of R commutes with every function s(5) of S. Since
the premise is always satisfied for R = S, two functions r(R), s(R) of the same
operator always commute. This also follows from the multiplication formula at
the end of 11.8: r(R)s(R) = t(R), where r(x)s(z) = t(x). Moreover, if r(z), s(z) are
real, 7(R), s(R) are Hermitian: by IL.8, if r(z) is real, then (r(R))* = 7(R) = r(R).

The converse also holds. If A, B are two commuting Hermitian operators,
there exists a Hermitian operator R of which both are functions: A = r(R),
B = s(R). Indeed, something stronger holds: given any finite or infinite set
of commuting Hermitian operators A, B, C, ..., there is a Hermitian operator R
of which all the A, B, C, ... are functions. We cannot prove this theorem here and
must refer the reader to the literature.'”” For our purposes, the theorem is needed
only for finitely many A, B, C, . .. with pure point spectra. We shall prove it below
for this case; for the general case we can offer only a few preliminary remarks.

Thus let A, B,C, ... be finitely many Hermitian operators with pure point

107 According to I1.5, R - 1 and 1 - R are defined precisely where R is defined; the same holds,
for a # 0, for R - al and al - R. They are equal there, so R commutes with al. The only
exception is a = 0 when R is not everywhere defined. This is rather inelegant and suggests
modifying the definition of commutativity.

The resolution of the identity of a - 1 is

Fw):{l’ e

108

0, pu<a,

as is easily verified.

109 For Hermitian A, B belonging to the special class of “completely continuous” operators
(cf. Note 70), Toeplitz proved a theorem implying the assertion in the text: there exists a
complete orthonormal system of common eigenfunctions. For the reference see Note 33.
The general theorem for arbitrary A, B, or A, B,C, ..., was proved by the author in the
paper cited in Note 94.
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spectra. For any number ), denote by £, the closed linear manifold spanned
by all solutions of Af = \f, and by E) its projection operator.

Then A is a point eigenvalue of A if and only if there are nonzero solutions f,
that is, if £, # (0), or £\ # 0. Correspondingly, form 9, F\ for B, N\, G, for
C, and so on. The equation Af = \f implies ABf = BAf = B(\f) = ABf, so
Bf, like f, belongs to . 141 Gince B\ f always belongs to 91, so does BE) f,
and hence E\BE) f = BE)f. This holds identically, so EyxBE\ = BE). Applying
x gives E\BE\ = E\B, and therefore B = BE). Just as the commutativity of
A, B has yielded that of B, F, so the commutativity of B, F yields that of £\, F),.
Since A, B were in no way distinguished among A, B, C, ..., we may say that all
the E\, F,,G,, ... commute with one another. Thus K (Auv---) = E\F,G, --- is
also a projection operator; denote its closed linear manifold by R(Auv---). By
Theorem 14 in 1.4, R(Apw - - - ) is the intersection of £, 9, M, , .. ., that is, the set
of all simultaneous solutions of

Af=Xf,  Bf=uf, Cf=vf,

Let A\, p,v,... and X, i/, v/, ... be two distinct systems of numbers: A\ # X, or
p # ', orv # 1/, and so forth. Let f belong to R(Auv---) and f' to R\ p/'v'-- ).
Then f, f’ are orthogonal: if A # X, because Af = \f, Af' = Nf';if p # 1/,
because Bf = uf, Bf' = 1/ f’; and so on. Thus all of K(Auv - - -) is orthogonal to
all of RN /v -+).

Since A has a pure point spectrum, the £, span all of R as a closed linear
manifold. Hence a nonzero f cannot be orthogonal to all the £,: for at least one
£, its projection onto £, must be nonzero, or E)f # 0. Similarly, there must
be a p with F,f # 0, a v with G, f # 0, and so on. Consequently, for every
nonzero f, we can find a A with E,f # 0, then a p with F,(E\f) # 0, then
a v with G, (F,(Exf)) # 0, and so forth. Finally we obtain ---G,F,Ex\f # 0,
E\F,G,---f #0, K(Apv---)f # 0: f is not orthogonal to fK(Auv---). In other
words, an f orthogonal to every R(Auv - - - ) is zero. Thus the R(A\uv - - - ) together
span all of R, as a closed linear manifold.

Now let ap&w ) cpg)w yre e be an orthonormal system spanning the closed
linear manifold R(A\uv ---). This sequence is finite or infinite according to the
dimension of R(Apv---); when R(Auv---) = 0, the sequence is empty. Every

@EZZW‘_.) belongs to some K(Auv---) and is therefore an eigenfunction of every

T4l The source writes 9, in these sentences, although the eigenspace of A just defined is £,.
The printed notation is retained.
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A, B,C,.... Any two distinct cpgzzw.“) are orthogonal: if they have the same sys-
tem A, p1, v, ..., by their construction; if they have different systems, because they
belong to different R(A\uv - --). All the SOE;LV~.-) span the same closed linear man-
ifold as all the R(Apv - - - ), namely fR. Thus they form a complete orthonormal

system.
We have therefore constructed a complete orthonormal system consisting en-
tirely of common eigenfunctions of A, B, C, . ... From now on we shall denote its

elements by 11,1, ... and write the corresponding eigenvalue equations as

Athy = A, Bty = pimtm, CYm = V¥,

Now choose any system of mutually distinct numbers ¢, 59, 523, . .., and form
a Hermitian operator R with pure point spectrum 7, 55, . .. and corresponding
eigenfunctions 1, s, . ... Thus'"

R (i xmdjm) = i o
m=1 m=1

Let F(52) be a function defined for —oco < » < 400, with F(s,) = A,
1,2,...; at all other points s it may be arbitrary. Similarly, let G(s¢ ) L,
H(5y,) = Vm, and so on. We wish to show that

A=F(R), B=G(R), C=H(R),

We must show that if R has pure point spectrum ¢, »5, . . . with eigenfunctions
1,1, ..., then F(R) has pure point spectrum F'(sz), F/(sr2), ... with the same
eigenfunctions v, 1, . ... Since these already form a complete orthonormal sys-
tem, it suffices to prove F(R)y, = F(3n) - Y.

10 The ¢, 59, ... must be bounded, for example s, = 1/m, for R to be continuous. For
|Rf < C - [|f|| implies [Ripm || = [semtmll = [54n] < C - [[m| = C, hence [5,| < C.
Conversely, if |s,,| < C, then

. 2
m=1 , .
= Z ’xm|2'

m=1

Consequently ||Rf]|?> < C? - || f||?, and hence || Rf|| < C - || f||, which gives continuity.

IRfI* =

2 oo
= Z |0 | 52 7,
m=1

IF11* =
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Asin IL8, let E(\) = >, _, Py, be the resolution of the identity belonging
to R. Then, as we know, symbolically

R = / AAE(N),
and by definition
F(R) = /F()\) dE()N)
Furthermore,
ms  Hm > < >\
K > .
It follows that

(F(R)bm 9) / Ao, 9)

= F(m) - (Ym, 9)

for every g, and hence indeed F(R){y, = F(sy) - Y.

This disposes of the case of pure point spectra, as promised. For continuous
spectra we must content ourselves with the reference in note 109; let us merely
single out one particularly characteristic case.

Let R, be the space of all f(q1¢2) with finite [[ |f(q192)|* dq1 dgo, the range of
¢1, g2 being the square 0 < ¢;,¢2 < 1. Form the operators A = ¢;---, B =q2---
They are Hermitian, continuous for this range of ¢, ¢2, though not for —co <
¢1,¢2 < +00, and they commute. Hence both must be functions of an R.

This R therefore commutes with A, B, from which it follows, though we shall
not explain the details here, that R has the form s(qi,q2)---, with s(q1,¢2) a
bounded function. Thus R", n = 0,1,2,..., equals (s(qi,¢2))"---, and F(R)
equals F(si(qi,q2)) -+ if F(3) is a polynomial. ™ This formula can be ex-
tended to all F'(s), though again we cannot enter into the details. Consequently
F(R) = A, G(R) = B imply*!!

F(s(q1,q2)) = a1, G(s(q1,q2)) = g

12 The source writes s; here although only s has been defined. The printed subscript is re-
tained.
11 Exceptions on a set of ¢, g2 of Lebesgue measure zero are permissible.
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The mutually inverse mappings s(qi,q2) = » and F(x) = q, G(») = ¢
would therefore have to map the square 0 < ¢;,¢2 < 1 one-to-one onto a
one-dimensional set of numbers s, contrary to geometric intuition.

Our cited proof nevertheless tells us that this must be possible; and in fact a
mapping of the desired kind is supplied by the so-called Peano curve.!'? A closer
examination of the proof cited in note 109 does indeed show that, in the present
case, it leads to the Peano curve or to related constructions.

11. The Trace

We shall here define some important invariants of operators.

For a matrix {a,,} in R, the trace 3 _, a,, is such an invariant. It is unitar-
ily invariant: it does not change when {a,, } is transformed to another Cartesian
coordinate system.''® If, however, we replace the matrix {a,, } by the correspond-
ing operator

A{zy, ..oz} =A{v1, - Unts

n
Yu = E ALy,
v=1

112 Gee, for example, Note 45.
35 The matrix {a,,} represents the transformation (that is, the operator) 7, = > "'_ a,,&
(w=1,...,n; cf. 11.7). If we transform

n n
@IZ%WLM nuzz%uu‘)m p=1...,n,
v=1 v=1

theny, => ", a1 (= 1,...,n). The transformed matrix has entries

n
Oup = E Qoo HpoHuas wv=1...,n,
0,0=1

and therefore

n n
E :auu = E Qoo HpeHuc
p=1

w,0,0=1
n n n
= E Ago E :%/w%xw ZE Qgp»
0,0=1 pn=1 o=1

so the trace is invariant.



131

then the a,, can be expressed in terms of A as follows. The vectors ¢; =
{1,0,...,0}, o = {0,1,...,0}, ..., ¢, = {0,0,...,1} form a complete orthonor-
mal system, and evidently a,, = (Ap,,,); cf. II 5 especially note 60. The trace
is thus ZZ:1 (Ap,, ¢,), and its unitary invariance means that its value is the same
for every complete orthonormal system.

We can immediately form the analogous concept in . Let A be a linear
operator. Choose any complete orthonormal system ¢, ¢, ... for which all the
Ayp,, are meaningful. This is certainly possible if the domain of A is everywhere
dense: it suffices to orthogonalize a sequence fi, f2, ... dense in that domain, by
Theorem 8 in T1.2. Put Tr(A) = Y777, (Ap,, ). We have to show that this
really depends only on A, not on the ¢,,.

For this purpose we first introduce two complete orthonormal systems

01,92, ... and ¥, 19, ..., and put
Tr(A; @, 1))
= (A ) (W, ).

pr=1

By Theorem 7 in I1.2, this equals ZZO:1 (Ap,, ), so its dependence on the ), is
only apparent. Furthermore,

Z ASO/M @Z}u 1/)1/; @u)

w,v=1

= Z (@uvA*¢V)(¢V7@u)
w,r=1

> (A, ) (0 ).

pr=1

Thus Tr(A4; ¢, 1) = Tr(A* 1, ). Since, as shown above, the right-hand side de-
pends only apparently on the ¢, the same holds for the left-hand side. Its depen-
dence on both the ¢, and the 1), is therefore only apparent; in reality it depends
solely on A. We may accordingly denote Tr(A; ¢,v) by Tr(A). Since it equals
> ne1(Awu, ), the required invariance is proved. The last equation also gives
Tr(A) = Tr(A*).

143 This translation consistently uses Tr for the trace; the source writes Spur.
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The relations

Tr(aA) = aTr(A),
Tr(A+ B) = Tr(A) + Tr(B)

are evident. Furthermore, even for noncommuting A, B,
Tr(AB) = Tr(BA).

This is shown as follows:

Tr(AB) = Z ABp,, o)

pu=1

Mg

(BSD/M A*%)

—_

=

oo

(B@mwl/)(ww )

N
Il

s

Mg

(B, u) (Ady, ).

1

82

Here ¢y, p2,... and 1,9, ... may be any two complete orthonormal systems.
The symmetry of this expression in A, B, with simultaneous interchange of ¢, ¢,
is evident. Thus for Hermitian operators A, B,

Tr(AB) = Tr((AB)*) = Tr(B*A*)
= Tr(BA) = Tr(AB).

Hence Tr(AB) is real; of course this holds all the more for Tr(A).

If 9 is a closed linear manifold and E its projection operator, Tr(E) is de-
termined as follows. Let v, .., be an orthonormal system spanning 91, and
X1, - - -, X1 one spanning R, — M. Of course k or [, or both, are infinite.

Then 1, ..., ¢k, x1, ..., x: together span PR, and hence form a complete or-
thonormal system, by Theorem 7 v in I1.2. Thus

Tr(E)

k l
= (B¢ ) + > (Expw xu)
p=1 p=1
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l
¢ﬂku + Z O X/L
pu=1

M- 1~

1=k.

T
L

That is, Tr(E) is the number of dimensions of 1.

If A is definite, all (Ay,,¢,) > 0, and hence Tr(A) > 0. If Tr(A) = 0, all the
(Ag,, p,) must vanish, so Ay, = 0 by Theorem 19 in IL5. If ||¢|| = 1, we can find a
complete orthonormal system 1, 9, ... with ¢; = ¢: take an everywhere dense
sequence fi, fo, ... and “orthogonalize” ¢, f1, f2, ..., as in the proof of Theorem 7
in [1.2.7* This produces a complete orthonormal system beginning with ¢. Thus
Ap = 0. For arbitrary f, Af = 0is clear if f = 0; if f # 0, it follows from
the preceding argument with ¢ = f/||f||. Hence A = 0. In other words, if A is
definite and nonzero, then Tr(A) > 0.

For all their brevity and simplicity, our considerations concerning the trace
are not mathematically unassailable. We have considered the series

e.¢]

> (A, 1) (U, 4),

pr=1
Z A@m Spu
pu=1

without regard to their convergence, and transformed them into one another
by rearranging their sums—in short, we have done everything that one ought
properly not to do. Admittedly, such carelessness occurs elsewhere in theoretical
physics, and the present instance will cause no harm in our quantum-mechanical
applications; nevertheless, we must acknowledge that it is carelessness. It is all
the more essential to emphasize that in the fundamental statistical assertions of
quantum mechanics the trace is used only for operators AB with both A, B def-
inite, and that this concept can also be established with complete precision. In
the remainder of this section we shall therefore collect those facts concerning the
trace that can be proved with absolute mathematical rigor.

144 The source refers to Theorem 7 here; the orthogonalization procedure is proved in Theorem
8. The source reference is retained.



134

We first consider the trace of A*A, where A is arbitrary. By I1.4, A*A is Hermi-
tian, and it is definite since (A*Af, f) = (Af, Af) > 0. We have

Tr(A*A)

WK

(A" A, ou)

ki
L

(ASOW A<Pu)

WE

i
L

WK

1Al

ki
L

Since every term of this series is nonnegative, it either converges or diverges to
+00, and in either case is meaningful. Independently of the preceding discussion,
we shall now show that its sum is independent of the choice of ¢, 9, . . ..

Only series with terms > 0 will occur, so everything will be meaningful and
every rearrangement of summation permissible.

Let 1, p2,...and 91, 19, . .. be two complete orthonormal systems. We define

Z %M/)u Z | A@mdjv

w,v=1

By Theorem 7, v, in I1.2, this equals > " | Ap,||?%; that is, X(A; ., 1,) depends
only apparently on the v,. Further, provided that the Ay, and the A*1), are mean-
ingful,

E<A7 ¢u7¢u) = |(A(p/m¢u)|2

1

(P, A0
1

| (A*wlh gpu) |2

[
M 50 1M

p,r=1
= Z(A*a ¢V7 SOM)

Its dependence on the ¢, is likewise only apparent: by the same argument, the ex-
pression on the right is independent of them. Consequently ¥(A4; ¢,,, 1, ) depends
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on A alone, and we call it X(A). What we have proved gives

2(4) = [ ApulP?
pu=1
Z A%,%

and X(A) = X(A*). This provides a correct new definition of Tr(A*A) as X(A).

We shall also prove independently some properties of 3(A) that follow as well
from the general properties of Tr(A) already derived.

The definition gives X(A) > 0 in general; and if ¥(A) = 0, all the Ay, must be
zero, whence A = 0 follows just as before. Thus, for A # 0, X(A) > 0.

Evidently X(aA) = |a*S(A). If A*B = 0, then

1A+ B)pull” = [ Ap,ll* = [ Boull?
= (Avw, Bou) + (Bou, Apy)
= 2Re(Ayp,, By,)

= 2Re(p,, A"By,) =0,

so, on summing over = 1,2,.. .,
Y(A+ B) =%(A) + X(B).

This relation is unchanged when A, B are interchanged; it therefore holds for
B*A = 0 as well. We may also replace A, B in it by A*, B*: thus AB* = 0 or
BA* = 0 is likewise sufficient. If A (or B) is Hermitian, we may therefore write
AB =0o0or BA=0.

If £ is the projection operator of the closed linear manifold 9, then for the
Y1, Yk, X1, - - -, x1 considered in determining Tr(E),

k l
=D 1B+ D1 Ex.l?
u=1 pn=1
k l
=2 Il + > _llol?
pn=1 pn=1
k
=> 1=k
pu=1
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Thus X(E) too is the dimension of 9; since E*E = E'E = E, this was only to be
expected.

For two definite (Hermitian) operators A, B, Tr(AB) can now be reduced to
3. For there exist two operators A’, B’ of the same kind with A”? = A4, B”? = B;!!*
we call them V4, VB. Purely formally,

Tr(AB) = Tr(VAVAVB - VB)
Tr(\/_ \/_\/_\/_)
Tr(( \/_\/_))
zx¢Z¢§y

On the basis of its own definition, and without reference to its connection with
the trace, this ¥(v/Av/B) has all the properties we expect of Tr(AB), namely:

VA
VB) + S (VAVC),
VC) + S(VBVO).

1% More precisely, the assertion is that, for hypermaximal definite 4, there is exactly one hy-
permaximal definite A’ with A’? = A. We prove existence.
Let A= [7°_AdE()). Positivity implies that £()) is constant for A < 0, and hence, by S;,
is zero there. Otherwise there would be A1 < A2 < 0 with E(A2) — E(A1) # 0. Choose f # 0
such that (E(A\2) — E(\))f = f. Then E(\)f = ffor A > Ay, and E(\)f = 0 for A < A;.
Consequently

/w ABON, f) = AfAﬂEQﬁJ)
/ )
Ao

(E(A2) = EQ))S, f) = A, f) <O.

Thus

A:/Z)\dE(/\):/Ooo/\dE()\)z/ooousz(M2)7

and A’ = [ pndE(u?) has the required property. ™ [Translator’s note: The lower limit in
this formula for A’ is printed as 1 in the source; the preceding calculation requires 0. The
printed limit is retained.]

Notice also that definiteness implies E£(\) = 0 for A < 0, while the converse is evident.
Definiteness is therefore characterized by the whole spectrum being > 0.
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The first follows from the symmetry of (XY in X, Y

SXY) = 3 (XY )

p,v=1
= > 1(You X)%
pr=1

by the first, the second follows from the third. Thus only the third remains to be
proved: that is, that ¥.(v/Av/B) is additive in A. This is seen by writing ¥.(v/Av/B)
as follows:

S(VAVB)
=Y IVAVBg,|

o0

= Z(\/Z\/E%w \/Z\/ES%)

1

=
I

(VA-VAVBy,,VBg,)

M

i
L

(A\/E%w \/ESOM)~

o

i
L

This establishes the concept of trace rigorously to the extent sought above.

The last formula also permits the following conclusion: if A, B are definite,
then Tr(AB) = 0 implies AB = 0. For the former says ¥(vAvVB) = 0, so
VAVB = 0 (cf. what was said on p. 96, or the further discussion of X below),
and hence AB = vVA-VAVB-vB =0.

For a definite Hermitian operator A, calculation with the trace is correct even
in its original form. For let ¢y, ¢, ... be a complete orthonormal system. Then
> ne1(Apy, o, )—the sum that was to define the trace!—has only terms > 0, and
therefore either converges or diverges to 4+-0co. Two cases are now possible. Either
this sum is infinite for every choice of ¢, 2, .. .; in that case the trace is indeed
defined independently of ¢, 2, . .., and equals +oo. Or it is finite for at least one
choice of ¢y, 2, ..., say @1, P2, . ... Then, because

(Z(A%w m)

p=1
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= (A@w @u) (A@m @u>
v=l1

¥ (A) is finite as well, say equal to C?. If ¢y, 1o, ... is any complete orthonormal
system, then

B(4) = [14v)* = ¢,
pu=1

lAp|* < €2,
[ A < C.

Since every ¢ with ||[¢|| = 1 can be chosen as 11 of such a system, ||¢|| = 1 implies
|Ay|| < C. Thus ||Af]| < C - ||f]] holds generally: for f = 0 this is evident, and
for f # 01itis enough to put ¢ = m - f. Hence A satisfies condition St. of I1.9; it
is a continuous operator. But considerably more holds.

Because 3(A) is finite, A belongs to the class of so-called completely contin-
uous operators, for which Hilbert showed that the eigenvalue problem is sol-
uble in its original form: that is, there exists a complete orthonormal system
V1,1, ... with Ay, = \p, (and A\, — 0 as u — 00).'"" Definiteness gives

15 See Note 64. A direct proof is as follows. Let \g < A\; < -+ < A\, allbe > ¢, orall < —¢,
and let successive E()\) be unequal. Choose ¢, # 0 such that (E(\,) — E(A,—1))pr = @0
Thus E(\)¢, = ¢, for A > A, and E(\)¢, = 0 for A < A\,_;; normalize ||¢,| = 1. These
elements are orthogonal and can therefore be extended to a complete orthonormal system
O1yevesOnyPrtl,.... Forv=1...n,

o0 >\V
g, |2 = / N d|EN) gy = / X2 d|EN) gy
v—1

—00 Ay

Ay
> / 2 d|E(N) g,

= (1B ” = IEQw-1)0ul?)

= e[l ||* = €.

Hence -7 | [[Ap,l* > 32—, [Appull® > ne?, whereas the first sum is 33(A) = C?. Therefore
n < C?%/e% For |\| > ¢, E()\) can consequently assume at most 2C? /&2 different values; it
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A = (AYy,,) > 0; furthermore,

DA =D l1Av* = B(4) = 2.
pu=1 pn=1

If ©1, 2, ... is any complete orthonormal system, then

oo

> (Agu,u)

p=1

WE

Z(Asom%)(%, @M))

v=1

ki
L

WE

Z(qua Ad’l/)(%ﬂ ‘Pu))

v=1

D A2 ) (W w))

me,w?) .

Since everything is > 0, we may rearrange the summation. ™ Thus:

T
L

WE

T
L

WE

1

I

> (Apu, @)

pu=1

= Ml )
,ul/:1

Y (zwy )
v=1

has only finitely many jumps, separated by intervals of constancy. Thus the spectrum is
purely a point spectrum for |A| > €. Since this holds for every ¢ > 0, the entire spectrum is
purely a point spectrum.

T46 The source prints ), in the final inner sum of the preceding display, although the preceding
line and the rearranged sum below require A, . The printed subscript is retained.
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In this case, therefore, Zzozl(Agou, ¢,,) is again independent of ¢, ¢, ..., and
equals the sum of the eigenvalues. Since it is finite for ¢;, s, ..., it is therefore
always finite. Thus Tr(A) is again uniquely determined, but this time finite.

Calculation with the trace is therefore justified in both cases.

We give a few more estimates concerning Tr(A) and X(A). For every A with
finite X(A), we had ||Af] < \/X(A) - || f||; for every definite (Hermitian) A with
finite Tr(A),

[AfI < Te(A) - ([ £1]-
Now let A be definite, Tr(A) = 1, and suppose that, for a suitable ¢ with ||¢|| =1,
[Ap]|* = 1 — e or (Ap, ) > 1 —e. Since (Ap, ¢) < [|Ap| - [[¢ll = [|Ag]|, the second
implies the first [with (1 —¢)? > 1 — 2¢ in place of 1 — ¢, hence 2¢ in place of €], so
it is enough to consider the first.

Let ¢ be orthogonal to ¢, with ||7/|| = 1. We can then find a complete orthonor-
mal system x1, x2, ... with x1 = ¢, x2 = 9, so

[AX,[I* = B(4) < (Tr(A))* =1,

||A><u||2 > || Al + (| Ay ||*

> 1 -2+ || Ay,
lAp|* <26, Ay < Ve

For any f orthogonal to ¢, it follows that |Af|| < +/2¢ - ||f|| (clear for f = 0;
otherwise put ¢ = H—ch” - f). Taking account also of (Af,g) = (f, Ag), we may say

that |(Af, g)| < v2e - | f|l - |g|l if either f or g is orthogonal to ¢.
Now let f, g be arbitrary. Then

f=ap+f, g=Bp+d,
where ', ¢’ are orthogonal to ¢, and a = (f, ), 5 = (g, ¢). Consequently
(Af,g) = aB(Ap, )
+a(Ap, g')
+B(Af )+ (Af',9),

so, on putting (Ag, ¢) = ¢,
(Af. g) — caf]
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<lal-|[(Ag, ¢')|
+ 18] - 1(Af" o) + 1(Af', 4)],

and, by the estimates above,

[(Af,g) — caf]

Ve - (laf - lg' + 181 171+ 111 - 1911

Ve - (lal+ £ IDUBI+ 1111

2v2e - /[o]2 + || /IPVIBP + [lg']2
Ve || f]l - llgll

<
<
<

On the other hand,

(Af,g) — caBB = (Af,9) — c(f,¢) (¢, 9)
= ((A - Cp[go])fa g)'

Thus |((A—cPy))f, 9)| < 2v2e-||f] - ||g]| holds generally, and hence, as we know
from I1.9, so does

I(A = cPy) fll <2v2e - ||f].
For f = ¢ this says (where ¢ = (Ayp, ) is real and > 0):

|Ap — co|| <2V/2¢,

c = |leo| < [[Ap — co| + || Ap|

< 2V2e + 1,
¢ = [lepll = —[lAp — col| + [[ g
—2V2e 4 (1 —¢),
1—(e4+2V2) <e<1+2V2e.
Consequently
(A= P/
< (A = cP) fIl + [[(c = 1) P f
<2v2e - | f]]

+ (e + 2\/%)||P[<p]fH
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< (e +4vV2e) - || f]I-

Thus A converges uniformly to P, as e — 0.
Finally, we consider Tr(A) and X(A) in the realizations Fz and Fy of R (cf.
.4 and I1.3), since these are the realizations we shall use in physical applications.
In Fy, the set of all {z1, x9, ...} with finite Zzozl |z,,|>, A can be described by a
matrix {a,, }:

Afzy, o, f =A{yp2. - 1

[0.9]

Yy = E ATy .

v=1

The sequences {1,0,0,...}, {0,1,0,...}, ... form a complete orthonormal system
©1,P02, ..., and

Apy = {ary, agy, ...} = Z AouPo>

0 (Apu, pu) = auu and [[Ap,||* = 3777 |ag,|*. This immediately gives
A) = Zauua
pu=1
= Z |au1/|2'

pr=1

In Fj, the set of all f(P) defined in 2 with finite [, |f(P)|*dv, we consider only
the integral operators

Af(P) :/Qa(P, PHYf(P)dv

(a(P, P') being a function of two variables defined in (2, the “integral kernel” of
A; cf. 1.4). Let p1(P), p2(P), ... be any complete orthonormal system. Then

Mg

Tr(A) = (A%(P) pu(P))

—Z/ [/ (P, P')gu(P) dv

XQOM
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and because in general [Theorem 7, 3, in I1.2, applied to ¢g(P)]

[e.0]

i~

N

:o\
Q

) onP) dv') ou(P)

p=1
= g(P),
we have
Tr(A) :/a(P, P) dv.
Q
Furthermore,
X(A)
00 2
-y / / a(P, PYpu(P) dv| dv,
= /el

and hence, since (Theorem 7, ~, in 11.2)

[0.9]

2

p=1

2

/ G(P)pu(P') dvf
Q

oo

/ 9(P) o (P) dtf
p=1 174
- / (P2 v’

Q

_ / (P do',
Q

E(A):/Q/Q|a(P,P’)|2dvdv’.

We see that Tr(A) and ¥(A) accomplish what was attempted in 1.4 by math-

ematically rather questionable devices: in passing from Fy to Fo, 357, is
replaced by [, --- dv.

we obtain
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This concludes our mathematical discussion of Hermitian operators. Readers
with a mathematical interest will find further information on the subject in the
relevant literature.''

116 Besides the original papers cited in the discussion, we refer chiefly to the encyclopaedia
article by Hellinger and Toeplitz mentioned in Note 33.
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III. Quantum-Mechanical Statistics

1. The Statistical Assertions of Quantum Mechanics

Let us return to the analysis of quantum-mechanical theories that we inter-
rupted for the mathematical discussion of Part II. We had considered only how
quantum mechanics makes it possible to determine all possible values of one par-
ticular physical quantity, energy: these are the eigenvalues of the energy operator
H, that is, the numbers in its spectrum. We did not discuss what it can say about
the values of other quantities, or about causal or statistical relations between the
values of several quantities. We shall now examine the theory’s assertions on
these questions. Here we shall use the wave-mechanical mode of description,
since the equivalence of the two theories has been established.

In this description it is clear that everything we wish to say about the state of
a system must be obtained from its wave function (g1, ..., qx). (Let the system
have k degrees of freedom, and let ¢, ..., g; be the coordinates of its configura-
tion space.) We do not restrict ourselves to the stationary states of the system—
the quantum orbits, for which ¢ is an eigenfunction of H: Hy = Ay, cf. .3—but
admit all its states, that is, wave functions ¢ varying according to Schrodinger’s
time-dependent differential equation Hy = —%%gp ; cf. 1.2. What assertions, then,
can be made about a system in the state (?

First we recall that ¢ was normalized in 1.3 by

/ / ar)|? dgy - - - dgp = 1.

In our present terminology, we regard ¢ as a point of the Hilbert space %R, con-
sisting of all f(q: - - - gx) for which

[ [t

is finite (a space of type Iy). The normalization is then |¢|| = 1: ¢ must lie on
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the surface of the unit sphere in Hilbert space.'’” We already know that a con-
stant factor in ¢, independent of ¢, . . ., gx, has no physical significance. (That is,
replacing ¢ by ay, where a is a complex number; because of the normalization
¢l = 1, we must have |a| = 1.) We should also point out that, besides the co-
ordinates ¢, . .., gx of our system’s configuration space, ¢ depends on the time ¢.
Hilbert space is formed only with respect to g1, . . ., gx, however, since the normal-
ization also referred to these alone. Dependence on ¢ is not to be included here; ¢
is to be regarded as a parameter. Consequently, as a point of R, ¢ depends on
t but is independent of ¢, ..., qx: as a point of R it represents the entire func-
tional dependence on ¢y, . .., g;. For this reason we shall sometimes indicate the
parameter ¢t when treating ¢ as a point of R, writing ¢;.

Consider now the state ¢ = (¢ - - - g ). The statistical assertion that can then
be made is this: the system is at the configuration-space point ¢y, ..., g with
probability density |p(q; - - - g)|*. Thus the probability that it lies in a region V' of

configuration space is
/ / el a)* dv.

(This is one of the first and simplest examples in which the statistical character
of quantum mechanics was recognized;''® the connection between this assertion
and Schrodinger’s charge-distribution assumption, cf. 1.2, is also clear.) Further-
more, if the energy of the system has the operator H, and this operator has eigen-
values A1, A9, ... and eigenfunctions ¢, s, . . ., the probability of the energy value

A, in the state ¢ is
' / / Onlqr -+ qr) dgy - - dag

(see the papers cited in Note 118). We shall now recast these two assertions in a
common form.
Let V be the k-dimensional rectangular parallelepiped

2

a<a<d, ..., @ <aq<dq,

117" By analogy with geometry, the ball in R, with centre , and radius r is the set of all f with
| f — woll < r. Its interior is given by || f — ¢o|| < r, and its surface by || f — ¢o|| = r. For the
unit ball, o9 = 0and r = 1.

18 The first statistical assertions concerning the behavior of a system in the state ¢ were made
by M. Born; they were developed more fully by Dirac and Jordan. See Note 8 and Note 2.
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and call the intervals {¢},q¢{'}, ..., {q, g} } respectively I, ..., I;. The operators of
q, - - -, qr are respectively g; - -+ , ..., qx - - ./ Their resolutions of the identity are
defined as follows (cf. I1.8): call the one belonging to ¢; (j = 1,...,k) E;()); then

flar-ar), @5 <A
0, qj>>\.

We introduce the following general notation: if F'(\) is a resolution of the identity
and [ is an interval {\',\"}, write F'(I) = F(\’) — F(X). This is a projection
operator, since ' < X" and F(\') < F()\"). The probability that the system lies in
the above V/, that is, that ¢; liesin I, .. ., ¢ in I, is

[ v
:/---/|E1(Il>"'Ek(1k>90<QI"'q/€)|2dQ1"'dq’f’

because E(11) - - Ex(Ir)e(q1 - - - qx) equals p(q1 - - - qx) for ¢1 in I3, . . ., q; in I}, and
zero otherwise. Thus it is

12:1(1) - Bi(I)el|*.

In the second case we consider the probability that the energy lies in the interval
I = {N,\"}. The resolution of the identity £()\) belonging to H is defined (cf. I1.8)

by E(A) = >, < Fleals 50

E(I)=E(X')-EX)= > P,
AN <A <N

Since only A, g, ... are possible energy values, the probability in question is the
sum of the probabilities of all A, with \" < A, < )", hence

/ / onlqr - qr) dai - - - dgy
)\/<)\ <)\//

= > o)=Y (Poap o)

N <A <N N <A <N

7 The ellipsis indicating the intermediate operators is missing between the two entries in the
source and has been supplied here. The dots after each ¢; mark the position of the function
acted upon: f — gq; f.
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= ({ > Pm]}s@, 90> = (E(D¢,¢) = B

A <A <N

In both cases, then, we have obtained a result that can be formulated as fol-
lows:

(W.) The probability that, in the state ¢, the quantities with respective opera-
tors Ry, ..., B'" take values in the respective intervals Iy, ..., [; is

1E\(1h) - Ey(I)ell,

where Ei()),. .., Ej(\) are the resolutions of the identity belonging respectively
tORl,...,Rl.

The first case corresponded tol =k, Ry = ¢ -+ ,..., R = qx - -; the second
tol =1, Ry = H. We shall now assume this assertion W to be generally valid. It
does indeed contain all the statistical assertions of quantum mechanics made so
far.

Its validity must nevertheless be restricted in one respect. Since the order of
Ry, ..., R; is entirely immaterial in the question, it must also be immaterial in
the result. Thus the E,(1y),..., Ej(];), or equivalently all the Ey(\1), ..., Ei(N),
must commute. According to I1.10, this means that R, ..., R; commute with one
another. This condition is fulfilled for ¢;---,...,q.---; forl = 1, Ry = H, it
becomes irrelevant altogether.

We therefore postulate W generally for commuting Ri,...,R;. Then
Ei(L),...,E(];)) commute, so Ei(l;)--- Ej(];) is a projection operator (Theo-
rem 14 in I1.4), and the probability is

W = ||E\(Lh) - Ef(L)¢||* = (Bx(1h) - Ef(I) g, @)

(Theorem 12 in 11.4).

Before proceeding, we must verify certain properties of W that every mean-
ingful statistical theory must possess.

1. The order of the assertions is immaterial.

2. Vacuous assertions may be added without changing 1W: these are assertions
for which the interval I; is { —o0, +00}, since they merely introduce a factor

E;i(I)=E(+00) — E(—00)=1—-0=1.

19 The association between physical quantities and Hermitian operators will be discussed

more fully in IV.1. For the present we use the association in 1.2: the coordinates ¢1, ..., gx
correspond to multiplication by ¢, ..., g;, the momenta to QLMQ%I, R %%, and the en-

ergy to H.
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3. The addition theorem of probabilities holds. That is, if an interval I; is
divided into two intervals I7, I/, the old probability is the sum of the two new

ones. For let [;, I, I be respectively {\, X"}, {\, A}, {\, \"}; then

VERER |

E(X') = E(X) = (E(A) = EQ\)) + (E(\") = E(V),

or E(I;) = E(I}) + E(I}). In view of the second form of W given above, which is
linearin E; (1) - -- E;(I;) - - - Ei(1;), this gives additivity of probabilities.

4. For absurd assertions (one /; empty), W = 0, since the corresponding E;(/;)
is zero. For self-evident assertions (all /; equal to {—o0,+00}), W = 1, since all
E;j(I;) =1and W = ||¢||? = 1. Always 0 < W < 1, by Theorem 13 in I1.4.

Finally, W contains the assertion that a quantity R; can take only its eigenval-
ues, that is, the numbers in its spectrum, as values. For if the interval I; = {\', \"}
lies outside the spectrum, E;(\) is constant in it, so

Ei(I;) = E;(\") — E;(\) =0,

and W = 0 follows.

Let us now put ! = 1 and denote R; by R. Call the physical quantity to which
R is assigned R (cf. Note 119). Let F'(\) be any function; we wish to calculate the
expectation value of F'(R).

For this purpose divide the interval {—o0, 400} into a sequence of subinter-
vals {\n, Ans1}, n = 0,1, £2, .. .. The probability that A lies in {\,,, A\,41} is

{EQn+1) = EQn)}e, 0) = (EQAni1)e, ©) = (E(A) e, ),

and the expectation value of F'(R) is therefore

+oo
> FOD{(EMs)e, @) — (E(A)e, 9)},

n—=—oo

where )\ is a suitable intermediate value in {\,, \,+1}. As the division
o, A2, A1, A0, Al, Ag, ... is made finer and finer, these sums converge to the
Stieltjes integral

| FoyaEme.),

The expectation value in question is therefore also equal to this integral. By the
general definition of functions of operators in I1.8, however, the integral equals
(F(R)p, ¢). Hence:



150

(E1.) Let R be any physical quantity, R its operator (cf. Note 119), and F'())
an arbitrary function. The expectation value of f(R) in the state ¢ is then given
by T4

Erw(F(R); ) = (F(R)e, ).

In particular, putting F'(\) = \ gives:
(E,.) Let R, R be as above. The expectation value of R in the state ¢ is then
given by
Erw(R; ¢) = (Ry, ¢).

We shall next investigate the relations between W, ;, and E».
We deduced F; from W, and F» from .
If we denote the operator of f(2R) by S, comparison of E,E; gives

(Sp,0) = (F(R)p,»)

for all states ¢, that is, all ¢ with ||| = 1. Thus, in general,

(Sf, f) = (F(R)f, f)

(clear for f = 0; otherwise put ¢ = f/||f||), and hence also

(Sf,9)=(F(R) [ 9)

For replacing f by (f + ¢g)/2 and (f — g)/2 and subtracting gives equality of the
real parts; using ¢ f, g instead of f, g gives equality of the imaginary parts. Thus
S = F(R). We formulate this important result separately:

(E) If the quantity 2R has the operator R, the quantity F'(98) must have the
operator F'(R).

Assuming F, however, £, plainly follows from F;. ™

Thus, under the assumption F, E; and L are equivalent assertions. We shall
now show that they are also equivalent to W. Since they follow from W, we need
only prove that W follows from £, or Es.

18 The source writes lower-case f here and again at the start of the following argument, al-
though the function was introduced as F’ and remains F in the formulas. The printed cases
are retained.

9 The source repeats the implication from E; to E, here. The equivalence asserted next re-
quires the converse implication, from F; together with F' to ;. The printed direction is
retained.



151

Let Ry, ..., R; be commuting operators belonging respectively to the quanti-
ties Ry, ..., R,. Y According to 11.10, they are functions of a Hermitian operator
R:

Ri=F(R), ..., R =F(R).

We assume that R too belongs to a quantity R. (We therefore assume that to
every quantity R there belongs a [hypermaximal] Hermitian operator R, and
conversely. See Note 119 and IV.2.) Then by F,

R =HER), ..., Ri=FER).
Let Iy, ..., I; be the intervals occurring in W, and put

1, Xin[;
Gi(\)=<¢" 7 i=1,...,0).
i {0, otherwise, U )

We set
H(A) = Gi(Ei(N) - - Gi(Fi(N))
and form the quantity
S = H(NR).

If R, lies in [}, that is, F;(R) lies in [;, then G,;(F;(2R)) = 1; otherwise it is zero.
Thus & = H(R) equals 1 when all the fR; lie in their respective I; (j = 1,...,1),
and zero otherwise. The expectation value of & therefore equals the probability
W that R, liesin I3, ..., R; in I;. Hence

W =Erw(6,¢) = (H(R)p, ¢)
= (Gi(Fi(R)) - Gi(Fi(R))¢, @) = (G1(Ry) - -- Gi(Ri)p, ).
Again denote by E;()) the resolution of the identity belonging to R;, and let I; be
the interval {\;, \/}. By the discussion at the end of I1.8, and using its notation,
G5(N) = exs(N) — ex (M),
Gj(Ry) = ext(Ry) — ex (Ry) = E;(\]) — Ej(X)) = Ej(

J

and therefore
W = (Ei(L) - E(L)g, @)

150" The source ends the list of quantities with the index n, although the corresponding operator
list ends with I. The printed index is retained.
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But this is precisely W.

Because of their simple form, £, and F are particularly suitable as the foun-
dations on which the whole theory is built. We have seen that the most general
possible probability assertion, W, follows from them. Two features of W are strik-
ing, however:

1. W is statistical, not causal: it does not specify which values R, ..., R
possess in the state ¢, but only the probabilities with which they take all possible

values.

2. The question posed in W cannot be answered for arbitrary quantities
Ri1,...,%R;, but only for those whose operators Ry,..., R; commute with one
another.

Our next task is to discuss the significance of these two facts.

2. The Statistical Interpretation

Classical mechanics is a causal discipline: exact knowledge of the state of a
system determines a unique numerical value for every physical quantity (energy,
torque, and so forth). For a system with k degrees of freedom, this requires 2k

numbers: the £ configuration-space coordinates ¢, . . ., ¢; and their k time deriva-
tives %, e %, or, in place of the latter, the £ momenta p;, . .., p;. Nevertheless,

a statistical treatment of classical mechanics also exists. It is, so to speak, a luxury,
an addition: if not all 2k determining data (g1, ..., gk, p1, - - ., px) are known, but
only some of them, and perhaps even these not quite exactly, then by averaging
in some manner over the data that remain unknown one can at least make sta-
tistical assertions about all physical quantities. The same applies to the earlier
or later states of the system. If ¢i,...,qx, p1,...,pr are known at time ¢ = ¢, the
equations of motion of classical mechanics enable us to calculate them causally
at any other time ¢. If only some of them are known, however, we must average
over the others and can make only statistical assertions about other times.'?"

120 An example from the kinetic theory of gases will illustrate this.

One mole (16 grams) of oxygen contains 6 - 10%* oxygen molecules Oo. ™! [Translator’s
note: The source gives 16 grams for one mole of molecular oxygen. This figure is retained.]
Each consists of two oxygen atoms which, if their internal structure is disregarded, are mass
points with three degrees of freedom each. Thus k = 2-3 -6 - 10?* = 36 - 10%® degrees of
freedom must be taken into account. A complete causal description requires 2k numerical
values. The theory of gases, however, uses only two quantities, pressure and temperature,
which are complicated functions of those 2k values. It can therefore make only statistical,
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The statistical assertions we encountered in quantum mechanics have a differ-
ent character. Here, for k£ degrees of freedom, the state is described by the wave
function ¢(q; - - - ¢;), that is, by a point ¢ in a suitably realized R (||¢]| = 1; a
numerical factor of absolute value 1 is immaterial). Thus, although we believe
that specifying ¢ gives complete knowledge of the state, it nevertheless permits
only statistical assertions about the values of physical quantities.

This statistical character is restricted to predicting the values of physical quan-
tities. The earlier and later states ¢; can be calculated causally from ¢, = .
Schrodinger’s time-dependent differential equation (cf. 1.2) makes this possible,

for
h O
Pty = ¥, 3 5Pt = ~Her
determine the entire course of ;. This differential equation can even be solved
explicitly:

— 27 (t—to)H

Pt =¢€ 2

(e~ (=10M is unitary).’?! In this formula H was assumed independent of time,

but ¢; is uniquely determined even for a time-dependent H, since the differential
equation is of first order; there is then no equally simple explicit formula for the
solution.

If one wishes to explain the acausal connection between ¢ and the values
of physical quantities on the model of classical mechanics, the following view
plainly suggests itself. In reality ¢ does not determine the state exactly at all: fur-
ther numerical data are needed to know it completely. Besides ¢, there are further
data that determine the system, further coordinates. If all these were known, the
values of all physical quantities could be specified exactly and definitely; with ¢
alone, however, only statistical assertions are possible, just as in classical mechan-

probabilistic assertions. These assertions often come close to causal predictions because the
probabilities are very close to 0 or 1, but their fundamentally statistical character remains
unchanged.

2L If Fy(\) depends on t, ZF;(\) = Gy()\), and H is Hermitian, then 2 F,(H) = G(H),
since differentiation consists of subtraction, division, and passage to a limit. For F;(\) =
e~ %" (t=t0)' X this gives

96_%@_750)44 = —@H . 6_%“_“]).'4'

ot

Applying this to ¢ gives the required differential equation. Moreover, |F;(A)| = 1, so Fy(A) -
F,(\) = 1 and hence F;(H) - {F;(H)}* = 1: our operator Fy(H) = e~ (t=t0)H i5 unitary.
Finally, at t = t; it is the identity, so ¢, = ¢.
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ics when only some of the ¢, ..., qx,p1,...,pr are given. This view is of course
only hypothetical. It is an attempt whose value depends on whether the addi-
tional coordinates supplementing ¢ can actually be found and used to construct
a causal theory that agrees with experience and, when only ¢ is specified and the
remaining coordinates are averaged over, again yields the statistical assertions of
quantum mechanics.

These hypothetical additional coordinates are generally called “hidden coor-
dinates” or “hidden parameters”, since they would have to play a rather hidden
role alongside ¢, which alone has been revealed by research so far. In classical
physics, explanation by hidden parameters has already reduced much apparently
statistical behaviour to the causal foundation of mechanics; the kinetic theory of
gases is a characteristic example (cf. Note 120).

Whether such an explanation by hidden parameters is possible for quantum
mechanics is a much-discussed question. The view that it will one day be an-
swered affirmatively still has eminent advocates. If justified, it would stamp the
present form of the theory as provisional, since the p-description of states would
then be essentially incomplete.

We shall show later (IV.2) that hidden parameters certainly cannot be in-
troduced without substantially changing the present theory. For the moment
we merely point out that ¢ differs quite essentially from partial sets of the
Q.-+ qk,P1,- - -, Dk in classical mechanics in that its time dependence is causal,
not statistical: as we saw above, ¢;, determines every ¢; uniquely.

Until a closer analysis of the assertions of quantum mechanics enables us to
examine objectively the possibility of introducing hidden parameters, as will be
done at the place cited above, we shall dispense with this possible explanation.
We therefore adopt the opposite standpoint: we accept the fact that the laws of
nature governing elementary processes, that is, the laws of quantum mechanics,
are statistical in character. (At most, causality in the macroscopic world can be
simulated by the levelling effect of the “law of large numbers”, which becomes
appreciable when many elementary processes act together simultaneously. See
the remark at the end of Note 120 and Note 175.) Accordingly, we accept W, or
equivalently £, as the most far-reaching assertion concerning elementary pro-
cesses.

This view of quantum mechanics, which accepts its statistical assertions as the
actual form of the laws of nature and abandons the principle of causality, is the
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so-called statistical interpretation. It is due to M. Born.'*? It is the only interpre-
tation of quantum mechanics—that is, of the sum of our experience concerning
elementary processes—that can be consistently carried through today. We shall
adopt it in what follows, until we can undertake a detailed discussion of the situ-
ation.

3. Simultaneous Measurability and Measurability in
General

The second circumstance we noted as striking at the end of III.1 was con-
nected with the fact that W gave information not only about the probabilities
with which one quantity i takes given numerical values, but also about proba-
bility relations between several quantities fRy,...,93;. W gave the probabilities
that these simultaneously take certain given values, or more precisely lie in cer-
tain intervals I, . .., I;, all in a given state . But these quantities Ry, ..., R; were
subject to a peculiar restriction: their operators R;,..., R; had to commute. For
noncommuting Ry, ..., R;, W gave no information at all about the mutual proba-
bility dependence of Ry, ..., %; it could be used only to determine the probabil-
ity distribution of each quantity separately, without regard to the others.

The most natural assumption would be that this is an imperfection of W and
that a more general formula, covering these cases too, must exist. For even if
quantum mechanics gives only statistical information about nature, the least we
may expect of it is that it should describe not only the statistics of individual
quantities but also the correlations between several quantities.

Contrary to this view, which at first seems reasonable, we shall soon see that
no such generalization of W is possible. Besides formal reasons arising from the
structure of the theory’s mathematical apparatus, there are also weighty physical
reasons for such a restriction. The necessity of this restriction and its physical
interpretation will even give us essential insights into the nature of elementary
processes.

To clarify this, we must examine more closely what the process of measuring a
quantity R, about which W makes a probability assertion, means in the quantum-
mechanical description.

122 7. Physik, vol. 37 (1926). The whole subsequent development (Note 2) rests on this interpre-
tation.
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First we draw attention to an important experiment carried out by Compton
and Simons even before quantum mechanics was established.'” In this exper-
iment light was scattered by electrons, and the scattering process was checked
quantitatively by subsequently intercepting the scattered light and electrons and
measuring their energy and momentum. Thus collisions took place between light
quanta and electrons, and the observer could test whether the laws of elastic col-
lision were satisfied by measuring their paths after the collision. (Only elastic
collisions need be considered, since neither an electron nor a light quantum was
believed capable of absorbing energy in any form other than kinetic energy. In
the light of all experience, both appear to have a uniquely fixed structure! The
collision calculation must of course be relativistic.'>*) Such a numerical check was
indeed possible: the paths before the collision were known and those after it were
observed, so the collision problem was overdetermined. To determine it mechani-
cally, two of these four paths and the “central line” of the collision—the direction
of momentum transfer—sulffice; thus at most three paths are needed, and the
fourth provides the check. The experiment fully confirmed the mechanical laws
of collision.

If we accept the validity of the collision laws and regard the paths before
the collision as known, this result can also be formulated as follows. Measuring
either the light quantum’s path after the collision or the electron’s path suffices
to calculate the location and central line of the collision. The Compton-Simons
experiment shows that these two observations give the same result.

More generally: the same physical quantity, namely any coordinate of the
collision point or of the direction of the central line, is measured in two different
ways, by intercepting the light quantum and by intercepting the electron; the
result is always the same.

These two measurements are not quite simultaneous. The light quantum and
the electron do not arrive at the same time, and by suitably arranging the measur-
ing apparatus one can intercept whichever one wishes first, though the difference
is only 1077-10710 seconds. Call the earlier measurement M, the later M, and
the measured quantity 3. The essential point is this: although the entire arrange-
ment is such that before measurement only statistical predictions can be made
about R, that is, about M7, M5 (see the reference in Note 123), the statistical corre-
lation between M;, M, is perfectly sharp, or causal: the $i-value of M, is certainly

125 Physic. Rev., vol. 26 (1925). See also W. Bothe’s survey in Handbuch der Physik, vol. 23 (Quan-
ten), Berlin 1926, Chap. 3, especially § 73.
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equal to that of M,. Before M;, M, therefore, both results are largely indeter-
minate; after M/} has occurred but before Ms, the result of M; is already fixed
causally and uniquely.

As a matter of principle, three degrees of causality or acausality are conceiv-
able. First, the value of R might be entirely statistical, so that the result of a
measurement could be predicted only statistically; and if a second measurement
were made immediately after the first, its result might again show dispersion
regardless of the value found in the first—possibly just as much dispersion as
the first.”* Second, it is conceivable that the value of R shows dispersion in the
first measurement, but every measurement immediately following is compelled
to give a result agreeing with that of the first. Third, 8 might be causally deter-
mined from the outset.

The Compton-Simons experiment shows that only the second case is possible
for a statistical theory. If, therefore, the system is initially in a state in which the
value of R cannot be predicted with certainty, a measurement M of R (M; in the
example above) transforms this state into another: one in which the value of R
is uniquely fixed. The new state into which M puts the system depends not only
on the arrangement of M but also on its result, which could not be predicted
causally in the old state; for the value of R in the new state must be precisely
equal to this result of M.

Let R now be a quantity whose operator R has a pure point spectrum
A1, Az, . .., with respective eigenfunctions ¢, @9, . . . forming a complete orthonor-
mal system. Suppose every eigenvalue is simple, that is, of multiplicity 1 (cf.
I1.6), so A\, # A, for ;1 # v. Suppose we have measured R and found a value \*.
What is the state of the system after the measurement?

By what was said above, this state ¢ must be such that a new measurement
of R yields \* with certainty. (Naturally this measurement must be made imme-
diately, since after 7 seconds ¢ has changed to e~ "+ "Hy. See I11.2; H is the energy
operator.)

We shall answer more generally the question of when measurement of i in
the state ¢ gives \* with certainty, without restrictive assumptions on R.

Let E()) be the resolution of the identity belonging to R, and I an interval
{N, X"}, Our assumption can also be expressed by saying that A lies in I with

124 Bohr, Kramers, and Slater based their statistical theory of elementary phenomena on this
idea. See Z. Physik, vol. 24 (1924), and Note 123. The Compton-Simon experiment may be
regarded as its refutation.
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probability 0 if I does not contain \*, or with probability 1 if \* belongs to /, that
is, if X' < A* <\,

According to W this means ||E(I)y||?> = 1, or, since ||¢]| = 1, |[E(D)¢|l = ||lo|-
Since E(I) and 1 — E([) are projection operators, Theorem 13 of 1.4 gives

le = B(Dell” = llel* = 1EDel* = 0,
p— E(l)p =0,
E\")e — E(\)p = E(I)p = ¢.

Letting \' — —oo gives E(\")p = ; letting \” — 400 gives E())p = 0. (Cf. S; in
& & & &

11.7.) Thus
@, A=A,
EMN)p =
W {0, A< A%

According to I1.8, this is precisely what characterizes Ry = A*o.

Another way of proving Ry = A*¢ rests on F;, or equivalently £5. That R
definitely has the value \* means that (9% — \*)? has expectation zero. Its operator
is F(R) with F(\) = (A — X\*)?, hence (R — \* - 1)2. We must therefore have

(R=X"-1)%p ) = (R= A" 1Dg,(R=X"-1)g)
I(R= 2" 1)gll? = | Rp — X2 = 0,

that is, Rp = A .

In the special case considered above, then, we see that Ry = A\* is necessary.
As discussed in I1.6, this implies that A* equals some A, (since ||¢|| = 1, ¢ # 0),
and that ¢ = ayp,,. Since ||¢| = ||¢,|| = 1, we must also have |a| = 1, so a may be
omitted without changing the state. Thus A* = A\, ¢ = ¢, for some . = 1,2,....
(The assertion about A\* could also have been deduced directly from W, but the
assertion about ¢ could not.)

Under the above assumptions on R, a measurement of i consequently trans-
forms any state 1 into one of the states 1, @9, . . ., associated respectively with the
results Aj, \g,.... The probabilities of these transformations therefore equal the
probabilities of measuring A, A, ... and can be calculated from W.

According to W, the probability that the value of R lies in I is || E(I)%]|?. Since
by I1.8, E(I) = >, in1 Plpn), We obtain

W =By = (B, ¢) = > (Pt )

Anin
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= ) (@ en)l.

Anin

One therefore expects the probability of )\, to be |(¢, ¢,)|?. If we can choose
I so that the only A, in it is \,, this follows directly from the formula above.
Otherwise, when the other \,, accumulate at \,, we may argue as follows. Let
F(X) be 1 for A = )\, and zero otherwise. The required probability WV, is the
expectation value of F(R), hence, by E, or Ej, it is (F(R)y,v¢). By definition
(1.8),

[e.e]

(F(R)p. ) = / FO) d(IEA)G]?).

Recalling the definition of the Stieltjes integral, we readily see that this is zero
if £(\)y is continuous in A at A = ),, and in general equals the jump of the
monotonically nondecreasing function ||[E(\)y|*> at A = A,. This jump equals
| Pmto||?, where 901 is the closed linear manifold spanned by all solutions of Ry =
At (cf. 11.8). In the present case 9t = [p,,], so

Wy = [|Poall? = (0, 0n)]*.

This answers the question of what happens when a quantity R is measured,
under the above assumptions on its operator R. For the moment, of course,
the “how” remains unexplained. This discontinuous, jump-like transition from
Y into one of the states i, ¢s,... is certainly not of the kind described by
Schrodinger’s time-dependent differential equation. These states are indepen-
dent of 1, which enters only into the respective probabilities W,, = |(¢, ¢,)|?,
n = 1,2,..., of the jumps. The differential equation always produces a contin-
uous change of 1, with a uniquely determined final result depending on v (cf.
I11.2). Only later shall we attempt to bridge this gap (see VI).'%

Continue to assume that R has a pure point spectrum, but no longer require
all eigenvalues to be simple. We can again form ¢y, p2,... and Aj, Mg, ..., but
equal values may now occur among the )\,,. After a measurement of R, the state
¢ certainly satisfies Ry = A\*p, where \* is the measurement result. Thus \*
equals some ), but concerning ¢ we can say only this: if the A\, equal to \* are
Aty Ang,y - - -, I finite or infinite number, then

Y = Z ayPn,, -

125 Jordan recognized the relation between these jumps and the “quantum jumps” of the older
Bohr theory: Z. Physik, vol. 40 (1924).
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(If there are infinitely many n,, >, |a,|* must be finite.) Two such ¢ represent
the same state only if they differ by a numerical factor, that is, only if the ratio
ai : ap : --- is the same. As soon as more than one n, exists, then, that is, when
the eigenvalue \* is multiple, even knowledge of the measurement result does
not uniquely determine the state ¢ after the measurement.

The probability of \* is calculated from W, or £, or E», exactly as before:

W)= > [@oen)l =D 10, 0n)

An=A*

If R does not have a pure point spectrum, the situation is as follows. All solutions
fof Rf = Af span a closed linear manifold 9, and all the 9, together span a
further one 9. The absence of a pure point spectrum is characterized by 9 #
Roo, that is, M = R, — M # (0). (For this and what follows, see 11.8.) There are
at most countably many values of A for which 9ty # (0); these form the point
spectrum of R. If we measure ‘R in the state v, the probability that the result will
be \* is
W) =[P, 0l* = (Pon, 0, 0)-

The most convenient derivation is the argument used above, based on £ (or £)

and the function
1, A=\,

MM{O A £ A

Correspondingly, the probability that the value of R will be some \* in the point
spectrum ‘B of R is

W= " (Po.t,¥)) = (Poth, 0) = || Pyt lI*.

A*in ‘P

This can also be seen directly by means of the function '

PO = {1, A in 5B,

0, otherwise.

But if we measure R exactly, the subsequent state ¢ must satisfy Ry = A\*y, so the
result \* must belong to ‘B. The probability that an exact measurement succeeds

152 The source uses \* in the condition defining F(\) below; the condition would ordinarily
concern the argument \. The printed condition is retained.
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is therefore at most || Pgz0||2. This number is not always 1; for the ¢ in Mit is even
zero. Thus an exact measurement is not always possible.

We have seen that a quantity R can always, that is, in every state ), be mea-
sured exactly if and only if it has a pure point spectrum. If it does not, it can
be measured only with limited accuracy: the number line —oo < A < +o00 can
be divided into intervals ..., 7(=2 11 10 1) 1?)  and one can decide in
which interval % lies. Let the division points be ..., A(72 A AO) AW A@)
with 1 = {A(M A+l The maximum interval length e = Max(A("+D) — \(),
or mesh of the division, is the measurement accuracy. We can analyze this latter
process mathematically. Let /'(\) be the following function, where )/, is an inter-
mediate value in 7, chosen arbitrarily for each n = 0,+1, 42, ... but then kept
fixed:

F(A\) =X, if Aies in 1™,

The approximate measurement of R is then equivalent to the exact measurement
of F(R). Now

00 At
r = [ rwasoy= 3 [ royaey
+o00 Aln+1) . +00
= A / dE()\) = A E(1™

Plainly F(R)f = M, f for every f in the closed linear manifold belonging to
E(I™). Thus, for F(R), the manifold 9, contains this manifold. Consequently
Py, > E(I™), so

+o0 +o0
Puz Y Puy > Y BUO

+00
=Y (EQ") —BEQM) =1-0=1.

It follows that
> Pwm, =Pyp=1,  Pm, =EB(I,),

n=—oo

that is, F(R) has a pure point spectrum consisting of the \/,. 1>

153 The source writes I,, in the preceding equality, in place of the notation I () used throughout
this argument.
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Thus F(R) really is exactly measurable, and the probability that its value is
A, or equivalently that the value of R lies in (™, is

1Pon,, 9* = [ B(I)0]1?,

in agreement with the assertion of W for fA.

This result can also be interpreted physically and shows good agreement be-
tween the theory and ordinary physical intuition.

In the classical-mechanical view, without any quantum conditions, every
quantity R is assigned a perfectly definite value in every state. At the same
time it is recognized that every conceivable measuring apparatus can determine
this value only within some margin of error that never vanishes, owing to the
imperfections of human observation: a pointer can be read, or the darkening of a
photographic plate localized, only with limited accuracy. By sufficiently refining
the measuring arrangement this margin of error can be reduced arbitrarily close
to zero, but it never becomes exactly zero. We should expect the same to hold in
quantum theory for quantities A that are not quantized according to the intuitive
picture one used to form of these things, especially before quantum mechanics
was discovered. Examples are the Cartesian coordinates of an electron, which
can take any value between —oc and +oo and whose operators have continuous
spectra. For quantities that are “quantized” according to that intuitive picture,
the situation is reversed. Since they can take only discrete values, it suffices to
observe them accurately enough to leave no doubt which of the “quantized”
values is involved; one then knows with certainty the exact value taken. For
example, if a hydrogen atom is known to contain less energy than is needed
for the second-lowest energy level, its energy content is known with absolute
exactness: it is the lowest energy level.

As the situation in “matrix theory” already shows (cf. 1.2 and 11.6), this divi-
sion into “quantized” and “unquantized” quantities corresponds to the division
into quantities R whose operator R has a pure point spectrum and those whose
operator does not. And precisely for the former, and only for these, we found ab-
solutely exact observation possible; the latter could be observed with arbitrarily
great accuracy, but never with absolute accuracy.'?°

126 All this presupposes that the structure of the observed system and of the measuring appa-
ratus, all force fields, and so forth are known exactly, and that we seek only the state, that
is, the instantaneous values of the coordinates. If this idealizing assumption is not satisfied,
further sources of uncertainty arise.



163

(Incidentally, it is just here that the introduction of “improper” eigenfunctions,
or eigenfunctions not belonging to Hilbert space, mentioned in the Introduction
and in [.3—see also 11.8, especially Note 84 and Note 86—represents reality less
well than our procedure. It creates the appearance that states exist in which quan-
tities with a continuous spectrum take certain values exactly, although this is pre-
cisely what never occurs. Besides their mathematical untenability, we believe
this is a further reason for rejecting such idealizations, despite their having been
proposed on several occasions.)

We have thus brought the question of the processes occurring when one quan-
tity is measured to a provisional conclusion, and can turn to the simultaneous
measurement of several quantities.

First let R, & be two quantities with respective operators R, S, and assume
that they are simultaneously measurable. What follows from this?

Initially we shall require absolutely exact measurements, so both R, S must
have pure point spectra, respectively Ai, Ao, ... and p1, o, . . .. Let the correspond-
ing complete orthonormal systems of eigenfunctions be 1, ¢, ... and ¥y, ¥, . . ..

To dispose of the simplest case first, suppose one of the two operators, say R,
has only simple eigenvalues: \,, # A, for m # n.

If we measure R, G simultaneously, the subsequent state is one in which both
R and & definitely have the values just measured, say A\, itz. The subsequent
state 1) must therefore satisfy Ry = A1, S¢Y = pgpyp. The first equation gives
Y = pm, apart from a numerical factor that may be omitted. The second gives
Y = >, a,y,,, where p,,, fin,, ... are all the i, equal to p;. If the initial state
was ¢, then A\, o5 have probability |(p, pm)|%
becomes certain. Thus for every m we can say that ¢,, isasum ) a,,, withall
the p,,, equal, or Sy, = [ip,,, where i = p,, = pn, = ---. Hence RSf = SRf
for f = ¢,,, both sides being \,,ii - ¢;,,. The same therefore holds for their linear
combinations and, if R, S are continuous, for their limit points, that is, for every
f. Thus R, S commute.

If they are not continuous, we argue as follows. The resolutions of the identity
E(X), F(u) belonging to R, S are defined by

EN =Y Poj  Fw=> Py

Am <A Hn<p

For ¢ = ¢,,, therefore, m = m

Our description of an imprecise measurement is likewise idealized: we decide with abso-
lute certainty whether the value lies in an interval I = {\, X"}, X < \”, or not. In reality the
boundaries are blurred and the decision can be made only with a certain probability. Nev-
ertheless, the description chosen is mathematically the most useful, at least provisionally.
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Thus F(p)pm = ¢m or 0, according as p > fi or u < ji, with i1 as above. Also
E(N)¢m = ¢ or 0, according as A > A, or A < \,,,. In every case, therefore,
ENF(w)em = F(u)E(N)pm for all ¢,,. As before, this gives commutativity of
E(\), F(u), and hence, by I1.10, of R, S.

According to I1.10, however, there exists a complete orthonormal system of
common eigenfunctions of R, S, so we may assume ¢,, = ,,. Since m # n
implies \,, # \,,, we can construct a function

L A=A\, n=12,...,
F()\) =
arbitrary, otherwise,

and obtain S = F(R), thatis, & = F(R). Thus R, S are not merely simultane-
ously measurable: every measurement of A is itself a measurement of &, since &
is a function of R, and hence causally determined by it.'*

We now turn to the other, more general case, in which nothing is assumed
about the multiplicities of the eigenvalues of R, S. Here we use an essentially
different method.

First consider the quantity R + &. A simultaneous measurement of R, S is
also a measurement of R + &, since adding the results gives the value of R + &.
Consequently, in every state ), the expectation value of R + & is the sum of
the expectation values of YR and &. Notice that this holds regardless of whether
R, G are statistically independent, whether correlations exist between them and
of what kind, or even whether one causally determines the other; for, as is well
known, the law

expectation of the sum = sum of the expectations

holds generally. If T' is the operator of R + &, this expectation is on the one hand
(T, 1) and on the other hand

(Rip, ) + (5S¢, ¢) = (R + S)¢, ).

Thus for every v,
(T, ¢) = (R + 5), ),

127 The last assertion can be checked using W. Form the resolutions of the identity of R, S as in
IL.8.
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soT = R+ S. Therefore R + & has the operator R + S.'% Similarly, aR + b8,
for real a, b, has the operator aRR + bS. This also follows from the first formula by
substituting R, & and R, S in the functions F'(\) = a), G(p) = bp.

A simultaneous measurement of R, & also measures

R+ & RLG\. NR-6 R-—6\°
5 9 ’ 5 9 ’

(5°%) - (45%) e

Their operators are therefore the following, using also the fact that if 7" is the
operator of T, then (%) has the operator F'(T), and thus T2 has the operator 7>

R+S (R+S>2_R2+SQ+RS+SR

2 2 4 ’
R—S (3—5)2_R2+52—RS—SR
2 2 4 ’
(R_+S)2_ (R_—S)z_ RS+ SR
2 2 2

Thus R - S has the operator (RS + SR)/2. This also applies to all F/(R), G(S),
which are measured at the same time, so F'(R) - G(S) has the operator

F(R)G(S) + G(S)F(R)
5 .

Let E(\), F(11) be the resolutions of the identity belonging to R, S, and let
L, A< L w<i,
F() { G(p) { !
0, wu>np.

As we know, F(R) = E()\), G(S) = F(1); hence F(R) - G(&) has the operator
(EF + FE)/2, where we abbreviate E()\), F(fi) to E, F. Since F(%R) is always 0 or
1, F(R)? = F(R), so

F(R) - (F(R)-G(6)) = F(R) - G(6).

128 That the operator R + S corresponds to the sum has been established for simultaneously
measurable quantities. It also holds for arbitrary quantities, but in that case it is an unprov-
able fundamental postulate. See the end of IV.1 and IV.2.
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Applying our multiplication formula to F'(R) and F(R) - G(S), all of which are
simultaneously measurable, gives this product the operator

EEFLFE | EFYFEp _ E’F+2EFE+FE* EF+FE+2EFE
2 N 4 N 4 '

This must equal (EF + F'E)/2, whence

EF+FE=2-EFE.
Left multiplication by E gives
E’F+EFE =2-E°FE, EF+EFE=2-EFE, EF=EFE;
right multiplication gives

EFE+FE*=2.EFFE*, EFE+FE=2.-EFE, FE=FFE.

Therefore EF = FE: all E(\), F(i) commute, so R, S again commute.
According to I1.10, the condition that R, S commute is equivalent to requir-
ing the existence of a Hermitian operator 7' of which R, S are functions: R =
F(T), S = G(T). If T belongs to the quantity ¥, then R = F(%), 6 = G(%).
This condition is also sufficient for simultaneous measurability, since a measure-
ment of T—an absolutely exact one, for ¥ has a pure point spectrum, cf. I[1.10—
simultaneously measures its functions R, 6. Commutativity of R, S is therefore
the necessary and sufficient condition.
If several quantities R, S, ..., in finite number, are given with operators
R, S, ..., and absolutely exact measurement is again required, the criterion for
simultaneous measurability is as follows. If all the quantities R, S, ... are si-
multaneously measurable, so must every pair formed from them be; thus all the
operators R, S, ... commute with one another. Conversely, if R, S, ... commute,
I1.10 gives an operator 7' of which all are functions: R = F(T), S = G(T),
. Thus, for the corresponding quantity T, R = F(%), 6 = G(%), .... An
exact measurement of T, which again has a pure point spectrum (cf. I1.10), is
consequently a simultaneous measurement of R, S, .. .. Thus commutativity of
R, S, ...1isnecessary and sufficient for simultaneous measurability of R, S, . . ..
Now consider measurements that are not absolutely exact but have a pre-
scribed, arbitrarily high, accuracy. The R, S, ... need no longer have pure point
spectra.
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Measurements of R, S, ... with limited accuracy achieve the same result as
absolutely exact measurements of F'(R), G(S),.... Here F'(\),G()),... are cer-
tain functions constructed as described at the beginning of this section in the
discussion of measurements with limited accuracy, where naturally only F()\)
was specified. Therefore R, S, ... are certainly simultaneously measurable if all
F(R),G(6),. .. are simultaneously measurable with absolute accuracy. The latter
is equivalent to commutativity of F(R), G(S), ..., which follows from commuta-
tivity of R, S, . ... Thus commutativity of R, S, ... is in any event sufficient.

Conversely, suppose R, G, ... are simultaneously measurable. A sufficiently
accurate measurement of R allows us to decide whether its value is > A or < A
(cf. our definition of “limited accuracy”, discussed especially in Note 126). If
F()) is defined to be 1 for A < XA and 0 for A > ), then F(R) can be measured
with absolute accuracy. Correspondingly, with G(u) = 1 for ¢ < fand 0 for
pu > fi, G(6) can be measured with absolute accuracy, and the two quantities
can moreover be measured simultaneously. Thus F/(R), G(S) commute. Now let
E()), F(u) be the resolutions of the identity belonging to R, S. Then F(R) = E()),
G(S) = F(ji),so E()\), F(j1) commute for all \, ji. Hence R, S commute; and since
the same must hold for every pair in R, S, .. ., all these operators commute with
one another. The condition is therefore necessary as well.

We thus see that simultaneous measurability of any finite number of quanti-
ties R, G, ... is characterized by commutativity of their operators R, S, .... This
holds both for absolutely exact measurements and for measurements of arbitrar-
ily high accuracy; in the former case one must additionally require the condition
characterizing the possibility of absolutely exact measurement, namely that the
operators have pure point spectra.

This supplies the mathematical proof that W makes the most far-reaching as-
sertion possible in this theory, that is, in a theory containing W. It assumes only
commutativity of the operators R, ..., R;; without this, nothing could in any
event be said about simultaneous measurement results for Ry, ..., R;, since si-
multaneous measurements of these quantities would not be possible at all.

4. Uncertainty Relations

The preceding sections have given us essential information about the mea-
surement process for one quantity or for several simultaneously measurable
quantities. We must now examine the behaviour of quantities that cannot be
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measured simultaneously when we are interested in their statistics for the same
system in the same state (.

Let two such quantities R, G and their noncommuting operators R, S be given.
Despite this assumption, there may be states ¢ in which both quantities have
sharp values, that is, zero dispersions: these are common eigenfunctions of both
operators. These common eigenfunctions cannot, however, form a complete or-
thogonal system, since R, S would then commute. (Consider the construction in
I1.8 of the corresponding resolutions of the identity E(\), F'(A). If 1, p2, . .. is the
complete orthogonal system in question, both the E()\) and the F'(\) are sums of
Py, and therefore commute because the P, ; commute.) The meaning of this is
easily seen: the closed linear manifold 9t spanned by these ¢ must be smaller
than JR.. Were it equal to $i, the required complete orthonormal system could
be constructed just as was done for a single operator at the beginning of 1I.6.

For states in 901, R, G are simultaneously measurable. The simplest proof is to
give a model of this simultaneous measurement. Since the common eigenfunc-
tions ¢ of R, S span M, there is an orthonormal system of such ¢, say ¢1, 2, . ..,
that likewise spans 91, that is, is complete in 9. This too is obtained by the
construction in II.6 mentioned above. Extend ¢, ¢»,... to a complete system
©1, %2, .. .,YP1,¥2,... by adjoining an orthonormal system 1,5, ... spanning
Roo — M. Let A\, Ag, ..., 1, pt2, . . . be mutually distinct numbers, define 7" by

T (an'@n‘i‘zyn'd}n) :Z)\nxn'@n‘FZ/inyn'wnv

and let T be its corresponding quantity.

As we know from II1.3, a measurement of ¥ produces one of the states
©1, 92, ..., Y1, 02, .. .. If it produces a ¢, which is recognized by the result being
a \,, the values of R and & are also known. By assumption R, & have sharp
values in ¢,, and one can predict with certainty that an immediately following
measurement of R or & will find the respective value. If a %, is produced,
however, nothing of the kind is known: 1,, does not lie in 9, so R, & are not
sharp in v,. As we know, the probability of finding 1, is (P,%,¢), and the
probability of finding any v, (n = 1,2,...)is

> (Pyip: @) = (Pr-mp, @) = || Pr-mel”

n

= |l — Poee|*.
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It is therefore zero, that is, R, & are certainly measured simultaneously, when
¢ = P, or when ¢ belongs to 99t.1%

Since we are now interested in quantities that are not simultaneously measur-
able, we shall assume the extreme case 9t = (0). Thus we assume that R, & are
not simultaneously measurable in any state at all, or that no common eigenfunc-
tion of R, S exists.

If R, S have resolutions of the identity E()), F'()), then, as we know from III.1,
their expectation values in the state ¢ are

0= (Ry,p), o= (S, ),

and their dispersions, that is, the expectation values of (R — 0)?, (& — 0)? (cf. the
discussion of absolutely exact measurement in I11.3), are

(R=0-1)%¢0,0) =|[(R—0-1g|* = [|Re — 00’
(S =0 -1)%p,0) = (S —0o-Del* = [|Se — ayl|*.

30

22
2

n

A familiar transformation gives'

e2 = |Ro|* — (Ro, )%, n? =S¢l — (Se, ¢)*.

Since ||¢|| = 1, Schwarz’s inequality, Theorem 1 of II.1, already shows that the
left-hand sides are > 0. The question now arises: since we can never have ¢ = 0
and 1 = 0 together, whereas ¢ by itself can be made arbitrarily small, and like-
wise 7) (for R, G are separately measurable with arbitrary, perhaps even absolute,
accuracy), there must be relations between ¢, preventing them from becoming
small simultaneously. What are these relations?

Their existence was discovered by Heisenberg.'”! They are of great impor-
tance for understanding the uncertainties that quantum mechanics introduces

129 We leave it to the reader to work out the details of simultaneous measurability for states
@ in M, for quantities R, & that cannot be measured with absolute precision (continuous

spectra), and so forth, following the analogous discussion in III.3.
130 Indeed,

e®=((R—0-1)%p,¢) = (R*p,0) — 20 (Rp,¢) + 0°
=[|Re|® — 2 (Rp,0)* + (Rp, ©)* = |Re||> — (Re, 9)?,

and similarly for n?.

131 7. Physik, vol. 43 (1927). Bohr deepened the analysis in Naturwiss., vol. 16 (1928). The
mathematical treatment below was initiated by Kennard, Z. Physik, vol. 44 (1926), and given
its present form by Robertson.
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into the description of nature, and are therefore called uncertainty relations. We
shall first derive the most important such relation mathematically, and then re-
turn to its fundamental significance and its relation to experience.
In matrix theory, operators P, ) with the commutation property
h
2mi

played an important role. They were assigned, for example, to a coordinate
and its conjugate momentum (cf. 1.2), or more generally to any two quantities
canonically conjugate in classical mechanics (see, for example, the papers cited
in Note 2). More generally, consider two Hermitian operators P, ) with

PQ—-QP=a-1.

Since (PQ — QP)" = QP — PQ,wehave (a-1)" =a-1= —a-1,s0a = —a: a
is purely imaginary. Of course this operator equality is not valid as an assertion
about the domains; PQ) — QP need not be everywhere defined. For every ¢ we
then have

2Im(Pyp, Qp) = —i[(Pp, Qp) — (Qp, Pp)]
= —i[(QPp, ) — (PQy, ¢)]
= (i{PQ — QP}p,p) = ia - [|¢|*.

If a # 0, Theorem 1 of I.1 gives

2 2 2
lo]|? = ——Im(Pyp,Qyp) < m!(Pso, Q)| < ’;HPSDH Qell,

and hence, for ||¢|| =1,

la|

1Pel- el > 2

Since P — p- 1, ) — 0 - 1 also have the commutation property above, we likewise

have o
a
1P —opll - |Qp — ol =
Introducing the means and dispersions,

0= (Pp,0), & =|Pyp—op|?
o= (Qp,0), n°=Qp—opl|?
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we obtain

lal

en > (U)

For equality to hold, it is necessary and sufficient that equality hold in each of
the inequalities used in the derivation. With P’ = P —p-1, Q' = Q — o - 1, we
therefore have

—% m(P'e,Q'p) = [(P'e,Q'p)| = [P'e| - [Q¢l.
By Theorem 1 of IL.1, the latter equality means that Py, ()’ differ only by a
constant factor. Since || P'¢||-[|Q"¢|| > |a|/2 > 0implies P'v # 0, Q'p # 0, we must
have Py = cQ'p, ¢ # 0.7°* The former equality says that (P'p, Q') = ¢||Q"¢|?
is purely imaginary, and its coefficient of i has the same sign as —i|a|/a, which is
real; that is, the opposite sign to the coefficient of ¢ in a. Thus ¢ = i7, where v is
real and v 2 0 for a/i < 0. Consequently

Po=1iyv-Qy, 7 real, and v < 0 for ia < 0. (Gl)

The definition of g, o further requires (P, p) = 0, (Q'¢,v) = 0. But (GL) gives
(P, p) =1iv(Q'p, ), with a real quantity on the left and a purely imaginary one
on the right, so these equations hold automatically. We also determine ¢,7. We
have

lal
exn=Pel: Qe =lcd=hl, =7
Since ¢, n are both positive,
_(lal- 1l la
€= Y
2 20y|
For the quantum-mechanical case a = h/(27i), (U) becomes
h
> — U’
€= @)
We can also discuss (Gl.) when P, are, for example, the operators of
Schrodinger’s theory: P = %%--~, Q@ = q---. (Cf. 12; we assume a me-

chanical system with one degree of freedom, whose sole coordinate is q.) Then

(Gl.) reads
h 0 — ivlg— 0)p:
i _361 oY =1y\qg—0)¥;

154 The source writes ¢’ # 0, although the proportionality factor is denoted by c.
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since ia = h/(2m) > 0, > 0. Hence

0 2 N 27 N 2r

P — - . - —0 -1

g A 7 q A Yo n 0 ')
that is,

o= o) = Fvat+ o+ 5o} dg

_ O RO oat i _ o o~ (a-0)*+ g

Since v > 0, ||¢||* = fj;o l©(q)|* dq is indeed finite, and C’ is determined by

loll = 1:
) —I—oo 2 . +o00 27rv( 2
ol / \dq—rm/ ) g

—0o0

+oo
/2 —x
|C|~/27T / iz
‘Cl|2 / \/_—|Ol’2 I _1
/ 1/4
o= ()

Omitting the physically meaningless factor of absolute value 1, we therefore have
C' = (2y/h)'/4, that is,

1/4
Y= sp(q) — (%) 6—%(q—0)2+2ih9iq.

E_V - 47‘(’

Apart from the condition en = h/(4x), they are arbitrary as v varies from 0 to
+00. Thus every quadruple g, 0, ¢, n) satisfying e = h/(4n) is realized by exactly
one ¢. These ¢ were first studied by Heisenberg and used to illustrate quantum-
mechanical situations. They are especially well suited to that purpose, because
they represent the closest possible approximation within quantum mechanics to
classical-mechanical conditions, where neither p nor ¢ has dispersion, and be-
cause one can assign prescribed values to € or n at will. See the reference in
Note 131.

We already know ¢, :
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The foregoing considerations have covered only one aspect of the uncertainty
relations, namely the formal one. A full understanding requires us to consider
them from another standpoint as well: that of direct physical experience. Their re-
lation to such experience is simpler and more readily surveyed than that of many
of the facts on which quantum mechanics was built, and so the wholly formal
derivation above does not do them full justice. An intuitive discussion is all the
more necessary because at first glance one might even think they contradict intu-
ition: it is not immediately apparent why position and velocity, that is, coordinate
and momentum, of a material body could not be measured simultaneously with
arbitrarily high accuracy if sufficiently fine measuring instruments were avail-
able. We must therefore make clear, by an exact analysis of the most refined mea-
surement processes, perhaps practicable only as thought experiments, that this
is not so. Rather, the familiar laws of wave optics, electrodynamics, and elemen-
tary atomic processes place insuperable obstacles in the way of accurate measure-
ment precisely where the uncertainty relations require them. This can already be
recognized by examining these processes in a purely classical way, without quan-
tum theory. This is of fundamental importance: it shows that in the classical
domain, whose validity is established independently of the correctness of quan-
tum mechanics—where quantum phenomena do not yet compel a substantial
correction of the older view, and which is in fact the only domain directly accessi-
ble to our intuition'* >—we encounter no conflict with the paradoxical-sounding
uncertainty relations of quantum mechanics.

What must be shown is this. If p, ¢ are canonically conjugate quantities and
a system is in a state in which the value of p can be specified with accuracy ¢,
that is, after a measurement of p with margin of error ¢, then ¢ cannot be known
with any greater accuracy than n = /- : c. Equivalently, a measurement of p with
accuracy ¢ must introduce an uncertainty 7 = 1 : ¢ into the value of q.

Naturally, these very qualitative considerations cannot recover every detail
exactly: instead of en = h/(47), we shall be able to show only e ~ h for the most
accurate possible measurement, meaning that <7 is of the order of magnitude of
h. As a characteristic example, consider the conjugate pair position (coordinate)—
momentum of a particle T'.'%

We first examine the determination of position. This is done by looking at T,

132 Bohr (Note 131) emphasized the fundamental significance of this point. The following de-
scription is not entirely classical in one respect: it uses the existence of light quanta, that is,
the fact that light of frequency v never occurs in amounts of energy smaller than hv.

133 The following discussion is due to Heisenberg and Bohr; see Note 131.
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that is, illuminating it and absorbing the scattered light in the eye. Thus a light
quantum L is fired from the light source ! towards T, deflected by its collision
with T from its straight path 53; into 53;, and annihilated by absorption at the
end of its path on the screen Sch, which replaces the eye or a photographic plate
(Fig. 1).7°°> The measurement is made by establishing that L has struck the screen
Schnot at 1, the end of its natural path 53;, but at 2, the end of 3/3,. To determine
the location of the collision, and thus of T', from this, the directions of S and
B2 must also be known, that is, the direction of L before and after the collision.
This is achieved by inserting suitable systems of diaphragms ss and s's’. Strictly
speaking, this does not measure the coordinate of T" but decides whether it has
a certain value or not: the value corresponding to the intersection of directions
p and 2, which can be placed arbitrarily by suitably arranging the diaphragms.
Only the combination of several such decisions, that is, the installation of several
diaphragms s's’, amounts to a measurement. What, then, is the accuracy of this
position measurement?

It has a fundamental limit in the laws of optical imaging. With light of wave-
length X it is impossible to form a sharp image of objects smaller than ), or even
to reduce the blurring enough to obtain a distorted image. Admittedly, we did
not require an optical image, since the mere fact that L is deflected suffices to
establish the position of T'. But the diaphragms ss and s's’ cannot be narrower
than ), for otherwise L cannot pass through them undisturbed: a set of interfer-
ence fringes appears, so the direction 5 or 5, of the light ray can no longer be
inferred from the direction of the successive diaphragms ss or s’'s’. Thus with
this projectile L it is in no case possible to aim and hit with greater accuracy than
A.

The wavelength ) is therefore also the measure of the error in measuring the
coordinate: \ ~ e. Further characteristics of L are its frequency v, energy F, and
momentum p; the familiar relations are

c — he E hv h
Py EEWER PET TN
where c is the velocity of light."** Thus p ~ h/e. During the collision between
L and T, whose details are not exactly known, a momentum transfer plainly of
the order of p, or /¢, takes place. This produces in T' a momentum uncertainty
n~ h/e.

55 In the reproduced figure, Sch abbreviates the German Schirm, “screen”.
134 Gee Einstein’s original paper, Ann. Physik, vol. 14 (1905), or any modern textbook.
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Sch
]

Figure 1.

This would prove en ~ h, had one circumstance not been overlooked. In
fact, more is known about the collision process than this suggests: we know the
directions of motion of L before and after it, 5 and (5, and thus its momenta;
these determine how much momentum is transferred to T'. Consequently, p is
not a measure of 7; the measure is instead the possible uncertainty in the ray
directions 3, 2. To determine more precisely the relation between “aiming” at the
small object T" and the associated uncertainty of direction, it is useful to employ
a more perfect aiming device than the slit ss, namely a lens. We must therefore
take account of the familiar theory of the microscope, which says the following;:
to illuminate a patch of linear extent ¢, that is, to hit T" with L to accuracy ¢,
a wavelength A and lens aperture ¢ are required satisfying \/(2sin(¢/2)) ~ ¢
(Fig. 2).1%°

The uncertainty in the tt-component of the momentum of L arises because its
direction lies between —¢/2 and +¢/2 but is otherwise unknown. It therefore

135 For the microscope see Handbuch der Physik, Berlin 1927, vol. 18, Chap. 2, G. Very accurate
measurements require very small € and ), hence v-rays or radiation of still shorter wave-
length. Ordinary lenses then fail. We could use only lenses whose molecules are neither
shattered nor knocked out by the -rays. The existence of such molecules or particles vio-
lates no known law of nature, so their use in a thought experiment is legitimate.
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amounts to

e A &

This is the correct measure of 7, so again n ~ h/e, or en ~ h.

This example shows the mechanism of the uncertainty principles quite clearly.
To aim accurately we need large eyes, that is, a large aperture ¢, and light of very
short wavelength. This means very indeterminate and large momenta of the light
quantum, which cause collisions with the observed object T' whose details cannot
be followed (Compton effects), thereby “smearing out” its momentum.

Let us also consider the reverse measurement process: measurement of veloc-
ity, or momentum. The natural way to measure the velocity of T is to measure
its position at two different times, say 0 and ¢, and divide the change in coor-
dinate by t. The velocity must, however, be constant throughout the interval
0,t. If it changes, the change is a measure of the deviation between the mean
velocity just calculated and the actual velocity, say at time ¢, and hence of the
uncertainty in the measurement. The same applies to momentum. If the coordi-
nate measurements are made to accuracy ¢, this does not affect the accuracy with
which the mean momentum is measured, since ¢ can be chosen arbitrarily large.
It does, however, cause momentum changes ~ h/e, and hence an uncertainty
n ~ h/e in the final momentum. Thus €7 ~ h results in any event. Only momen-
tum measurements unconnected with any position measurement could therefore
yield something new. Such measurements are quite possible and are frequently
used in astronomy, for example; they rest on the Doppler effect. Let us turn to
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this.

The familiar Doppler effect is as follows. A body T moving with velocity
v emits light of frequency 1y, as measured at the moving body. A stationary
observer perceives a different frequency v, given by

VvV —1 v
= —cos0.
A0 C

Here 0 is the angle between the directions of motion and emission. This formula
is nonrelativistic, valid only for small v/c, but that could easily be corrected. The
velocity can therefore be determined if v is observed and 1y is known, perhaps
because it is a particular spectral line of a known element. More precisely, one
measures the velocity component in the direction of observation, or light emis-
sion, 1°°
vecosh = M,
v

or the corresponding momentum component p’ = pcos = mc(v — vy) /vy, where
m is the mass of T'. The dispersion 7 of p’ is plainly related to the dispersion Av
of v, s0 n ~ mcAv/yy ~ mcAv/v. The momentum of T is admittedly changed
by its emission of a light quantum of frequency v and thus momentum p = hv/c,
but under normal circumstances the uncertainty of this quantity, hAv/c, can be
neglected compared with mcAv/v. 15

The frequency v is measured by some interference phenomenon, which nat-
urally gives an absolutely sharp v only for a purely monochromatic light-wave

train. Such a train has the form

a sin <27T (% — Vt) + oz) ,

where ¢ is the coordinate, ¢ time, a amplitude, and a phase; the expression rep-
resents some component of the electric or magnetic field strength. It therefore
extends infinitely in both space and time. To avoid this we must replace the ex-
pression, which because A = ¢/v can also be written asin(27v(q/c — t) + «), by

15 The source prints v in the denominator of the following velocity formula; the preceding
Doppler relation and the subsequent momentum formula instead give 1. The printed de-
nominator is retained.

136 That %A” is large compared with h—f” means that v is small compared with ch, that is,
E = hv is small compared with mc?. In other words, the energy of the light quantum L is
small compared with the relativistic rest energy of T'™ [Translator’s note: The source says
“relativistic rest mass.” Since the comparison is with mc?, the term “rest energy” is used
here.]—an assumption that is unavoidable in a nonrelativistic calculation in any case.
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another function F'(¢/c—t) that is nonzero only in a finite interval of its argument.
If the light wave has this form, it must, as is well known, be Fourier-analyzed:

+oo
F(z) = / a, sin(2rvx + o) dv,
0

and the interference pattern displays all frequencies v for which a, # 0, with
relative intensity a2 dv in the frequency interval v, v + dv. The dispersion of v,
namely Av, is to be calculated from this distribution.

If our wave train has length 7 in =, and therefore length 7 in ¢ or c7 in ¢,
this frequency dispersion is seen to be ~ 1/7.%” In this measurement method
an uncertainty of position arises because each light emission gives T a recoil

137 For example, let F'(z) be a monochromatic wave train of frequency vy confined to the inter-
val from a to 7: "% [Translator’s note: The source prints the initial endpoint as a, but uses 0
in the formula; it then switches from the amplitude « to a. These inconsistencies and the
inconsistent factors of 7 and 27 are retained.]

asin2rygr, 0<z < T,
F(z) =

0, otherwise.

(Continuity at the junction requires sin27vy7 = 0, thatis, vy = 3, n = 1,2,3,....) By
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the familiar inversion formulae for the Fourier integral (see the reference in Note 87), a2 =
b2 + c2, where

+oo
b”} = 2/ F($)C9S2wym -dz

Sin

.
. cos

2a sin 2wvgx - . 2wvx - dx
0 sin

= ia/ <Sm7r(1/ + vp)x — Sln?’[’(V — V0)1’> ~dx
0

cos cOS
.
cos cos
. (v +1)x . (v —w)x
sin sin
= —Q —_
(v + vp) (v — 1)

0
[(—1)” costvr —1  (=1)"cosmvT — 1}

_ (v + 1) (v —1p)
_ [(—1)” sinmyr (—1)"sin 7TI/T:|
(v + ) (v — o)

2avp(1 — (=1)" cos )
a m(v2 —13) ’
2av(—1)" sin vt
T(v? —13)
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hv/c in the direction of observation, that is, a velocity change hv/(mc). Since the
emission process takes a time 7, however, we cannot locate the instant of this
velocity change more accurately than 7. Hence there is a positional uncertainty
e ~ (hv/(mc))r. Thus

hv mcArv  mcl

£~ —T, n~ = —— en ~ h.
me v v T

Again, therefore, en ~ h.
If T, instead of emitting its own light as assumed here, scatters light from
elsewhere, that is, is illuminated, the calculation is entirely analogous.

5. Projection Operators as Propositions

As in III.1, consider a physical system S with £ degrees of freedom, whose
configuration space is therefore described by the k coordinates ¢, . .., gx (cf. also
[.2). In the classical-mechanical view, all physical quantities R that can be formed
in the system S are functions of ¢y, . . ., g, and the conjugate momenta p;, . . ., py:

R = Er{<q17’ < gk, P1y - - 7pk)

For example, energy is the Hamiltonian function H (g, . .., ¢k, p1, - - ., pr)- In quan-
tum mechanics, on the other hand, as already indicated in I1I.1, the quantities R

Thus

_ 2a194/2 — 2(—1)" cosTvT
B T(v? —13)

ay

sin
4davy %7‘(1/7'
cos

- m(v?2 —13)
_ 4aw|sin(v — o) 7]
n T(v? —13)

The frequencies near v = 1, are therefore the most strongly represented. Most of the wave
train’s energy lies in the frequency ranges where 7(v — )7 has moderate values. The dis-
persion of v — vy (or, equivalently, of v) is therefore of the order of 1/7. The exact calculation
of the relevant expression gives the same result:

a2y — ) dv
0

v

JyS a2 dv
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are uniquely associated with the hypermaximal Hermitian operators R. In par-

ticular, qi, ..., qx correspond to the operators Q)1 = ¢1---,...,Qr = qx---, and
P1,---, Pk to

_h 0 _h 0

YT omidg T TP 2midg,

The example of the Hamiltonian function in 1.2 already made clear that,
because ();, P, do not commute, it is in general impossible to define R =
R(Q1,...,Qr, Pr,..., P). Although we cannot state anything definitive about
the relation between the R(q1,...,qx, p1,. .., pr) and the R, we did establish the
following special facts in II1.1 and II1.3:

L. If the simultaneously observable quantities R, & correspond to the opera-
tors R, S, then the quantity afR + bS, for real a,b, corresponds to the operator
aRR +bS.

E. If the quantity R corresponds to the operator R, then the quantity F'(9R),
where F'()) is any real function, corresponds to the operator F'(R).

L and F admit a certain further generalization. The generalization of F follows
necessarily and reads:

F*. If the simultaneously observable quantities R, S, ... correspond to the
operators R, S, ..., which therefore commute and whose number is finite, then
the quantity F(R, S, . ..) corresponds to the operator F'(R, S, ...).

Here we shall assume F'()\, p,...) to be a real polynomial in A, g, ..., so that
F(R,S,...) has a clear meaning, since R, S, ... commute. The assertion /™ could
also be justified for arbitrary F'(A, , . ..); for the definition of general F'(R, S, ...)
see the reference in Note 94. Every polynomial is obtained by repeating the three
operations a\, A + p, Ay, so it suffices to consider these. Since Ay = %1(()\ + p)? —
(A — u)?), that is,

O (1) 0 D

4 4
we can replace these three operations by a\, A + u, A%. The first two fall under L
and the last under F. This proves /™.

L, on the other hand, is extended in quantum mechanics even to the case
where R, G are not simultaneously measurable. We shall discuss this question
only later, in IV.1; for now we merely observe that it is by no means clear what
afR + bG is to mean for quantities R, & that are not simultaneously measurable.

Besides the physical quantities R, there is something else that physics studies:
the properties of the states of the system S. It is a property, for example, that a
certain quantity R takes the value ); or that the value of R is positive; or that the
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values of two simultaneously observable quantities R, &G are respectively A, y; or
that the sum of the squares of these values is > 1; and so on. We denoted quanti-
ties by R, G, .. .; we shall denote properties by €&, §, . ... Quantities corresponded
to the hypermaximal Hermitian operators R, S, .. ., as just discussed; what corre-
sponds to properties?

We can associate with every property € a quantity defined as follows: every
measurement that decides whether € is present or absent is to count as a mea-
surement of this quantity; its value is 1 if € is present and 0 otherwise. We shall
denote this quantity associated with & by € as well.

It takes only the values 0 and 1. Conversely, every quantity R capable of only
these two values is associated with a property €, plainly the property “the value
of R is # 0”. Thus the quantities € associated with properties are characterized
by the condition above.

That € takes only the values 0, 1 can also be formulated by saying that it makes
the polynomial F(\) = A — A\? vanish identically. If & has the operator E, then
F(€) has the operator F/(E) = F— E?; thus the conditionis E—E? = 0, or E = E”.
In other words, the operator E of € is a projection operator.

Properties € are therefore associated with projection operators £, through the
corresponding quantities € just defined. If, besides £ = Py, we also consider the
corresponding closed linear manifold 9, we may equally say that properties are
associated with closed linear manifolds 901.

We shall now examine more closely the calculus of the corresponding &, £/, 1.

By definition, deciding whether the property € is present in the state ¢ is
equivalent to measuring the quantity ¢ and determining whether its value is
1 or 0. The probability of the first case, that € is present, therefore equals the
expectation value of ¢, namely

(Bg. ) = | El” = || Pmoll?,

and the probability of the second case, that € is absent, equals the expectation
value of 1 — €, namely

(1= B)p,0) = (1 = E)ell* = llp — Poeel.

Their sum is of course (¢, ), that is, 1. Hence € is certainly present or certainly
absent when the second or first probability, respectively, is zero: when Py = ¢
or Pmp = 0. This means that ¢ belongs to 91 or is orthogonal to 9, respectively;
equivalently, that ¢ belongs to 9t or to R, — M.
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Thus 91 can also be defined as the set of all ¢ that certainly possess the prop-
erty €. Strictly speaking, this gives only those elements of 9t for which ||| = 1;
9N itself is obtained by multiplying these elements by positive constants and ad-
joining zero.

If we call the property opposite to €, its denial, “non-¢”, it follows at once
that when £, 91 belong to €, then 1 — E, R — 9 belong to non-¢&.

For properties as for quantities, the question of simultaneous measurability, or
more properly simultaneous decidability, arises. Clearly €&, § are simultaneously
decidable if and only if the corresponding quantities &, § are simultaneously mea-
surable. Whether the accuracy is arbitrarily high or absolute is immaterial, since
they can take only the values 0, 1. Thus the condition is that £, F' commute. The
same applies to several properties €, §, &, .. ..

From simultaneously decidable properties &, § we can form the further prop-
erties “¢ and §” and “€ or §”. The quantity belonging to “€ and §” is 1 when the
quantities belonging to ¢ and § are both 1, and zero when either is zero; it is there-
fore their product. By F, its operator is the product of the operators of € and §,
namely E'F. By Theorem 14 of 11.4, the corresponding closed linear manifold is
the common part P of I, .

The property “€& or §”, on the other hand, can be written

“non-((non-¢&) and (non-g¥))”,

so its operator is
l1-(1-FE)(1—-F)=FE+F —EF,

which by its construction is of course a projection operator. Since F' — EF'is a
projection operator, the linear manifold belonging to £ + F' — EF is 9 + (N —
B) (Theorem 14, 11.4). It is part of {9, 91} and plainly contains 9, hence by
symmetry also 91, and thus {9, 91}. It therefore equals {91, 91}, which, being
consequently closed, equals [0, 91].

If ¢ is a property that is always present, that is, a vacuous one, its quantity is
identically 1, so £ = 1, MM = R.. If € is never present, that is, is impossible, its
quantity is identically zero, so £ = 0, 9 = (0). If two properties &, § are incom-
patible, they must in any event be simultaneously decidable and “€ and §” must
be impossible: £, F' must commute and EF' = 0. But EF = 0 itself implies com-
mutativity (Theorem 14, I1.4), so it alone characterizes incompatibility. If E, F’ are
assumed to commute, E'F' = 0 says only that the common part of 91, I consists
solely of zero; this condition alone, however, does not imply commutativity of
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E,F. In general, EF = 0 means for 9, 9 that the whole of 9 is orthogonal to
the whole of 91 (Theorem 14, 11.4).

If R is a quantity with operator R and resolution of the identity E()), the
operator of the property “R lies in the interval I = {X,p/'}”, X' < 1/, is plainly
E(u') — E()N). This follows, for example, because the probability of the property
is (E(i) — E(N))e, @) (cf. W in I11.1); or because the quantity belonging to the
property is & = F(R), with

I, N< A<y,
F()) = -
0, otherwise,

and F(R) = E(/) — E(N) (cf. I1.8 or I1I.1). We also called this operator £(I) in
IIL.1.

To collect the results, we have established the following relations between
properties €, their projection operators £, and the corresponding closed linear
manifolds M:

«) In the state ¢, the property € is present or absent with the respective prob-
abilities

(Bp,0) = [ E¢l® = || Pmeell*
and
(1= E)p,0) = (1 = E)el* = llp — Pmel”

) The property € is certainly present or absent for the ¢ in 9t or R — N,
respectively, and only for these.

7v) Simultaneous decidability of several properties €, §, . . . is characterized by
commutativity of their operators £, F), . . ..

§) If £, 9t belong to €, then 1 — E, R, — M belong to non-¢&.

e) If E,9 belong to € and F, 91 to §, and €, § are simultaneously decidable,
then “& and §” corresponds to EF' and the common part of 91, 9, while “& or §”
corresponds to E + F' — EF and {9, 7N}, which equals [90t, N].

n) The property € always holds if £ = 1, or equivalently 9t = R; it never
holds if E' = 0, or equivalently 9t = (0).

v) The properties &, § are incompatible if EF' = 0, or equivalently if the whole
of 91 is orthogonal to the whole of 9.

() Let R be a quantity, R its operator, and I an interval. Let E()\) be the
resolution of the identity belonging to R, I = {X, '} with X < ¢/, and E(I) =
E() — E(XN) (cf. IIL.1). Then the property “fR lies in I” has the operator E(I).
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From «)-() we can derive the earlier probability assertions W, £, E», and the
assertions of II1.3 about simultaneous measurability. That the latter are equiva-
lent to 7) is clear; W follows from «), ¢), (), and implies £, Es.

As we see, the relation between the properties of a physical system and projec-
tion operators enables a kind of logical calculus with the latter. Compared with
ordinary logic, however, this calculus is enriched by the concept of “simultane-
ous decidability”, characteristic of quantum mechanics.

The calculus of propositions based on projection operators has a further ad-
vantage over the calculus of quantities based on the totality of all hypermaximal
Hermitian operators: the concept of “simultaneous decidability” refines that of
“simultaneous measurability”. For example, let R, S have operators R, S with
respective resolutions of the identity F(\), F'(1), and let I = {\', X"}, J = {y/, /"' }.
For the questions “Does A lie in /?” and “Does & lie in J?” to be simultane-
ously decidable, 7) and () require only that the operators E(/) = E(\") — E(X)
and F(J) = F(u") — F(i') commute. Simultaneous measurability of R, S, by
contrast, requires commutativity of every E(\) with every F'(u).

6. Theory of Light

We have recovered all the statistical assertions of quantum mechanics cited in
1.2, and have even substantially generalized and systematically developed them,
with a single exception. We still lack HEISENBERG's expression for the transition
probability from one stationary state of a quantized system to another, although
this very expression played an important role in the origin of quantum mechanics
(cf. the discussion in 1.2). Following DIRAC,'* we shall show how these transition
probabilities can be derived from the ordinary statistical assertions of quantum
mechanics, that is, from the theory just presented. This is all the more important
because it will give us a deeper insight into how transitions between stationary
states occur and into the connections underlying the EINSTEIN-BOHR energy—
frequency relations. Indeed, the theory of light due to DIRAC which we are about
to present is probably one of the most beautiful achievements in quantum me-
chanics.

Let S be a system (say, a quantized atom) whose energy corresponds to the
Hermitian operator Hy. For brevity, denote by ¢ the coordinates describing the

138 Proc. Roy. Soc., Lond., vol. 114 (1927). See also the exposition in Weyl, Gruppentheorie und
Quantenmechanik, 2nd ed., pp. 91 ff., Leipzig 1931.
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configuration space of S (if, for example, S consists of | particles, these are 3/
Cartesian coordinates: =1 = q1,y1 = ¢2,21 = ¢3,...,L] = Q31-2,Y] = (31-1,2] =
q31). For simplicity, let Hy have a pure point spectrum: eigenvalues Wy, Ws, ...
and eigenfunctions ¢1(€), p2(§), . . . (some of the W, may coincide). An arbitrary
state of S, that is, a wave function ¢(§), evolves according to the time-dependent
SCHRODINGER differential equation (cf. I11.2):

h 0O
2—7”.&%(5) = —Hopi(§).

Thus, if at t =ty we have () = (&) = iy arpr(€), then in general

oo

oi(€) = ape” B0l (g,

k=1

A state p(&) = (&) therefore passes into e~ Wili=to) ) (€), that is, since the fac-

tor e~ Wi(t=10) js inessential, into itself: the ¢y (€) are precisely stationary. Thus
at first we find no transitions at all from one ¢ (&) to another. How, then, can
such transitions be spoken of? The explanation is simple: we have disregarded
the agency which causes these transitions—light. Even in the original BOHR the-
ory, the stationary quantum orbits decay only through the emission of light (cf.
the reference in Note 5); if this is disregarded, as in the formulation just given,
it is very reasonable that absolute and eternal stability should result. We must
therefore enlarge the system under investigation by including the light which §
may emit, and hence all the light which can possibly interact with S. Let the
system formed by the light (that is, the electromagnetic field of classical theory,
excluding the static fields due to electron and nuclear charges) be denoted by L.
We have to investigate S + L.

The following must therefore be found:

1. A formulation of the quantum-mechanical description of L, that is, the
configuration space of L must be specified.

2. The energy operator of S + L. This divides into three parts.

«) The energy of S present independently of L, that is, the unperturbed S-
energy: for the system S this was the operator Hy.

) The energy of L present independently of S, that is, the unperturbed L-
energy. Denote its operator by H;.

7) The remaining energy, that is, the interaction energy of S and L. Denote its
operator by H,,.
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As we see, these are questions which, according to the basic principles of
quantum mechanics, must first be answered classically so that the result can then
be rewritten in terms of operators (cf. 1.2). We therefore initially adopt a purely
classical standpoint regarding the nature of light: in the sense of the electromag-
netic theory of light, we regard it as an oscillatory state of the electromagnetic
field.'

To avoid unnecessary complications (loss of light in infinite space, and so on),
we imagine S and L enclosed in a very large cavity H of volume V, with, say,
reflecting walls. As is well known, the state of the electromagnetic field in H
is described by the electric and magnetic field strengths ¢ = {€&,, &, €.} and
H = {9H:,9y,9.}. All the quantities &,,..., 5, are functions of the Cartesian
coordinates z,y, z of an arbitrary point of H and of the time ¢t. We emphasize
that we shall now repeatedly consider real spatial vectors a = {a,,a,,a,}, b =
{b;,b,,b.}, and so on (for example, €&, £), and operations on them such as the
inner product

[a,b] = a,b, + a,b, + a.b..

There is little danger of confusion with the inner product (¢, ¢) in $.,. We shall
denote the differential operator aa_; + 53—;2 + ;—; by A, and the familiar vector differ-
ential operations by div, grad, rot. In the empty cavity H, the vectors €, § satisfy
MAXWELL'’s equations

div$ =0, rotQE—F}gﬁ =0,
c ot
10

iveE , rot ) c@te

The first equation of the first row is satisfied by setting $§ = rot2 (A =
{2, 2,2} is the so-called vector potential, whose components also depend on
z,y, z,t), and the second then by & = —%%QL The equations of the second row

now require
: 1 02
[The vector potential is usually introduced somewhat differently to increase the

symmetry between space and time. Most treatments of MAXWELL's theory show

139 The interested reader will find expositions of the electromagnetic theory of light in any text-
book of electrodynamics, for example Abraham-Becker, Theorie der Elektrizitit, Berlin 1930.
The same reference applies to the following discussion insofar as it belongs to Maxwell’s
theory.
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that this formulation in terms of 2 gives the most general solution of MAXWELL's
equations—noting in particular that the first equation of the second row really
gives only 2 div2 = 0, thatis, div = f(z, y, 2)—and so we shall not discuss this
further here. Cf. the reference in Note 139.]

Our starting point in what follows is (A). The fact that the walls of H are
reflecting is expressed by the requirement that, at the boundary of H, 2 be per-
pendicular to its walls. The familiar method of finding all such 2 is this: since ¢
does not enter the whole problem explicitly, the most general 2 is a linear com-
bination of solutions which are products of a vector depending on z,y, z and a
scalar depending on ¢:

A = A(zyzt) = A(zyz) - ¢t).

Thus (A) gives

divA =0, AA=n2A, Anormal to the walls of H, (A1)
0? _ ~
5adt) = nd(t), (A2)

where, by (A,), n depends only on z, y, z, and by (A5) only on ¢, so it is constant.
Thus (A,) is an eigenvalue problem, n being the eigenvalue parameter and
2 the general eigenfunction. The theory of this problem has been worked out
completely; we give only the results here.!*’ The problem (4,) has a pure point
spectrum; all eigenvalues 7,732, ... (let the corresponding A be Ay, Ay, ...) are
negative and tend to —oco as n — +00. We can normalize a complete system

A, As, ... by
. 47c? =
///[mm,mn]da;dydz{m’ e
: 0, m # n.

(We choose 47¢? instead of the customary 1 because it will later prove somewhat
more convenient.) Writing 7, (< 0) as —47%02/c* (0, > 0, and g, — +oo as
n — +00), (As) gives

Gn(t) = vy cos2mo,(t — 7) (v, T arbitrary).

140" Gee R. Courant and D. Hilbert, Methoden der mathematischen Physik 1, pp. 358-363, Berlin
1924.
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Thus the most general solution 2 is ™

WK

A =Awyzt) = > Wn(ayz) - Gu(t)
n=1
(o]
= Z Tn Q[n(xyz) " Yn COS 27TQn(t - Tn)
n=1
(71,72, ..., T1, T2, ... arbitrary real constants).

The energy of the arbitrary field 2 = >°°7 2, (zyz) - §,(t) [ is not assumed
to solve (A), so the ¢, (t) are arbitrary] is'®

_ 1 xdydz

_ ﬂi{l([e,@]ﬂﬁ,ﬁ])d dyd

_ iﬂ/// (l%ﬁl %i[} + [rot A, roth]) dx dy dz
L5

+ qm(t)qn( )[rot 2., rot 2(”]) dx dy dz.

59 The following expansion contains two factors 7, in each term in the source; both are re-

tained.
160 The second line of the energy calculation omits the factor 1/c? before the time-derivative

inner product in the source; the next line includes it. The formulas retain this printed dis-
crepancy.
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Integration by parts gives:'*!

///[rot Ay, rot A, ] d dy dz = ///[rot rot Ay, Ay| dx dy dz
S—~— S—~—
H H

= // [~ AL, + grad div A, 2A,] dz dy dz

) dx dy dz.
Consequently,
_ 1 - 1 86771( )aQNn(t) 4 Qm~ ~
E= Z (CQ Ot ot + Qm(t>Qn(t>

7n_

/// ) do dy dz

- gmz [(aqm ) +4w2@;<am<t>>2] .

But we can regard ¢i, g2, . . . as the coordinates describing the instantaneous state
of the field, that is, as the coordinates of the configuration space of L. From the

formula
1 — qn
-5 [<_> ¥ 47rzgg@3]
141 For
///[a,rotb]dxdydz = ///[rota, b] dx dy dz,
—— ——
H H
because

[a, rot b] — [rot a, b] = grad(a x b)

(a x b is the so-called external, or vector, product of a, b), provided that the normal com-
ponent of a x b vanishes on the boundary of H. Since a x b is perpendicular to both a
and b, this is certainly the case if either a or b is perpendicular to the boundary of H. Here
a = rot A, and b = 2, so the condition stated first is certainly satisfied. °! [Translator’s note:
The source prints grad(a x b). In the vector notation used here, the right-hand side should
be —div(a x b). The boundary condition makes the resulting surface integral zero, so the
preceding integration-by-parts identity is unaffected. The printed formula is retained.]
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the conjugate momentum p,, is determined, in classical mechanics, as

B &,
b= 505,/0t) ~ ot

l\DIr—t

o0
Z Dy + 47701 0)

(ct. 1.2). From this, classical mechanics gives the equations of motion

op,  OE .
_ T == - —4 nsy
ot aa, ™ 0n4
Jq, OFE  _
— = o = P
ot Opn
that is,
PG -
atz + 47T ann - 07

exactly (A»), which followed from MAXWELL’s equations. Thus JEANS’s theorem
holds:

The radiation field L admits a purely classical mechanical description. Its co-
ordinates g1, g2, . . . are related to the instantaneous vector potential 2 describing

the field by
A = Azyz) = Y GuAn(wyz)

and its energy (Hamiltonian function) is

o.¢]
E =3 (b + 4704,
n=1
A point of mass 1, constrained to a straight line and having coordinate g, in
the potential field Cg?, C' = 272¢? has energy 1[(%0)? + 4720?3), or, since again
p= g‘g, 5(? + 47?0?¢?). Its equation of motion is therefore atg + 4712 0%q = 0, with
solution ¢ = 7y cos2mo(t — 7) (7,7 arbitrary). In view of the form of its motion,
this system is called a “linear oscillator of frequency p.” Thus L is to be regarded
as the combination of a sequence of linear oscillators whose frequencies are the
natural frequencies of the cavity H: gy, g2, . . ..
This “mechanical” description of the electromagnetic field is important be-
cause it can immediately be reinterpreted quantum-mechanically by the usual
method. The configuration space of L is described by ¢, g2, . . .; in the expression
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for E, py, g, are to be replaced by %% --- and g, - - -, respectively. Call these
operators ]Sn and CNQn This answers questions 1 and 2/3); in particular,

o
=5y (B +47°0,Q7)
n=1
is the operator required in 2/3). Question 2«v) was solved from the outset, since we
assumed Hy known. Only 2) remains, and it now presents no difficulty either.
In classical electrodynamics, the interaction of S with L is calculated as fol-
lows. Let S consist of [ particles (say, protons and electrons), with respective

charges and masses e;,my, ..., e, m; and Cartesian coordinates z; = q1,y1 =
2,21 = Q3,...,%] = q31-2,Y1 = qai—1,2 = ¢z (these constitute the earlier sym-
bol §); let the corresponding momenta be p{, p{, p5, ..., pf, p], p;. The interaction

energy is, to sufficient approximation,'#?

l
€y
E xl/ayl/azlf)
cm,,

v=1

-l-pl,Q( ('rljvylj7zl/) +p1/2l (xzuyzuzy))-

The corresponding quantum-mechanical operator is obtained by replacing
Py, DY, Doy Ty, Yo, 2 (¥ = 1,...,1) by the operators

hoona
211 O, T 2mi Oy, " 2mi 0z, ’

:CV...7 yy..-, Z’/-..’

which we denote by P?, PY, PZ,Q%, QY, Q. Taking account also of 1%

Ql(xyz) = Z Qnﬁn(l‘yz)a
n=1

we obtain the desired H,,:

l

=203 R PLQ Q1))

nlyl

+ B, (@), QU Q) + Py -(@, QY. Q) }-

142 Gee, for example, the reference in Note 138.
162 The following expansion is printed with p,, as coefficient; the earlier field expansion uses

an.
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In replacing the products p>2,, , (2, Yy, 2,), . . . by operators, however, we arbitrar-
ily fixed the order P2, .(Q%, Q¥, Q?), ..., although we might equally well have

v v

taken 21, ,(Q%, Q¥, Q%) P%, .. ; in fact, to ensure that the resulting operator is Her-

mitian, a symmetric form such as

3 (P2 2(Qy, QU Q7) + An e (Q1, QU Q) FY), - -

would be required. Fortunately, all this makes no difference, since!®3
[Puxﬁn,x( 1957 }%, Qi) + - ] - [ﬁmx( 1357 l%’ Qi)PIf + - ]
- [Pyxgln,l( guﬂa zynQi) - Q[n,ﬂf( 557 gv Qi)Pux] + e
h 0~
-7 T O O)? .
211 Ox ne(Q @, ) +
h

= — div,(Q%, QY, Q%) = 0.
27_(_@ ].VQ[ ( v 1284 QZ/) O
The total energy of our system S + L, or its operator
H=Hy+ H; +H,,

has thus been specified exactly. Before transforming H further, however, we
make the following remark. The configuration space of S + L is described by
the coordinates £ (that is, ¢1,...,q3 or x1,y1,21,...,2, Yy, 2) and qi,qa, .. .; the
wave function therefore also depends on these. Now it is formally inconvenient
and questionable to admit systems with infinitely many degrees of freedom, or
wave functions with infinitely many arguments; our prescriptions have always
referred to finitely many coordinates. We shall therefore initially consider only
the first N of ¢1, ¢2, . . ., namely qi, . . ., ¢ (that is, restrict 2 to linear combinations
of 24, ...,%Ay), and only in the completed result perform the physically necessary
limiting passage N — +00. Thus

N
H=Ho+3) (P +47°0Q7)

n=1

143 Since P* commutes with Q¥, QZ, but not with QZ, to justify the following transformation
we need to prove the relation (omitting superfluous indices and replacing 2 by F')

h
PF(Q) - F@QP = 5 F'(Q),
iy
when P = QLM% ---and @ = ¢---. This relation, which is of the greatest importance

especially in matrix theory, is easily verified by direct calculation.
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+ZZ

nlyl

+P91,y( 0 QY Q7)) + PR (Q), QY Q) -

(P, (Q7, QY, Q7))

It proves convenient to introduce, in place of P,,Q,, the non-Hermitian operator
» and its adjoint R

~ 1

Rn: 2 n~n 'ﬁnv
2hgn( T0nQn + 1)
~ 1 ~ ~
R = 210,Qn — 15,).
n \/m( 7TQ Q l )

Then Q,, = o+, /%(fin + R¥), and, since P,Q, — Qn P, = L1,

* P2 4 2 l
R.R; 57 (P; +4m Q )+ 3
RyR, = — (P} +4n%00Q7) — 3 - 1,

2hon

and in particular R, R} — R* R, = 1. The energy formula is™®

N
H=Ho+ > hoy RoR,

n=1
+ ZZ S (Rn +RY)
n=1 v=1 v
x [Py (Qy, Qz) Py ,y( 5 @Y, @r)
+ Py, -(QF, QY. Q)] +

where C' = constant = 1 Zf:[:l hoy. Since an additive constant in the energy ex-
pression is meaningless, we may omit C; this is all the more appropriate because
C becomes infinite as N — 400, thus obstructing the proper completion of the
theory.

The Hermitian operator R:R, is hypermaximal; indeed, it has a pure point
spectrum consisting of the numbers 0,1, 2, .... Let the corresponding eigenfunc-

tions be called v§ (@), ¥4 (@), V3 @) - - -

163 Tn the square root in the interaction term, the source prints g,; the preceding substitution
gives g,,. The printed subscript is retained.
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[If, instead of the variable g,, we write 5-+/h/0, ¢, then

L ho 1 /nlo
V2ho, 211 0, 27\l 20, 1 OG,

become ¢/v/2 and 5347, respectively, so that

~ o~ 102 1 1
BB =2 4ot
"= a2 T2 T3
- 192 1, 1
RiRy= ===+ =¢*— =
n 202 21 T2

The reader will find the eigenvalue theory of these operators in many accounts,
e.g., Courant-Hilbert, p. 261, formulas (42), (43) and the discussion following
them, and p. 76, formulas (60), (61); or Weyl, Gruppentheorie und Quantenmechanik,
pp- 74 tf.]

Since ¥1(£),12(€),... form a complete orthogonal system in {-space, and
Y (Gn), Y1 (qn), - - . one in g,-space, the functions

Dpontyeniy (€G- GN) = V(&) - g (@) - - - VR (@),

k=12..., M,....My = 0,1,2,..., form a complete orthogonal system in
£,q1,-..,qn-space, i.e., in configuration space. We can therefore expand every
wave function ® = ®(£, q1, ..., qn) as follows:

©(&,q1,- ., qN) My Prdty vy (§Q1 - - Q)

0

oty Uk(€) - ag, (@1) - - Uy, (G )
0

o
WK
e

Eoul
i
I
=
i

0 Mp

o
WK
e

i
<

1 0 Mp

1

It is immaterial that we enumerate the complete orthogonal system and the ex-
pansion coefficients with N +1 indices k, M, ..., My instead of one. On the basis
of the considerations of 1.2, we can state that the Hilbert space of the wave func-
tions ® can also be realized as a space of (N + 1)-indexed sequences ajay,...a1y
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(with finite Y77 >0 o+ > 37 —o [aka-ay[?). What form does H take in this
realization of Hilbert space? To determine this, we first calculate the H®y s, .01, -
Since Hy acts on ¢ alone and ¢, (€) is an eigenfunction of Hy with eigenvalue W},
and since R’ R, acts on §, alone and Y4 (gn) is an eigenfunction of R:R, with
eigenvalue M,,, we obtain

n=1

" ; 27rcmy \/ QQn

l

1v=
X [Puxmn,x( m QZ> +Py2(ny( m %7625)
< Yap, (@) - (Rn + RZW%(%) ~ - ary (@)

Hq)le...MN = (Wk + Z hQn : ) ®kM1 M

_l_

Mz

For all operators A that, like the expression in square brackets, affect only the
variable &, we can use the expansion

Ay() = D (A, ) - 15(€) = (Al - 5(6),

J
where (A)y; = (A, ;) is thus defined. Furthermore, as shown in the passage
cited above,

Ro% (@) = VMY (@), Ry (@) = VM + 1475, (@)

(for M = 0 the right-hand side of the first formula is to be set equal to 0, regardless
of the meaningless 9" ; occurring in it). Hence

H®war, .. iy = (Wk + Z hon - M, ) Dinr, My

n=1

l
+ZZ (ng (Pa(@ %,@5>+--->kj>

7=1 n=1

X <\/ n+1 (I)kM1~~~Mn+1-~~MN + /M, (I)lemMn—lmMN) .
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We can now determine the form of H as an operation on ayy, .. Myl 04

2 : } : !
H ale...MNCI)le...MN = ale,,_MNCI)le...MN,
kM;i---Mn kMy---Mn

with
H !
ale...MN — ale_“MN

N
= [ W, + Z hop, - My, | akpr,--ny

n=1
l

o N h v TO( x z
+ZZ % ZQWimy<PVQl"aI( v g’Ql/)—i_"')k]’

j=1 n=1 v=1

X (\/ M, QM- Mp—1--My + M, +1 ale...Mn+1...MN> .

Our discussion of H has now reached the point where it is appropriate to
take the limit N — oo. Since the indexing of the ajp,..ar, changes in this
process, an entirely new operator H results. We must introduce components
aim, M, With infinitely many indices M, Mo, ...; but merely to preserve the
finiteness of the sum 220:1 hon,M,, occurring in H, we must restrict ourselves to
sequences M, My, ... containing only finitely many nonzero numbers. Hence-
forth, therefore, Hilbert space is formed by all sequences ayns, 1r,... With finite
D o ht D=0 2onta—0 * * - lakanA1,.-|?, Where the indices k, My, Ms, ... range over
the following domain: k£ = 1,2,..., M}, Ms,... = 0,1,2,..., with only finitely
(but arbitrarily) many M,, # 0.!** And the final form of H is 1

/
HCLk-MlMQ... = aleM?“

= | Wi+ Z hon - My | - arng M-

n=1

164 Tn the preceding source formula, the sum is over j, but the two functions ® retain the initial

subscript k. The displayed indices are reproduced as printed.

144 The following argument shows most simply that the index tuples k, My, Ma, . .. described

here can indeed be arranged in a sequence. Let 7,72, 7s,... be the sequence of prime
numbers 2,3, 5, ... The products 7}~ -7} .72"> ... are in fact finite, for all but finitely many

M, are zero, that is, the corresponding factors Trﬁnl are 1. As k, My, My, ... run through all

our index systems, 7~ - 72t . 72> ... runs through all the numbers 1,2, 3, .. ., each exactly
once. We can therefore use 78" - 7)™ - 73" ... to obtain a single consecutive indexing of
the QLM Ms...-

165 Tn passing from the finite-NV formula to this limit, the source interchanges the M,, + 1 and

M,, — 1 terms attached to the two coefficients. Both formulas are retained as printed.
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o0 oo
+ Z Z wzj . (\/ M, +1 My My Mpt1-- T V/ M, aleMz...Mn_l...) ,

j=1 n=1

where wy; is defined by

n h l €y T x z
Wy = \/ 20n ; 2mem,, (PVQ[WC( v %’Qv) - )kj

Before drawing from this result the physical conclusions that interest us, let us
recall that it was obtained on the basis of the electrodynamic theory of light.
We shall first want to ascertain whether the routine application of the quantum-
mechanical transformation that we performed has sufficed to reproduce the de-
viations of light from the wave model—in particular, its actually discrete, corpus-
cular nature. (It is conceivable that, to comprehend this, one would have to start
directly from a corpuscular model of light, instead of “quantizing” the electro-
magnetic field as we have done here.)

Our expression for H already represents something like light corpuscles. Its
second summand is a kind of perturbation which, as we shall soon see, causes
the quantum jumps of the system S from one “stationary” state to another. These
jumps are the phenomenon that really interests us, but the corresponding contri-
bution is considerably smaller than those of the material system S and the radia-
tion already present, which, as we shall see, are represented by the first summand
of H. If we omit the second summand, there remains

o0
Hiakas, v, = (Wk + Z hon - Mn> * Q) M,y Mo

n=1
But this energy expression can be interpreted as follows: the energy W, of the
system S, increased by the energies hpo,M, (n = 1,2,...). Here it is natural to
regard the numbers M,, = 0,1,2,... as numbers of particles with the respective
energies ho,; and hg, is precisely the energy that, according to Einstein, is to be as-
cribed to a light quantum of frequency o, (cf. Note 134). Thus the structure of H;
suggests that the electromagnetic field existing in H (less the electrostatic part),
i.e., L, actually consists of light quanta with frequencies g, 02, ... and energies
ho1, hoa, ..., whose respective numbers are the indices M;, Ms,... (= 0,1,2,...).
That no frequencies other than precisely o1, 02, ... are taken into account can be
made plausible by the fact that these are the natural frequencies of H: the vector
potentials 21, (zyz) -y cos 270, (t — 7) represent the only stationary electromagnetic
oscillations possible in H.
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These speculations and interpretations, however, are only of heuristic value.
We have a satisfactory and definitive answer to our question only if we succeed
in arriving at the energy expression H by starting from the light-quantum model
for the radiation L. Our reason for carrying out the classical treatment first was
that no expression was available for the interaction energy of a light quantum
with matter (at this point the reinterpretation of classical electrodynamics was
not feasible). Now, however, if the result we shall derive with a general interac-
tion energy agrees in form with H, we shall be able to determine that energy by
comparing coefficients.

What is the configuration space of L (question 1) on the basis of the light-
quantum hypothesis? Let a single light quantum (in the cavity H) be character-
ized by certain coordinates, the totality of which we shall replace by the sym-
bol u.!*> Let its stationary states (in H) have the wave functions v, (u), ¥(u), . . .

145 The momenta p,, Dy, D=, for example, can be used as coordinates of the light quantum, to-

gether with a coordinate 7 describing the state of polarization. The p,,p,,p. determine its
direction, that is, the direction cosines v, ay, v, (@ + o) + o2 = 1), as well as its frequency
v, wavelength ), and energy. For according to Einstein the magnitude of the momentum
vector is hv/c (cf. Note 134), so

hv hv hv
Dz = ?O‘x? Dy = —Qy, Dz = ?am

that is,

VZ%\/pi—i—pZ—l-pg, /\Zg’ energy = hv,

_ s _ oy op-

aflf - - z
hv’ Y hv

A difficulty now arises because our normal oscillations 21, (zyz) - v cos 27, (t — 7) are stand-
ing light waves, as they must be in the cavity H because of the reflecting walls. Thus 2,
cannot be associated with any one “ray direction” o, oy, .. It is immediately clear that, be-
sides a, oy, o, at least the opposite direction —c,,, —ay,, —c, must also be present, and the
corresponding statement holds for the momenta. In H we must therefore use coordinates
other than p, py, ., 7.

Some recent treatments of the subject have removed this difficulty by taking H to be the
rectangular parallelepiped

—A<z <A, —B <y < B, —-C<z<(C,

whose boundary faces © = £A, y = £B, z = £C are not, however, to be walls. Instead,
x = A is identified with x = —A, y = Bwithy = —B, and z = C with z = —C. Thus
light reaching the wall z = A at A, y, 2 continues its path at — A, y, z, back into H, as though
nothing had happened, and so forth (see, for example, a paper by L. Landau and R. Peierls,
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(forming a complete orthonormal system) and the energies E;, Es, .. .; these cor-
respond to the electromagnetic normal oscillations Ay, Ay, ... with frequencies
01, 02, - ... (In Einstein’s conception, £, = hp, must hold, which we shall also
prove.) The following must also be observed here. Even in the electromag-
netic argument we chose the zero of the light energy so that its minimum value
was 0; this corresponded to the indices M; = M, = --- = 0. We thereby also
recognized nonexistence as a possible state of light, which is justified by the
facts. Indeed, light quanta can be emitted and absorbed, i.e., created and anni-
hilated. Such a conception, however, is wholly foreign to quantum mechanics:
every particle contributes its coordinates to the configuration space of the sys-
tem and thus enters so intimately into the formal description of the total system
that it is absolutely indestructible. Even after its annihilation, we must ascribe
to it a kind of latent existence, since its coordinates still belong to configuration
space. Consequently, one of the states ¢, (u), with energy £, = 0, must corre-
spond to the nonexistence of the light quantum. We prefer to denote it by ()
(Ep = 0), so that 11 (u),¢2(u), ... correspond to an existing light quantum, but
only ¢o(u), Y1 (u), ¥2(u), ... form a complete orthogonal system.

We now pass to L, the system of all light quanta. Since we also count light
quanta that do not exist, L consists of so many light quanta that no more than this
number can ever arise: that is, of infinitely many. But since it is inexpedient to
operate from the outset with infinitely many constituents in L, we first proceed
as though only S light quanta existed (S = 1,2, ...), and only at the end take the

Z. Physik, vol. 62 [1930]). Equivalently, space is assumed periodic in the z,y, z directions,
with respective periods 24, 2B, 2C.
The analytical treatment remains the same, except that the boundary condition now reads

Ql(Aava) :Ql(—A,y,Z), Q[($,B,Z) :Ql(xa —B,Z),
Ql(l’, Y, C) = Ql(ﬁ, Y, *C)

(instead of ;22 = 0 on the boundary), and the “elementary solutions” in terms of which
one expands are % [Translator’s note: The source prints ¢ in the following phase. With ¢
denoting the speed of light, as in the preceding formulas, the spatial term would contain
1/c. The printed phase is retained.]

cos
<in 2rv(t — c(agr + oy + @z 2))]

instead of A(zyz) - 0(t). The v = g, and @y = e, Oy = Qpy, @ = @ (n = 1,2,...)
belonging to the eigensolutions are easily determined, and the further development of the
theory coincides with that given in the text.
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limit S — +00.¢ We give these S light quanta the numbers 1,..., S; let their
coordinates be called u, ..., ug. The configuration space of L is thus described
by ui,...,us, and that of § + L by {,uy, ..., us. The most general wave function
for S + L is therefore f(&, uy,...,us); the functions i (&) - ¥, (u1) - - - Yng(ug),
k=1,2,...,u1,...,us =0,1,2,..., form a complete orthogonal system.®”

Light quanta have the fundamental property of being completely identical
with one another, i.e., there is no means in the world of distinguishing two light
quanta with the same coordinate u. Or again: a state in which light quanta Nos. m
and n have the respective u-values u,, = u/, u,, = v” does not differ from the state
in which u,, = v”, u,, = ' (this is the classical, not the quantum-mechanical,
manner of description, for we specified the value of © and not the wave function
©(u)!). In quantum-mechanical terms this means that the states belonging to the
wave functions f(&, w1, ..., U,y Un, ... ug) and f(E, ur, ..., Up, ooy U,y ..., US)
are indistinguishable. That is, every physical quantity R has the same expecta-
tion value in them (and therefore, since this also applies to the F'(R), the same
statistics; cf. the discussion of £; and FE; in II1.1). If we denote the functional
operation that interchanges w,,, u, by Oy, (O, is, as one sees immediately, both
Hermitian and unitary, O2,, = 1), this means: 2R has the same expectation value
for f as for O, f, i.e.,

(Rf7 f) = (Romnfa Omnf) = (OmnROmnfv f)?

hence R = O,,, ROy, or equivalently O,,,R = RO,,,. This means that, in the
present case, only those operators R are admissible that commute with all O,,,
(m,n=1,...,5, m # n), i.e., into which, in view of the definition of the O,,,,, all
the coordinates uy, . . ., us enter symmetrically.

A wave function f that is symmetric in all variables u, ..., ug, i.e., for which
Opnf = f(m,n =1,...,5, m # n), is transformed by such an operator R into
another of the same kind: O,,,Rf = RO,,,f = Rf. These f form a closed linear

manifold, hence a Hilbert subspace ﬁ(j) in the Hilbert space R of all f;and the

(5)

=9 . .
R map elements of R into elements of the same space, i.e., they can be regarded

146 This passage to the limit S — +oc differs from the passage N — +oo carried out in the elec-
tromagnetic theory. Even if we interpret the M, M, ... there as numbers of light quanta,
N was a bound on the number of incoherent light quanta (that is, quanta not agreeing
in frequency, direction—which together constitute the momentum—and polarization; cf.
Note 145), whereas S is a bound on the number of light quanta as such.

The source prints u1, ..., ug in this index range; the indices of the displayed wave functions
areny,...,ns.

T67
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as operators in the Hilbert space sT%fj). Consequently, R is just as usable for

the purposes of quantum mechanics as the originally envisaged "), and the
question arises whether, in view of the symmetry of L under interchanges of
the light quanta, we should restrict ourselves to symmetric wave functions, i.e.,
replace R by ﬁ(j). We shall do so; success, i.e., the complete agreement to be
obtained with the electromagnetically derived expression for H, will justify us
afterward.'?’

The (&) - Y, (u1) - - - Yng(ug) formed a complete orthonormal system in R
we now wish to use it to specify one in ﬁﬁf). Let My, My, ... be any numbers
=0,1,2,...with My+M;+- - - = S (thus only finitely many are nonzero!). Denote
by [Mi, My, .. ] the totality of all index systems uy,...,ug in which 0 occurs M

times, 1 occurs M, times, etc.; there are exactly My!- M;!- .- different ones. We set

(I)MOMr'-(ul T US) = Z ¢n1 (ul) T ¢n5(u5)~

ni--ng in [MOM1-~]

g).

Since ®pgyar,.. is the sum of My! - M;!--- pairwise orthogonal summands of
norm 1, its squared norm is the sum of My! - M;!--- ones, and thus its norm is
VM- M- --. Two different @y, .. have pairwise orthogonal summands and
are therefore orthogonal. Thus the functions

1
wMoMl--'(ul T U’S) = \/W(pMOMl(ul U US)
form an orthonormal system.™® Let f(&, uy, ..., us) be symmetric in uy, ..., ug.

Its inner product with every summand of

(IOIC(S)(I)MOMl"'(ul T US)

is the same. Consequently, if f is orthogonal to this sum, it is orthogonal to
each summand. Orthogonality to the sum is equivalent to orthogonality to its
normalized counterpart,

¢k(€>wM0M1"-(u1 T U’S)'

47" Considered independently of quantum mechanics, the consequences of replacing R by

ﬁfj) are equivalent to those of replacing ordinary statistics by so-called Bose-FEinstein statis-
tics. See, for example, Dirac, in the reference cited in Note 138.

168 The counting and normalization factors on this source page are reproduced as printed. For
distinct index arrangements with the stated multiplicities, their number is S!/(My!- M;!---),
rather than the product of factorials printed here. The source also alternates between
[My, Ms, ...] and [My, My, ...], and between u; and n; when naming the indices.
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If f is orthogonal to every such normalized product, it is therefore orthogonal to
every function

‘:Dk<€) ’ ¢n1<u1) T ¢ns(u5)7

and hence f = 0. The normalized products themselves belong to ﬁfj), so they
form a complete orthonormal system in that space.

Let us now consider the energies occurring in the system S + L. First [2a],
there is the energy of S, whose operator for S is defined by Hyp (&) = Wier(§),
and for S + L therefore by

Howr (§)Yamons - (u1 - - - us) = Wior(§)Vnonr,. (ur - - - us).

Second [2b], every light quantum !’ has an energy operator satisfying Hy ¢, (u) =
E,n(u), so the mthonein S+ L (m=1,...,5)has

Hi,, 0k(&) - Yy (1) - -y, () - - - g (us)
= nm(pk(f) : %1 (ul) T 7#Tm(um) T wns(uS)a

and we must form H; = H;, + --- + H;,. Finally [2c], let the interaction energy
of a light quantum !’ with S be described by an operator V, for the moment not
known more precisely, which we characterize by its matrix:

oo 0

Viror(&)n(u) = Z Z Vien/jppi (§)p(u).

j=1 p=0

In S + L, this is, for the mth light quantum,

Vi pr(§) - ¢n1(ul) U (Un) = g (us)

oo

Z Z ‘/;mm/JPQOJ - n, (u1> T 7ﬁp(%n) g (us)

= Z Z 5(”1 —pl) T anm/jpm T 5(”5 —pS>
X ©i(&) * py (u1) - Yy, () - - Ppg (us)

(6(n)is 1 forn =0,0 for n # 0), and we must form H,, =V}, +--- + V.
Together, then, we obtain

Hpr(€) -ty (ua) - - - Pns (uis)
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= (Wk + Ep, +-0+ Ens)90k<£) : 77Dn1<u1> T ¢ns(u5)

00 o) S
+Z Z 25(n1_pl)"'vknm/jpm"'5(n5_pS)

j=1 p1,....ps=0m=1
X 9 (&) - py (u1) - - Ppg (us).

A simple rearrangement gives

Hor (&) Pasons - (u1 - - - us)

= (Wk + Z MnEn> @k(g)q)MoMl-"<u1 e uS)

n=0

T Z Z M”an/jp@j (g)q)MoMl~-~Mn—1~~-Mp+1.--(U1 st us)

7j=1 n,p=0

(forn=p,---M, —1---M,+1--- is to be replaced by - -- M,, - --), and thus, for
the orthonormal functions,

How(§)Yaman.- (u1 - - - us)

= Wi+ MnEn> 1 (E)Vnsorny - (U1 - - - ug)
n=0

+ % \/Mn(Mp +1=0(n = p)) Vin/ipei(€)

Jj=1 n,p=0

X l/fMoMlu-Mn_l...MpH,,,(ul ... US)-

We can expand the general f(&,u; - - - ug) of ﬂTig) in these orthogonal functions: '

f(ful LR US) = Z Z akMOMl...gpk(f)\PMoMl...(ul—uS).

k=1 Mop,M;,...20
Mo+Mi+---=S

—(S .
Hence 9%(00) can also be regarded as the Hilbert space of sequences ajonr,..., kK =
1, 2, ceey Mo, Ml, e = 0, 1, 2, cey M0—|—M1+- e = S, with finite ZkMoMln- |akM0M1-~-|2-
Here

!
HakMOMl... = a’kMoM1~--

169 The source uses capital ¥ on this page for the normalized functions denoted by lower-case
1 on the preceding two pages. In the first formula it prints a dash between the arguments
u; and ug. In the subsequent defining equality, the summation constraint on the right starts
with M;, whereas the one on the left starts with M. These printed differences are retained.
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is defined by
o0
HZ Z ag oMy Pk (&)Y atons, (U1 -+ - ug)
k=1 Mpo,M1,..20
Mo+Mi+-=8
o0
=Y D G Vanan . (w - us),
k=1 Mi,M>,..>0
Mi+Ma+---=S
so that
HakMOMl"' = a?fMoMl-.,
0
_ (Wk +) MnEn> Ao M
n=0

+Z Z \/M M, +1—0(n— ))an/Jp @j Mo My - Mp—1-+Mp+1-:

j=1 n,p=0

(k,j and n,p have exchanged their roles as compared with the formula for

Ok (&)Y asons; (U1 - - - ug); in place of Vj, i, we have written V;,,/;, in view of the
Hermitian character of V.)
We must now prepare for the limiting passage S — +oc. Since M, is deter-

mined by M, My, ..., namely My = S — M; — My — ---, we may write agns, i,
instead of ax, -, the indices are then restricted by the conditions £ = 1,2,. .,
My, My,... = 0,1,2,..., My + My + --- < S. If we observe that £, = 0 and

introduce the notations
SVk:O/jO = Vk/j; \/EVkO/jn = Vk:/jna \/_‘/}Cn/]O j/kn
(Vin/jp is Hermitian!), we obtain

!
HaleMQ... = (lleMQ,.,

.¢]
= (Wk + Z MnEn> Ak My M-

n=1

S—M —My—---+1
+ Z \V Mn\/ L S2 Vj/knaleMQ..‘Mn,l...
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S — Ml - M2 —_ ..
: ZZ \/ S Vk/]” Qj My Mo Mp41-
Z Z \/—l)majM1M2~--Mn—1~~-Mp+1....

We can now carry out S — +oo: the agas . are then again to be extended
over all sequences kM My --- withk =1,2,..., My, M,,...=0,1,2,..., with only
finitely (but arbitrarily) many M,, # 0 (cf. Note 144), and H becomes

!
HUJleMQ... = ClleMQ,“

= (Wk + Z MnEn> kM, My--- + Z Vk/jaleMQ...

n=1 j=1

o o0
T Z Z (Vj/kn\/maleMQ...MnH...

The analogy with the equation derived from the electromagnetic theory of light
is immediately evident: '’ to obtain complete agreement we need only set

E, = h@n; Vk/y =0, Vk:/jn = w?k = w_]?ja an/jp = 0.

We see that the light-quantum conception proves identical with the classical elec-
tromagnetic one if

1. the latter is rewritten according to the general quantum-mechanical
scheme;

2. the energy of the light quanta is set equal, in accordance with Einstein’s
rule, to h times their frequency;

3. the interaction energy of the light quanta with matter is assigned correctly
(ct. the above expressions for V).

170 In passing from the preceding finite-S formula to this limit, the source interchanges the
M, + 1 and M,, — 1 terms attached to the two coefficients. Both formulas are retained as
printed.
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This brilliantly resolves one of the gravest paradoxes of the earlier forms of quan-
tum theory: the dual nature of light (electromagnetic waves or discrete corpus-
cles, light quanta).'*® Admittedly, it is difficult to find a direct, intuitive interpreta-
tion for the interaction energy V' between light and matter just calculated, all the
more so because its only nonzero matrix elements V,,,/;, (those with n = 0,p # 0
or n # 0,p = 0) depend on the number S of all possible light quanta (they are
proportional to 1/+/S), although ultimately we must take S — +oco. Never-
theless, this can be accepted in view of the fact that every description by means
of a model is only an approximation, whereas the exact content of the theory is
conveyed precisely by the expression for the operator H.

Let us now return to our actual task, the determination of the transition proba-
bilities. In accordance with the time-dependent Schrodinger differential equation,
the changes of ajnr, v, = Gkan M, (t) are determined by

h 0O

— QM Mo--- = —HakM Mo---
2ot e

= — (Wk + Z hoy, - Mn> kM M-
— Z ngj . ( M, + 1ajM1M2---Mn+1~-~ + /M, aijlM2~~~Mn—1-~-) .

Since the principal change in the ayz, 1, is caused by the first summand of this
expression, it is expedient to separate it off by setting

_%(Wk'i‘zzozl hQn‘Mn)t

(IleMQ...(t) =€ . bleMQ...(t).

148 The literature of the time gives fuller discussions of how this “dual nature” was conceived
and how paradoxical it seemed. See, for example, the works cited in Note 6.

It has often been said that quantum mechanics attributes the same dual nature to matter,
since the discrete particles (electrons, protons) are also described by wave functions and
exhibit typical wave properties, such as diffraction by gratings, and so forth. [See the exper-
iments of Davison-Germer, Physic. Rev., vol. 30 (1927); Proc. nat. Acad. Sci. U.S.A., vol. 14
(1928); also C. P. Thompson, Proc. Roy. Soc., Lond., vol. 117 (1928), and Rupp, Ann. Physik,
vol. 85 (1928).] It must be emphasized, however, that quantum mechanics derives both “na-
tures” from a single, unified theory of elementary phenomena. The paradox of the earlier
quantum theory consisted in the need to invoke, alternately, two mutually contradictory
theories to explain experience: the electromagnetic theory of light of Maxwell-Hertz and
Einstein’s light-quantum theory.
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We then obtain !

0 2m
W —Wi+hon)t
atbkM1M2 = E Wy - RTINS My, + 1 bjag My M1

j=1 n=1
2 (W W —hon )t
—e h (W k—hen) \/Mn bjM1M2-“Mn—1'“>'

The physical meaning of the ajas, ar,... and by, ar,.- is fixed by their origin. For
finite Mo+ My + My + -+ = S, (&) ¥q7,77,..(u1 - - - ug) was the state in which
S is in the kth quantum orbit, with respectively Mg, M1, Mo, ... light quanta in
the respective states vy, 91, 12, . . .; that is, M in the state of “nonexistence,” and
M, My, ... in the states belonging to the respective normal oscillations 213, s, . . ..
The ayr, 11, belonging to this wave function are thus 72

Al M Msy--- = (5(/€ — ]?J) . 5(]\/[0 - Ml) : 5(]\/[2 — MQ) cee

(Only finitely many factors differ from 1, since, with finitely many exceptions,
M, =M, =0 always holds.) This must of course be retained after S — oco. For
an arbitrary state axz, as,.. of S+ L, the configuration just described therefore has
the probability (if it is measured; cf. what was said about the simple pure point
spectrum in II1.3)

Z aleMz...(S(k—l_c)é(Ml —Ml)(S(Mg —Mg)'“
ke, My, Ms,...
= lagaz, i, 1> = gz,

In particular, the total probability that S is in the kth quantum orbit is
Ir= > g
M1,Ma,...

Let the atom at the initial instant (¢t = 0) be in the kth state, with respectively
M, My, ... light quanta in the states 24, 2ls, . .. present; i.e.,

bleMg-” = QM My = 5(k - l;) . 5(M1 — Ml) . (S(MQ — MQ) cee

171 The source prints a minus sign between the two terms in this differential equation, although
the preceding equation has a plus sign.

172 The source prints M in the first occupation-number factor of the following formula. The
same configuration is represented by A/; in the probability formula below and in the later
initial condition. The printed index is retained.
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According to the above differential equation, in a first approximation (i.e.,
for times t so short that the right-hand sides may still be regarded as con-
stants), the only %bk MM, that differ from 0 will be those for which either
My, Ms,..., M, +1,...0r My, M,,...,M, —1,...coincides with M, Mo, ...: ie.,
all k, My, M, ..., M, +1,.... For these, integration gives'”?

b " 1— 6—%(W,}—Wk—hgn)t —
T g = W M+ 1,
KM Mo Mpy+1- kk W;}; — Wk — hQn n

1 _ e—%(WE—Wk-i-hQn)t —
OhS, My -1 = Wi 2 n V M.
Wk: - Wk — Non

All other bias, s, are 0 in this approximation. (Except for bi3t, 3., Which
should, in this approximation, i.e., apart from terms in ¢, equal its initial value
1. However, the conclusion %bkﬁlﬂzm = 0 becomes questionable because the
right-hand side of our differential equation contains, in this case, infinitely many
OV AT T TT 1. that do not vanish in our approximation. Thus the smallness of
each of these summands for small ¢ does not yet allow us to infer the smallness
of their sum. Indeed, calculation of the next approximation would show that
bear,ir,... differs from 1 by terms in ¢, not in ¢*.'* However, since

Z |bkM1M2~-|2 = Z |akM1M2...|2 = 1,

k,Mi,Ms,... k.M, Ms,...

and hence

bz, =1 = > [bkan s |,
kM1M2~-~7é15M1M2~--

a direct determination of this bzz7 77,... is unnecessary.)
The qualitative features of this process are now clear. A coefficient

bkﬁlﬁz...ﬂn_._l...a

corresponding to the emission of an 2l,, light quantum (of frequency o,), grows
larger as the denominator W; — W}, — ho,, becomes smaller, i.e., as the natural

173 The denominator of the second source formula contains —hg,, while its exponential con-
tains +hoy,; the subsequent absorption probability uses the latter sign.

149 Weisskopf and Wigner gave the exact solution of these differential equations [Z. Physik,
vol. 63 (1930)]; their solution confirms these statements.
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frequency o, of light approaches the “Bohr frequency” (W; — W;)/h.'" Likewise,
the coefficient
DM Ny B =1
corresponding to absorption grows larger as g,, approaches (W, — Wz)/h. We
see that Bohr’s frequency relation does not hold exactly (not all frequencies are
available among the p,,), but it does hold with overwhelming probability when
the time ¢ is short and the g, lie very densely (as is the case for a large cavity H).
Moreover, the wf, also increase the rates at which these processes occur; they will
soon be 1dent1f1able with the transition probabilities.
Our formulas for b7 37,37, +1... further give'!

1 —cos2m (Qn — Wk_W’“) t

2 — h
b, 57 7 2= Z (M, + D |? ,

| kM1M2~--Mn+1--~’ hg( n )‘wkk| <Q B Wka)Q

n h

and’5!
1 — cos2m (gn — Wi W’“) t
b7,y 1.2 = g Mo -
1Mo -Mp—1- h2 kk ( B Wi— Wk)
On A

\branag, |2 =0 for kM My # kM {My--- , kMMy---M,£1---.
This gives, for ¥y, k # k,

1 — cos2m <Qn — W’“;W’f) t

(Qn - WEhWk)Q

1 —cos2rw (Qn — W’“;W’“> t

2
[L *[’[/_

150" As is well known, N. Bohr established in 1913 (see the reference in Note 5) that, in pass-

ing from a stationary state of energy W) to a stationary state of energy W%, an atom
emits light of frequency w (of course W) > W2)). In our case this corresponds to
Wi —Wi

h
151 For

o0 2 e .
Wy = Z E(Mn + 1)wf, |
n=1

OO2n

e —1]? = (e — 1) - (e — 1) = (¢ —1)(e™™ ~ 1)

=2—¢€% —e "™ =2—-2cosz =2(1 —cosx).
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(The first sum corresponds to emissions, the second to absorptions.) To express
these ¥, in closed form, we must now make simplifying assumptions: on the one
hand, we assume H very large (i.e., its volume V — 00); on the other, we treat
the normal oscillations 2l,, of H statistically. For this purpose, in each of the two
sums we collect all terms belonging to g, between p and g + do (we substitute the
value of w},, and assume do < o):

I 2

S (P (QL QL Q) + )| (T +1)

v=1 v

1
4m2cho Z

0<on<o+do
Wi — Wi
1 —cos2m (Q— T)t

2
H/’_”/

and the same expression again, but with M, in place of M,+1,and (W, —W3)/h
in place of (W}, —W},)/h. We must now evaluate the expression in square brackets.

Usually, however, the description gives much less information than the indi-
vidual values of M, My, ...: it specifies only the intensities. That is, the light
energy per unit volume in the spectral interval from o to ¢ + do is I(0)dp. This
means

Y

o<on<o+do o<on<o+do

— _ VI(o)
Z Mn_h—gd

0<on<o+do

According to a generally valid asymptotic formula of Weyl (cf. the work cited in
Note 140), the number of g,, in the interval ¢ < g, < o + do is %2 do; hence7*

c2

0<on<o+do

Thus, if

l
S (PR QL QUL QD) )

174 The source prints ¢? in Weyl's mode-counting formula, but ¢? in the expression immediately
following it. Both powers are retained.
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undergoes sufficiently rapid fluctuations in the interval ¢ < g, < ¢ + dp about a
mean value, which we shall call w;z (o), the bracketed expressions obtained above
have the values

% (I (0) + 8”0’5,@3)

VI
do and wkk(@)%d@

If we further write vy, for (W; — Wy)/h and v, for (W), — W3)/h, we obtain for

our sums
9, — V /OO{ <I(Q) N 87rh93> 1 —cos2m(o — vy )t
4m2ch? ), c3 (0 — vip)?
1 p(g)lmoos2mle - ka)t}wkk(é)) do.
(0 = vyz)? 0*

For small ¢, this integral evidently has order of magnitude ¢* (because 1 — cos 2mct
does), except in those parts of the domain of integration where the denominators
(0 — vj,)? or (0 — v;)? are small. Here contributions large compared with ¢* may
arise; if this is the case, these contributions give the asymptotic expression for ¥;.
It will indeed turn out to be so, for we shall obtain contributions of order ¢; these
are therefore what we must determine.

Since vy, = —v; = (Wi — Wi)/h, only the denominator of the first term be-
comes small for Wj, > W}, and only that of the second term for W; < Wj. We
therefore retain only the first or second term for Wi > W or Wi < Wy, respec-
tively. Furthermore, write v,z = |Wj — Wj|/h for the relevant positive frequency,
Vi, OF ;. Values of p farther from this frequency give only #? contributions to
the integral. Hence we can replace the remaining factor in the integrand by its
value for o = 73, ie., Twg(5) /72, where I = I(iz) + Ezr—ghﬂgl—c or [ = (D7),
respectively. Thus

k p— —_ — .
R (-

Since the added interval again contributes only a term of order ¢?, we may replace
[,° by /7 and then introduce the new variable x = 27 (o — 7,3 )t. Since'*

0
/OO 1— COSQWEQ _2Dkk)t do = 2t /OO w dx = 2n°t,
o (0 — Ukp) -0 v

152 We have (cf. Courant-Hilbert, p. 49)

/ czosx do — 9 / cgos;v d
oo T 0 x
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we finally have
ViIwi(v4r)
2n20%.
which also proves that ¥}, is of order ¢.17°
To determine w,;(7,;), we must find an expression free of 2, for

Vg =

2
(ngln:c< x y Qi)+)kk

v

v=1

We obtain it by replacing 2, in view of its rapid fluctuations, by a randomly
oriented vector of constant length. Because it is constant, i.e., independent of

T QY. Q7, it is therefore a numerical vector times the matrix 1. The constant
length v, is to be determined from the normalization

/// da:dydz-47rc

4 2
Vi =dnd?,  qh = 7;0

=2 , , .
The squared z-component 2, . contributes, on average, one third of [,,,2l,] =

Thus

— — —2 ] . 2, . =02 =02
A, + A, + A, = 72, s0 its mean is 372 = 55; likewise for 2, , and 2, ,
Consequently,

Wik (0) - Qﬁgiacﬁd@

l

v=1

A c? l ey
~ —P7
3V (VZ my ) k

Since Hy, the energy of the system S considered by itself, equals kinetic energy
plus potential energy, and thus has the form

=S (e

_ /oo 1-— COS(Qy) dy — 2/00 sin? y dy— .
0 0

y2 y2

2

k

+(Pl/y)2+(PIJZ>2)+V( T? 7"'7Ql7 %/762;)7

175 The factor c? present in the preceding denominator is absent in this source formula.
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we have!
HOQV - QVHO — Q__PV .
T my,
And since Hy is a diagonal matrix with diagonal elements Wi, Wy, ... [(Ho)r; =

Wi0y;], it follows for the matrix elements that

2mim,,

h

2mim,,

(P))kk = n (Ho@y — Q Ho) i =

= 40 - 2mm, U (QF) kie-

(Wi — Wi (@) ki

Thus 7 )
16732, l
wir(0) = BV ' (; e, Q) . + -
Substitution in the formula for 9}, gives
873 l 2
m xX
2
If we also set w; = ) (Zly_l eyQﬁ) kk‘ + - - -, this result is evidently to be inter-

preted as follows: the atom S, in the kth state, makes the following transitions
(quantum jumps).

1. It passes to higher states k (Wi > W), doing so

3 ~
8iwk12[ (—Wk . Wk)

times per second; i.e., in proportion to the intensity of the radiation field at
the corresponding Bohr frequency, (Wj; — W)/ h.

153 pr commutes with all QL Q1 Q, Py, P, Pr except Q7. In fact,

h
PrQY — QPP = —1.
IJQV v- v 27T’l
Hence 1 ] ho1
H T _ O)TH, = P:EQ T __ N Pz2: pPZ-
OQV Qu 0 2my( l/) QV QV?my( V) 2mi m, v
cf. Note 143.

176 The source retains an additional h? in the denominator of this expression for w, (o), despite
the cancellation of / in the preceding momentum identity.
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2. Tt passes to lower states k (W}, < W), doing so

871'3 Wk - ch
g2 el ( I >

times per second; i.e., in proportion to the intensity of the radiation field at
the corresponding Bohr frequency, (W), — W%)/h.

3. It also passes to lower states k (W < Wy), doing so

647 (Wk - W,;)?’

3hed R\ T
times per second; i.e., wholly independently of the radiation field present.

Item 1 corresponds to absorption processes from the radiation field; item 2 to
emission processes induced by the radiation field; but item 3 to spontaneous
emission processes, which the atom will always perform until it has found per-
manent rest in its lowest stationary state (minimum W!).

The three transition mechanisms 1-3 had already been discovered thermody-
namically by Einstein before the discovery of quantum mechanics;'** only the

value of the “transition probability” w;; was missing. As we have already men-

tioned, the above value
! !
(Z 61/@%) <Z 61/@5)
v=1 Lk v=1 kk

!

= (S r)
v=1 k

is contained in Heisenberg’s first attempt at an interpretation. We have now

justified it (following Dirac) on the basis of the general theory.

2

+

2 2

_|_

k

1% Physik. Z., vol. 18 (1917).
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IV. Deductive Construction of the Theory

1. Foundations of the Statistical Theory

In Part I1I we succeeded in reducing all the assertions of quantum mechanics
to the statistical formula (there denoted by £5)

Erw(R, ¢) = (Ry, ¢). (E)

Here Erw(fR, ) is the expectation value of the quantity R in the state ¢, and
R is the operator corresponding to $i. We shall now show how this formula
itself can be derived from a few general qualitative assumptions. At the same
time, the entire construction of quantum mechanics on this basis, carried out in
Part III, will be examined once more. Before doing so, however, we must make
one further remark.

In the state ¢, the quantity R has the expectation value o = (R, ¢) and, as its
dispersion £, the expectation value of the quantity (R — 0)?, namely

(R—0-1)%0,¢) = [[Rell> — (R, )*.

See note 130; everything here is calculated from £. This dispersion is in general
positive; it vanishes only when Ry = ¢ - ¢, as in II1.3. Thus, as we have observed
several times, even a single state ¢ gives only a statistical description. This statisti-
cal character becomes even more pronounced if we do not even know which state
is actually present: for example, several states o1, 2, . .. may be possible, with re-
spective probabilities wy, ws, ..., where w; > 0,wy > 0,...and w; +wg + --- = 1.
Then, according to the universally valid rules of probability theory, the expecta-
tion value of R is

Now, in general, (R, ¢) = Tr(P,, - R). For if we choose a complete orthonormal
system 1,19, ... with ¢} = ¢, so that ¢, 93, ... are orthogonal to ¢, then

o, n=1,
Pron = {

0, otherwise,
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and hence

Tr(PM : R) = Z(P[ap}wna @Z}m)(mea wn)

m,n

= Z(Qpa wm)(Rd}m» 90) = (RQO, QO)'

Thus our ¢ is Tr({},, wn P, } - R)."”” The operator

U= Z wnP[%]

is definite, because all the P, | are definite and w,, > 0. Since Tr P} = 1, its trace
is > . w, = 1. Moreover, it completely characterizes the statistical properties of
the mixture of states just described:

o =Tr(UR).

Noting that, in addition to states, we shall also have to consider these mixtures,
we turn to the general investigation.

Let us forget the whole of quantum mechanics and retain the following. We
are given a system S'*°, characterized for the experimenter by specifying all the

177

155

The source uses n as the summation index in the second line, although the summand is
indexed by m. The printed index is retained.

It is important to emphasize the conceptual distinction between a system as such and a sys-
tem in a particular state. A system is, for example, a hydrogen atom, that is, an electron and
a proton with the known forces acting between them. Formally it is described by specifying
that configuration space has six dimensions, that the coordinates are called q¢i, ..., gs, the
momenta p1, .. ., ps, and the Hamiltonian function is ' [Translator’s note: The source prints
a plus sign before the Coulomb term. For the electron—proton attraction the sign would be
negative; the printed formula is retained.]

_ pitpotps | it ps
2me 2my,

62

V= a)? + (g2 — ¢5)% + (a3 — ¢6)%

H(q1---qep1---Ps)

+

A state is fixed only by further specifications: in classical mechanics, by assigning numeri-
calvalues ¢?,...,q0,p?, ..., pd to the coordinates and momenta g1, . . ., g, 1, - - - , Pg; in quan-
tum mechanics, by the wave function ¢(q; - - - gs). No further specifications are ever needed:
once system and state are given, the theory supplies unambiguous rules of calculation for
answering every question.
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quantities that can actually be measured on it and their functional relations to
one another. A quantity is properly understood as an instruction for measuring it,
together with an instruction for reading or calculating its value from the positions
of the pointers of the measuring instruments. If R is a quantity and f(z) any
function, the quantity f(R) is defined as follows: to measure f(fR), measure R;
if the value a is found for R, then f(R) has the value f(a). As we see, all the
quantities f(9), with R fixed and f(x) arbitrary, are in this way measured at once,
together with one another and with fA: this is a first example of simultaneously
measurable quantities.

In general, we call two or more quantities R, & simultaneously measurable
if there is an arrangement that measures both at the same time on the same sys-
tem, their respective values merely being calculated in different ways from the
readings. In classical mechanics, as is well known, all quantities are simultane-
ously measurable; in quantum mechanics this is not so, as we saw in II1.3. For
such quantities, and for a function f(z,y) of two variables, we can also define
the quantity f(R, &): it is measured by measuring R, & simultaneously, and if
the values a, b are found, the value of (R, &) is f(a,b). We must realize, how-
ever, that it is entirely meaningless to try to form f(R, S) when R, & are not si-
multaneously measurable: there is then no way of specifying the corresponding
measuring arrangement.

The investigation of physical quantities need not be confined to a single object
S, especially when it is doubtful whether several quantities can be measured
simultaneously. In such cases we are led to consider large statistical ensembles
consisting of many systems S, ..., Sy, that is, N copies of S, with N large'*.
On such an ensemble [S, ..., Sy| one naturally measures not the “value” of a
quantity 9R but its distribution of values: for each interval ' < a < ", with
given a/,a”, a’ < a”, one determines the number of systems among Si,..., Sy
for which the value of A lies in that interval. Dividing this number by N gives
the probability function w(d’,a”) = w(a”) — w(a’)"’. The great advantage of

156 Such ensembles, called collectives, are necessary in general if probability theory is to be
founded as a theory of frequencies. They were introduced by R. von Mises, who recog-
nized their significance for probability theory and developed the theory accordingly (see,
for example, his book Wahrscheinlichkeit, Statistik und ihre Wahrheit, Berlin 1928).

w(a') is the probability of a < «/, that is, the probability assigned to the interval —oo, a’.
As we see, w(a), or wx(a) as we shall write to make its dependence on A explicit, has the
following properties: as a — —oo, we(a) — 0; as a — +00, wxr(a) — 1; for a > ap and
a — ap, wr(a) = wx(ap); for a’ < a”, wx(a') < wx(a”). (In quantum mechanics, if £(\) is

157
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considering such ensembles is that:

1. Even if measuring a quantity R considerably alters the measured system
S—as indeed happens in quantum mechanics, and as we saw in III.4 must in
principle happen in the physics of elementary processes, since the intervention
of measurement is of the same order of magnitude as the system or its observed
parts—a statistical determination of the probability distribution of R in the en-
semble [S|,. .., S| nevertheless changes the ensemble arbitrarily little, provided
N is sufficiently large.

2. Even if two or more quantities 2}, & are not simultaneously measurable
on the individual system S, their probability distributions can nevertheless be
determined simultaneously, to arbitrary accuracy, in one and the same ensemble
[S1,...,Sn], provided N is sufficiently large.

For an ensemble consisting of N elements, it is sufficient to perform the sta-
tistical observations concerning the distribution of values of R not on all N ele-
ments S1,..., Sy, but on any subsystem of M < N elements, say [S1,...,Su],
provided both M, N are large; M may nevertheless be small compared with N'°5.
The changes caused by measurement then affect only the fraction M /N of the
ensemble, and hence an arbitrarily small fraction if A//N is chosen sufficiently
small. For sufficiently large NV, this is possible even with large M, as asserted in
1. To measure two or more quantities R, & simultaneously, we need two subsys-
tems, say [S1,...,Sy]and [Sy11, ..., San], with 2M < N, the first being used to
determine the statistics of 93 and the second those of &. The two measurements
then do not interfere with each other, although they are made on the same en-
semble [S,..., Sn]. Indeed, they change only an arbitrarily small fraction of it
if 2M /N is sufficiently small; for sufficiently large NV, this is possible even with
large M, as asserted in 2.

We see that the use of statistical ensembles, that is, of methods of probability
theory, is called for by the possibility that measurement influences the individ-
ual system and by the possible failure of simultaneous measurability for several
quantities. A general theory must take these circumstances into account: their

the resolution of the identity belonging to R, then wy:(a) = || E(a)¢||*> = (E(a)p, ¢).)

If wy (a) is differentiable, the familiar “probability density” 1w (a) may be introduced
in its place. If it is discontinuous at a = ag (from the left, of course), the point a = ag has
the “discrete probability” wx (ag) — ws(ap — 0). But the general concept applicable in every
case is wg (a); see the reference in Note 156.

158 This follows from the so-called law of large numbers, Bernoulli’s theorem.
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occurrence in elementary processes was always to be expected'””, and today a

precise analysis has made it unquestionable; see II1.4. Statistical ensembles re-
move these difficulties and thereby make an objective description possible once
more: a description independent both of chance and of whether, in a given state,
one measures one or the other of two quantities that cannot be measured simul-
taneously.

In such ensembles it is not surprising if a physical quantity R has no sharp
value: its distribution of values need not consist of a single value ao'®; several val-
ues or intervals of values may instead be possible, with a positive dispersion'®’.
Nevertheless, two different reasons for this behavior are conceivable:

I. The individual systems Si,..., Sy of our ensemble may be in different
states, so that the ensemble [S, ..., Sy] is defined by their relative frequencies.
Our failure to obtain sharp values for the physical quantities is then due to our
ignorance: we do not know the state of the system being measured, and therefore
cannot say what the result will be.

II. All the individual systems S, ..., Sy are in the same state, but the laws of
nature are not causal. The dispersions are then caused not by our ignorance, but
by nature itself, which has disregarded the “principle of sufficient reason.”

1% For example, it was regarded as a fundamental difficulty in defining the electric field that
the electric “test body” to be used for this purpose cannot be smaller than an electron.
160" The sharp value ag corresponds to the probability function

]-a a Z ao,
ws(a) = 0, a<a
) 0-

In this case, and only in this case, the dispersion £? is zero. Incidentally, the mean g and the
dispersion €2 are calculated as follows (Stieltjes integrals):

“+o0
= / a dw(a),

— o0

e? = /+Oo(a — 0)? dwx(a)

— 00

+o0 +oo
= / a® dwp (a) — 2@/ a dwsy(a) + 0

— 00 — 0o

+oo
= / a? dwg (a) — 0°

—00
2

:/_;OOQdem(a)— (/_:oadwm(a)> .

(Compare I11.4 and Note 130.)
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Case I is universally familiar; case II, on the other hand, is important and new.
Admittedly, one will at first be skeptical about the possibility of its occurrence,
but we shall find an objective criterion that allows us to decide whether or not it
occurs. At first sight, one might raise serious objections to its conceivability and
meaningfulness. We do not believe these objections to be sound, however, and
IT is the only way out of certain difficulties, for example in quantum mechanics.
We therefore turn to a discussion of the conceptual difficulties of II.

The following objection may be raised against II: nature cannot violate the
“principle of sufficient reason,” that is, causality, because this is really more a
definition of sameness. In other words, the assertion that two identical objects
S1, So—two copies of the system S in the same state—will behave alike under
every conceivable intervention is true because it says nothing. For if S, S2 be-
haved differently under the same intervention, for instance if measuring a quan-
tity R gave different values for them, they would not be called identical. Thus, in
an ensemble [S1, ..., Sy] exhibiting dispersion with respect to a quantity R, the
individual systems S1,. .., Sy cannot, by definition, all be in the same state. Ap-
plied to quantum mechanics, this argument would run as follows: measuring the
same quantity R on several systems, all in the state with wave function ¢, gives
different values whenever ¢ is not an eigenfunction of the operator R belonging
to R'°1. Hence these systems are simply not “identical”: the description by the
wave function is incomplete. There would therefore have to be further determin-
ing elements, the “hidden parameters” mentioned in II.2. We shall soon see that
this is not so readily possible.

Thus, as long as any quantity R still exhibits dispersion in a large statistical
ensemble, it must be possible to divide the ensemble into several differently con-
stituted parts, according to the different states of its elements. This seems all the
more plausible because a simple method of making such a division appears actu-
ally to exist: one can divide the ensemble according to the different values that R
has assumed in it. A genuinely uniform ensemble should be obtained only after
this subdivision or decomposition has been carried out with respect to all exist-
ing quantities R, G, T, . ... At the end, none of these quantities would any longer
exhibit dispersion in any of the resulting subensemb]es.

First of all, the assertions in these last sentences are false, because they over-
look the fact that measurement changes the measured system. Suppose we mea-

161 These are independent measurements on several systems; successive measurements on the

same system would yield the same value again and again (cf. II1.3).
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sure R, which for simplicity can assume only two values a;, as, on all the objects
Si,...,Sn. Letthe value a; be found on S', ..., S, andason S7,..., Sy _y,. Af-
terwards 2R exhibits dispersion neither in [S], ..., Sy, ] norin [S7,..., S\ _y,J: it
is always a; in the former and always a, in the latter. This, however, is not merely
a division of [Sy, ..., Sy]| into these two parts, since measuring R has changed
the individual systems.

We did find in 1 a method of determining the distribution of values of R while
changing [S1, ..., Sn] only slightly: we measured only on Sy,..., Sy, with M
large and M /N small. But this procedure does not produce a decomposition,
since for most of the systems Sy,..., Sy, namely Sy/41,..., Sy, it does not es-
tablish the value of R in each individual system. We now see why the proposed
method of producing completely uniform ensembles fails. Measure next a sec-

ond quantity &, likewise capable of only two values by, by, in [S7, ..., S,] and
[S7,...,8%_n,). Let b be found in SY,..., 8%, and SY,...,SY,,, and by in
CH. S%_ ~y, and sy s\ N,_Ny,- Then & no longer exhibits dispersion
in
(ST, ... 8% ] IST . SN,
1SV, SN SV SN N )

its values are always by, by, b1, by, respectively. But although the first two ensem-
bles are parts of [S},..., S, and the last two parts of [S7,...,Sy_y,], in which
M had no dispersion, SR may exhibit dispersion in every one of them, because
measuring & has changed the individual systems of which they consist! Thus no
progress is made, because each step destroys the result of the preceding ones'®?;
and no accumulation of successive measurements can bring causal order into this
confusion. In the atomic domain we are at the boundary of the physical world,
where every measurement is an intervention of the same order of magnitude as
the measured object and therefore affects it substantially; in essence, this is a con-
sequence of the uncertainty relations.

Thus there may be no method that always permits ensembles with dispersion
to be further decomposed without changing their elements, still less one that
leads all the way to uniform ensembles with no dispersion at all, which we are

162" Consider, for example, what happens if we substitute for iR, & the quantities ¢ (a Cartesian

coordinate) and p (momentum), which cannot be measured simultaneously because of the
uncertainty relations. If ¢ has very little dispersion in an ensemble, a measurement of p
with accuracy (that is, dispersion) ¢ will increase the dispersion of ¢ to at least h/(4me) (cf.
[II.4)—and thus spoil everything.
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accustomed to think of as consisting of causally determined individual objects
identical with one another. Nevertheless, one might try to maintain the fiction
that every ensemble with dispersion can be divided into two or more parts dif-
ferent both from one another and from the original ensemble, without changing
their elements: that is, in such a way that mixing the two component ensembles
reproduces the original ensemble.

We see, then, that the attempt to establish causality as a definition of same-
ness has turned into a factual question, one that can and must be answered, and
may perhaps be answered in the negative. The question is: can every ensemble
[S1,...,Sn] in which some quantities R exhibit dispersion really be represented
by mixing two or more ensembles different from one another and from it? More
than two, say n = 3,4, ..., can be reduced to two by considering the first and the
mixture of the remaining n — 1.

If, for example, [S1,..., Sn] were a mixture of [S},...,Sp] and [S], ..., S}],
then for every quantity fR its probability function wx(a), as in note 157, could
be expressed in terms of the probability functions wg,(a), wi;(a) of the last two
ensembles as follows:

wx(a) = awy(a) + Bwy(a), a>0, >0, a+p=1 (M)

Here « = P/N, f = Q/N,and N = P + Q; these coefficients do not depend on fR.
Ultimately, therefore, this is a mathematical question: if an ensemble with proba-
bility functions wx(a) contains quantities R with dispersion—the corresponding
property of wx(a) is stated in note 160—are there two other ensembles, with prob-
ability functions wg,(a) and wgy(a), such that 1/, holds for all 9R? This can also be
formulated somewhat differently if we characterize an ensemble not by the prob-
ability functions w(a) of the quantities i, but by their expectation values

Erw(R) = / . dws(a).

—0o0

Our question then takes the following form. An ensemble is dispersion-free if,
for every ‘R, the expression

Erw (R — Erw(R)]?) = Erw(R?) — [Erw(R))?
is zero; see note 160. That is,

Erw(R?) = [Erw(R)]%. (Stry)
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If this is not the case, is it always possible to find two other ensembles, with
Erw’(R) and Erw”(9R), where

Erw(R) £ Erw'(R) £ Erw” (R),

such that
Erw(R) = a Erw'(R) + B Erw”(R),

(Ma)
a>0, >0, a+p=1

always holds, with «, 5 independent of $i? [Observe that for a given quantity A,
the number Erw(fR) is no substitute for the function wx(a). Knowledge of all the
Erw(R), however, is equivalent to knowledge of all the wx(a). For if

1, z<a,

fale) = {O, x> a,

then wg(a) = Erw(f,(R)).]

For the mathematical treatment of this question, it is more convenient to con-
sider the corresponding Erw(fR) instead of the ensembles [S;,...,Sy|. Every
ensemble has such a function, defined for all physical quantities R in S and tak-
ing real numbers as its values; conversely, this function completely characterizes
all the statistical properties of the ensemble. See the preceding remarks on the
connection between Erw(R) and wgx(a). We must, of course, still discover what
properties a function of SR must possess in order to be the Erw(R) of a suitable
ensemble. Once we have done so, however, we can define:

a) An expectation function Erw(fR) is called dispersion-free if it satisfies condi-
tion Stl“l.
B) An expectation function Erw(fR) is called uniform or pure if M, implies

Erw(R) = Erw'(R) = Erw”(R).

It is clear from their meaning that every dispersion-free Erw(fR) function is pure,
and we shall shortly prove this. Our question, however, is: is every pure Erw(fR)
function dispersion-free?

Every Erw(fR) function must evidently have the following properties:
A. If the quantity A is identically 1—that is, if the “measurement instruction” for
R says that nothing need be measured, since R always has the value 1—then
Erw(R) = 1.
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B. For every R and every real number a, Erw(afR) = a Erw(R).!%

C. If the quantity R is by its nature never negative—if, for example, it is the
square of another quantity &'®—then Erw(R) > 0 as well.
D. If the quantities R, G, . . . are simultaneously measurable, then

ErtwR + & +---) = Erw(R) + Erw(&) +--- . 1©

For R, G, ... that are not simultaneously measurable, R + & + - - - is undefined;
see above.

All this follows directly from the definitions of the quantities under
consideration—that is, their measurement instructions—and from the defini-
tion of expectation as the arithmetic mean of all the measurement results in a
sufficiently large statistical ensemble. Property D rests on the theorem of proba-
bility theory that the expectation of a sum is always the sum of the expectations
of its individual terms, regardless of any statistical dependence between them.
This differs, for example, from the corresponding rule for a product. That we
formulated it only for simultaneously measurable R, &, . .. is natural: otherwise
R+ 6 + - is meaningless.

Quantum mechanics, however, contains a further arithmetic operation be-
yond those discussed so far: the addition of any two quantities, which need
not be simultaneously observable. This rests on the fact that the sum R + S of
two Hermitian operators R, S is again Hermitian even when R, S do not com-
mute, whereas their product RS, for example, is Hermitian only if they commute;
see IL.5. In every state ¢, the expectations add:

(R, 0) + (S, ) = (R+ S)e, ¢);

see 5 in III.1. The same holds for several terms. We now incorporate this fact into
our general approach, which has not yet been specialized to quantum mechanics
at all:

E.If R, G, ... are any quantities, there is a further quantity R + & + - - -, indepen-
dent of the choice of the Erw(fR) function, such that

ErwR+ & +---) =Erw(R) + Erw(&) + - -

If R, G, ... are simultaneously measurable, D requires this R + & + - - - to be the
ordinary sum. In general, however, it is characterized only implicitly by E, and

165 4R, &%, R+ & + --- mean that, in the sense of the definition given above, the quantities
R, or S, or R, S, ..., respectively, are substituted in the functions f(z) = az, f(z) = 22, or
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we can hardly combine the measurement instructions for R, &, ... into one for
R+S+ .- .]64

We add the following to what has been said. We wish to admit not only
Erw(R) functions representing expectations, but also those corresponding to rel-
ative expectations; that is, we drop the normalizing condition A. If Erw(1), which
is > 0 by C, is finite and nonzero, this makes no essential difference, since ev-
erything remains as before for Erw(R)/ Erw(1). But Erw(1) = oo corresponds to
an essentially different possibility, for whose sake we made this extension, and
which is best illustrated by a simple example. There are cases in which it is better
to work with relative probabilities rather than normalized probabilities, in partic-
ular when the total relative probability is infinite; Erw(1) corresponds to the total
probability. One such case is the following. Let the system under consideration
be a particle moving in one dimension, with a statistical distribution such that
it is equally likely to be anywhere on an infinite straight line. Every finite inter-
val on this line then has probability zero. The equal probability of all positions,
however, is expressed not by this fact, but by the fact that the probabilities of two
finite intervals are in the ratio of their lengths. Since 0/0 is meaningless, we can
express this only by introducing their lengths as their relative probabilities; the
total relative probability then becomes oo.

Taking all this into account, we obtain the following final form of our condi-
tions. A’ corresponds to C; B’ corresponds to B, D, and E.

164 For example, the energy operator in Heisenberg’s theory of an electron moving in a poten-

tial field V' (zyz),

o = L PR P e, 2)

2m

(see, for example, II1.6), is the sum of two noncommuting operators:

(P7)? + (PY)? + (P*)?
2m

R=

) S:V(QmaanQz)

Whereas measuring the quantity R belonging to R is a momentum measurement, and mea-
suring the quantity & belonging to S is a coordinate measurement, the quantity R + &
belonging to Hy = R + S is measured quite differently: for example, by measuring the fre-
quency of the spectral lines emitted by this bound electron. By Bohr’s frequency relation
these determine the energy levels, that is, the values of R + &. Nevertheless, under all
circumstances,

Erw(R + &) = Erw(R) + Erw(6).
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A’. If the quantity R is by its nature never negative—if, for example, it is the
square of another quantity &—then Erw(R) > 0.
B'. If R, G, ... are any quantities and «, b, . . . are real numbers, then

Erw(aR + b6 + - -+ ) = a Erw(R) + bErw(S) + - - -

We emphasize further:
1. Since we are considering relative expectations, the functions Erw(R) and
cErw(R), with ¢ > 0 a constant, are to be regarded as not essentially different.
2. Erw(R) = 0 for all R yields no assertions; this function is therefore to be
excluded.
3. Absolute, that is, properly normalized, expectations occur when Erw(1) = 1.
By A’, Erw(1) is in any case > 0; as long as it is finite and nonzero, 1 with ¢ =
1/ Erw(1) restores the proper normalization. When Erw(1) = 0, as we shall show,
2 applies, and this case is therefore excluded. When Erw(1) = oo, the statistics
are essentially unnormalized, that is, relative.

It remains to return to our definitions «), ). In view of 1, M, can be replaced
by the simpler condition

Erw(R) = Erw'(R) + Erw”(R). (Ms3)

For Str;, we must observe that the calculation there assumed Erw(1) = 1. When
Erw(1) = oo, the property of being dispersion-free cannot be defined at all, since
it means Erw((?R — 0)?) = 0, where g is the absolute expectation of R, namely
Erw(R)/ Erw(1), which here may be co/cc and hence meaningless.!®® Thus «),
) now read as follows:

a’) An expectation function Erw(fR) is called dispersion-free if Erw(1) is nonzero
and finite and, after normalization to Erw(1) = 1 as allowed by 1, it satisfies Str;.
B') An expectation function Erw(fR) is called uniform or pure if M5 implies

Erw'(R) = ¢ Erw(R), Erw”(R) = " Erw(R),

where ¢, ¢ are constants, necessarily with ¢ + ¢’ = 1 and, by A" and 1, 2, with
d >0, >0.

On the basis of A, B'and o), '), we can now decide the question of causality
conclusively as soon as we know the physical quantities R, S, ... in S and the

165 For dispersion-free ensembles, however, there is no reason not to introduce properly nor-

malized expectation values.
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functional relations between them. The next section will do this for quantum
mechanics.

We close this section with two further remarks.

The first concerns the case Erw (1) = 0. B’ then gives Erw(c) = 0. If a quantity
MR is always > ¢ and < ¢, A’ gives Erw(¢” —R) > 0 and Erw (R — ) > 0, whence
B’ gives Erw(¢’) < Erw(R) < Erw(c¢”), so Erw(R) = 0. Now let R be arbitrary,
and let fi(z), fo(z), ... be a sequence of bounded functions with

[@) + folz) - =
for example,

_ sinnz sin(n — 1)z

file) =—  falz) =

x nx (n—1z ’

n=23,....

Then Erw(f,(R)) = 0forn = 1,2,..., and B’ therefore gives Erw(R) = 0 as well.
Thus, as asserted earlier, Erw(1) = 0 is to be excluded by 2.7

Second, it is striking that Str; characterizes the absence of dispersion by
Erw(R?) = [Erw(R)]?, although in this case Erw(R) is simply the value of R, and
Erw(f(R)) the value of f(fR), so that for every function f(z) we must have

Erw(f(R)) = f(Erw(R)). (Stra)

Condition Str; is the special case f(z) = 2% of Stry; how is it that this suffices?
The answer is that if Stry holds for f(z) = 2?, it automatically holds for all f(x).
In place of z?, one could even have used any other continuous strictly convex
function of z, that is, any function for which

TENREET

(z #y).

We do not enter into the proof.

2. Proof of the Statistical Formulas

As we know, the physical quantities of a quantum-mechanical system are
uniquely associated with hypermaximal Hermitian operators; see, for example,

179 The printed example does not have the stated sum: its Nth partial sum is sin(Nz)/(Nz),
which tends to 0 for « # 0, rather than to x. The formulas are retained as printed.
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the discussion in IIL.5. It is convenient to assume that this correspondence is one-
to-one, that is, that every hypermaximal Hermitian operator really corresponds
to a physical quantity. We occasionally made use of this in III.3 as well. The
following laws hold; see F, L in IIL.5 and the remarks at the end of IV.1:
L. If the quantity R has the operator R, then the quantity f(9R) has the operator
J(R).
IL. If the quantities R, G, . . . have the operators R, S, . . ., then the quantity R+ & +
.-+ has the operator R + S + - - -. Simultaneous measurability of R, S, ... is not
assumed; see the remarks at the place just cited.
A, B, d), 7)) and I, II form the mathematical starting point of our analysis.
Let @1, 2, ... be a complete orthonormal system. In place of each operator R,
we consider the matrix a,, = (Ry,, ¢,). We also form the Hermitian operators
with the respective matrices

(n) _ y M=V =T,
e,uy - .
0, otherwise,

1, p=m, v=n, 1, p=m, v=mn,
f,L(LTn) = 17 H=mn, Vv =rm, 9;(]3”) = _ia H=mn, V=1,
0, otherwise, 0, otherwise.
These operators are, incidentally, '®
Ploy)s

Plomron) Ve~ Lltom—pn)/va)
Blomion) V3 ~ Ll(pm—ign) /v

Let the corresponding quantities be U qgtmn) 9(mn) - Since ayny, = Gmn, We evi-
dently have

o =3 el + 3 Reann fO + Y Ima,gim,
n m<n m<n
and hence

R = i+ > Reap, B + > Im ay,, 2050

m<n m<n

180" The source prints P, | here, although the first matrix is indexed by n and corresponds to
P,,1- The printed subscript is retained.



229

By Il and B/,

Erw(R) = Z (U Erw (U™) 4 Z Re Gy Brw(0)

n m<n

+ Z I iy, Erw (200m7)).

m<n

Thus, if we put

Upp = %Erw(‘l](m”)) + %Erw(ﬁﬂ(m”)), m < n,
Upm = 5 Erw (2(m)) %Erw(ﬂﬂ(m”)), m < n,

we obtain

Since wy;, = Umn, we can define a Hermitian operator U by (Upy,, ¢n) = tmn,

and the right-hand side is Tr(U R); see I1.11. Thus the final formula is

Erw(R) = Tr(UR), (Sp.)

166 That is,
U@m = Z UmnPn,

which of course requires the finiteness of Y |u,|?>. This can be justified as follows, for
example. If " |z,|? = 1, then for ¢ = Y n Tnn, B = Py, has the matrix z,z,, so the
corresponding physical quantity 9 has expectation ) tnmTmZy,. Since P, = Pﬁo] and
1 — Py, = (1 — Py,)?, this expectation is > 0 and < Erw(1), hence at least for normalized

Erw(fR) itis > 0O and < 1. If zy41 = on42 = --- = 0, this says that the N-dimensional
Hermitian form EZ ne1 UnmTmTn takes values > 0, < 1 when Ei:’:l |z,|? = 1, that is, the

eigenvalues of the matrix u,,, pr,v = 1,..., N, are > 0, < 1. Thus the length of the vector
Ym = ZTJ:’:I UmnTy is always no greater than that of the vector z,,. For

1, m=m,
Ty = i
0, otherwise,

we have y,,, = Um.m, and therefore

N N N
STl =Yyl 12 Jumml*
m=1 m=1 m=1

Since this holds for every N, > |u,[* < 1.



230

where U is a Hermitian operator independent of R, and is therefore deter-
mined by the ensemble itself.

In view of II, Sp. satisfies B’ for every choice of U. We therefore need only
determine what restriction A’ places on U. If ||¢|| = 1 but ¢ is otherwise arbitrary,
the quantity 9% belonging to P, satisfies R* = % by P?; = P and I, so that A’
gives Erw(R) > 0. Thus

If fis arbitrary and f # 0, we may choose ¢ = HTln-f; then (U, @) = (Uf, )/IIfII%
so again (Uf, f) > 0. For f = 0 this holds in any case. Thus U is definite. The def-
initeness of U, which therefore follows from A’, is also sufficient for the validity
of A.

A’ says that every Erw(&?) is to be > 0, and nothing more. For if R can take
only nonnegative values, then f(R) = R for f(z) = |z|; and since g(z) = /|z]
satisfies (g(z))* = f(z) identically, we have (g(R))? = f(R), hence R = &2 with
S = g(R).1%® If S is the operator of &, we therefore require Tr(US?) > 0. Now S?
is definite, since

(S*f, )= (Sf.Sf) >0.

Writing A, B in place of U, 5?, we therefore have to prove the theorem: if A, B are
Hermitian and definite, then Tr(AB) > 0. We proved this in I.11, using a general
theorem about definite operators; see note 114.1%°

167 Strictly speaking, the entire argument is sound only when 1, ¢, ... all belong to the do-

main of R. For each R we can indeed find such a complete orthonormal system ¢1, ¢, . ..
(cf. IL11), but if R is not everywhere defined this system depends on R. What we actu-
ally have, then, is for each complete orthonormal system ¢1, 2, ... a U depending on that
system, such that

Erw(R) = Tr(UR)

need hold only for those R whose domains contain ¢1, ¢, . . ..

All these U are nevertheless equal. For if U’, U” are two of them, the above formula holds
for both when R is everywhere defined, so Tr(U'R) = Tr(U"R). For R = Py, this gives
(U'p, ) = (U"p,p), or (U —U")p,p) = 0. Since this holds for all ¢ with ||¢|| = 1, and
hence for all elements of Hilbert space, we must have U’ — U” = 0, thatis, U’ = U".

168 We cannot simply put & = /R, that is, & = h(R), h(z) = /=, because we consider only
real-valued functions defined for all real =, and /z is not of this kind: it is imaginary for
negative x.

A simple direct proof is also possible. Let ¢1,¢2,... be a complete orthonormal system,
apy = (Apu, 0u), by = (Byy, ), and Tr(AB) = ZW auybyy. This is > 0 if all the sums

169
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We have thus completely specified the functions Erw(fR): they correspond to
the definite Hermitian operators U, and the connection is given by Sp. We shall
call U the statistical operator of the ensemble in question.

Remarks 1, 2, 3 of IV.1 are now easy to discuss. Correspondingly, we obtain:
1. From the standpoint of relative probabilities and expectations, U and cU are
not essentially different, where ¢ > 0 is a constant.

2. U = 0 yields no assertions whatever and is therefore to be excluded.

3. We obtain absolute, that is, properly normalized, probabilities and expecta-
tions when Tr U = 1. Aslong as Tr U is finite, we can normalize U, according to
1, by multiplying it by ¢ = 1/ Tr U. The definiteness of U gives Tr U > 0; in fact,
TrU > 0, since Tr U = 0 implies U = 0, the case excluded by 2. This was shown
generally at the end of IV.1, and for our case also follows from I1.11. Only when
Tr U is infinite do we have essentially relative probabilities and expectations.

Finally, we must investigate o), ) of IV.1, that is, find the dispersion-free and
the uniform operators among the U.

First consider the dispersion-free ones. We must assume U to be properly
normalized; see IV.1. We would then require Erw(%R?) = [Erw(R)]? to hold for
every R, that is, Tr(UR?) = [Tr(UR)]*. For R = P,y we have R? = R = Py,j and
Tr(UP,)) = (Ug, ¢); hence we should have (Uyp, ¢) = (Ug, p)?, or (Uyp, ¢) =0 or
LIf|¢'|| = 1, ||l¢"|| = 1, we can vary ¢ continuously, beginning at ¢’ and ending at
¢”, with |||| = 1 throughout.'”’ Then (U, ¢) also varies continuously, and since

Z;]Xuzl auyby, are > 0. 1f f = ij:l z,p,, then

N N
(Af. )= auo@, >0,  (Bf,f)= Y buzud, >0,

H,v=1 w,v=1

so the finite matrices a,,, b, (u,v = 1,..., N) are likewise definite. Both definiteness and
the value of Efxl/:l a,. by, are orthogonal invariants in N-dimensional space. Since b,,,, is
Hermitian, it can be brought to diagonal form by an orthogonal transformation in that N-
dimensional space. We may therefore assume at once that it is diagonal, that is, b,,, = 0 for
u # v. Thus

N N
Z by = Z Appbpp-
pr=1 p=1

But definiteness gives a,,, > 0, b,,, > 0 (put z, = 1 for v = pand z,, = 0 for v # p), so the
sum above is indeed > 0.

For ¢’ = ¢” this is clear; suppose ¢’ # ¢”. “Orthogonalizing” ¢’, ¢" (cf. I1.2) produces a
1, with [|¢1]] = 1, orthogonal to ¢’, such that ¢” is a linear combination of ¢’, 1. Thus

" //H2 _

= ay’ + by, |l = |a|?* + |b|* = 1. Let, for example, |a|] = cosf, || = siné, so
@ ® p

170



232

it can be only 0 or 1, it is constant. Thus (U¢',¢") = (U¢”,¢"). Consequently
(Uy, p) is either always 0 or always 1, from which we immediately infer U = 0 or
U = 1. The case U = 0 is excluded by 2; U = 1 cannot be normalized, since Tr 1
is the dimension of the space, namely oo, and, as is also easily seen directly, it is
not dispersion-free. Thus there are no dispersion-free ensembles.

We now turn to the uniform ones. By /) and Sp., U is uniform if

U=V+W,

with V, W, like U, definite and Hermitian, implies V = JU, W = 'U.""" We
assert that this property belongs to the U = P, ||¢|| = 1, and to these alone.

First let U have the stated property. Since U # 0, there is an fy with U fy # 0;
hence fy # 0, and therefore (U fy, fo) > 0; see 11.5, Theorem 19. Form the two
Hermitian operators

_ (fanO) . _ o (fanO) .
V=W Vo WI=U gy Ve
Then
(L USfo)? (UL ) - WU, fo) =1L, US) _
<Vf7f) - (Uf07f0> Z 07 <Wf7f> - (Uf(),f()) 2 07

see I1.5, Theorem 19. Thus V, W are definite, and evidently U = V + W. It follows
that V = JU, and since V fy = U fy # 0, we have ¢ = 1, hence U = V. If we now
put
1 U foll”
- U, =1 o=
P =qog Ve I Ul fo)

then Uf = Vf = c(f,¢)p = cPyf,s0U = cP; by 1, U is therefore essentially
H

> 0,

©l
Conversely, let U = P, ol = 1. U =V + W with V, W definite, we argue

as follows. From U f = 0 we obtain

0<(VENSWVEN+W ) =USf) =0,

a = e®cos, b = e cos . [Translator’s note: The source prints cos 6 in this expression
for b; the preceding and following expressions require sin6.] Then for a(z) = €™ cosz¥,
b(x) = €' sin 20 we also have |a(x)|? + |b(x)|? = 1, and hence for ¢(x) = a(z)y’ + b(x)¢;
we have ||¢(z)|| = 1. Moreover, ¢(z) varies continuously from ¢’ (z = 0) to ¢” (z = 1).

171 Strictly speaking, because of 2 we should also require V' # 0, W # 0. However, the cases
V=0orW =0areincludedby ¢ =0,¢" =1,or =1, ¢’ =0, respectively.
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so (Vf,f) = 0 and hence V f = 0; see the place just cited. But (f,p) = 0 implies
Uf = P, f =0,and hence also V' f = 0. Thus for every g, (f,Vg) = (Vf,g) = 0.
That is, everything orthogonal to ¢ is also orthogonal to Vg, so Vg = ¢, - ¢, where
¢q is a number depending on g. We need only the case g = ¢, namely Vi = ¢ - ¢.
Every f has the form (f, ¢) - ¢ + f/, with f” orthogonal to ¢. Therefore

Vi=(fe) Vo+ Vi =(f¢) dp=CPyf=CUf.

Thus V =cdUand W =U — V = (1 — ¢')U, which proves everything.
The uniform ensembles therefore correspond to U = P, ||¢|| = 1; in this
case Sp. becomes formula F of I11.1:

Erw(R) = Tr(P, R) = (R, ¢). (E»)

Observe that Erw(1) = Tr(Fy)) = 1, since P, belongs to the one-dimensional
manifold [¢], or by Es. Thus the present form of U is properly normalized. Finally,
let us determine when P and P, have the same statistics, that is, when P, =
cPyy) for a constant ¢ > 0; see 1. Since Tr(P,)) = Tr(Py) = 1, we then have ¢ = 1,
hence P, = Py, [¢] = [¢], and therefore ¢ = ai. From ||| = ||¢|| = 1 it follows
that the constant « satisfies |a| = 1; this is evidently sufficient as well.

We can therefore summarize the result as follows. There are no dispersion-
free ensembles. Uniform ensembles do exist, and they correspond precisely to
the U = P, ||¢|| = 1. For these U, Sp. becomes FE>; the normalization is correct,
and U remains unchanged when ¢ is replaced by ayp, with a constant and |a| = 1,
whereas every other change in ¢ changes it essentially; see 1. Thus the uniform
ensembles correspond to the states of quantum mechanics as previously charac-
terized: by a ¢ in Hilbert space with ||| = 1, where a constant factor of absolute
value 1 is immaterial; see, for example, I11.2. Statistical assertions are then made
by .72

We have derived all this from the purely qualitative conditions A’, B/, o), /3),
I, IL

Within the framework of our conditions, the question has therefore been de-
cided against causality: all ensembles exhibit dispersion, even the uniform ones.

172 The deduction in the last two sections, leading to uniform ensembles, was given by the au-
thor in Gott. Nachr., 1927. The existence of uniform ensembles and their relation to general
ensembles were discovered independently by H. Weyl, Z. Physik, vol. 46 (1927), and by the
author in the paper just cited. A special case of more general ensembles, namely that of two
coupled systems (cf. the discussion in VI.2), had appeared earlier in J. Landau, Z. Physik,
vol. 45 (1927).
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It remains to discuss the question of “hidden parameters” raised in III.2,
that is, whether the dispersions of the uniform ensembles characterized by the
wave functions ¢, that is, by F», might arise because these are not the true states
but merely mixtures of several states. Characterizing the actual state would
then require, besides the wave function ¢, further specifications—the “hidden
parameters”—which together determine everything causally, that is, lead to
dispersion-free ensembles. The statistics of the uniform ensemble, U = P,
||| = 1, would then result from averaging over all the actual states of which it is
composed, that is, over the range of values of the “hidden parameters” realized
in those states. This is impossible for two reasons. First, the uniform ensemble
in question could then be represented as a mixture of two different ensembles,'””
contrary to its definition. Second, the dispersion-free ensembles that would have
to correspond to the “actual” states—ensembles consisting entirely of systems in
the same “actual” state—do not exist at all. Observe that we did not have to enter
into the details of the mechanism of the “hidden parameters”: the established
results of quantum mechanics can in no circumstances be recovered with their
aid. Indeed, if determining factors other than the wave function, the “hidden
parameters,” are to exist, it is even impossible for the same physical quantities
with the same relations to be present, that is, for I, II to hold.

It would not suffice for further, hitherto undiscovered physical quantities to
exist in addition to the known ones represented in quantum mechanics by oper-
ators. For even for the latter, known quantities, the relations assumed by quan-
tum mechanics, namely I, II, would have to fail. Thus this is not, as is often
supposed, a question of interpreting quantum mechanics. Rather, quantum me-
chanics would have to be objectively false for any behavior of the elementary
processes other than statistical behavior to be possible.

The following circumstance is also worth mentioning. At first sight, the un-
certainty relations bear a certain resemblance to the fundamental postulates of
relativity theory. The latter asserts that it is impossible in principle to establish
the simultaneity of two events occurring at points a distance r apart more ac-
curately than to within a time interval of length r/c, where c is the velocity of
light. The uncertainty relations assert that it is impossible in principle to specify

175 1f the “hidden parameters”, which we denote collectively by =, take only discrete values
T1,T2,..., T (0 > 1), the two ensembles whose mixture is the original ensemble are ob-
tained by placing the systems with 7 = 7 in one and those with 7 # 7; in the other. If
varies continuously over a region II, let Il be a subregion of II; one ensemble then contains
the systems with 7 in II’, and the other those whose 7 does not belong to II".
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the position of a material point in phase space more accurately than to within
a region of volume (h/4m)3.'7* Yet there is a fundamental difference. Relativity
theory does deny the possibility of an objectively precise measurement of simul-
taneity; nevertheless, by introducing a Galilean frame of reference, one can lay
down a coordinate system in the world that permits a definition of simultaneity
sufficiently consistent with our ordinary concepts in this respect. This definition
of simultaneity is denied objective significance only because the coordinate sys-
tem can be chosen in infinitely many different ways, producing infinitely many
different, equally good definitions of simultaneity. Thus behind the impossibility
of measurement lies an infinite multiplicity of possible theoretical definitions. In
quantum mechanics it is otherwise. There it is altogether impossible to describe a
system with wave function ¢ by points of phase space, even if new, hypothetical
and unobserved coordinates, the “hidden parameters,” are introduced, since this
would lead to dispersion-free ensembles. Thus not only is measurement impos-
sible; so is any reasonable theoretical definition—one that, though empirically
unprovable, as in relativity theory, would at least also be empirically irrefutable.
The impossibility of measurement in principle thus arises because in one case
there are infinitely many ways of defining the concepts in question that do not
contradict immediate experience, or the general fundamental assumptions of the
theory, while in the other there is none at all.

The position of causality in present-day physics can therefore be characterized
as follows. In the macroscopic domain there is no empirical evidence for causality,
nor can there be any. For the apparent causal order of the macroscopic world—
the world of objects perceptible to the naked eye—certainly has no cause other
than the “law of large numbers,” quite independently of whether the laws of
nature governing the elementary processes, the actual laws, are causal or not.'”

7+ Phase space is six-dimensional: its six coordinates are the three Cartesian coordinates

q1, 92, q3 of the mass point and the three corresponding momenta p1, p2, p3. According to
I11.4, the respective dispersions €1, €2, €3, 11, 1)2, )3 satisfy

h h
e1m = — EaM2 2 e €33 =
T

L
= Ax’ Ar’

that is,

R
€1€2€3M1M2M3 = <) .
47

The position in the phase space of classical mechanics cannot, in any event, be specified
more accurately than to within this volume.

75 See Schrodinger’s exceptionally illuminating discussion of this question in Naturwiss.,
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That macroscopically identical objects behave macroscopically alike has little to
do with causality. They are not identical at all, since the coordinates that pre-
cisely determine the states of their atoms almost never agree; the macroscopic
viewpoint averages over these coordinates, which here are “hidden parameters.”
But their number is very large, about 10%° in 1 g of matter, so that by familiar theo-
rems of probability theory the averaging produces a far-reaching reduction of all
dispersions. This holds, of course, only in general: in special cases, such as Brow-
nian motion, unstable states, and others, this apparent macroscopic causality
fails. Only in the atomic domain, in the elementary processes themselves, could
the question of causality really be tested. Here, however, at the present stage
of our knowledge, everything speaks against it. The only formal theory now
available that orders and summarizes our experience in a reasonably satisfactory
way, namely quantum mechanics, is in compelling logical contradiction with it. It
would admittedly be an exaggeration to claim that causality has thereby been dis-
posed of. Quantum mechanics in its present form is certainly incomplete, and it
may even be false, although this is rather unlikely in view of its astonishing effec-
tiveness in understanding general problems and calculating results for particular
ones. Despite its brilliant agreement with experience, and despite the insight it
has given us into a qualitatively new aspect of the world, we can never say of a
theory that experience has proved it, but only that it is the best known summary
of that experience. Yet with all these reservations duly observed, we may still
say that at present there is no occasion and no excuse for speaking of causality in
nature. No empirical evidence supports its existence, since macroscopic observa-
tions are in principle unsuited to doing so; and the only known theory compatible
with our experience of elementary processes, quantum mechanics, contradicts it.

It is certainly a deeply rooted way of looking at things, shared by all peo-
ple, but by no means a necessity of thought. Among other things, the very fact
that the statistical theory could be constructed has shown this. Anyone who ap-
proaches the subject without preconceived opinions has no reason to cling to it.
Under these circumstances, is there any justification for sacrificing a reasonable
physical theory to it?

vol. 17 (1929), no. 37.
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3. Inferences from Experiments

The preceding section taught us that the most general statistical ensemble
compatible with our qualitative fundamental assumptions is characterized by a
definite operator U, according to the law Sp. The special ensembles we called
uniform were characterized by U = P, ||| = 1. Since these are the actual states
of the system S, which cannot be decomposed further, we also call them states,
calling U = P, the state ¢.

If U has a pure point spectrum, say with eigenvalues w;, wy, . .. and eigenfunc-
tions @1, @2, . .. forming a complete orthonormal system, then, by 1.8,

U= Z wnP[%].

Since U is definite, all w,, > 0: indeed, Uy, = w,n, s0 (Upy, pn) = w, > 0.

Moreover,
an = Z(U%, Qpn) =TrU;

n
see also the beginning of IV.1. Thus ) w, = 1 when U is properly normalized.
By what was said at the beginning of IV.1, U can therefore be regarded as a mix-
ture of the states 1, @9, . .. with the respective relative weights wy, ws,.... If U is
properly normalized, these weights also give the absolute probabilities.

But by I1.11, especially note 115, a properly normalized U, with TrU = 1, is
completely continuous and therefore has a pure point spectrum; the same natu-
rally holds whenever Tr U is finite. Infinite Tr U may be regarded as a limiting
case, into which we shall not enter here. In the case of real interest, therefore, the
ensemble under consideration can be represented as a mixture of states, which
we have, moreover, chosen pairwise orthogonal. We shall therefore call the gen-
eral ensembles mixtures, in contrast to the uniform ensembles, the states.

If all the eigenvalues of U are simple, that is, w;, wo, . . . are different from one
another, then, as we know, ¢y, @2, . .. are uniquely determined up to constant fac-
tors of absolute value 1, so that the corresponding states, and the Pioys Ploo)s -+
are completely determined. The weights w;,ws, ... are likewise uniquely deter-
mined, apart, of course, from their order. In this case, therefore, one can spec-
ify uniquely the pairwise orthogonal states from which the mixture U is con-
structed. The situation is essentially different if U also has multiple eigenval-
ues, “degeneracies.” In II.8 we discussed in detail how ¢y, 2, ... may be cho-
sen: there are infinitely many essentially different ways, although w, w,, ... re-
main uniquely determined even then. List the distinct values among wy, wo, ...
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as w',w”,...; for each, specify the closed linear manifold of its eigenfunctions,
the solutions of U f = wf, as M, M, . ... Then proceed as follows. From each
of M, My, ..., choose at will an orthonormal system spanning it, respectively
X1 X5y X1s X5, - -, and so on. Then X, x5, ..., x{, X5, ..., ... are the o1, o, ...,
and the corresponding eigenvalues w', ', ..., w", w", ..., ... arethe wy, wo,.... As
soon as one M, has more than one dimension, that is, a multiple eigenvalue ex-
ists, its x1, x2,... are no longer determined up to constant factors of absolute
value 1. For example, x; can be any normalized element of 91,,. The correspond-
ing states are therefore no longer uniquely determined either.

This phenomenon can also be formulated as follows. If the states x, x2, . .. are
pairwise orthogonal—that is, if they form an orthonormal system, which may
be finite or infinite—and we mix them in such a way that they all receive the
same weight, say the relative weights 1 : 1 : - - -, then the mixture thus produced
depends only on the closed linear manifold 9t spanned by x1, x2, . . .. Indeed,

U= Py + P+ = P

If there are finitely many xi, x2, ..., say s of them, x1,..., X, this U can also be
regarded as a mixture of all the normalized elements of 9, that is, all the states
in 1. These are

X =Ti1X1+ -+ TsXs, |371|2+"'+|33s|2:

Indeed, put 1 = u; + ivy,..., 2, = us + ivs, and let K denote the (25 — 1)-
dimensional unit sphere

ui + 7 sl ol = 1,

corresponding to |z1]? + - - - + |x4|* = 1, with surface element do. For

e
K
we then have

i [ ffnstoi- [ o
://K //(qu,ﬂ—wu )(g,Z(uu+wu)xu>do

pu=1
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:// // Z (f. Xu (9, Xz/)( ivu)(uy-|_wy)d0

pr=1

= S o) [ [ o [ [t ) + it~ w]do

pr=1

By symmetry, all the integrals of v,v,, u,v,, and those of u,u,,v,v, for u # v, are
zero;'”° for i = v, the latter are all C'/(2s), with C' > 0.17° Thus

S S

0.9 = <SG = = S (Pt 0)

(g

S

C C
U'==> Py=-0U.
pn=1

Consequently

so that U’, U are not essentially different.
These matters are of great importance for the character of quantum-
mechanical statistics, and we therefore repeat them:
1. If a mixture consists of mutually orthogonal states with exactly equal weights,
it is no longer possible to determine what those states were. Equivalently, by
mixing in exactly equal proportions, one can produce the same mixture from
different sets of mutually orthogonal components.
2. If there are finitely many components, the mixture thus obtained is identical
with a mixture of all the states that are linear combinations of these components.
The simplest example is this: mixing orthogonal ¢, in the ratio 1 : 1 pro-
duces the same result as mixing, for example, (¢ + v)/v/2 and (¢ — 1) /v/2 in the

176w, — —u,, (or u, — —u,, or v, — —v,,) is a symmetry operation of K under which the first
integrands change sign; their integrals are therefore zero. The operations u,, — v,, v, — u,,
Or U, — Uy, U, — U, are symmetry operations of K; that transform the latter integrals into
one another. "% [Translator’s note: The source prints K; here; the surrounding argument and
the integration domains refer to K. The printed subscript is retained.] These integrals are
therefore equal, and hence each is 1/(2s) times their sum,

// // ui + o T N U dv—// //dv—surfaceareaofK

which we shall call C.



240

ratio 1 : 1, or mixing all the zp +yi with |z|>+|y|* = 1. If two nonorthogonal ¢, ¢
are mixed, in a ratio that need not even be 1 : 1, it is even less possible to identify
them from the resulting mixture, since the latter can certainly also be regarded as
a mixture of orthogonal states.

We defer further examination of the nature of mixtures until the thermody-
namic discussions in V.2 and the following sections.

Formula Sp. in IV.2 specified how to calculate the expectation of the quantity
R with operator R in a mixture with statistical operator U: it is Tr(UR). The
probability that the value a of R lies in the interval ¢’ < a < a”, with given o', a”
and o’ < a”, is found as in I1I.1 or IIL.5. Form the quantity F'(R) with

Fa) 1, d<xz<d,
€Tr) =
0, otherwise;

its expectation is the probability in question. By [in IV.2, F'(9R) has operator F'(R);
if F()\) is the resolution of the identity belonging to R, then, as we have calculated
several times, F(R) = E(a") — E(d). The required probability is

w(d',a") =Tr(U(E(d") — E(d))).

Thus the probability function describing the statistics of R is w(a) = Tr(UE(a));
see IV.1, note 175.7 For states, that is, U = P, we again obtain w(a) =
Tr(P,E(a)) = (E(a)e,¢). Naturally, these probabilities are only relative if U
is not properly normalized.

The question of when the quantity R with operator R assumes the value \*
with certainty in the mixture with statistical operator U can be answered directly
with the aid of w(a). We must have w(a) = 0 fora < A*and w(a) = 1 fora > A\*. If
U is not properly normalized, the latter condition becomes w(a) = Erw(1) = Tr U.
Thus!'”’

Tr(UE(a)) =0 (a < \"), Tr(U(1— E(a)) =0 (a>\).

185 The source cites note 175; the definition of the probability function is in note 157.

77 1f Tr U is infinite, the latter formula, obtained by subtraction, may appear questionable. It
can, however, also be justified as follows. That R has the value A* means w(a’,a”) = 0,
that is, TrU(E(a”) — E(a’)) = 0 for a” < A\* or @’ > X\*. Since this trace is always > 0,
is nondecreasing with a”, and nonincreasing with o/, it suffices for a” < \* to consider its
limit as @’ — —oo, and for @’ > A* its limit as @’/ — +o00. Thus TrUE(a”) = 0 for a” < \*
and TrU(1 — E(a’)) =0 fora’ > \*.
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For definite operators A, B, however, Tr(AB) = 0 implies AB = 0; see I1L.11.
Hence UE(a) = 0 for a < A and UE(a) = U for a > \*, or equivalently
E(a)U = 0 and E(a)U = U, respectively, since the factors must commute when
their product is Hermitian. That is, for f = Uy,

f? CLZ)\*7
0, a< A\

£t - {

according to the discussion in IL.8, this means Rf = \*f, or RUg = A\*Ug identi-
cally in g. The final condition is therefore RU = A\*U. Alternatively, if 9t denotes
the closed linear manifold formed by all solutions h of Rh = A\*h, the condition is
that U f always lies in 1.

The same result could also have been obtained from the vanishing of the dis-
persion, that is, of the expectation, possibly relative, of (R — \*)%.

In III.3 we answered the following questions, with R, &, ... physical quanti-
ties and R, S, . .. their respective operators:

1. When is R measurable with absolute precision? Answer: when R has a pure
point spectrum.

2. When are R, G simultaneously measurable with absolute precision? Answer:
when R, S have pure point spectra and commute.

3. When are several quantities R, G, . . . simultaneously measurable with absolute
precision? Answer: when R, S, ... have pure point spectra and all commute.

4. When are several quantities R, G, ... simultaneously measurable with arbi-
trary precision? Answer: when R, S, ... all commute.

We used the following principle, abstracted from the result of the Compton—

Simon experiment:
(ML) If the physical quantity R is measured twice in immediate succession on a
system S, the same value is obtained both times. This is the case even though R
may have dispersion in the original state of S, and the measurement of R may
also alter the state of S.

We discussed the physical significance of M in detail in I1I.3. Further assump-
tions used in answering 1-4 were: the statistical formula F» of II1.3 for states;
assumption F there, according to which F(R) has operator F'(R) when R has
operator R; and the assumption that R 4 S has the operator R + & when the
simultaneously observable quantities 93, & have the respective operators R, S. %

T84 The source reverses quantity and operator in this sentence: R + & is the quantity, and R+ S
its operator. The printed order is retained.
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Since these three assumptions are again at our disposal—the first follows
from Sp. in IV.2, while the other two correspond to I, II there—and M is also
to be accepted as valid, because we have recognized it as indispensable to the
conceptual construction of quantum mechanics, the proofs given in I11.3 for 1-4
apply here as well. The stated answers are therefore valid again.

In II1.5 we examined the physical quantities that take only two values, 0, 1.
These corresponded one-to-one to properties €. For if € was given, the quantity
could be defined as follows: it is measured by deciding whether ¢ holds or not,
and its value is then 1 or 0, respectively. Conversely, if the quantity was given,
¢ was the property that this quantity has the value 1, that is, not 0. It followed
from F there, that is, [ in IV.2, that the corresponding operators E are precisely the
projection operators. The probability that € holds was equal to the expectation
of the quantity defined above. In IIL.5 it was calculated only for states ¢, that
is, U = P, |l¢]| = 1; but we can determine it generally from Sp.: it is Tr(UE),
relative, and absolute only if U is properly normalized, Tr U = 1.

Since we have established 1-4, the statements «)—() derived from them in I11.5
are also established. We must observe, however, that «) there gave information
only for states, whereas we have just extended it to all mixtures:

') In the mixture with statistical operator U, the property € holds or fails to hold
with probabilities
Tr(UE) and Tr(U(1 - E)),

respectively. These are relative probabilities, absolute only if U is properly nor-
malized, Tr U = 1.

Suppose several quantities Ry, . .., R, are investigated, with respective opera-
tors Ry, ..., R; and resolutions of the identity E;()\), ..., Ej(\). Let [ intervals

LN < AN, . LN <A<SN

be given, and put Ei([1) = Ei(A]) — E1(N), ..., Ei(f;) = Ei(N]) — Ei())). The
properties “R; lies in [;,” ..., “R; lies in I;” then have the respective projection
operators Ei(Iy),..., Ei(1;); see (). Their simultaneous decidability is character-
ized by the commutativity of E\([y),..., Ei(I;); see ). The projection operator
for their simultaneous occurrence is £ = Ey([;) - - - Ej(1;); see ¢). Its probability is
therefore Tr(UF); see o).

Let us now take the reverse path. Suppose we do not know the state of a
system S, but have made certain measurements on S and know their results.
This is, in fact, always the situation in reality, since only measurement results
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can tell us anything about the state of S. Strictly speaking, states are only a
theoretical construction; only measurement results are actually available, and the
task of physics is to establish relations between past and future measurement
results. Admittedly, this is always done by introducing the auxiliary concept of
“state.” But physical theory must then tell us, on the one hand, how to infer the
present state from past measurement results and, on the other, how to infer future
measurement results from the present state. So far we have concerned ourselves
only with the second question, and must now turn to the first.

If the past measurements do not suffice to determine the present state
uniquely, they may nevertheless tell us the probabilities with which the individ-
ual states occur. This holds in causal theories, such as classical mechanics, just
as it does in quantum mechanics. The actual task is therefore this: for given
measurement results, find a mixture whose statistics are the same as those to be
expected for a system S of which we know only that the specified measurements
were performed on it and yielded the specified results. We must, however, state
more precisely what it means to “know only this” about S, and nothing more,
and how this is to lead to statistics.

The connection with statistics must in any case be the following. If these mea-
surements yielded the specified results for many systems S7, ..., S’,, all speci-
mens of S, then the ensemble [S], ..., S),] agrees in all its statistical properties
with the mixture associated above with the measurement results. By M, we may
imagine the identical results for all S}, ..., S’ to have arisen as follows. There
was originally a large ensemble [S,..., Sy] on which the measurements were
made; those elements for which the desired results appeared were then collected
into a new ensemble, namely [S], ..., S},]. Everything now depends, of course,
on how [S1,...,Sy] is chosen. This initial ensemble specifies, so to speak, the
a priori probabilities of the individual states of the system S. The situation is
naturally familiar from general probability theory: to infer states from measure-
ment results, that is, causes from effects, or to calculate a posteriori probabilities,
one must know the a priori probabilities. In general these can be chosen in many
ways, so that our problem, too, has no unique answer. We shall see, however, that
under the special circumstances of quantum mechanics one particular choice of
the initial ensemble [S1, ..., Sx], and hence of the a priori probabilities, is singled
out.

The situation is different if enough measurement results are available to deter-
mine the state of S completely: then every question must have a unique answer.
We shall shortly see how this fact comes into play.
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Finally, we mention the following. Instead of saying that several measure-
ment results concerning S are known, we can also say that S has been tested for
a certain property € and that its presence has been established. We know from
«)—() how these matters are connected. For example, if the simultaneously ascer-
tainable measurement results say that the values of 3, . .., 2R; lie in the respective
intervals I, ..., I;, then, in the notation used earlier, the projection operator of &
is E=FEi(L)--- E().

Our knowledge of S therefore always amounts to the presence of a certain
property €&, formally characterized by specifying the projection operator E. We
seek U, the statistical operator of the equivalent ensemble [S'l, e Sﬁ\/[], and U,
the statistical operator of the general initial ensemble [S, ..., Sx]. What are the
mathematical relations between F, U, Uy?

By M, € is certainly present in [S7,...,S",] as well; that is, the quantity be-
longing to € has the value 1. As we saw at the beginning of this section, this
means EU = U, or that U f always lies in 91, where 91 is the set of all f with
Ef = f, the closed linear manifold belonging to E.

Instead of EU = U, we may also write UE = U, U(1 — E) = 0. Thus Ug = 0
forall g = (1 — E)f, that is, for all ¢ in the closed linear manifold belonging to
1 — E,orall gin R — 9. Consequently U f = 0 for all f in SR — 9N, while for f in
9, U f also lies in M. Nothing more can be said about U in this way.

This determines U essentially, that is, up to a constant factor, if and only if
9t has zero or one dimension. Indeed, for 9 = [0] it gives U = 0, which is
impossible by II1.2, remark 1."% For 9 = [], with ¢ # 0 so that we may assume
|lell = 1, we have Up = cp. Thus Uf = cf for all f in 9M, since these are of
the form ayp; hence in general Uf = UEf = cEf, so U = cE = cP. Since
c > 0, because U is definite and nonzero, U is essentially £ = B If 99t has
dimension > 2, we can choose normalized orthogonal ¢, ¢ in 9; then P, Py
are two essentially different U satisfying our condition. Thus E = 0 is impossible;
for B = P, ||¢|l = 1, we have U = E = P; otherwise U is not uniquely
determined.

The fact that no U at all can be found for £ = 0 would be troublesome if a
system S could possess such a property &. But this is excluded by 7): & is never
present, and its probability is always 0. One-dimensional 9, that is, £ = P
with ||¢|| = 1, determines U uniquely as the state . This, then, is the measure-

185 The source gives this reference as I11.2, remark 1. The exclusion of U = 0 is stated in IV.2,
remark 2.
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ment that completely determines the state of S, namely as ¢, if its outcome is
positive.'”® All other measurements are incomplete: they do not suffice to deter-
mine the state.

In the general case we proceed as follows. If we also call the quantity belong-
ing to € by the name €, then U arises by measuring € on the ensemble belonging
to Uy, namely [S1, ..., Sy], and collecting all the elements for which the value 1 is
obtained into the ensemble of U, namely [S, ..., S%,]. The measurement of ¢ can
be performed in many different ways, for example by measuring another quan-
tity 28 of which € is a known function, & = F(R). For example, let ¢1, @9, ... be
an orthonormal system spanning 9, and 1,1, ... a corresponding system for
R — M. Then @1, v, ..., Y1,19,...spans M+ (R — M) = R and is therefore com-
plete. Let Ay, Ao, ..., i1, o, . . . be distinct real numbers, and define the operator R
by

R (Z TnPn + Z $n¢n> = Z )\nxngon + Z Nnyn¢n-

Evidently R has the pure point spectrum A, Ao, ..., p1, pt2, . .., with respective
eigenfunctions o1, @, . .., 11,19, . .., and all eigenvalues are simple. '*® If F(z) is
any function with
F(An) =1, F(,un) =0,

then F'(R) has eigenvalue 1 for ¢y, @9, ..., and therefore for every f in 9i; it has
eigenvalue 0 for ¢, 19, ..., and therefore for every f in R — 9. Thus £ = F(R).
If R belongs to R, it follows that € = F'(R). The measurement of € can therefore
be carried out as a measurement of ‘R.

In this case we can calculate the relation between U, and U. After the mea-
surement of R, each system is in one of the states 1, o, ..., 11,19, . .., according

78 That is, if the property € holds, the state is . If it does not hold, “non-¢” holds; in place of
E = P, M = [p], wethenhave 1 - E = 1—- P, R—M = R—[¢], which does not determine
U uniquely. (E corresponds precisely to the question “Is the state ¢?”) A measurement
that uniquely determines the state whatever its outcome is a measurement of a quantity R
whose operator R has a pure point spectrum consisting entirely of simple eigenvalues; cf.
I11.3. After the measurement, the system is in one of the states 1, ¢», . .. (the eigenfunctions
of R); that is, the measurement generally changes the state of S. Similarly, measurement of
€ also changes the state: afterwards, a positive result gives U = P}, while a negative result
gives U(1 — P,)) = U, UP, = 0, thatis, Uy = 0. Beforehand, neither condition need have
held. This quantum-mechanical “determination” of the state thus changes it, as indeed was
only to be expected.

The source prints z,, in the second sum on the left, although the corresponding sum on the
right contains y,,. The formula is retained as printed.

T86
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as the value found was respectively Ai, Ag, ..., i1, pt2, . ... The probabilities are
respectively

Tr(UoPpyy) = (Uopr, 1), Tr(UoPg,)) = (Uowr, 2), -,
Tr(UoPyy)) = (Uotpr,¢1),  Tr(UoPyyy) = (Uothe, 2), ...

see the considerations of III.3, whose validity we have established. These frac-
tions of the U ensemble therefore pass into the ensembles P, ), P, - - -, Py
Py, - - .. Since € = 1 corresponds to R = A1, A, ..., the U ensemble is obtained
by combining the first group. Thus

U=> (Ustn: on) P
n
Now every Pj,; commutes with R,'”” so U must do so too. If, therefore, U does
not commute with every R formed as described above, certain measurement pro-
cedures, those based on the corresponding 9, are excluded as ways of producing
it from Uy. We then know more about U than merely that it arose through a
measurement of €. But since U is to represent precisely this state of our knowl-
edge, we try to retain this condition: if there are U for which no measurement
procedure for € need be excluded, we give them preference. Let us therefore
investigate whether such U exist and what they are.
As we saw, U would have to commute with every R produced in the stated
manner. This implies

RUp, = URyp, = U<>‘n90n> = MUpn,

so that Uy, is an eigenfunction of R with eigenvalue \,, hence Uy, = a,¢,.
In particular, Up; = ajp;. Given any ¢ in 9 with ||¢| = 1, we can choose
©1,2, .., P1,9,...s0 that p; = ¢. Every such ¢ is therefore an eigenfunction of
U. Moreover, all these ¢ belong to the same eigenvalue. For if ¢, belonged to
different eigenvalues, they would have to be orthogonal. Then (¢ +1)/v/2 would
also be an eigenfunction, and since

(G)-52d (52954

2 V2
179" For example, because

V2 V2

RP[gon]f = R((fa ('pn) : Qpn) = (f) Qpn) : R‘-Pn = )\n(fv Spn) * Pns
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it would be orthogonal to neither and would therefore belong to the same eigen-
value as both, which is impossible since they were to belong to different ones.
Thus Uy = ay with constant a. We can evidently drop ||¢|| = 1,sothat Uf = af
for all fin 9. Hence UEg = aEg always, or UE = aE;but U = UE,so U = aFE.
Both U, E are definite and nonzero, so a > 0. Without changing U essentially, we
may therefore put U = E.

This U actually solves the problem for every R, that is, every system
©1,02, .-, 1,2, . .., if Uy is suitably chosen. For Uy = 1,

> (Uopn, 00) Prg) = D _(¢ns ) Plp) = Y Py = Pm=E=U.
Thus U = E is justified in the sense of the program outlined above. We can also
determine U if we assume it to be universal, independent of £ and R. The choice
Up = 1 meets this requirement, and no other choice does. For

(ngmﬂpm) = (Egpmﬂpm) — (‘Pma me) =1,
(Upm, em) = Y _(Uo@n, n)(Pip, ) Em: Pm)

n

= Z(UOSOW ©n)|(@n, @m)|2 = (Uopm, om)-

Thus (Uypm, pm) = 1. Since every ¢ in 9 with ||¢|| = 1 can be made ¢;, we have
(Uop, ) = 1, whence (Upf, f) = (f, f) for all f in 9. Since 9 is arbitrary, this
holds for all f whatsoever, and consequently Uy = 1.

If two properties €, § are given, not necessarily simultaneously ascertainable,
then the probability that a system S in which the presence of € has just been
established also possesses § on an immediately subsequent test is, by the above,

Tv(EF) =Y (EF),

where E, F' are the operators of &, §. The first formula holds because U = E; the
second follows from E? = E, F? = F and IL.11. Incidentally, these probabilities
are relative, with & regarded as fixed and § as variable. If Tr(E) = ) (F), the
dimension of 9N, is finite, they can be normalized by division by this number.

Instead of &, §, we can also consider physical quantities. Let fRi,... %, be
simultaneously measurable quantities, and likewise &y, ..., &;. Let their respec-
tive operators be Ry, ..., R;, S1,...,S), with respective resolutions of the identity
Ei(A),...,E;j(X), Fi(A),..., Fi(X). Let

LN < AN, o, LN <A<



248

Jiipy <A<, .., T <A<y
be intervals, and put
Ei(Iy) = Ex(N)) — Ex(X), .., Ej(I) = E5(X)) — E;(X\)),
Fi(h) = F(p)) — F(h), ... F(D) = F() — Fi(w).

The question is this: iy, ..., %R, were measured on S, and their values lay respec-
tively in Iy, ..., I;; how probable is it that an immediately subsequent measure-
ment will find the values of &, ..., &, respectively in Ji, ..., J;? Evidently we
must put £ = E\([1)--- Ej(;), F = Fi(Ji)---F(J;); see <), (). The required
probability is then

Tr(Ey(L) - Ej(I) - Fi(Ji) -+~ Fi(Jh)
— Z(El(ll) - By(IL) - Fi() - B(GL)).

In conclusion, let us once more point out the significance of the general initial
ensemble Uy = 1. We obtained U from it by separating it into two parts during the
measurement of R. Had we not separated it—had we measured i on every one
of its elements and then reunited them all into an ensemble—the result would
again have been U, = 1. This is easily checked directly, or proved by choosing
E = 1: the yy, pig, . .. and 1, 19, . . . then disappear, while A\;, Ay, ... and ¢y, ¢o, . ..
form a complete system. Thus although the measurement of R may alter individ-
ual elements, all these changes must compensate one another exactly, since the
ensemble as a whole does not change. This property, moreover, is characteristic
of Uy = 1. For if

[e.9]

Uo =Y (Usn: n) P

n=1
for every complete orthonormal system 1, ¢, .. ., then Uy commutes with P,
since each Py, j does. Thus Uy commutes with every P, [[¢| = 1. Consequently

Uop = UgPyj0 = PijUop = (Uop, @) - ¢,

so that ¢ is an eigenfunction of Uy. From this, Uy = 1 follows exactly as U = E
was inferred earlier from the corresponding relation with 91, /' in place of R, 1.

In Uy = 1, therefore, all possible states are in the most complete equilibrium
possible; no intervention by measurement can alter it. For every complete or-
thonormal system ¢, ¢o, . . .,

Up=1=) Py,
n=1
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that is, the 1 : 1 : --- mixture of all the states 1, ¢,.... We see from this that
Up = 1 corresponds to the thermodynamic assumption customary in the older
quantum theory, the “a priori equal probability of all nondegenerate quantum
orbits.” It will also play an important role in our thermodynamic considerations,
to which the next sections are devoted.
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V. General Considerations

1. Measurement and Reversibility

We can predict what happens to a mixture with statistical operator U when
a quantity R with operator R is measured in it, insofar as this question admits a
unique answer at all. This means measuring the quantity on every element of the
ensemble and then collecting all the individual systems that have undergone the
measurement into an ensemble again.

First, let R have a pure, simple point spectrum; let ¢, 9, ... be the complete
orthonormal system of eigenfunctions, and A, g, . . . the corresponding eigenval-
ues, all distinct by assumption. After the measurement, the situation is this: in the
fraction (U, om) of the original ensemble, R has the value \,, n = 1,2,....1%
This fraction therefore forms an ensemble in which fR certainly has the value )\,
by M in IV.3. It is consequently in the state ,,, with the properly normalized sta-
tistical operator P, ;. Collecting the systems therefore produces a mixture with

statistical operator
o0

U' = Z(ngna Qpn)P[sOn]
n=1

Second, let R again have a pure point spectrum, with ¢, 2, ... and A\j, Mg, . ..
having the same meanings as before, but now allow repeated eigenvalues: some
An, are equal. The measurement process for R is then not uniquely defined, as was
the case, for example, for € in IV.3. Indeed, let ji1, p2, . . . be distinct real numbers,
S the operator corresponding to ¢1, 2, ... and py, pto, ..., and & the associated
quantity. If F'(x) is a function with

F(\n) = pin (n=1,2,...),

then F(S) = R, and therefore F'(&) = R.™ The measurement of & is thus also
to be regarded as a measurement of R. It transforms U into the U’ given above,

87 The source uses m in this fraction but n for the corresponding value and state. The indices
are retained as printed.
188 The source prints F(\,) = u,. For the subsequent identity F(S) = R, with S having
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which is independent of the entirely arbitrary p, p2,..., but not of ¢y, o, ...,
even though the latter are not uniquely determined because of the multiplicity
of the eigenvalues of R. In IV.2, following I1.8, we stated what can be said about
©1,¢2,.... Let X', X" ... be the distinct values among A;, Ao, ..., and My, My, . ..
the sets of f with Rf = N f, Rf = X'f, and so on. If x|, x5, ..., x{, X5, .., and so
on are arbitrary orthonormal systems spanning the respective Mty/, My~ . . ., then
X1 Xas - s X1s X5 - - -, - .. is the most general ¢y, ¢s, . .. system. Thus, according to
the choice of G, that is, the actual measurement arrangement, any

U = (UxX Xo) Pry + D _(UX0 X)) Py + -+
may occur. This is unique only in special cases.

Let us also characterize this special case. Each separate sum in the preceding
expression must then be uniquely determined. For every eigenvalue J, if 91,
is the set of f with Rf = Af, the sum Y (Uxy, xn)F}y,] must be the same for
every orthonormal system spanning 91,. Call this sum V. Repeating verbatim
the considerations of IV.3, replacing the Uy, U, there by U, V,9,, shows that
V' = ¢\ Po,, with ¢, constant and positive, and that this is equivalent to (U f, f) =
ea(f, f) for all f in 91y Since these f are precisely the Poy, g for all g, we require

(U_Pg)b\g, Pimxg) = C)\(megv mexg)a
or (P, UPm.g,9) = cx(Pm, g, g), that is,
Pgm)\UpgmA = C)\PgmA

for every eigenvalue X\ of R. If this condition, which evidently restricts U con-
siderably, is not satisfied, different arrangements for measuring R can actually
transform U into different U’. Nevertheless, in V.4 we shall be able to say some-
thing further, on a thermodynamic basis, about the result of a measurement of R
in general.

Third, let R not have a pure point spectrum. Then by IIL.3, or criterion 1
in IV.3, it cannot be measured with absolute precision at all. As we discussed
there, measurements of YR with limited precision are equivalent to measurements
of quantities with pure point spectra.

eigenvalues p,, and R eigenvalues )\, the relation would instead be F'(u,) = A,. The
printed formula is retained.
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The time-dependent Schrodinger differential equation describes a different
kind of intervention in material systems. Whereas experiments or measurements
act discontinuously, noncausally, and instantaneously, this equation describes
how the system changes continuously and causally in the course of time when
its total energy is known. For states ¢, if H is the energy operator, it reads

0 2711

a@t _TH% (Z1)

For the statistical operator of the state ;, namely U; = P, this means
o,
( t)f_ ( Uif) = t((fv@t)'@t)
0 0
= (f %) i+ (f, 1) - 2

ot ot
21 21
<f —H@t> 1 — (f, SDt) TH%
2m 211
= ((Hfs00) - o0 = (f,00) - Hoon) = == (UH = HU) J
ou;  2mi
— = UH — HU, 7z
o= T (UH = HU. (%)
If U; is not a state but a mixture of several states, say P[Sa(l)},P[(p@)] .. with
respective weights w;,ws,..., its evolution is determined by that of these
P[go(l)]’ P[sp(z)], .... Adding the corresponding equations Z; shows that Z, holds

for these U; as well. Since all U are such mixtures or limiting cases of them—for
example, every U with finite TrU is such a mixture—we may claim general
validity for Z5.

In 75, as in Schrodinger’s differential equation Z;, H may also depend on ¢.
If it does not, however, we can give the explicit solutions: for Z;, as we already
know,

_2miy,
pr =€ *h tHSDO; (Z1)

and for ZQ/ Qﬂzt H 27rzt H /
Ut —e U e h (Z2)

It is easy to verify that these are solutions and that they can be deduced from one
another. That there is only one solution for given initial values ¢, or Uy is clear:
the differential equations 7, 7, are of first order in t.
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We thus have two fundamentally different kinds of intervention that can be
made on a system S or an ensemble S, ..., Sy|. First, changes brought about
by deliberate acts of measurement, represented by the formula

0. 9]

U— U= (Ugn ¢n) P (1)

n=1

where ¢y, ¢, . .. is a complete orthonormal system; see above. Second, automatic
changes through the passage of time, represented by the formula

U— U, = e_%tHUe%tH, (2)

where H is the energy operator, ¢ the time, and H is independent of ¢. If H depends
on t, divide the time interval under consideration into small intervals in which
H does not change, or changes only very little, and apply 2 to each separately;
composing these successive evolutions gives the final result.

We must now examine carefully these two kinds of intervention, their nature,
and their relation to one another.

First, it is striking that 2 permits H to depend on time, in the manner just
described. One would therefore expect 2 alone to suffice for describing the in-
tervention produced by a measurement. A physical intervention can be nothing
other than the temporary introduction of certain energy couplings into the sys-
tem under consideration, that is, the introduction of a suitable time dependence
of H, prescribed by the observer. Why, then, do we need the special process 1
for measurement? The reason is this. During measurement we cannot consider
the system S by itself. To follow its interaction with the measuring apparatus
M by calculation, we must investigate the system S + M. The theory of mea-
surement concerns S + M, since it must specify how the state of S is related to
certain properties of the state of M, namely the positions of certain pointers that
the observer reads. It is, moreover, rather arbitrary whether we also include the
observer in M, and replace the relation between the state of S and the pointer
positions in M by the relation to the chemical changes in the observer’s eye, or
even in the brain, that is, to what has been “seen” or “apperceived.” We shall
examine this more closely in VI.1. In any case, 2 is applicable only to S + M. We
must, however, show that for S it yields the same result as applying 1 directly to
S. Only when this has succeeded shall we have obtained a unified view of the
physical world on a quantum-mechanical basis. We defer the discussion of this
question until VI.3.
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Second, concerning 1, we have repeatedly pointed out that a measurement
of the kind described there must be instantaneous: performed in so short a time
that the change in U due to 2 is not yet noticeable. Attempting to correct for this
by calculating the altered U; according to 2 would gain nothing. For to use any
U;, we must know ¢, the instant of measurement, precisely; thus the duration of
the measurement would still have to be short. This raises a fundamental diffi-
culty, since it is well known that there is a quantity that in classical mechanics is
canonically conjugate to time: energy.'™ We must therefore expect uncertainty
relations for the canonically conjugate pair time—energy similar to those for the
181 Special relativity also shows that there
must be a far-reaching analogy: the three spatial coordinates together with time
form a “four-vector,” just as the three spatial momenta together with energy do.
Such an uncertainty relation would mean that a very accurate energy measure-
ment cannot be performed in a very short time. Specifically, for the measurement
error € and the duration 7, one should expect a relation of the form

pair Cartesian coordinate-momentum.

eT ~ h.

A physical discussion similar to that carried out in II1.4 for p, ¢ does indeed lead
to this result.'®! Without entering into details, we mention only the case of a light
quantum. By Bohr’s frequency relation, its energy uncertainty ¢ equals h times
its frequency uncertainty, hAv. But, as discussed in note 137, Av is at best the
reciprocal of its duration, 1/7, so ¢ 2 h/7. To establish the monochromaticity of
the light quantum throughout the interval 7, the measurement must extend over
the whole interval. The case of a light quantum is characteristic, since atomic
energy levels are usually determined from the frequencies of the corresponding
spectral lines. Since energy behaves in this way, other quantities R, too, may
exhibit a connection between the precision and duration of measurement. How,
then, can our assumption of instantaneous measurements be justified?

Above all, we must concede that this objection touches an essential weakness,
indeed the principal weakness, of quantum mechanics: its nonrelativistic char-
acter, which singles out time ¢ from the three spatial coordinates x,y, z and pre-
supposes an objective concept of simultaneity. Whereas all other quantities, par-
ticularly z,y, z, which the Lorentz transformation links most closely with ¢, are

180 Every textbook of classical (Hamiltonian) mechanics gives these relations.

81 The uncertainty relations for the time—energy pair have been discussed on several occa-
sions. See the survey in Heisenberg, Die physikalischen Prinzipien der Quantentheorie, § 11.2.d,
Leipzig 1930.
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represented by operators, time is represented by an ordinary numerical param-
eter ¢, just as in classical mechanics. Again, a system consisting of two particles
has a wave function depending on their 2 x 3 = 6 spatial coordinates but only
on one time ¢, although the Lorentz transformation would make two times de-
sirable. That we could ignore the minimum duration of measurements imposed
by natural law may therefore be connected with the nonrelativistic character of
quantum mechanics. This is an explanation, but not a gratifying one.

Closer examination shows, however, that the situation is not so bad after all.
What we really need is not that ¢ be small, but only that, in calculating the prob-
abilities (Upy, ¢,), and hence in forming U’ = Y°"° | (Ugy, ¢n) Py, ), it make little
difference whether we start from U itself or from some U; = e~ tH e Since

271

271 271 271
(Uypn, on) = (e‘htHUehtHgon,son) = (UehtHson,ehtHson) ,

we can achieve this, for example, by modifying H through suitable perturbing en-
ergies so that e’n' My, differs from ¢, only by a constant factor of absolute value
1. In other words, the state ¢, is to remain essentially constant under 2, to be a
stationary state. Equivalently, Hy, is to equal a real constant times ¢,,: ¢,, is to be
an eigenfunction of H. At first sight, such a modification of the energy operator
H, making the eigenfunctions of R stationary and hence eigenfunctions of H, so
that R, H commute, may seem implausible. In fact it is not, and one can even see
that typical measurement arrangements aim precisely at this modification of H.
Every measurement ends with a light quantum or a mass point flying off with
a certain energy in a certain direction, and indicating the result by these charac-
teristics, that is, by its momenta; or with a mass point, such as a pointer on a
scale, coming to rest, its Cartesian coordinates indicating the result. For a light
quantum, in the terminology of III.6, specifying which M,, is 1, with the others
0, and hence specifying all the values M, My, . . ., is equivalent to specifying the
quantity to be measured. For the mass point flying away, this is the specification
of its three momentum components P*, PY, P?; for the mass point at rest, of its
three Cartesian coordinates z, y, z, or, as we called their operators, Q*, ¥, )*. But
the measurement is genuinely complete only when the light quantum or mass
point has really flown “away”: when the light is no longer exposed to absorp-
tion, or the mass point to deflection by potential energies; or when the resting
mass point really rests, which requires a large mass.'®> The uncertainty relation

182" All other details of the measuring arrangement serve only to couple the quantity 2R actu-

ally of interest, or its operator R, to the M,,, or P*, PY, P*, or Q*, @Y, Q% mentioned here.
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alone requires the latter, since the velocity must be close to zero and therefore
have small dispersion, although its product with the mass, the momentum, has
large dispersion because the coordinate dispersion is small. Pointers are indeed
macroscopic objects, that is, enormous. Now the energy operator H, as far as the
light quantum is concerned, is, by 1116,

ZhQnMn
n=1
= k—j k—j '
+Z§;%(VM”“'<M”%MH+1)+ VM”'<Mn—>Mn—1>>’
j=1 n=

for the two mass-point examples it is

(P7)? + (PY)* + (P%)?
2m

+V(QY, Q. Q7),

where m is the mass and V' the potential energy. Our criteria require, respectively,
that the wy; vanish, that V' be constant, or that m be very large. These are precisely
what make the M, or P*, PY, P*, or *, ¥, )*, commute with the H given above.

To close this discussion, we mention that making the states of actual inter-
est stationary—here ¢y, @, . . .—also plays a role elsewhere in theoretical physics.
The assumption, often unavoidable in physicochemical “thought experiments,”
that chemical reactions can be interrupted, “poisoned,” is of this kind.'®’

The two interventions 1 and 2 differ fundamentally. That both are formally
deterministic, and hence causal, is immaterial. Since we are considering the sta-
tistical properties of mixtures, it is not surprising that every change, even a sta-
tistical one, produces a causal change in probabilities and expectations. This is
precisely why statistical ensembles and probabilities are introduced. What mat-
ters is that 2 does not increase the statistical uncertainty present in U, whereas 1
does. The former carries states into states,

P[ into P[e_%m

@] 7 ’

whereas 1 can very well transform states into mixtures. In this sense, the devel-
opment of a state according to 1 is statistical, but according to 2 causal.

Admittedly, this is precisely the most important practical aspect of measurement technique.
See, for example, Nernst, Theoretische Chemie, Stuttgart (numerous editions since 1893),
Book IV, the discussion of the thermodynamic proof of the “law of mass action”.

183
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Furthermore, for fixed H, ¢, 2 is simply a unitary transformation of all U:
U =AUA™, A= M unitary.

Thus Uf = g means U;(Af) = Ag, so that U; arises from U through the unitary
transformation A of Hilbert space: an isomorphism leaving all our fundamental
geometrical concepts invariant; see the principles explained in I.4. It is therefore
reversible: one need only replace A by A~'. This is possible, since the consider-
able freedom in choosing H, ¢ permits A, A™! to be regarded as entirely arbitrary
unitary operators. Just as classical mechanics does, then, process 2 fails to repro-
duce one of the most essential and striking properties of the real world: its irre-
versibility, the fundamental difference between the temporal directions “future”
and “past.”
Process 1 behaves fundamentally differently. The transition

o0

U-— U= (Ugn en)Py.,

n=1

cannot simply be reversed. We shall soon see that it is altogether irreversible,
in the sense that in general it is not even possible, by repeatedly applying any
processes 1 and 2, ever to return from a given U’ to its U.

We have thus reached the point at which it is appropriate to introduce the
thermodynamic viewpoint, since it alone permits a proper understanding of the
difference between 1 and 2, into which questions of reversibility evidently enter.

2. Thermodynamic Considerations

We shall investigate the thermodynamics of quantum-mechanical ensembles
from two different standpoints. First, we assume the validity of the two laws of
thermodynamics, that is, the impossibility of perpetual motion of the first and
second kinds, the energy and entropy principles,'®* and calculate from them the
entropy of every ensemble. We use the ordinary methods of phenomenological
thermodynamics; quantum mechanics enters only insofar as our thermodynamic

184 The reader will find the phenomenological system of thermodynamics built on this basis in
numerous textbooks, for example Planck, Vorlesungen iiber Thermodynamik, Berlin 1930. For
what follows, it is chiefly the statistical formulation of the fundamental laws that matters,
as expounded, for example, in the following papers: Einstein, Verh. d. dtsch. physik. Ges.,
vol. 12 (1914); L. Szilard, Z. Physik, vol. 32 (1925).
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considerations concern objects whose behavior is governed by its laws, our en-
sembles and their statistical operators U. The validity of the two laws, however, is
assumed, not proved. Subsequently we shall prove their validity in quantum me-
chanics. Since the energy principle holds in any case, only the entropy principle
is at issue: we shall show that interventions 1 and 2 never decrease the entropy
calculated by the first method. This order may seem somewhat unnatural, but it
is justified because only the phenomenological thermodynamic discussion gives
us the overview of the problem required for the second kind of consideration.

We therefore begin with the phenomenological treatment, which will also en-
able us to resolve a familiar paradox of classical thermodynamics. We point out
at once that the far-fetched nature of our “thought experiments”—their infeasibil-
ity in practice—does not detract from their force as proofs. In phenomenological
thermodynamics, every conceivable process has evidential force if it does not
violate the laws of thermodynamics.

The aim is to determine the entropy of an ensemble [S1,. .., Sy| with statis-
tical operator U, assumed properly normalized, TrU = 1. In the language of
classical statistical mechanics, we are dealing with a Gibbs ensemble. Statistics
and thermodynamics refer not to the interacting constituents of a single, very
complicated mechanical system with many only imperfectly known degrees of
freedom,'® but to an ensemble of very many mechanical systems, each of which
may, though need not, itself have an unmanageably large number of degrees
of freedom, and which are to be regarded as completely separate and noninter-
acting.'®® Because the systems S, ..., Sy are completely separate, and because
we wish to apply to them the purely enumerative methods of probability theory,
there can be no doubt that ordinary probability theory is to be used. The different
counting methods of Bose-Einstein and Fermi-Dirac, appropriate to certain en-
sembles of indistinguishable and interacting individuals, namely light quanta, or
electrons and protons respectively—see II1.6, especially note 147—do not come
into consideration here.

The method introduced by Einstein for the thermodynamic treatment of such

185 This is the Maxwell-Boltzmann method of statistical mechanics (see the survey in the article
by P. and T. Ehrenfest in Enzykl. d. Math. Wiss., vol. 11.4.D, Leipzig 1907). In the theory of
gases, for example, the “very complicated” system is the gas, consisting of many interacting
molecules, and the molecules are investigated statistically.

18 This is Gibbs’s method (see the reference in Note 185). Here the individual system is the
entire gas; many specimens of the same system, that is, the same gas, are followed through
their histories, and their properties are evaluated statistically.
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ensembles [S1,..., Sy] is as follows.!®” Enclose each system Si,...,Sy in a re-
spective box K, ..., Ky whose walls block the transmission of any physical in-
fluence, which is permissible because the systems do not interact. Each box is
also to have a very large mass, so that any changes in state, and hence in energy
and mass, of Si,..., Sy affect its mass only slightly. This will also make their
velocities in the thought experiments so small that we may calculate nonrelativis-
tically. Place these boxes K,..., Ky in a very large box K: its volume V is to
be much larger than the sum of the volumes of K, ..., Ky. For simplicity, let
there be no force fields in K; in particular, it is to be far from all gravitational
tields and so large that the masses of K, ..., Ky have no effect. We may there-
fore regard K, ..., Ky, containing the respective S, ..., Sy, as molecules of a
gas enclosed in the large box K. If we put K in contact with a very large heat
reservoir at temperature T, its walls will also assume this temperature, and their
actual molecules will enter the corresponding Brownian motion. They will there-
fore transfer momenta to the nearest of the K, ..., Ky, setting them in motion,
and these will in turn transfer momenta to the others. Soon all K1, ..., Ky will
be in motion, exchanging momenta with the wall molecules at the walls of K,
and with one another through collisions inside K. A stationary equilibrium of
these motions is reached only when K, ..., Ky have acquired the velocity dis-
tribution in equilibrium with the Brownian motion of the wall molecules at tem-
perature T: the Maxwell velocity distribution of a gas at temperature T, of which
K,..., Ky are to be regarded as the “molecules.”’®® We may therefore say that
the [S1,..., Sn] gas has assumed temperature T. For brevity, we shall henceforth
call the ensemble [S, ..., S| with statistical operator U the U ensemble, and the
corresponding gas the U gas.

We consider such a gas because, by definition, the entropy difference between
the U ensemble and the V' ensemble—U, V' definite operators of trace 1, with re-
spective ensembles [S1, ..., Sy] and [S],. .., Sy]—must be determined by trans-
forming the former reversibly into the latter.'®” This is best accomplished by the
detour through the U and V' gases. We assert that the entropy difference between

187" See the reference in Note 184. This method was developed further by L. Szilard.
188 As is well known, the kinetic theory of gases describes the process by which the walls
impart their temperature to the gas enclosed by them. See the references in Note 184 and

Note 185.
89 1f, in this transformation, the quantities of heat Qy,...,Q; are consumed at the respec-
tive temperatures T4,...,T;, the entropy difference is % + -+ 2. See the reference

in Note 184.
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the U and V ensembles is exactly the same as that between the U and V gases,
provided both are considered at the same temperature T, which may otherwise
be arbitrary. If T is very close to zero, this is evidently true with arbitrary preci-
sion. For the difference between the U ensemble and the U gas at temperature
zero vanishes, since the latter’s K1, ..., K y have no motion of their own, and the
presence of the stationary boxes K1, ..., Ky, K is thermodynamically immate-
rial; likewise for V. We therefore attain our aim if we show that a given change
in T changes the entropy of the U gas by the same amount as that of the V' gas.
The entropy change of a gas heated from T; to Ty depends only on its caloric
equation of state, more precisely on its heat capacities.'”’ Of course we must not
assume the gas to be ideal when, as here, T; must be chosen close to zero.!!
But the two gases, U and V, certainly have the same equation of state and the
same heat capacities: from the standpoint of gas kinetics, the boxes K1, ..., Ky
dominate and completely conceal the systems S1,..., Sy or Si,..., S enclosed
in them. The difference between U and V is therefore unnoticeable during this
heating process, and the two entropy differences agree, as asserted. Henceforth
we shall compare only the U and V' gases, choosing T so high that they may be re-
garded as ideal gases.'”> We can then account fully for their gas-kinetic behavior
and turn to the actual task: transforming the U gas reversibly into the V' gas. Un-
like the processes used so far, this will require us to act on the Sy,..., Sy inside
K,,..., Ky: weshall have to “open” the boxes.

First we show that all states U = P, have the same entropy: the P, ensem-
ble can be reversibly transformed into the P, ensemble without consuming or
producing heat energy. Mechanical energy must, of course, be consumed or pro-
duced if the expectation of the energy in P differs from that in P,; see note 185.
For this we shall not even need the gases just considered: the transformation can
also be made at temperature zero, with the ensembles themselves. Once this has
been proved, we can and shall normalize the entropies of the U ensembles so that

190 1f ¢(T) is the heat capacity of the given quantity of gas at temperature T, it absorbs the
quantity of heat ¢(T) dT in the temperature interval T, T + dT. According to Note 186, the
entropy difference is therefore f;l : %.m [Translator’s note: The source cites note 186;
the entropy relation used here is stated in note 189.]

For an ideal gas ¢(T) is constant; at very small T this certainly ceases to hold. See, for
example, the reference in Note 6.

This requires the volume V of K to be large compared with the total volume of K1, ..., Ky,
and also that the “energy per degree of freedom”, kT (k is Boltzmann’s constant), be large
compared with m’}iz/g (h is Planck’s constant, i the mass of the individual molecule; this
quantity has the dimensions of an energy). See, for example, Fermi, Z. Physik, vol. 36 (1926).

191

192
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all states have entropy zero.

The transformation of P, into P, described above need not even be re-
versible. If it is not, the entropy dlfference must be > the expression given in
note 185; see that note. It is therefore > 0. Interchanging P, Py likewise shows
that it is < 0, and hence it is nevertheless zero.

The simplest procedure would be to use the time-dependent Schrodinger dif-
ferential equation, our process 2. We would have to find an energy operator H
and a numerical value of ¢ such that the unitary operator e '™ takes ¢ into 1.
In ¢ seconds, Py would then pass of itself into Py the process is even reversible,
and no heat has been involved; see V.1. We prefer, however, to avoid assump-
tions about the possible forms of energy operators H and to use only process 1,
interventions of the nature of measurements. The simplest possibility would
be to measure on the P, ensemble a quantity R whose operator R has a pure
point spectrum of simple eigenvalues A;, Ao, . . ., with ¢ among its eigenfunctions
1,2, ..., say Y = 1. Since this measurement transforms ¢ into a mixture of the
states 91,1, . . ., ¥ is among the states produced. This is not expedient, however,
since 11 = 1) occurs only with probability |(¢,v)|?, while the fraction 1 — | (¢, ¥)|?
passes into other states; for orthogonal ¢, 1, this is the whole ensemble. Never-
theless, a related procedure leads to the goal. By successively performing a large
number of different measurements, we shall transform P into an ensemble dif-
fering arbitrarily little from F,. As discussed above, it is immaterial that all these
operations are, or at least may be, irreversible.

We assume ¢, 1) orthogonal; otherwise we could choose a x orthogonal to
both, with ||x|| = 1, and pass from ¢ to x and then from x to ¢. Letk = 1,2,... be
a number to be chosen later, and put

1&()—003— <p+sm7r— (0 (vr=0,1,... k).

2k 2k
Evidently ¢ = ¢, v = ¢, and always ||¢(V)|| = 1. Extend each w(V)
v = 1,...,k, to a complete orthonormal system 1/}1" ,¢§”>,. with wly = W
Let RY be an operator with a pure point spectrum of dlstmct elgenvalues
say )\1 ,)\g )., whose eigenfunctions are 1/)1 ,¢2 ,..., and let R™ be the

corresponding quantity. Observe also that

ORI NI Ul O LN Ul O B
(¢ , W) = cos T 2k+sm o Sy

B E_ﬂ'(l/—l) B s
= CoS ST T —COSQk.
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Now measure RV on the ensemble U®) = Py, = P, producing, say, U;

then measure $3®) on U, producing U®; and so on, finally measuring %*) on
U*=1), producing U®). That U is arbitrarily close to Py = Py for sufficiently
large k can be understood intuitively as follows. Measuring R on ¢~ carries
the fraction

v— v o & 2
@D, ) = (cos )

into ¢*). Thus the successive measurement of R /@) .. 9R*) carries at least
the fraction (cos(7/2k))?* from () = ¢, through ") @ . *=D into ¢ =
¢®), Since (cos(m/2k))?* — 1 as k — oo, the resulting ensemble consists almost
entirely of systems in state ¢ if £ is large enough. The exact proof is as follows.
Process 1 does not change the trace; since Tr U(®) = Tr P;; = 1, we have Tt UV =
TrU® = ... = Tr UY = 1. On the other hand,

(U ) =Y WO )P o f )

=Y (U )|, ).
Forv=1,...,k —1, take f = wi”“) = ¢, and for v = k, take f = ngk) =
»*) = ). Then
(UWED ) > (D) )| (), g 1))2

T2
TN (D))

Vv

(UEpE) Ry = (E=D k) 40y,
Together with
UOYD, 40 = (P, ) = [, g = (cos ),
this gives ™"

(U(j)w, V) > (cos %) . .

Since Tr U™ = 1 and (cos(7/2k))** — 1 as k — oo, we can apply the result
obtained in IL.11: U® converges to Py. Our goal is thereby attained.

™90 Here the source prints U); the preceding argument and the following limit concern U (*).
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We must next ask to what extent one of the principal devices used in phe-
nomenological thermodynamic “thought experiments”—the so-called semiper-
meable wall—can also be used for quantum-mechanical systems. Phenomeno-
logical thermodynamics admits the proposition that if I and II are two different
states of the same system S, one may assume the existence of a wall completely
permeable to I and completely impermeable to I1.'° This is, so to speak, the ther-
modynamic definition of the difference, and hence also the identity, of two states.
To what extent is such an assumption permissible in quantum mechanics?

We first show that if 1, p2,...,%1, 92, ... is an orthonormal system, there is
a semipermeable wall that lets systems S in any of the states ¢y, 2, ... pass un-
hindered, and reflects them unchanged in any of the states 11, 15, . . .. Systems in
other states, however, may even be altered on collision with the wall.

We may assume @1, ¢2,...,91,%2,... complete, since otherwise it could
be completed by further i, x2,..., which could then be included among the
©1, 2, . ... Choose an operator R with a pure point spectrum of simple eigenval-
ues Ai, Az, ..., M1, [i2, . . ., with the respective eigenfunctions @1, ¢, ..., ¢1, 2, . ..,
and with A, < 0, i, > 0. Let R belong to R. Build many windows into the
wall, each arranged as follows. Every molecule K,..., Ky of our gas—we
again consider U gases at temperatures T > (0—is held there and opened; R is
measured on the system S, ..., or Sy inside it; the box is then closed again and,
according as the measured value of R was < 0 or > 0, the box and its contents
are allowed through the window with unchanged momentum, or reflected. This
arrangement clearly serves the intended purpose. It remains only to discuss
what changes remain in it after such collisions, and to what extent it is or is not
related to the so-called “Maxwell demon” of thermodynamics.'**

On the first point: since measuring R may alter the state of S, and possibly its
energy expectation, the measuring apparatus must supply or absorb this differ-
ence in mechanical energy in accordance with the first law. For example, it may
contain a spring that is released or tensioned, or something similar. Since this is
a purely automatic measuring mechanism, and only mechanical energy, not heat,
is converted, certainly no entropy changes occur here; this alone is important for
us now. If S is in one of the states @1, v, ..., 91,19, ..., the measurement of R
does not alter S at all, and no compensating changes remain in the measuring
apparatus.

195 Gee, for example, the reference in Note 184.

194 See the reference in Note 185. The reader will find a detailed discussion of the difficulties
associated with the concept of “Maxwell’s demon” in L. Szilard, Z. Physik, vol. 53 (1929).
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The second point is more troublesome. Our arrangement is rather similar to a
“Maxwell demon,” a semipermeable wall that transmits molecules arriving from
the right and reflects those arriving from the left. If such a wall is inserted in the
middle of a vessel containing gas, all the gas soon lies on the left-hand side: the
volume is halved without expenditure of entropy. This means an uncompensated
decrease in the gas’s entropy; by the second law, such a wall therefore cannot ex-
ist. Our semipermeable wall nevertheless differs essentially from this thermody-
namically inadmissible one. It distinguishes the “molecules” K, ..., Ky only by
their internal properties—the states of the enclosed S, ..., or S y—rather than by
external properties, such as whether a molecule arrives from the right or the left.
This is precisely the crucial point. A detailed analysis is possible on the basis of
L. Szilard’s investigations, which clarify the nature of semipermeable walls, the
“Maxwell demon,” and, generally, the role of “interventions of intelligent beings
in thermodynamic systems.” We cannot enter into these matters here, especially
since the reader will find a detailed account in the work cited in note 194.

The foregoing shows, in particular, that two states ¢, of the system S can
certainly be separated by semipermeable walls if they are orthogonal. We now
prove the converse: if ¢, are not orthogonal, assuming such a semipermeable
wall contradicts the second law. Thus the necessary and sufficient condition for
separability by semipermeable walls is (¢, 1) = 0, and not, as in classical theory,
@ # 1; we write ¢, ¢ in place of I, II used above. This resolves an old paradox
of the classical form of thermodynamics, the troublesome discontinuity in using
semipermeable walls: states differing arbitrarily little are still completely sepa-
rable, while absolutely identical states are not separable at all. We now have a
continuous transition: complete separation is possible only for (¢,?) = 0, and
separation becomes progressively less effective as (¢, 1) increases. Only when
(¢, 1) reaches its maximum, namely |(¢, ¢)| = 1, are the states ¢, ¢ identical and
separation completely impossible. For ||¢|| = ||| = 1, so |(¢,v¢)| = 1 implies
¢ = c1p, with ¢ constant and |¢| = 1.

To carry out the announced argument, we must anticipate the final result
of this section, the entropy of the U ensemble. Naturally, we shall not use the
present result in deriving that formula.

Assume, then, that a semipermeable wall separating ¢ and 1 exists; we are
to deduce (¢, 1) = 0. Consider a (P + Pyy) gas, consisting of N/2 systems in
state ¢ and N/2 in state v); the operator has trace 1. Choose V), that is, K, and T
so that the gas is ideal. Let K have the longitudinal section 12341 indicated in
Fig. 3. Insert the semipermeable wall at one end, aa, and push it to the middle,
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V

T 2 2

Figure 3.

bb. Keep the gas’s temperature constant by contact at the other end, 23, with a
large heat reservoir W' at temperature T. Nothing happens to the ¢ molecules in
this process, while the 1) molecules are pushed into the right half of K, between
bb and 23. Thus the 5(P,, + Py)) gasis a1 : 1 mixture of a P, gas and a Py gas.
Nothing happens to the former; the latter is compressed isothermally to half its
volume. The equation of state of the ideal gas shows that the mechanical work
performed is (N/2)sT In 2, where N/2 is the number of molecules of the P gas
and s is Boltzmann's constant.'”® Since the gas’s energy does not change in this
isothermal process,'”° this amount of energy is taken up by the heat reservoir W.
The entropy increase of the reservoir is therefore Q/T = N« - % In 2; see note 186.

After this process, half the original Py, gas, N/4 molecules, is to the left of bb;
to its right are the other half of the original P, gas, N/4 molecules, and the whole
Py gas, N/2 molecules: altogether 3N/4 molecules of a 3 P, + 2P, gas. Com-
press the former gas and expand the latter to volumes V/4 and 3V /4, respectively.
The mechanical work is again taken from or supplied to the heat reservoir W, re-

1% If an ideal gas consists of M molecules, its pressure is p = #ZT. In compression from

volume V; to volume V,, the mechanical work performed is therefore

Vz V2 d
/ pdV = M»T —V:M%Tln&.
Vi Vi Vi
In our case M = N/2, Vi = V/2, Vo = V. Translator’s note: The source calls the process
compression, but the volumes given here describe expansion. Its wording, limits, and work

formula are retained.]
19 As is well known, the energy of an ideal gas depends only on its temperature.
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spectively; %% it amounts to (N/4)»TIn2 and (3N/4)»T In(3/2); see note 191.7%°
The entropy changes of the reservoir are therefore N+ ;In2and —Nx¢- 2 In(3/2),
respectively. Altogether,

Nsx-(3In2+ {In2—2In3) = Nsx-3In3.

At the end we have a P gas of N/4 molecules in volume V/4, and a 3P, +
2 Py) gas of 3N/4 molecules in volume 3V/4. Originally there was a 5P + 5Py
gas of N molecules in volume V, or, if we wish, two such gases of N/4 and 3N/4
molecules in volumes V/4 and 3V /4, respectively. The change produced by the
whole process is thus this: N/4 molecules in volume V/4 passed from a { P, +
%Pw,] gas .mto alp[so] gaQS; 3N/4 molecules in volume 3'V /4 passed from a 3P, +
5Py) gas into a 3 P + 2 P gas; and the entropy of W increased by Nic- 2 In(4/3).
Since the process was reversible, the total entropy increase must be zero: the two
gas entropy changes must exactly compensate that of W. We therefore still need
to know the entropy changes of the gases.

As we shall see, a U gas of M molecules has entropy —M s - Tr(U InU) if the
entropy of a Py gas of the same volume and temperature is counted as zero;
see above. If U has a pure point spectrum with eigenvalues wy, ws, ..., this is
—M3 > wyInw,, taking xlnz = 0 at z = 0. As is easily calculated, the opera-
tors

Pe 3B 3P, 5P+ 50
have the respective eigenvalues

1+« 1—a0' 34+ V1+8a? 3—+v1+8a?
2 72 77 6 7 6
where o = [(p, )|, s0 0 < a < 1. The eigenvalue zero always has infinite multi-

plicity, while the others are simple.'”” The entropy change of the gases is therefore

N 3N 3+\/1+8a21 34+ vV1+ 8a?
. n
6 6

1,0;

707

.0 —

A e

192 The transfer directions stated here are opposite to those implied by the signs of the reservoir
entropy changes given immediately afterward. The wording of the source is retained.

195 The source cites note 191 here; the isothermal work formula is given in note 195.

197 We shall determine the eigenvalues of a Py, + bP,y directly. We require

(CLP[SO} + bP[¢])f = Af.

Since the left-hand side is a linear combination of ¢, 1, so is the right-hand side, and hence
sois fif A # 0. Certainly A = 0 is an eigenvalue of infinite multiplicity, since every f
orthogonal to ¢, 1) belongs to it. It therefore suffices to consider A # 0 and f = z¢p+y1. (Let
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In
6 §

+3—\/1—#8@2 3 —V1+8a?

l+a. 14+« l—a. 1—«
N - 1 1 .
AV ( T >

When the entropy increase N - 21n(4/3) of W is added, the total must be zero.
Dividing by N /4, we obtain

_3—|—\/1+80421n3—|—\/1+8042_3—\/1+8a21n3—\/1+8a2
2 6 2 6
1 11—
+Oz%—Q(l—oz)ln a

+ 31 1 0
n——=
3 )

+2(1+a)ln

with)0 < a <1.
Itis easy to see that the left-hand side increases continually as « increases from
0 to 1,'® from 0 to 31n(4/3). Hence o = 0: if o # 0, the inverse of the described
process would decrease entropy, contrary to the second law. Thus (p,v) = 0 is

proved.

¢, 1 be linearly independent; otherwise ¢ = ¢, |c| = 1, so the two states are identical.)
The equation above then becomes

a(x+y, ) - o +bx(p, ) +y) b =Ax-o+ Ay-,

that is,

az + a(p,V)y = Az, b(p,)x + by = Ay.

The determinant of these equations must vanish:

a—A a(%@f})
b(p,p)  b—A
(a=A)(b =) —abl(,9)* =0,

M = (a+bA+ab(l—a?) =0,
a+bx/(a+0b)?—4ab(l — a?)
2
a+bx/(a—0b)?+4a2ab

5 .

=0,

A:

Puttinga =1,b=0,0ra = 3,b= %, 0ra = 3,b = 2, gives the formulae in the text.
1% Since (rIlnz) =Inz + 1, and hence

l+y, 14y 1—-y 1—y\ 1 1+y 1 1—vy
1 1 ——(m=—Y 1) -2 1
( 5 Ny T Ty A A

1. 14y
=—ln——,
2 1—y
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After these preparations we turn to determining the entropy of a U gas of
N molecules in volume V at temperature T, or, more precisely, its excess entropy
over a P, gas under the same conditions. By our earlier remarks and the normal-
ization given above, this is the entropy of a U ensemble of N individual systems.
As stated above, let TrU = 1. Then, as we know, U has a pure point spectrum

Wy, Wa, ..., with w; > 0,wy > 0,..., w; +wy + --- = 1. Let the corresponding
eigenfunctions be ¢, @3, .. .;then U = ZZOZI wy, P, see IV.3. Thus our U gas is a
mixture of P}, P, - - - gases, consisting respectively of wi N, wo N, . .. molecules,

all in the same volume V. Again let T, V be such that all these gases are ideal, and
let K have a rectangular cross section. Perform the following reversible interven-
tions to separate the ¢y, 2, ... molecules from one another; see Fig. 4. Attach to
K, 23452, a second rectangular box fl, 12561, of the same size. Replace the com-
mon wall 25 by two walls immediately adjacent to one another: one, 25, fixed

the derivative of our expression is

1. 3+vV1+8x2 1 S« 1. 14+«
—3--In - = +4-—In
2 3-vV1+8x2 3v1+8a2 2 1-a

n
l-a V1482 3—+vV1+8a2

2(1 1+a 20 3+\/1+8a2>
= n .

To say that this is > 0 means

1—|—a> 2a ! 3+ V14 8a?
n )
l-a V1482 3—+1+8a?

In

that is,

1, 1+4a 2 1. 1+p V1+8a?
n—— >—--—Iln——, f=——""—-.
2 1—a 3 28 1-p 3

We shall even prove this with § in place of 2. Since 1 — 82 = §(1 — o?) and o < 3 (the latter
follows from the former because « < 1), this says
1-ao?. 1+« 1—ﬂ21 1+

1 .
2% "1-a 23 “1-3

This will be established once 1552 In 1££ is recognized as monotonically decreasing for 0 <

x < 1. That can be seen, for example, from its power series:

1—22 1+=x z? ot
1 =(1—-a2?) 1+ + 4
T e ”7")<+3+5Jr

1 11
=1-(1-=)a?—(==Z)a*—- ..
(=5)2-(5-3)
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and semipermeable, transmitting ¢; but reflecting s, 3, . . .; the other, bb, mov-
able but an ordinary, completely impermeable wall. At dd, immediately adjacent
to 34, insert another semipermeable wall, transmitting 9, 3, ... and reflecting
¢1. Then, keeping their distance apart fixed, move bb and dd to aa and cc, re-
spectively, immediately next to 16 and 25. The 3, 3, ... molecules are entirely
unaffected, while the ¢; molecules are compelled to remain between the moving
walls bb, dd. Since the distance between these walls is constant, we need perform
no work against the gas pressure, and consequently no heat is produced. Finally,
replace the walls 25, cc by a fixed, completely impermeable wall 25, and remove
aa, restoring the boxes K, K. All the 1 molecules are now in K. We have thus
“drawn them off” reversibly from K into the equally large box K, without any
work, heat production, or change of temperature.'”

Similarly, draw off the (3, ¢3, ... molecules into equal boxes f//, f///, ... We
end with P}, P, ... gases, consisting of w1 N, w2, ... molecules respectively,
each in volume V. Now compress them isothermally to volumes w;V,w,V, .. ..
As compensation, we must supply to them, from a large heat reservoir at temper-
ature T so that the process is reversible, the quantities of heat w; N - TIlnwy,
wyN s - Tlnwy, and so on. These quantities are all negative: the mechanical
compression work on each gas is their negative; see note 191."* The entropy
change in these processes is therefore >~ w, N - Inw,. Finally, transform all

19 For this device, characteristic of the phenomenological thermodynamic method, see, for

example, the reference in Note 184.
194 The source again cites note 191; the work formula is in note 195.
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the P}, P, - .- gases into a P, gas, with ¢ any chosen state. We now have
only P, gases, of w1 N, ws/N, ... molecules in respective volumes wiV, wsV, .. ..
Since they are all identical and have the same density N : V, we may mix them,
again reversibly. This produces a P, gas of N molecules in volume V, since
> wn =1,

We have therefore performed the desired reversible transition. The entropy
changed by N> >~  w, Inw,. Since its final value is zero under our normaliza-
tion, its initial value was

o
—N%an Inw,,.

n=1

Since U has eigenfunctions ¢, 9, . . . with eigenvalues wy, ws, ..., UInU has the
same eigenfunctions with eigenvalues wy Inwy, we Inws,.... Thus Tr(UlnU) =
>0 wyInw,. Observe that 0 < w, < 1, so w,lnw, < 0, with equality only
for w, = 0,1. We must take w, Inw, = 0 at w, = 0, because the vanishing w,
need not be considered in our argument; continuity considerations give the same
result.

We have thus determined the entropy of a U ensemble consisting of N indi-
vidual systems as

—NxTr(UlnU).

What was just said about the w,, In w,, shows that it is always > 0. For it to be
zero, every w, must be 0 or 1. Since Tr U = 1, exactly one w, is then 1 and all the
others are zero, so U = Py,)- Thus the U = P, the states, have entropy zero;
every other mixture has positive entropy.

ls

3. Questions of Reversibility and Equilibrium

We can now prove the irreversibility of the measurement process asserted
in V.1. For example, if U is a state, U = P, measuring a quantity R whose
operator I has eigenfunctions ¢y, ¢, . . . transforms it into the ensemble

U' =2 (Paenen) Poy =D _1(#:00) Py
n=1 n=1

If U’ is not a state, entropy has increased: the entropy of U was zero, while that of
U' is positive. The process is therefore irreversible. For U’ to be a state, and hence
some P, since the ¢, are its eigenfunctions, all |(¢, ¢,)|* must vanish except
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one, which must then equal 1. Thus ¢ is orthogonal to all ¢,, for n # n. But then

© = cpn with |¢| =1, so Py =P, U=U ’. Thus every measurement on a state

is irreversible except when the state is an eigenfunction of the measured quantity;,

that is, when this quantity has a sharp value in the given state; then the measure-

ment leaves the state wholly unchanged. As we see, noncausal behavior is also

unambiguously linked with certain accompanying thermodynamic phenomena.
We now investigate, in full generality, when process 1,

o

U—U = Z(ngn, gOn) . P[cpn}?

n=1

increases entropy:.
The entropy of U is —NxTr(UInU). If w;,we,... are its eigenvalues and
1,19, . .. its eigenfunctions, this equals

—N%Z wy, Inw, = —Nix Z(Uz/)n, V) In(Uthy, Yy,).
n=1

n=1

The eigenvalues of U’ are (U1, 1), (U2, ¢2), ..., so its entropy is

_N%Z(U‘Pna on) I(Upn, o).

n=1

Thus the entropy of U is = that of U’ according as

Z(U¢nv¢n> (U, thn) z Z Upn, ) M(Upn, on). *)
n=1 n=1

We first show that > always holds in *, so that U — U’ never decreases entropy.
This is thermodynamically clear, but for our later purposes it is important to have
a purely mathematical proof as well. We proceed by keeping U, and with it
Y1, s, ..., fixed, while allowing ¢1, ¢9, ... to range over all complete orthonor-
mal systems.

By continuity, we may first restrict ourselves to systems ¢, 2, ... in which
only finitely many ¢,, differ from the corresponding ,. Suppose, for example,
0, = Y, for n > M. The ¢, with n < M are then linear combinations of the v,
with n < M, and conversely. Thus

:mengon (m=1,..., M),
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and the M-dimensional matrix {z,,,} is evidently unitary.™” We have
(Uems om) = wp,

and, as is easily calculated,

N
(U¢M7wm)zzwn‘xmn’2, wzl,...,M.
n=1

We therefore have to prove

M M M M
Z Wy, Inw,, > Z (Z wnﬂimn2> In (Z wnxmn|2> .
m=1 m=1 \n=1 n=1

The right-hand side is a continuous function of the M? bounded variables z,,,,
so it has a maximum and attains it, subject to {z,,, } being unitary. Since the left-
hand side is its value at z,,, = 1 for m = n and x,,,,, = 0 for m # n, we have to
show that the maximum occurs at this system of z,,,,.

Let 29, m,n = 1,..., M, be a system of values at which the maximum is
attained. Multiplying the matrix {20, } by the unitary matrix

a S0 - 0
B8 a0 - 0
0 01 - 0|, JaP+IsP=1,
0O 00 -1

produces a unitary matrix {z},,}, another admissible system. Put a = /1 —¢2,
B = ¢, with € real and |§] = 1. We take ¢ small, retaining terms in 1,¢,¢? and
neglecting £%,¢*,.. .. Then a ~ 1 — 1£?, and in the new matrix

ro 1.2\..0 0
Tip ~ (1 - 58 )Iln + 981’271?

xh =~ —0exl 4 (1 — %SQ)xgn,
Trun = Ty (M > 3).

195 Here and in the following proof, the source interchanges the roles of ¢ and 1 relative to
the preceding definitions: the ¢,, are now treated as eigenfunctions of U. The subsequent
notation is retained as printed. The following identity also prints N as the upper limit and
w=1,...,M ratherthanm =1, ..., M.
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Consequently,
M M M L
Z w2y, |* ~ Z wy|2% |2+ Z 2w, Re (02 29 ) - ¢
n=1 n=1 n=1
M
+ > wn(—faf, [+ a8, ) - %
n=1

M M M L
Y walah, P Y walad, P = 2w, Re(029,23,) - ¢
n=1 n=1 n=1
M
- an(_|x(l)n|2 + |x8n|2) : 527
n=1

M M
D wala, P = walad, P (m > 3).
n=1 n=1

Substitute these expressions into f(z) = xInz, observing that f'(z) = Inz + 1,
f"(z) = 1/z, and add them all. This gives

M M M
Z ( U)n.il?;,m2> hl ( wnx;nn2>
m=1 \n=1 n=1
M M M
s (z wnxzmz) o (z wnxsnﬁ)
n n=1

m=1 =1

M M
+ |In (Z wnx?n2> —In (Z wnajgn2>]
n=1 n=1
M —
: Z 2w, Re (02,29 ) - ¢
n=1

M M
- {— In (Z wn|x?n|2> —In (Z wn|x8n|2>]
n=1 n=1

M M
- [zwnxex zwnazgnﬁ]
n=1 n=1

L [ 1 . 1 ]
5 M M
2 anl wn’x(l)nP anl 7“U7l|x(2)n|2

" 2
Z 2 Re(@x?naz_%l)] } - €2,

n=1
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For the first term on the right to be the maximum, the coefficient of € must be
zero and that of €2 must be < 0.'%° The former has two factors,

M M M
In (Z wn|x?n|2> —In (Z wnx8n|2> , Zan Re (029,29 ).
n=1 n=1

n=1

If the first is zero, the first term in the coefficient of £2 vanishes; this term is always
< 0. The second term, which is evidently always > 0, must then vanish for the
whole coefficient to be < 0. This means fo:l 2w, Re(029 29 ) = 0. Thus the
second factor in the coefficient of ¢ is zero in every case, which can also be written

M
2Re <§Z wnx?ng> = 0.

n=1

A suitable choice of 6 turns this into the absolute value of the sum, so the sum
must vanish:

M

00 _
g W1, Ty, = 0.
n=1

Since we can replace 1,2 by any two distinct k,j = 1,..., M, we obtain

M [
Y waad,al, =0 (k# ).
n=1

Thus the unitary coordinate transformation with matrix {20} takes the diagonal
matrix with diagonal elements wy, ..., w, into diagonal form again. Since the
diagonal elements are the multipliers, or eigenvalues, of the matrix, they do
not change under a coordinate transformation; at most they can be permuted.
Before the transformation they were w,,, m = 1,...,M; afterward they are
SM w22, 2, m =1,...,N.7 The sums

m

M M /M M

0 2 0 |2

g wy, Inwy, E g Wy |, |7 | In E Wy |2,
n=1 m=1 \n=1 n=1

therefore have the same value. A maximum thus also occurs at z,,,,, = 1 form = n,
Tmn = 0 for m # n, as asserted.

196 In the last squared sum in this expansion, the source omits the weight w,, that occurs in the
preceding first-order term. The displayed formula is retained as printed.

The source gives the preceding diagonal entries as wy, . . ., w,, and the transformed range as
m =1,..., N, although the matrix has dimension ). These indices are retained as printed.

T97
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Let us now determine when equality holds in *. If it holds, then

[©.9]

D (Uxns xn) (U, Xn)

n=1

attains its maximum not only for x, = ¢,, n = 1,2,..., but also for x,, = ¥,
n=1,2,...,as xi, X2, ... ranges over all complete orthonormal systems. In par-
ticular this holds when only the first M of the 1, are unitarily transformed among
themselves, so that x,, = ¥, for n > M. Put u,,,, = (U, ¥,), m,n =1,..., M.
Let vq,...,vy be the eigenvalues of the finite matrix {u,,,}, also Hermitian and
definite, and let {c,,, }, m,n =1,..., M, transform it into diagonal form. Let this
transformation take vy, ..., ¢ into wy, ..., wy;, with

M
:Z&mnwn (m:1,,M)
n=1

Then Uw,, = v,w,,, hence

Up, M =TMn,

(U, wn) = {0, m # n.

For &, = Zfil Tnwn, m = 1,..., M, where {x,,,} is also unitary, we therefore
have (U¢;, &) = M | 0,21, By the assumption about 1)y, . .., ¢y, ™

(3 i) 35

n=1 \n=1 n=1

therefore attains its maximum at z,,, = a;,,. What was proved above then gives
S Un@nt, = 0 for k # j, thatis, (Ui, ¢;) = 0fork # j, k,j=1,..., M.

This must hold for every M, so U1y, is orthogonal to all ¢; with £ # j, and
hence equals w} 1, for a constant w;.. Thus 1, 19, . . . are eigenfunctions of U, with
corresponding eigenvalues w}, w5, ..., a permutation of wy, ws,.... Under these
circumstances, however,

U' = Z(U¢n,¢n' %]_Zw Py, =U
n=1

19 Here the source writes N in the lists of v,, and v,,, although the finite matrix has dimension

M. In the following display it also uses n for both summation indices, leaving m free; the
outer index should be m. All are retained as printed.
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We have therefore found:

Process 1, U — U' =3 | (Uthy, ¥y) - Py, where ¢y, 1y, . . . are the eigenfunc-
tions of the operator R of the measured quantity R, never decreases entropy. In-
deed, it always increases it unless all 1, v, . . . are eigenfunctions of U, in which
case U = U’. In that case U also commutes with R, and this too is characteris-
tic, since it is equivalent to the existence of the common eigenfunction system
U1, Vs, . . .; see 11.10.

Thus process 1 is irreversible in every case in which it produces any change
at all.

We now treat reversibility for processes 1 and 2 independently of phenomeno-
logical thermodynamics, as announced as the second part of our program in V.2.
We already know the mathematical method that makes this possible. If the sec-
ond law holds, entropy must equal —NTr(U InU), and this must not decrease
in any process 1 or 2. We must therefore now treat — N Tr(U InU) purely as a
mathematical quantity, independently of its interpretation as entropy, and deter-
mine its behavior under 1 and 2.2

Under 2, U becomes U; = e~ MUe’™M, or, denoting the unitary operator
e~ ttH by A, U = U, = AUA™ 1. Since f — Af is, by the unitarity of A, an isomor-
phic mapping of Hilbert space onto itself, taking every operator P into APA™!,
we have in general F(APA™') = AF(P)A™'. Thus U;InU; = A-UInU - A™!, and
consequently Tr(U; InU;) = Tr(U InU). Our quantity —N s Tr(U InU) is therefore
constant under 2. We have just determined what happens under 1, without in-
voking the second law: if U changes, U # U’, the quantity increases; if U remains
unchanged, U = U’, equivalently if ¢, ¢, . . . are eigenfunctions of U or U, R com-
mute, it naturally remains unchanged too. Under an intervention composed of
several processes 1 and 2, in any number and order, — N Tr(U InU) therefore
remains unchanged if every process 1 is ineffective, producing no change; in all
other cases it increases. Thus, if only interventions 1 and 2 are considered, every
process 1 that produces any change at all is irreversible.

There are, incidentally, expressions simpler than — Tr(U In U) that do not in-
crease under 1 and are constant under 2, for example the largest eigenvalue of
U. Under 2 it is invariant, like all eigenvalues of U. Under 1, the eigenvalues
wy, Wy, . .. of U become the eigenvalues > | wy,|T1,|?, Yoo | wy|Tan|?, ... of U'; see
the earlier considerations of this section. By the unitarity of {z,,}, > ey |21n]* =

200" Of course we could omit the factor N s here and consider — Tr(U In U). Or, to retain propor-
tionality to the number N of elements, we could take —N Tr(U InU).
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1LY, |22,]* = 1, and so on. All these numbers are therefore < the largest w,,.
A largest w,, exists because all w,, > 0 and Y~ w, = 1 implies w,, — 0. Now
it is readily possible to change U so that — Tr(UInU) = — >°° | w, In w,, remains
invariant while the largest w,, decreases. We see that there are transitions permit-
ted by phenomenological thermodynamics, and therefore actually performable
by our gas processes, that can never be produced by successive applications of 1
and 2 alone. This shows that the introduction of the gas methods is unavoidable.

Instead of — Tr(U InU), we can also consider Tr(F(U)) for suitable functions
F(x). That it increases under 1 when U # U’—it is naturally invariant for U = U’
and under 2—can be proved as for F'(z) = —zInx, provided F(z) has the only
properties of that function used above. These are F”'(z) < 0 and the monotonic
decrease of F’(x), the latter following from the former. Thus, for our nonther-
modynamic considerations of irreversibility, we can use any Tr(F(U)), provided
F(x) is strictly concave, thatis, F"'(z) < 0in 0 < z < 1, where all the eigenvalues
of U lie.

Finally, we should also show that mixing two ensembles U, V, say in the ratio
a:f,witha >0,8>0,a+ S =1, does not decrease entropy, that is,

—Tr((aU + V) In(aU + V) > —aTr(UlnU) — B Tr(VIn V).

This also holds for any strictly concave F(z) in place of —zInz.™ The proof is
left to the reader.

We wish to find the stationary equilibrium mixture, the mixture of maximum
entropy, when the energy is given. The last condition naturally means that the
expectation of energy is prescribed. For the method of thermodynamically inves-
tigating statistical ensembles described in note 184, this is the only possible for-
mulation. Thus we admit only mixtures whose U satisfies TrU = 1, Tr(UH) = E,
where H is the energy operator and E the prescribed energy expectation. Sub-
ject to these constraints, — N Tr(UInU) is to be maximized. We make the fur-
ther simplifying assumption that H has a pure point spectrum, say eigenvalues
Wi, Wy, ... and eigenfunctions ¢y, @2, . . .; multiple eigenvalues are allowed.

Let R be a quantity whose operator R has eigenfunctions ¢, ¢», ..., but all
distinct eigenvalues. According to 2,"'% measuring R transforms U into U’ =
> o1 (Uen; ¢n) Py, - The quantity — N« Tr(U In U) increases unless U = U’, while

199 The source calls these functions “convex upward” and explicitly requires F”'(z) < 0; this is
concavity in current terminology.
T100" The source refers to process 2 here, although the measurement transformation displayed
below is process 1.
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Tr(U) and Tr(UH) do not change. The latter follows because the ¢,, are eigenfunc-
tions of H, so (Hy,,,, ¢,) vanishes for m # n:

Tr(U'H) = > (Upn, @n) Tr(Pp, H)

n=1

= Z(U@nv ©n) (Hen, ©n)

n=1
00

= Z (Um; on)(Hon, om) = Tr(UH).
m,n=1
The commutativity of R, H, that is, simultaneous measurability of R and energy,
also requires this. Thus the desired maximum is unchanged if we restrict our-
selves to the U’, statistical operators with eigenfunctions ¢, 9, ..., and it is at-
tained only among these.

We therefore have U = )" ° | w, P, . Since U,UH,U InU all have eigenfunc-
tions ¢,,, with respective eigenvalues w,,, W,w,,, w, Inw,, the problem is to max-
imize —N3> " w,Inw, subject to > " w, =1, > " W,w, = E. This is pre-
cisely the optimization problem that arises in the corresponding equilibrium cal-
culation in ordinary gas theory,”’! and it is solved in the same way. By the familiar
rules for finding extrema, the maximizing values wy, ws, . . . must satisfy

0 (& 0 [ 0 [
Ju (Z Wiy, lnwm> +oza—wn (; wm> +BM (; mem> =0,

m=1

where «, /3 are suitable constants and n = 1,2, .... "% Thus

lnw, +1)4+a+ B8W, =0 w, = e 1 BWn _ o= FWn
( n ) ﬁ n 9 n

Y

introducing the constant a = e~'~“ in place of a.
From >_>7  w, = 1 we obtaina =1/ ", e #"» hence
—
Zm: L€ BWm
Since Y7, W,w,, = E, we must have
) — W
anl Wne ’ _— )
ZOO e_ﬂWn I
n=1
201 See, for example, Planck, Theorie der Wiirmestrahlung, Leipzig 1913.

TI01" The final derivative in the preceding formula is printed as 0/0w; like the other derivatives,
it should be 9/0w,,. The source formula is retained.

Wnp =
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which determines /3. Introduce, as usual, the “partition function”

o

2(8) =3 e M = Ta(e M),

n=1

for this and what follows, see note 197.71%> Then

Z'(B) == Wne ™n = Tr(He ™M),

n=1

and the condition for 3 reads
2'(5)
Z(B)
We make the further assumption that > >° , e #"» and >°>°  W,,e=#"» converge

for every g > 0: W,, — oo sufficiently rapidly as n — co. For example, W,,/Inn —
oo suffices. For U itself we thus obtain

= E.

e~ PH e~ PH

— —BWn — ge PH —
U—Zae Py, = ae = T P~ Z(3)

n=1

The properties of the equilibrium ensemble U, determined by specifying E or 3,
and therefore depending, as they must, on one parameter, can now be found by
the method customary in gas theory.

The entropy of our ensemble is

e PH e =PH
S:—N%Tr(Uan):—N%Tr(Z(ﬁ)an(ﬁ))
——ﬂ r(e "M (—BH — In
=~ T B 1 Z(3)))
_ BNse -y IZ(B) N gy
Z() T T T
= N —6ié§;+ln2(ﬁ)},
and the total energy is
_ 20
NE = NZ(B)'

1102 Tn the following identity for Z’(3), the final trace term requires a minus sign. The formula
is retained as printed.
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It is this total energy, not E itself, that must be compared with S. We have thus
expressed U, S, NE in terms of 5. Instead of merely expressing 5 in terms of E,
it is more practical to determine the temperature T of the equilibrium mixture
and express everything in terms of it. Proceed as follows. Bring our equilibrium
mixture into contact with a heat reservoir at temperature T', and let it take from
the reservoir the energy N dE. By the two laws of thermodynamics, total energy
must remain unchanged and entropy must not decrease. The heat reservoir there-
fore loses energy N dE, so its entropy change is —N dE/T’, and at the same time

we must have
N dE dS 1

>
as - — (NdE T,)NdE 0.

On the other hand, N dE ; 0 according as T ; T, since the colder body takes
energy from the warmer. Thus T" 2 T implies dS/(N dE) — 1/T" E 0, or

> NdE _ NdE/dp
< dS ~ dS/dB -

Consequently
o NAB/S 1 (Z(5)/Z(B)
ds/dg % (InZ(8) = p2'(8)/Z(B))
IO
x—B(Z'(B)/Z2(B)) B’
that is, ]
b= »T"

All of U, S, NE are now represented as functions of temperature.

The analogy between the expressions obtained above for entropy, the equi-
librium ensemble, and so on, and the corresponding results of thermodynamic
theory based on classical mechanics is striking. First consider the entropy
—NxTr(UlnU). The operator U = > w,Py,, is a mixture of ensembles
P11, Pgy), - - - in the ratio wy : wy @ - -+, that is, Nw; systems in state @1, Nwy in
state ¢7, and so on. The Boltzmann entropy of this ensemble is obtained from the

“number of complexions”
N!

(Nw)!(Nwg)! -+

it is s times its logarithm.”’! Since N is large, we may approximate the facto-
rial by Stirling’s formula z! ~ V27mze *2*. Then xIn[N!/((Nw;)!(Nwa)!---)]
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becomes, essentially, — N> " | w, Inw,, and this is precisely — Tr(U InU). %

Furthermore, we obtained the equilibrium ensemble U = ¢~"/(*T) omitting the
normalization factor 1/Z(3). This equals > >°  e=Wn/ (”T)P[M: a mixture of the
states Pl,,), Py, - - -, the stationary states of energies W1, Wy, ..., with the respec-
tive relative weights e="1/(*T) ; ¢=W2/(<T) . ... 1f an energy eigenvalue is mul-
tiple, say Wy, = --- = W,, = W, then B, 1+ ---+ P, ) occurs in the mixture
with weight e"/T), or the properly normalized ensemble (P, +---+ P, ),
see the beginning of V.3, with weight ve="/(*T). This is exactly how the classi-
cal “canonical” ensemble is defined, apart from the occurrence of the specifically
quantum-mechanical construction %(P[Wl] + -+ + Py, 1). This is the so-called
Boltzmann theorem.?"!

As T — 0, the weights e""*/(*T) tend to 1, and our U therefore tends to
S Py = 1.71% Thus U = 1 is the absolute equilibrium state if no energy
restrictions apply, a result already obtained in IV.3. We see that the “a priori equal
probability of quantum orbits,” meaning simple, nondegenerate ones, emerges of
itself from this theory. In general the multiplicity of the eigenvalue is the “a priori
weight”; see above.

It is worth determining what can be established about the equilibrium ensem-
ble U of given energy without using thermodynamics: solely from the facts that
U is stationary, unchanged in the course of time, process 1, and that it remains
unchanged under every measurement that does not affect energy. These are mea-
surements of quantities simultaneously measurable with energy, process 2 with
commuting R, H, that is, with ¢y, @9, . .. eigenfunctions of H. 1%

By the differential equation 0U /0t = (2xi/h)(UH — HU), the first condition
says merely that H, U commute. The second says that whenever ¢, ¢, ... can
serve as a complete eigenfunction system of H, we have U = U’: these ¢1, ¢2, . ..
are also eigenfunctions of U. Let their corresponding H eigenvalues be Wy, W5, .. .,
and those of U be w;,ws,.... If W; = W}, we can replace ¢;, ¢ for H by (¢; +
or)/V2, (9; — vr)/V/2; these must therefore also be eigenfunctions of U, whence
w; = wy. A function F(z) with F(W,) = w, for n = 1,2,... can therefore be
constructed, and F(H) = U. That this is sufficient is clear, as is the fact that it

1195 The final expression in the source omits the factor N present in the preceding entropy

formula.

The source prints T — 0. For fixed W), the displayed weights tend to 1 when T — oc. The

printed limit is retained.

1195 In this paragraph the source interchanges the process numbers: temporal evolution is pro-
cess 2, while measurement is process 1.

T104
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implies the commutativity of H, U.

This method therefore yields U = F'(H), but does not determine F'(x), which,
as we know, is F(x) = e #*/Z(B3), B = 1/(»T). From TrU = 1, Tr(UH) = E, we
further obtain

f: F(W,) =1, i W, F(W,) = E,
n=1 n=1

but this exhausts the method.

4. Macroscopic Measurement

Although, as we saw, our entropy expression is entirely analogous to classical
entropy, it must nevertheless seem strange that it is invariant during the system’s
temporal development, process 2, and increases only during measurements, pro-
cess 1. In classical theory, where measurements played no role at all, entropy
generally increased even during the system’s ordinary mechanical evolution in
time. This apparently paradoxical behavior therefore needs clarification.

The usual classical thermodynamic argument runs as follows. Take a vessel
of volume V, with M molecules of a gas, ideal for simplicity, at temperature T
in its right half, volume V/2, separated from the other half by a partition. If we
expanded this gas isothermally and reversibly to volume V), letting the gas pres-
sure push back the partition, making use of the mechanical work obtained, and
keeping the gas temperature constant with a large heat reservoir at temperature
T, entropy outside, in the reservoir, would decrease by M ¢ In 2; see note 195. The
gas entropy would therefore increase by the same amount. If, instead, we simply
withdraw the partition, the gas diffuses into the empty left half, and its volume
grows to V. Its entropy thus increases by M s In 2 without any compensation. The
process is therefore irreversible: entropy has increased in the system’s simple me-
chanical evolution in time, namely during diffusion. Why does our theory yield
nothing similar?

The situation is clearest if we put M = 1. Thermodynamics still applies to
such a one-molecule gas, and its entropy does indeed increase by »<In 2 when its
volume is doubled. But this difference »In2 is actually present only as long as
we really know nothing more about the molecule than that it is in volume V/2
or V, respectively. If, for example, the molecule is in volume V, but we know
whether it is to the right or left of the vessel’s midpoint, we need only insert a
partition at the middle and let the molecule push it, isothermally and reversibly,
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to the left or right end of the vessel. The mechanical work T In 2 is performed,
that energy being taken from the heat reservoir. At the end the molecule is again
in volume V, but we no longer know whether it is to the right or left of the mid-
dle; in compensation, there is an entropy decrease of »In2 in the reservoir. We
have exchanged our knowledge for the entropy decrease s In2.°"> Thus the en-
tropy in volume V is the same as in volume V/2 if we know which half of the
vessel contains the molecule. If we knew the molecule’s position and momen-
tum exactly before diffusion, we could calculate for every later instant whether
it is in the right or left half; entropy would not have increased at all. Only when
we have merely the macroscopic information that the previous volume was V/2
does entropy actually increase during diffusion.

For a classical observer who knows all coordinates and momenta, entropy is
therefore constant, specifically zero, since the Boltzmann “number of complex-
ions” is 1; see the work cited in note 201. This is exactly as in our theory for
states U = P, which likewise correspond to the observer’s greatest possible
knowledge of the system.

The temporal variations of entropy thus arise because the observer does not
know everything, or cannot determine, measure, everything that is measurable in
principle. The senses permit perception only of the so-called macroscopic quan-
tities. This clarification of the apparent contradiction mentioned at the outset
obliges us, however, to seek the exact analogue of classical macroscopic entropy
for quantum-mechanical ensembles: entropy as seen by an observer who can-
not measure all quantities but only certain distinguished ones, the macroscopic
quantities, and perhaps even these only with limited precision.

In II1.3 we found that all measurements of limited precision can be replaced
by absolutely precise measurements of other quantities that are functions of the
former and have pure point spectra. If R is such a quantity, R its operator, and
AW AR the distinct values among its eigenvalues, measuring 9 is equivalent
to answering the questions “Is R = AD27 “Is R = \2?2” and so on. Indeed,
we can say directly that if G, with operator S, is to be measured with limited

202 In the paper cited in Note 194, L. Szilard showed that this “knowledge” cannot be acquired
for less than a compensating entropy increase »In2. In general, In2 is the “thermody-
namic value” of knowing which of two alternatives obtains. All attempts to carry out the
process described above without knowing in which half of the container the molecule is
situated can be shown to be unsound, even though they may lead to quite complicated
automatic mechanisms.
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precision, say by deciding in which interval ¢,_; < A < ¢, it lies, where
< e g<c 1 << <cg< ., ¢, — oo asn — £oo,

then the task is to answer all the questions “Does & lie in ¢,1 < A < ¢,?”,
n=0,+1,£2, ...

By IIL5, such questions correspond to projection operators £, whose quanti-
ties €, taking only the values 0, 1, are what must actually be measured. In our
examples, the € are the functions F},(R), n = 1,2, ..., where

L, A=\,
F(A) =
0, otherwise,

or the functions G,,(&), n = 0,£1,+2, ..., where

]‘7 n— < )\ S (3]
G()\) _ Cn—1 C
0, otherwise.

The corresponding E are F,(R) or G,(S).7'% Instead of specifying the macro-
scopically measurable quantities &, including the attainable measurement preci-
sion, we can therefore specify the questions & answerable by macroscopic mea-
surements, or their projection operators E; see IIL.5. This is precisely the char-
acterization of a macroscopic observer: specification of the observer’s . Clas-
sically one might characterize such an observer as able to measure temperature
and pressure in each cm?® of gas volume, perhaps within certain precision limits,
but nothing else.””®

Now it is of the essence of macroscopic measurement that everything measur-
able in this way is also simultaneously measurable. All macroscopically answer-
able questions € are simultaneously answerable; all the £/ commute with one
another. The fact that some quantum-mechanical quantities cannot be measured
simultaneously initially seemed so paradoxical precisely because this concept is
foreign to the macroscopic viewpoint. In view of the fundamental importance of
this point, a somewhat closer discussion is appropriate.

Consider the method by which two quantities known not to be simultane-
ously measurable, for example the coordinate ¢ and momentum p, see II1.4, are

1% Tn the two preceding definitions, the source writes F(\) and G(\) without the subscript n
used in the surrounding text. This notation is retained.
203 This characterization of the macroscopic observer is due to E. Wigner.
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measured at once with limited precision. Let the respective root-mean-square
measurement errors be ¢,7, with en ~ h by the uncertainty relation. The dis-
cussion in I1I.4 showed that simultaneous measurement is indeed possible with
such precision requirements: the ¢, or position, measurement uses light whose
wavelength is not too short, and the p, or momentum, measurement light wave
trains that are not too long. With everything arranged in this way, the actual
measurement consists in detecting the two light quanta somehow, for example
photographically: one is the light quantum deflected by the Compton effect in
the ¢ measurement; the other is the quantum reflected with a Doppler change
of frequency in the p measurement and then deflected by an optical device, a
prism or diffraction grating, to determine that frequency. At the end of the ex-
periment there are therefore two light quanta, or two photographic plates, and
we must calculate ¢, p from the directions of the light quanta or the positions of
the blackened spots on the plates. It must be emphasized that nothing prevents
us from determining these two directions or spots with arbitrary precision. They
are evidently simultaneously measurable quantities: momenta or coordinates of
two different objects. This does not, however, help much in measuring ¢, p. As
shown in I11.4, the coupling of these quantities to g, p is such that precisely the un-
certainties ¢, 7 remain for the latter, even with perfectly precise knowledge of the
former; one cannot arrange for e < h. Introduce the two directions or spot po-
sitions themselves as physical quantities, with operators @), P'. We then see that
@', P commute exactly, but that the operators @), P belonging to ¢, p cannot be
expressed by means of them with precision better than ¢, n, respectively. Let ¢/, p’
be the quantities belonging to ()’, P'. The interpretation that ¢, p/, rather than ¢, p
themselves, are the actual macroscopically measurable quantities is natural—it is
indeed ¢/, p’ that are measured—and agrees with our postulate of the simultane-
ous measurability of all macroscopic quantities.

It is useful to interpret this finding generally as a characteristic of the macro-
scopic viewpoint. On this view, it consists in replacing all possible operators
A, B,C, ..., which generally do not commute, by other operators A’, B',C’, ... of
which they are approximately functions, and which do commute. Since we can
call these functions of A’, B’,C",... themselves A’, B’,C’,..., we may also say:
A B, (", ... approximate A, B,C, ..., but commute exactly with one another. If
£4,€B,€C, - . - measure the respective magnitudesof A'— A, B'— B, C'—C, ..., we
see that € 4e 3 will be of the order of magnitude of AB — B A, generally nonzero,
and so on. This gives the limits of attainable approximation. Naturally, it is rea-
sonable, already in setting up A, B, C, . . ., to restrict ourselves to operators whose
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physical quantities can be grasped macroscopically with at least tolerable approx-
imation.

These wholly qualitative remarks remain an empty program unless we can
show that they ask for something mathematically feasible. For the characteristic
case (Q, P, we therefore continue the discussion of the existence of ', P’ as char-
acterized above in purely mathematical terms. Given two positive numbers ¢, 7
with en = h/(47), we seek two commuting ()’, P’ such that @)’ — Q, P’ — P have
respective orders of magnitude ¢, 7, in a sense still to be defined more precisely.

We do this with quantities ¢/, p’ measurable with complete precision: @), P’ are
to have pure point spectra. Since they commute, there is a complete orthonormal
system 1, ¢, ... of common eigenfunctions; see I1.10. Let the corresponding
eigenvalues of (', P' be a1, aq, ... and by, by, . . ., respectively, so that

Q/ = Zanp[gpn], P = Z an[(pn}
n=1 n=1

Their measurement is to be performed so that afterward one of the states
©1, P2, ... occurs. One may, for example, measure a quantity R whose operator
R has eigenfunctions ¢1, ¢9,... and distinct eigenvalues ¢y, co,...; @', P’ are
then functions of R. For such a measurement to amount to an approximate
measurement of (), P, the following must evidently hold: in state ¢,, @, P are
approximately expressed by the respective values of )/, P/, namely a,, b,; their
dispersions about these values are small. These dispersions are the expectations
of (¢ — a,)?, (p — b,)?, namely

((Q - anl)QSOna Qon) = ||(Q - an1>90n||2 = ”QSOTL - anganQ»
(P — bn1>2¢n790n) = ||(P - bnl)%pn”Q = || Pon — bn@nHQ-

They measure the squared differences between (', () and between P’ P, and
must therefore be approximately 2, 7. We thus require

1Qpn = angnll S & [Pon = buspnll S -

Instead of speaking of (), I, it is therefore more convenient simply to seek a com-
plete orthonormal system ¢y, ¢, . . . for which these estimates hold with suitable
ay, a9, ... and bl,bz, R

From II1.4 we know individual ¢, with ||¢|| = 1, for which suitable a, b give

|Qp — apl| =, | P — byl =n:
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27y 14 LY ()24 2T
Pooy = Pooy(@) = <7) e~ h [amo) T
Since en = h/(4w), we have again put ¢ = \/hy/(47), n = /h/(47y), that is,
v = ¢/n; we must choose a = o, b = 0."'”” The task is now to assemble from
these ¢, », a complete orthonormal system. Since p is the () expectation and o
the P expectation, it is natural to let p and ¢ range independently over two sets of

numbers, with approximate spacings ¢ and 7, respectively. It does in fact prove
convenient to choose the units 2/7 - ¢ = \/hy and 2\/7 - n = \/h/~, that is,

0=+ hypu, o=+ h/yv (v =0,%£1,£2,...).

The ¢, , = P i N p,v = 0,£1,£2, ..., are therefore to correspond to the

on,n =1,2,.... Having two indices y, v instead of one n is evidently immaterial.
These v, , are not yet orthogonal. They are normalized, and

QU = Vhvull=e,  1Pdun —/B/yvil=1.

If we “orthogonalize” them by E. Schmidt’s procedure in any order, see I1.2, proof
of Theorem 8, then the completeness of the resulting orthonormal system ¢, , can
be proved without particular difficulty, and the estimates

QY — v hypl| < Ce, | Py, — v h/yv|| < Cn

can be established, with C' of order 60."'% This value could presumably be re-
duced considerably. Proving these facts requires rather lengthy calculations but
no new ideas, and we omit them. Factors C' ~ 60 matter little, since en = h/(4m)
is extraordinarily small in macroscopic, CGS, units, approximately 10725,

We may therefore conclude that it is justified to assume the commutativity of
all macroscopic operators, in particular of the macroscopic projection operators
E introduced above.

The E correspond to all macroscopically answerable questions €&: all distinc-
tions between cases concerning the system under investigation that can be made

1107 For the Gaussian printed above, the  and P expectations are o and g, with standard devia-

tions \/h/(47y) and \/hvy/(4r), respectively. The source reverses these widths here and the
two expectations in the following paragraph. Its notation is retained.

1198 Tn both pairs of norm formulas, the source subtracts the scalar alone, omitting its vector
factor v, ,. The estimates after orthogonalization also retain unprimed v, , although the
preceding text names the resulting vectors 1, ,,. The formulas are retained as printed.
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macroscopically. As we saw, they all commute; by II1.5, whenever E is among
them, so is 1 — E, and whenever E, F' are among them, so are EF, E + F — EF,
and £ — EF. It is natural to assume that there are only finitely many, £}, ..., E,.
For a moment introduce the notation E) = E, E(-) =1 — E, and consider all 2"
products Efsl) L BP sy s, = +. Any two distinct products have product
zero. For if Efl) ... EP and Eitl) ... B\ are distinct, say s, # t,, their product
contains the factors Egs”), Egt”), thatis, E,E“L) = Fand Eﬁ_) = 1—E, whose product
is zero. Every F, is the sum of some of these products, namely

E, = Z EEY . gl ) .Eﬁifl) B,
817...781,_1781,4_1,...,Snz:t
Call the nonzero products £,..., E; . Evidently m < 2"; indeed m < n — 1,
since they must occur among £, . .., £, and are nonzero. Then E/Q £ 0, ELE; =

0 for 4 # v, and every E, is a sum of some E;. The last fact also gives n =
2™. Observe that £, + E, = Eé is impossible unless £, = 0, £, = Eé or B, =
Eé, E, = 0. Otherwise E,, £, would each be sums of some E,, so E; would
be a sum of at least two E;, possibly with repetitions. By 1.4, Theorems 15, 16,
these would all be distinct and, since there are at least two, distinct from Eé as
well. Their products with Eg would therefore vanish, as would that of their sum,
contradicting the fact that this sum was to be EJ,.

The properties &, ..., & corresponding to £j,..., £, are therefore macro-
scopic properties of the following kind. None is absurd. Any two exclude one
another. Every macroscopic property is obtained by disjunction from some of
them. None can be decomposed by disjunction into two sharper macroscopic
properties. Thus &), ..., & are the most detailed macroscopic distinctions that
can be made at all; they are macroscopically indecomposable.

In what follows we shall not require their number to be finite, but only the
existence of the macroscopically indecomposable properties &}, &,, .. .. Let their
projection operators be Ei, Ej, ..., again all nonzero, pairwise orthogonal, and
with every macroscopic £ a sum of some of them.

Thus 1 too is a sum of some of them. If an £/, were omitted, it would be orthog-
onal to all those included and hence to 1, so E/, = E/ - 1 = 0, which is impossible.
Consequently E| + E5 + --- = 1. We drop the primes, writing &;, &,,... and
Ei,Es,.... Let the corresponding closed linear manifolds be Mt;, My, ..., with
dimensions s1, So, . . ..

If the s, were 1, so 9,, were one-dimensional, we would have M, = [p,],

E, = Py, and, since By + E3 + -+ = 1, the ¢y, s,... would form a complete
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orthonormal system. This would mean that macroscopic measurements alone
permit complete determination of the state of the system under consideration.
Since this is not normally so, in general s,, > 1, indeed s,, > 1.

Observe, moreover, that the £, the elementary building blocks of the macro-
scopic description of the world, in a certain sense correspond to the division of
phase space into cells customary in classical theory. We have already seen that
they can approximately reproduce the behavior of noncommuting operators, par-
ticularly that of @), P, so important for phase space.

What entropy does a mixture U have for a macroscopic observer whose in-
decomposable projection operators are E, I, ...? More precisely, what is the
maximum entropy such an observer can gain in transforming U into V'? That is,
what entropy decrease in external objects, which may naturally be positive, zero,
or negative, can the observer at best produce as compensation for the transition
U—V?

First, the observer cannot distinguish at all between two ensembles U, U’ for
which every Ej, Es, ... has the same expectation, that is, Tr(UE,,) = Tr(U'E,) for
n = 1,2,.... After some time the observer might distinguish them, since U, U’
change according to 2, and

T(AUA™'E,) = T(AU'AT'E,),  A=e FM,

need no longer hold.?”* But we are considering only measurements performable
immediately. Under the stated conditions, we may therefore regard U, U’ as in-
distinguishable. Furthermore, the observer can use only semipermeable walls
that transmit the ¢ belonging to some E,, and reflect unchanged those belong-
ing to the others. As the method of V.2 readily shows, this suffices to transform
U =3 x,E, reversibly into V' = > | y, E,. The entropy difference is there-
fore still > Tr(U'InU’) — »Tr(V'InV’), and the entropy of U’ is —s Tr(U'InU").
Observe, however, that for such U’ with Tr U’ = 1 to exist at all, the Tr E,,, the

204 1f E,, commutes with H, and hence with 4, the equality does hold, because

Tr(A-UAT'E,) =Tr(UAT'E, - A)
=Tr(UA'AE,) = Tv(UE,).

But the F,,, that s, all macroscopically observable quantities, by no means all commute with
H: many, for example the centre of gravity of a gas during diffusion, change appreciably
with ¢, so Tr(U E,,) is not constant. Since all macroscopic quantities commute, H cannot be
a macroscopic quantity; that is, energy cannot be measured macroscopically with perfect
accuracy. This is plausible in any case.



290

numbers s,, must be finite. We therefore assume every s, finite. The eigenvalue
x1 of U' has multiplicity s;, xo multiplicity s, and so on. Hence —U’InU’ has
eigenvalue —z;Inz; of multiplicity s;, —x2Inz, of multiplicity s, and so on.
Thus TrU’ = 1 means Y .- s,z, = 1, and the entropy is —s Y~ sp2, In .
Since

= Z Tn BB = T B, Tr(U'Ey) = 2 Tr Eyy = ST,

we have z,,, = Tr(U'E},)/sm, so the entropy in question is

- Tr(U'E,
—x Z Tr(U'E,) In %
n=1 n

For arbitrary U, Tr U = 1, entropy must likewise equal

—%ZTr (UE,) Tr(UEn) )

7’L

For if we put

Tr(UE, -
Tp = Ma U = anEm
n=1

then Tr(UE,) = Tr(U'E,); since U, U’ are indistinguishable, they have the same
entropy.

We should also mention that this entropy is always at least as great as the
ordinary entropy:

—%ZTr (UE,) UL > —Tr(UnU),

n

with equality only for U = Y | z,,F,. By the results of V.3, this certainly holds
if U = > 7 [Tx(UE,)/sn|E, can be produced from U by some, not necessar-
ily macroscopic, applications of process 1. For the left side is —»Tr(U'InU"),
and U = Y %, r,FE, means the same as U = U’. Take an orthonormal system

gog N spanning the closed linear manifold 9, belonging to E,. Since

n=1

S B, =1, all the gpl(,n), n=12..,v=1,...,s, together form a complete
orthonormal system. Let R be an operator having them as eigenfunctions with
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all distinct eigenvalues, and R its physical quantity. Measuring R transforms U,

by 1, into

n=1 v=1
Then put
1 on 274
(n) — S (1) =1,...,8,).
wll \/@ e gpy (:u ) ) 5n>
The ¢§”), o ,¢§2) form an orthonormal system spanning the same closed linear

manifold as gogn), G namely 901,. Hence all the o o= 1,2, v =
1,..., sy, also form a complete orthonormal system. Form an operator S with
these eigenfunctions and its associated physical quantity &. We also record the
formulas

0, m #n,

1/s,, m=n,

(P[¢£n>]¢£m)7 %Sm)) = {

;P[wﬁ"ﬁ :;P[ oy =&

Measuring & therefore transforms U”, by 1, into "%

’m

IDUCLTARTLT

m=1 p=1
Yy S| S )Pyt i) | Py
m=1 pu=1 [n=1 v=1
B s ™)
m=1 u=1 Lv=1 m
00 Sm T Em 00 T i
—1 =1 Sm [ 12 } =1 Sm

Thus two processes 1 suffice to transform U into U’, and this is all we needed for
the proof.

1199 In the last double sum, the source prints v as the inner summation index while leaving x in
the projection. The inner index should be 1; the printed formula is retained.
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For states, U = Py, Tr(UE,) = (Enp, ¢) = || Enel?, this entropy is

nSO
%Z | EBupl? 1 121 ”

It no longer suffers from the defects of “microscopic” entropy. In general it is
not constant in time, under process 2, nor is it zero for every state U = Py
Indeed, the fact that the Tr(UE,,) from which our entropy is built are in general
not constant in time was discussed in note 202.17 1t is easy to state when the
state U = Py, has entropy zero. Since 0 < ||E,¢|?/s, < 1, all the summands
| Ene® In(|| Engl|?/sn) in the entropy expression are < 0, so they must all be zero.
Thus ||E,¢||?/s, = 0 or 1. The former means E, ¢ = 0; the latter, || E, ¢l = /s
But since

®lr

[Enpll <1, sn =1,

this gives s, = 1, ||Enp| = ||¢||, hence E,p = ¢: s, = 1 and ¢ lies in 9,,. The
latter certainly cannot hold for two different n, but it also cannot hold for none,
since then E,po =0 forallnand } -, £, = 1 would imply ¢ = 0. Thus ¢ would
lie in 91, for exactly one n, with s,, = 1. Since we found that in general all s,, > 1,
this is impossible. Our entropy is therefore always positive.

Since macroscopic entropy varies with time, the next question is whether it be-
haves like the entropy of phenomenological thermodynamics in the real world:
does it predominantly increase? In classical mechanical theory, the so-called
Boltzmann H-theorem answers this question affirmatively, though certain statis-
tical assumptions, the so-called “disorder assumptions,” must be made.”” In
quantum mechanics, the author succeeded in proving the corresponding theo-
rem without such assumptions.’”® A closer examination of this subject and of
the closely connected ergodic theorem, also proved in the work cited in note 206,
would take us too far. We must therefore refrain from reproducing these investi-
gations. The interested reader is referred to the paper cited.

T110" The source cites note 202; the time dependence of these expectations is discussed in note 204.
2% For the classical H-theorem see Boltzmann, Vorlesungen iiber Gastheorie, Leipzig 1896, and
the extremely instructive discussion by P. and T. Ehrenfest in the reference cited in Note 185.
The “assumptions of disorder” that can take the place of Boltzmann’s in quantum mechan-
ics were formulated by W. Pauli (Sommerfeld-Festschrift, 1928), where they are used to prove
the H-theorem. Recently the author also succeeded in proving the ergodic theorem of clas-
sical mechanics; see Proc. Nat. Ac., January and March 1930, and the strengthening by G. D.
Birkhoff, Proc. Nat. Ac., December 1929 and March 1930.
206 7. Physik, vol. 57 (1929). """ [Translator’s note: The source prints this note number as 266; its
position and the reference in the text identify it as note 206.]
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VI. The Measurement Process

1. Formulation of the Problem

Our discussion so far has examined the relation of quantum mechanics to the
various causal and statistical descriptions of nature. In doing so, we encountered
a peculiar duality in its procedure that we could not adequately explain. On the
one hand, we found that a state ¢, under the influence of an energy operator H,
changes during the time interval 0 < 7 < ¢ into a state ¢’ as follows:

0 211
Lo =—He,  (0<T <),
5% —He (0< 7<)
©o = ¥, or=¢,
that is, .
o =e M,

and hence in a purely causal manner. A mixture U changes correspondingly into

27 271
/_ —£T%H “TH,
U =e n"Uer ™

in accordance with the causal change of ¢ into ¢/, states U = P, thereby pass into
states U’ = P, (process 2 in V.1). On the other hand, during a measurement—
say, of a quantity having only simple eigenvalues and eigenfunctions ¢1, @2, ...—
the state ¢ undergoes an acausal change: any of the states ¢, p2,... may arise,
with respective probabilities | (¢, v1)|?, |(¢, ©2)[%, . . .. Thus the mixture

U'=> g0 Py
n=1

arises. In general, the mixture U passes into

[e.9]

U' = Z(USDm ©n) - P[wn]

n=1

(process 1 in V.1). Since states here pass into mixtures, this process is not causal.
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The difference between these two processes U — U’ is entirely fundamental:
apart from their different behavior with respect to the principle of causality, they
also differ in that the first is thermodynamically reversible whereas the second is
not (cf. V.3).

Let us now compare this account with what actually occurs in nature and
in our observation of it. To begin with, it is entirely correct that measurement,
or the associated process of subjective apperception, introduces something new
that cannot be reduced to the physical environment. It takes us beyond that
environment—or, more precisely, inward, into the individual’s mental life. This
inner life cannot itself be subjected to verification, since every attempt at verifi-
cation already presupposes it (see the discussion below). Nevertheless, the sci-
entific conception of the world rests on a fundamental requirement, the so-called
principle of psychophysical parallelism: we must be able to describe the process
of subjective apperception, which in fact lies outside the physical world, as if it
occurred within that world. That is, we must be able to associate its parts with
physical processes in the objective environment, in ordinary space. (This associa-
tion repeatedly requires us to locate physical processes within the region of space
occupied by our own body. They nevertheless remain part of the environment.)

Consider how this conception applies to a simple example: measuring a tem-
perature. We can carry our calculations as far as determining the temperature
around the thermometer’s mercury bulb, and then say: the thermometer mea-
sures this temperature. But we can also continue. From the properties of mer-
cury as explained by molecular kinetic theory, we can calculate its warming and
expansion and the resulting length of the mercury column; we then say: the ob-
server sees this length. We could go further still, taking his light source into
account and determining how light quanta are reflected by the opaque mercury
column, how the remaining quanta enter his eye, how the lens refracts them, and
how an image forms on the retina. Only then would we say: the observer’s retina
registers this image. If our physiological knowledge were more precise than it is
today, we could continue by tracing the chemical reactions caused by the image
in the retina, the nerve pathways, and the brain. We would say only at the end:
the observer apperceives these chemical changes in his brain cells. Yet however
far we carry the calculation—to the mercury bulb, the thermometer’s scale, the
retina, or the brain—at some point we must say: the observer perceives this. We
must therefore always divide the world into two parts: the observed system and
the observer. Within the observed system, we can trace all physical processes
with arbitrary precision, at least in principle; within the observer, such a descrip-



295

tion has no meaning. The boundary between the two is largely arbitrary: in the
example above we saw four different possibilities for it. In particular, the ob-
server in this sense need not coincide with the actual observer’s body. In one
version of the example above, it included even the thermometer; in another, it
did not even include his eyes and nerve pathways. The principle of psychophys-
ical parallelism asserts that this boundary can be moved arbitrarily far inside the
actual observer’s body. But this does not alter the fact that, in every mode of
description, the boundary must be drawn somewhere if the description is not
to be empty, that is, if comparison with experience is to be possible. Experience
supports statements only of the form “an observer has had a certain subjective
perception,” never of the form “a physical quantity has a certain value.”

Quantum mechanics now describes the events occurring in the observed part
of the world, so long as they do not interact with the observing part, by means
of process 2 (V.1); as soon as such an interaction occurs, however, that is, a mea-
surement, it prescribes the use of process 1. The duality is therefore justified.?"”
Nevertheless, there remains a danger of violating the principle of psychophysical
parallelism until it is shown that the boundary between the observed system and
the observer can be shifted arbitrarily in the sense indicated above.

To discuss this, we divide the world into three parts, I,11,111: I is to be
the system actually observed, I/ the measuring instrument, and /7] the actual
observer.”” We must show that the boundary can be drawn both between I and
IT+11I and between /411 and I11. (In our example above, when comparing the
tirst and second cases, I was the system to be investigated, /] the thermometer,
and /1] the light plus the observer; when comparing the second and third cases,
I was the system to be investigated plus the thermometer, /1 the light plus the
observer’s eye, and 11! the observer from the retina onward; when comparing
the third and fourth cases, I was everything up to the observer’s retina, I/ his
retina, nerve pathways, and brain, and /71 his abstract “ego.”) Thus, in the one
case process 2 is to be applied to I, and process 1 to the interactions between 1
and /I +111;in the other, process 2 is to be applied to I + I, and process 1 to the
interactions between [ + I and I11. (/11 itself remains outside the calculation

297 N. Bohr, Naturwiss., vol. 17 (1929), first pointed out that the duality in the description of na-
ture, formally unavoidable in quantum mechanics, is also justified on substantive grounds.
He also indicated its connection with the principle of psychophysical parallelism.

208 The author owes essential parts of the following discussion, and of that in V1.3, to conversa-
tions with Mr. L. Szilard. See also the similar considerations in Heisenberg, in the reference
cited in Note 181.
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in both cases.) Our task is to prove that these two procedures yield the same
statements about I, the only part that belongs to the observed world in both
descriptions.

We must first examine more closely how two physical systems are combined:
how I and I giverise to I + I1.

2. Composite Systems

As announced at the end of the preceding section, we consider two physical
systems I, I1 (which need not represent the same systems as I, I in that discus-
sion) and their combination I + /1. In the classical mechanical description, let
I have k degrees of freedom, hence coordinates ¢, .. ., i, for which we shall al-
ways substitute the single symbol ¢ as an abbreviation. Correspondingly, let /1
have [ degrees of freedom and coordinates 71, . .., r;, to be abbreviated as r. Then
I+ 11 has k + [ degrees of freedom and coordinates ¢, ..., qx, 71, . .., 7, Or, briefly,
¢, 7. In quantum mechanics, therefore, the wave functions of / have the form ¢(g),
those of /1 the form £(r), and those of /+11 the form ®(q, ). In the corresponding
Hilbert spaces RR!, R!1 RIT!1 the inner product is defined, as appropriate, by

/ #(9)¢(q) dg, / E(r)n(r) dr, / / ®(q,r)W(q, 7) dg dr,

respectively. The physical quantities of 1,11, + II are correspondingly repre-
sented by the hypermaximal Hermitian operators A, A, A in R/, RH RIT| re-
spectively.

Every physical quantity in I is of course also one in I+ 11, and the correspond-
ing operator A is obtained from A as follows: to determine A®(q, ), regard r as
a constant and apply A to the function of ¢, ®(g,7).**’ This rule of association
is certainly correct for the coordinate and momentum operators ()1, . .., @ and
Py, ..., P, thatis, q1,...,qz, %8%1, e %aiqk; cf. 1.2), and accords with the prin-
ciples of association I, II in IV.2;*!? we therefore postulate it generally. (It is in
general use in quantum mechanics.)

Likewise, every physical quantity in I/ is also one in I + I/, and the cor-
responding operator A is obtained from A by the same rule: A®(q,r) equals

209 Tt is easily shown that if A is Hermitian, or hypermaximal, then so is A.

210" This is clear for I, and for II as well so long as only polynomials are involved. For general
functions it follows from the fact that our mapping A — A does not destroy the correspon-
dence between a resolution of the identity and a Hermitian operator.
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Ad(q,r) when, in the latter expression, q is regarded as constant and ®(¢,7) as a
function of 7.

If omn(q) (m = 1,2,...) is a complete orthonormal system in R!, and &,(r)
(n=1,2,...)onein R, then ®,,,(q,7) = ©m(q)&(r) (m,n =1,2,...) is evidently
one in R The operators A, A, A can therefore be represented by matrices
{am/m'}s {an/w}, and {aupp e b, respectively (m, m/,n,n’ = 1,2,...).2"" We shall
make repeated use of this. Matrix representation means

A@?ﬂ(Q) = Z am/m’@m’(@

m/=1
o0

AL (1) = (1),

n'=1
and

ACI)mn(Q; T) - Z O‘mn/m’n’q)m’n’(% T’),

m/ n'=1
that is,
A@m Z Cmn/m/n' Pm/ ( )gn'(r)
m/,n'=1

In particular, the association A —> A means

AWm(Q)&n( ) (AQOm Z Am/m’ Spm’ 511( )

that is, ''1?
1,
0, n#n

n=n,

Omn/m/n' = am/m’dn/na 5n/n’ - {

Analogously, the association A — A means .y, /m/n = G fn O jms -

A statistical ensemble in [ + I is characterized by its statistical operator U,
or by its matrix {vy,, /mm }. This determines the statistical properties of all quan-
tities in I + /1, and hence, in particular, those of the quantities in I. Thus there
corresponds to it a statistical ensemble in I alone: indeed, an observer capable

211 Because of the large number and variety of indices, we use this notation for matrices, which
differs somewhat from the notation used hitherto.
12 Tn the first equality below, the source prints §,, /n; the definition immediately following it
uses d,,/,,» and shows that a prime is missing. The printed subscript is retained.
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of perceiving only I and not // would regard the ensemble of systems I + /1
as an ensemble of systems /. What, then, is the statistical operator U, or its ma-
trix {u,,/»}, belonging to this /-ensemble? We determine it as follows. The I-
quantity with matrix {a,, .} has, as an I + I1-quantity, the matrix {a,, /6y /n };
thus a calculation in I gives it the expectation value Z;im,:l Uy ! Q! s WHeT€QS
the calculation in / + I gives

o0 &)
E Umn/m’n’am’/mén’/n = § Umn/m'nQm’ /m
m,n,m’ n'=1 m,m/ ,n=1
o0 o)
= E E Umn/m/n | @m!/m-
m,m’=1 \n=1
For these expressions to be equal, we must have
o)
Ui /m! = § Umn/m/n-
n=1

In exactly the same way, if only I/ is considered and [ ignored, our I + I1-
ensemble determines a //-ensemble, with a statistical operator U and its matrix
{tp/ns }. Analogously one obtains

00
Up [t = § Umn,/mn/ -
m=1

Thus we have also obtained rules of association for the statistical operators of
I,11,1+ II, namely U, U, U; these, however, differ essentially from the rules of
association applying to the operators A, A, A of physical quantities.

It should also be mentioned that our association of U, U, U only appears to
depend on the choice of the complete orthonormal systems ¢,,,(¢) and &,(q). T3
It was derived from an invariant condition that uniquely determines the associ-
ation: agreement of the expectation values of A and A, and of A and A, respec-
tively.

U expresses the statistics in / 4+ I/, while U and U express the statistics re-
stricted to / and I, respectively. The question arises: do U,U determine U
uniquely, or not? In general, we expect the answer to be no: knowing only U and

13 The source prints &,(q) here, although the second system uses the variable 7. The printed

argument is retained.
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U, and thus the separate systems [ and /7, tells us nothing about the “statistical
dependences” that may exist between them. But if both the state of / and that
of I are known exactly, “statistical dependences” are out of the question, and
I + 11 is also known exactly. Let us now replace these qualitative considerations
with a precise mathematical analysis.

The problem is to find, for two given definite matrices {u,, /., } and {u, .}, a
third definite matrix {v,,,, /s } Such that

[e.9] o0

Z Umn/m'n = Um/m/ Z Unmn/mn/ = Un /-

n=1 m=1
(From Y Upm = 1, D07 Uy, = 1, it then follows automatically that
Zﬁf’n:l Vpmn/mn = 1, 80 that the proper normalization is preserved.) The problem
is always soluble; for example, vy, /min = U /m/Un/ns is always a solution (it is
easy to see that this matrix is definite). The question, however, is when it is the

only one.

We show that this is the case if and only if at least one of the two matrices
{Up/m}, {tn/n } represents a state. We first prove necessity, that is, the existence
of several solutions when both matrices correspond to mixtures. In that case (cf.
IV.2)

Umn/m/ = WV + me/mU Un/n' = VUn/n' + 5wn/n’7

where vy, /s, Wy, /s are definite and do not differ merely by a constant factor, and
likewise v, /s, Wy, 1

Z Vim/m = Z Win/m = Zvn/n - an/n =1,
m=1 m=1 n=1 n=1

and o, 3,7,0 > 0, + 3 = 1,7+ & = 1. It is easily verified that every ''*

Umn/m/n = T™Vm/m'Un/n/ + OWi /m! Un /n!

+ OV W frr =+ TWi fq Wiy
with

T+o=«a, o0o+T7T=0, TH+o=7y, o+T=09,

T4 The source omits the prime on the last n in the left-hand side of the following expression.
Its subsequent uses, and the right-hand side, require vy, /. The printed subscript is
retained.
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m,0,0,7 >0,

is a solution. The 7, g, o, 7 can be chosen in infinitely many ways (because a+ 3 =
v + 0, only three of the four equations are independent; for instance, o = v — 7,
o =a—m, T = (0 —a)+r. For everything to be positive, a —d =v— 5 <7 < a, 7 1s
required, and this holds for infinitely many ). Different 7, g, o, 7 lead to different
Uy fmm? s SINCE the Vi, 11V s -+ o, Wiy jr Wy, 1 are linearly independent, because
Vin/m! s Wn/my @and also vy, /s, wy, /,y are linearly independent.

We now prove sufficiency, and may assume that u,,/,, corresponds to a state
(the other case is dealt with in the same way). Thus U = P, and since the
complete orthonormal system ¢, 9, ... was arbitrary, we may assume ¢; = ¢.
Clearly U = P,,) has the matrix

I, m=m'=1,
Ui /m! = .
0, otherwise.

Hence
1

00 ’ — [ 1’
Z’Umn/m’n = {07 e

1 otherwise.

In particular, >°° | vy, /mn = 0 for m # 1; but since definiteness of v, /s iM-
plies that all v, /pn, > 0 [we have vy, /iy = (U Py, P )], it follows in this case
that vy, /;mn = 0. That is, (U®n, 1ms) = 0, and so, by definiteness of U, also
(U, Pryrn) = 0 (cf. 115, Theorem 19), where m/, n’ are arbitrary. Thus m # 1
implies vy, /s = 0, and by the Hermitian property this follows also from m/ # 1.
For m = m/ = 1, however, we obtain

00
Vin/in = Z Umn/mn' = Un/n/-
m=1
Thus the solution v,/ is uniquely determined, as asserted.

To summarize, we can also formulate our result as follows. A statistical en-
semble in I + 11, with operator U = {v,,, /' }, is uniquely determined by the
statistical ensembles which it determines in I alone and I/ alone, with operators
U = {up/m } and U = {u,,} respectively, if and only if it satisfies the following
conditions:

1. We have vy, /i = Vi /iyt U - (From

TrU = i Umn/mn = i Vm/mivn/n =1
m=1 n=1

m,n=1
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it follows that, by multiplying v,, ,» and v,,,» by two reciprocal constant factors,
we can arrange > Vi, /m = 1, D7 v, = 1. But then we see that u,,,, =
Vin/m?'s Un/n/ = VUp/ns-)

2. Either v, /iy = Tin@py OF Uy )y = Ty (For U = Pyymeans ¢ = 37 Y@,
and hence U,/ = Um¥Yny, and correspondingly for v, ,; the case U = Py is
analogous.)

We shall call U and U the projections of U into I and /1, respectively.

We now turn to the states of I + I/, U = Py. The corresponding wave func-
tions ®(¢,r) can be expanded in the complete orthonormal system ®,,,,(¢,7) =

Pm(q)&n(r):

212

D(q,r) = Z Smnm(@)&n ().
m,n=1
Thus we can also replace them by the coefficients f,,, (m,n =1,2,...), which
are subject only to the restriction that 3" _ | fun|® = ||®[* be finite.
We can define two operators F, F'* by

Folg) = / B(ar)e(q) da,
Fré(r) = / B(qr)E(r) dr.

These operators are linear, but each maps one Hilbert space into the other: F
maps R’ into R/, and F* maps R into R!. They are adjoints of one another,
since evidently (Fy,£) = (¢, F*€) (the inner product on the left is to be formed
in M7, that on the right in R’!). Since the difference between R’ and R is
mathematically immaterial, we can apply the results of I1.11: as these are integral
operators, ¥(F') and X(F™) both equal

/ [B(gr) P dgdr = ||2> =1 (| @] in R+,

and are therefore finite. Thus F, F* are continuous, indeed completely continu-
ous operators, and F*F and F'F* are definite operators, Tr(F*F) = X(F) = 1,
Tr(FF*) = %(F*) = 1. Taking account again of the difference between R, R!Z,
we see that F* F is defined in R/, and FF* in R!L.

12 The projections of a state of I + IT are in general mixtures in I and II, respectively; see
below. This fact was discovered by J. Landau, Z. Physik, vol. 45 (1927).
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Since Fp,,(q) comes out as > oo fnnén(r), 11 F has matrix {f,.,} [using the
complete orthonormal systems ¢,,(q) and &,(r), respectively]; likewise F™* has
matrix { f,,, }. Consequently, F*F, F F* have the matrices

{mem’n}v {memn’}7
n=1 m=1

respectively.
On the other hand, U = Py has, in the system Dn(q,7) = ©m(q)én(r), the
matrix { frun fmn }, 90 that its projections into I and 77, U and U, have the matrices

{mem’n}a {memn’}7
n=1 m=1

respectively.”’® Hence
U= F'F, U= FF*

This identity is independent of the choice of ¢,,,&,, because U,U, F' are them-
selves independent of that choice.
The operators U, U are completely continuous and, by II.11 and IV.3, can be

written as o
U:Zw;cp[wk]’ U= Zw P[Uk
k=1

where the v, form a complete orthonormal system in SR/, the 7, one in 37/, and
all w;,wy > 0. In each formula we now omit the terms for which w) = 0 or
wy = 0, respectively, and renumber the remaining terms consecutively by k& =
1,2,.... Then the ¢}, and 7, form orthonormal systems, but no longer necessarily
complete ones; the sums ) ;- ; are replaced by sums 224:/1/ Zé‘/[:“l, where M’ M"”
may be either finite or infinite; but all the w;, w} are now positive.

Consider a ¢,. We have Uy, = w iy, hence F*Fiy, = wiy, FFFy, =
wi Fy, UFYy, = w Fy,. Furthermore,

(Fg, Foy) = (F*Fp, ) = (Ug, ¥)

15 Direct calculation from the preceding integral definition and the expansion of ® also gives
a complex conjugate on &,,. The source omits that conjugate here; its notation is retained
below.

13 The mathematical discussion follows a paper by E. Schmidt, Math. Ann., vol. 63 (1907).
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wy, k=1,

w;c(i/)k,%){o -y

In particular, || Fiy||? = w!.. The ——F1, therefore form an orthonormal system
p k oA y

in !, and are eigenfunctions of U with the same eigenvalues as the ¢, for U,
namely w;.. Thus every eigenvalue of U is also an eigenvalue of U, with at least the
same multiplicity. Interchanging U, U shows that they have the same eigenvalues
with the same multiplicities. The w) and wj therefore agree up to their order.
Hence M’ = M" = M, and by renumbering the w) we can arrange w; = w; = wy.
Once this is done, we can evidently choose 7, = \/wakak in general. Then

1 1 1
NS Mk o (o o Y = Yy

Thus:?!? . .
-~ F — .
Mk N (i Uy, N Mk

Now extend the orthonormal system 1,5, ... to a complete one 9,2, ...,
P, ), ..., and likewise ny,m9, ... t0 N1, M2, ..., 0}, 1, - .. (each of the two systems
YL, ... and 0,15, ... may be empty, finite, or infinite, independently of the
other). The preceding considerations were independent of the choice of the com-
plete orthonormal systems ¢, ¢», ... and &, &, . .., SO we may let them coincide
with ¢, v, ..., 01,5, . ..and n1, 19, . .., M, 75, . . ., respectively. Let ¢, correspond
to ¢, and n; to &, (i1, po, . . . distinct, and likewise vy, 14, ...). Then

Fou, = Vwi,, Fo, =0 form # uy,us,....

Consequently,

I _{\/wk, m=pp, n=vg, k=1,2,...,
mn —

0, otherwise,

or, equivalently,
M
®(g,m) = Y Vrou (060 (0)-
k=1

By a suitable choice of the systems ¢,,(¢) and &, (¢), we have thus arranged
that each row and each column of the matrix { f,,,,,} contains at most one nonzero
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element (the fact that this element is even real and positive, namely ,/wy, is unim-
portant for what follows). What is the physical meaning of this formal state-
ment? 116

Let A be an operator with eigenfunctions ¢, s, ... and mutually distinct
eigenvalues, say aj,as, ...; likewise let B have ;,&,,... and by,09,.... The op-
erator A corresponds to a physical quantity in /, and B to one in /1, so they are
simultaneously measurable. It is easy to see that the statements “A has value
anm, and B has value b,,” together determine the state ®,,,,(¢, ) = ¥ (q)&n(r), and
that, when the system is in the state ®(q,r), this joint outcome has probability
(P @, @) = [(P, Do) |* = | frun|®. Thus our statement means: A, B are simulta-
neously measurable, and when one of them has been measured in ®, the value
of the other is uniquely determined. (An a,, for which all f,,, = 0 cannot occur,
since its total probability > >, | fmn|* cannot be zero if a,, is found at all; thus
fmn # 0 for exactly one n. The same holds for b,.) That is, several A-values may
be possible in the state ® (every a,, for which Y>° | | fun|? > 0, that is, for which
an n with f,,,, # 0 exists; usually all the a,,), and just as many B-values (every b,
for which Y7 | fun]? > 0, that is, for which an m with f,,,,, # 0 exists); but ® es-
tablishes a one-to-one correspondence between the possible A- and B-values. !’

If we denote the possible m by 1, ft2, . . . and the corresponding possible n by
V,v,..., then

c #0, m=pu, n=v, k=1,2,...,

f mn — .
0, otherwise,

and therefore (M finite or infinite)

M

O(q,r) = cxpp, (0)w, ().

k=1

116 Here the source prints g as the argument of &,, and ¢, although these functions belong to
the second system and elsewhere have argument r. These printed arguments have been
retained.

TH7 In the parenthesis concerning the B-values, the source repeats the summation index n; the
corresponding marginal sum is over m. The printed index is retained.



305

We then have 18

>~ lex?, m=m'=u, k=1,2,...,
Umm! = Z fmnfm’n -
n=1

0, otherwise,

o0 2 /
S Ck n=n=uw, k=12 ...
Unpn' = E fmnfmn’{| |’ ’ o ’
m=1

0, otherwise,

and hence

M M
U= Z lekl* P, U= Z lek|* Pre,, )
k=1 k=1

Thus, when projected into I or /I, ® generally becomes a mixture; it is a state
only in I 4 11, because it contains information about I 4 /1 that cannot be used in
either I or I alone: the one-to-one correspondence between the A- and B-values.

For every @, therefore, we can choose A, B, that is, the ¢, and &,, so that
this condition is satisfied; for arbitrary A, B it will of course be violated. Every
state ® thus establishes a particular connection between I and I, the correlated
quantities A, B depending on ®. It is not difficult to determine how completely
P specifies these quantities, or equivalently their eigenfunctions ¢,, and &,. If all
|cx| are different and nonzero, then U, U (which are determined by ®) determine
the ¢,,, and &, uniquely (cf. IV.3); the general discussion is left to the reader.

Finally, we remark that, since |cx|? > 0, neither U nor U is a state when M # 1.
For M = 1, both are states: U = P, 1, U = P, j; then ®(q,7) = 10, (9)&, (7). We
can absorb ¢; into ¢, (¢). Thus U, U are states if and only if ®(g,r) has the form
©(q)&(r); they then equal P and Py, respectively.

The preceding results also establish the following important point: if I is in
the state ¢(¢) and /7 in the state £(r), then [ + I is in the state ®(q,7) = p(q)&(r).
If, on the other hand, / + I/ is in a state ®(q, r) that is not a product ¢(q){(r), then
I and II are mixtures, but ® establishes a one-to-one correspondence between
the possible values of certain quantities in / and in /1.

3. Discussion of the Measurement Process

We can now use the formal tools of VI.2 to complete our discussion of mea-
surement along the lines set out in VI.1. Before doing so, however, we shall use

T8 Tn the following two matrix formulas the source uses ,,,,» and u,,,,+, omitting both the slash
and the typeface distinction used earlier. These forms are retained.
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the results of V1.2 to rule out a repeatedly proposed explanation of the statistical
character of process 1 (V.1). It rests on the following idea. Let I be the observed
system and /! the observer. If before the measurement / is in a state U = P, but
IT in a mixture U = )" ° | w, Py}, then I + I] is a uniquely determined mixture
U; indeed, as one easily calculates from V1.2,

oo

U = anP[CDn]a (g, ) = p(q)&n(r).

n=1

If a measurement of the quantity A in I now takes place, it is to be understood as
an interaction between [ and /1. This is a process 2 (V.1) with an energy operator
H. If it lasts a time ¢, then U becomes

A T 2miy iy
U =¢e »"Uenr ",

and evidently
/
U = anp[ef%”{(bn].
n=1

If every @, (q,r) were of the form v,,(q)n,(r), """ where the 1, are the eigenfunc-
tions of A and the 7,, some fixed complete orthonormal system, this interaction
would constitute a measurement: it would transform every state ¢ of I into a
mixture of the eigenfunctions 1, of A. The statistical character would arise as
follows. Before the measurement, I was in a single state but /7 was a mixture.
During the interaction, the mixed character of /1 would “infect” I + I1, making
its projection into I, in particular, a mixture. That is, the result of the measure-
ment is indeterminate because the observer’s state before the measurement is not
known exactly. It is conceivable that such a mechanism might operate, since the
observer’s knowledge of his own state might have limits imposed by natural law.
These limits would be reflected in the values of the w,,, which would have to
depend solely on the observer (and therefore be independent of ¢!).

It is precisely here that this attempted explanation fails: quantum mechan-
ics requires w,, = (Py, ¢, ¢) = |(¢,¥n)|?, so that w, depends on ¢! Nor would
the possible existence of another decomposition U" = >~ | w), P help (the
P! (q,7) = ¥n(q)nn(r) are normalized and orthogonal!): for the w], are uniquely

19 The source writes ®,,(¢,r) here. In the preceding expression for U’, the states after the
interaction are e~ %' H &,,; the proposed product form concerns those evolved states. The
printed notation is retained.
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determined, apart from their order, by U " (IV.3), and are therefore equal to the
w,, 214

The acausality of process 1 therefore cannot be attributed to incomplete
knowledge of the observer’s state; in what follows, we shall accordingly always
assume that state to be known exactly.

Let us return to the task formulated at the end of VI.1. The systems I, 11,111
are to have the meanings given there; for the quantum-mechanical investigation
of I, 1] we use the notation of V1.2, while /1] remains outside the calculations (cf.
the discussion of this in VI.1). Let A be the quantity actually to be measured (in
I), and ¢1(q), p2(q), . . . its eigenfunctions. Let I be in the state ¢(q).

If I is the observed system and /] + I1I the observer, we have to apply pro-
cess 2,'?" and find that the measurement takes I from the state ¢ into one of the
states ¢, (n = 1,2,...), with respective probabilities |(, ¢,)|? (n = 1,2,...). How,
then, is the description formulated when I + I1 is the observed system and only
I11 is the observer?

In this description, /] is a measuring instrument whose scale indicates the
value of A in I. The pointer position on that scale is a physical quantity B in /1,
and it is B that /11 actually observes. (If /] is already inside the observer’s body;,
the scale and pointer position are replaced by their physiological counterparts,
such as the retina and the image on it.) The values of B are coupled one-to-one
with those of A. Let the values of A be aq,as, ..., and those of B be by,bs,.. .,
numbered so that a,, corresponds to b,,.

Initially I is in the unknown state ¢(q) and II in the known state £(r), so
that I + I is in the state ®(q,r) = ¢(q)¢(r). The measurement, insofar as it is
performed by /1 on I, is effected, as in the previous example, by an energy op-
erator H (in I + I1) during the time ¢: this is process 2, which transforms ® into
' = e~ FtHP, From the standpoint of observer /1], we can speak of a measure-
ment only if the following holds: were 11/ to measure the simultaneously mea-
surable quantities A, B (in I and I/, respectively, or both in I + II) by process 1,
pairs of values a,,, b, with m # n would have probability zero, while those with
m = n would have certain probabilities w,,. That is, it suffices to “look at” I/, and
Ain I has been measured. Quantum mechanics further requires w, = |(¢, ©,)|*

When this has been achieved, the measurement process, insofar as it occurs

14 Several variants of this attempted explanation are also possible, but must be set aside for
similar reasons.
1120 The source prints “process 2” here; the measurement transformation described in the same
sentence is process 1 in the terminology of V.1 and VI.1. The printed numeral is retained.
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in 11, has been theoretically “explained”; that is, the boundary discussed in V1.1
has been shifted from I | [I + [I1to [+ 11 |III.

The mathematical task is therefore as follows. A complete orthonormal sys-
tem 1, @9, ... in I is given. Find a similar system £, &, . .. in R/, a state € in RRY/,
an energy operator H in 377/, and a ¢, such that the following holds. If ¢ is an
arbitrary state in R’ and we put ®(q,r) = p(q)&(r), ¥ (¢,r) = e~ n tHd(g, r), then
®'(q,r) is to have the form Y7 | ¢,0n(q)&u(r) (the ¢, naturally depending on ¢),
with |c,|* = |(¢, ¢n)|?. (The equivalence of this last requirement to the physical
demand formulated above was discussed in VI.2.)

In what follows, besides ¢, @2, . . ., we shall also prescribe £;, &, ... and £, and
seek the unitary operator A = e~ “#'tH instead of H.

The mathematical problem leads us back to the one solved in VI.2: there ¢’
was given, and we showed the existence of c,, v, {,; now ¢y, &, are fixed, and
®, ¢, are given as functions of ¢, and we must determine A so that the expansion
of & = A® has precisely these coefficients ¢, and functions ¢y, &,.

We shall show that such a A can indeed be found. Our concern is only with
the question of principle: whether any such A exists. We shall not, however,
concern ourselves with the further question whether the A = e~ i tH of the sim-
plest intuitively comprehensible experimental arrangements (for example, those
of 111.4) also have this property. We have seen that our conditions are equiva-
lent to the intuitive criterion for a physical intervention to count as a measure-
ment. The experimental arrangements just mentioned certainly meet that cri-
terion; quantum mechanics would therefore have to yield results grossly contra-
dicting intuition if these A did not satisfy our condition, at least approximately.?'®
Thus, in what follows we shall merely specify an abstract A which satisfies our
conditions exactly.

Let ¢, (m = 0,£1,£2,...) and &, (n = 0,£1,+£2,...) be two given com-
plete orthonormal systems in SR! and KR!/, respectively (we let m,n range over
0,%+1,£2,..., instead of 1,2, ..., for merely technical reasons of no importance in
principle), and for simplicity let the state £ equal &y. Define A by

A Z xmn@m(‘])fn(r): Z xmn‘Pm(Q)gmA-n(r)'

mmn=—o0 m,n=—oo

Since the ¢,,(¢)&,(r), as well as the ¢, (¢)&m+n (1), form a complete orthonormal

215 The corresponding calculation for the case of position measurement discussed in I11.4 is
contained in a paper by Weizsacker, Z. Physik, vol. 70 (1931).
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system in R/ 11, this A is unitary. Now

p(q) = mioo(% om) - emlq),  &(r) = &o(r),
and hence ''?!
(g, 7) = ¢(q)é(q) = mf_:oo(% om) - pm(q)&o(r),
(g, r) = Ad(q,7) = m:ioo(% om) - em(@)&m(r).

Our aim is thereby achieved: we even have ¢, = (¢, ¢;,).

To see more clearly how this process works, let us give an example using
explicit SCHRODINGER wave functions and specify H itself rather than A.

Let both the observed object and the observer (that is, I and /7, respectively)
be characterized by a single variable ¢ or r, ranging continuously from —oo to
+o0. Thus both are to be thought of as points free to move along a line, and their
wave functions always have the form ¢)(¢) and n(r), respectively. We assume their
masses mp, ms to be so large that the kinetic-energy part of the energy operator,

1 [ h 0\ L1 (D ?
2my \ 271 Oq 2mo \2miOr )
may be neglected. Only the interaction-energy term of H, which governs the
measurement, then remains. We choose it to have the particular form %q%.

The time-dependent SCHRODINGER differential equation for the I + I1 wave
function ¢y = (g, ) is then

h 0O

h 0
%a%(q, 7") = —%QE%(%T%

0 0
(a + QE> Yi(q,7) = 0,
that is,
Vi(q, ) = flg,m —tq).

1121 Tn the first of the following two lines, the source prints £(q) instead of £(r). This argument
is retained as printed.
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If vo(q, ) = ®(q,r) for t =0, then f(q,r) = ®(q,r), and therefore

Yi(g,r) = (g, 7 — tq).

In particular, if the initial states of I, I are represented by ¢(q) and &(r), respec-
tively, then in our scheme of calculation (choosing the time ¢ occurring there
equal to 1)

®(q, ) = p(q)&(r),
' (q,7) = U1(q, ) = w(q)&(r — q).

We shall now show that this can be used for a position measurement of I by /1,
that is, that the coordinates ¢, r are coupled. (Since ¢, r have continuous spectra
and hence can be measured arbitrarily accurately, but not absolutely exactly, this
can succeed only approximately.)

For this purpose we assume that &(r) differs from zero only in a very narrow
interval —¢ < r < ¢ (that is, the observer’s coordinate r before the measurement
is known very accurately). Furthermore, £ must of course be normalized:

1€l =1, that is, /|§(7~)|2 dr — 1.

The probability that ¢ lies in the interval ¢y — 0 < ¢ < go + 9, and r in the
interval rg — 0 <r <rog+49,is

qo+6  pro+d’
[ 1wanpdgar
qo—9 ro—0'

qo+9 7’0+5 )
/ / DPIE(r — ) dq dr.
qo ro—0o’

If qo, 7o differ by more than 6 + ¢’ + ¢, this is zero: thus ¢, r are so closely coupled
that the difference can never exceed § + ¢’ + . And for rqg = qp, if we choose
§" > 6+-¢, the assumptions on £ make this equal to fq?j; l©(q)|? dg. Since, however,
we can choose 6, ', ¢ arbitrarily small (they need only be positive!), this means
that ¢, r are coupled with arbitrary accuracy, and the probability density has the
value required by quantum mechanics, |p(q)|%.

We have therefore realized the measurement conditions discussed in VI.1 and
in this section.

More complicated examples, such as an analogue of our four-part example in
VI.1, or a check by a second observer /1] on the correctness of the measurement

performed by /1 on I, can be discussed analogously. This is left to the reader.
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