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Introduction

1. The problems discussed in this paper arose naturally in continuation of the
work begun in a paper of one of us ((18), chiefly parts I and II). Their solution seems
to be essential for the further advance of abstract operator theory in Hilbert space
under several aspects. First, the formal calculus with operator-rings leads to them.
Second, our attempts to generalise the theory of unitary group-representations
essentially beyond their classical frame have always been blocked by the unsolved
questions connected with these problems. Third, various aspects of the quantum
mechanical formalism suggest strongly the elucidation of this subject. Fourth, the
knowledge obtained in these investigations gives an approach to a class of abstract
algebras without a finite basis, which seems to differ essentially from all types
hitherto investigated.

The results which we shall obtain throw light on an entirely new side of operator
theory; they lead to a new notion of linear dimensionality (which, under certain
conditions, has a continuous range of numerical values); and indicate a way out of
the paradoxes of unbounded operator theory.

In the four following §§ of this Introduction we will give a somewhat more
detailed outline of the four aspects of our problems, which were enumerated
above.

2. We consider a linear space $ with an inner product (that is a Hilbert space
or a finite dimensional Euclidean space, cf. (b) in §1.1), and in it the ring B of all
bounded operators (cf. (f) in §1.1). Subsets M of B for which A, B € M implies
aA, A", A+ B,AB € M (a is any complex number, A* is the adjoint of A, cf. the

*National Research Fellow.



2 F.J. MURRAY AND J. v. NEUMANN

notation in §1.1), and which are closed in a suitable topology of B are called rings.
(All these notions are discussed in detail in (18).) We will chiefly consider rings
M which contain the unit operator 1: 1 € M. If M, N are given rings, denote the
smallest ring containing M, N by R(M, N), and the greatest ring contained in M
and N by M - N (this, by the way, happens to be the set theoretical intersection of
M and N).

The operations R(M, N) and M - N obey both the commutative and the asso-
ciative law, therefore each of them could be analogised with addition or with
multiplication. Owing to R(M, M) = M - M = M the analogy is closer with the
“Boolean algebras” (as they occur in set theory or in logics), than with algebra
proper. As the analogue of the distributive law, which connects addition and mul-
tiplication, does not hold in general, this analogy is not perfect. (The distributive
law would be, according to how we identify R(M, N) and M - N with addition and
multiplication, either

R(M-N,M-P)=M-R(N,P)

or
R(M,N)-R(M,P) = R(M,N - P).

None of these equations holds in general.) Thus it is somewhat arbitrary how
we carry out these identifications. We choose to make R(M, N) correspond to
addition and M - N to multiplication.

In this notation the rings M (and similarly the rings with 1 € M) form a lattice.
(Cf. (1,9, 12a).) We use the terminology of (9), and therefore write in this § M UN
for R(M, N) and M N N for M - N. One verifies immediately the lattice postulates
I-IV (cf. (1, p. 422)) for these operations.

The lattice R of all rings with 1 € M contains a smallest element: the set (a1)
of all operators of the form a1; and a greatest element: the set B of all bounded
operators in $. We write in this §, 0 and 1 for (a1) and B.

Now R has a property which brings it nearer to the Boolean algebras than
lattices usually are: there exists an operation M’ in R which dualises addition and
multiplication; that is, for which

(MUN) =M'NnN’, (D)
(MNN) =M"UN". (D>)
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To this end we define M’ as the set of those A which commute with all B € M (cf.
(18, p. 374)); then M’ € R and
M=M". (Ds)

(Cf. (18, p. 397).) Now (D) is obvious; and (D) follows from (D) by replacing
M, N by M’,N’, applying ’ to the equation, and using (D3).

In the analogy with Boolean algebras (or logics) in which M U N corresponds
to the sum (resp. “or”) and M N N to the product (resp. “and”), M’ should
correspond to the complement (resp. “no”).

Another lattice of such a structure consists of all closed linear manifolds of $.
Denoting it by M we define: If 9, 9t are two closed linear manifolds in $, then
It U N is the smallest closed linear manifold containing them (cf. (d) in §1.1, where
it is denoted by [, 9]); M N N is the greatest closed linear manifold contained
in them (their set theoretical intersection, 9t - 90); 0 is the smallest element of M:
the set (0) consisting of 0 alone; 1 is the greatest element of M: $. (We use these
notations in this § only.) Then we may define M’ as the set of all elements of $
which are orthogonal to all elements of M: H © N (cf. (16, p. 74)). One verifies
again the lattice postulates I-IV (cf. (1, p. 422)) for M, while the distributive law
(postulate VI, eod., p. 453) does not hold in general. (Postulate V, eod., p. 445,
holds, thus M is a B-lattice, cf. eod.) (D1)-(Ds3) too hold.

Following the analogy with the complement in Boolean algebras (and “no” in
logics) further, we are led to expect

MUM' =1, (D4)
MNM =0. (Ds)

(In the lattice M (Dy4), (Ds) hold. In fact there is a quite intimate connection between
M and a certain type of logics: The probability-logics of quantum mechanics. Cf.
(20, pp. 130-134).) These equations, however, are not true in general in R. For
instance, if M is Abelian (cf. (18, p. 374)), then M c M/, and thus MUM’ = M/,
M N M’ = M. For this reason it is of interest to find out, for which particular
elements M of R (Dy), (Ds) hold. As’ dualises (D4) and (Ds) (apply ” and use
(D1)—(D3)), they are equivalent. Thus it suffices to discuss one of them. In our
original notations they read:

R(M,M’) = B, (Dy)
M- M = (al). (Ds)
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The theory of these equations will be the chief subject of this paper (cf. §3.1).

3. Let  be the n-dimensional Euclidean space €,, n = 1,2, .... In this case it is
easy to detail the meaning of (Ds).

Assume M - M’ = (al). Let M" be the set of all unitary elements of M, then M
is the ring generated by M* (cf. (18, p. 392)). Thus M’ = (M*)’; and as M* is a
group of unitary matrices, M consists of all linear aggregates of elements of M".
Now apply the theory of unitary group representations to M*.

As M" consists of unitary matrices, it is completely reducible (cf. (14, pp. 11-12,
footnote 1)). Introduce a coordinate system in $ = €,, in which M* appears
completely reduced. Let the irreducible parts of M* correspond to the sets of
coordinates

pr+-+psaa+1,..,p1 4+ ps1+ps

fors =1,...,r, wherer =1,2,..;p1,...,pr =1,2,..;p1+ -+ p, =n, and
denote them by Iy, ..., I,. Denote the number of those which are equivalent to
Iibyq(=1,2,...,r), and arrange the I; so that these should be I;,...,I;. By a
further coordinate transformation we can even make I, ..., I, identical. Besides
p1=---=py = p. Thus every element of M" looks like this: It consists of r (> q)
matrices succeeding each other along the main diagonal, the g first ones being
identical and of degree p. The same is true for their linear aggregates, the elements
of M.

The matrices which occur in the g first diagonal minors form an irreducible
system, inequivalent to those which occur in the r — g other diagonal minors. So
the theorems of Burnside, Frobenius, and I. Schur (cf. (3, 8); or (14, p. 412)) apply.
Therefore these matrices are perfectly arbitrary, and independent of the r — g other
ones. Thus we can prescribe the g first ones to be equal to the unit matrix, and the
r — q others to vanish. So an element Ey of M results, which commutes obviously
with all elements of M; thus Eg € M-M’. AsM-M’ = (al), we have Eg = a1. This
clearly necessitates @ = 1, and so the r — g vanishing diagonal minors in Eg cannot
be present. Thereforer —q=0,g=r,n=p1+---+p; = pq.

If we write the general element A of M as a matrix: A = {a, .}, u,v=1,...,n,
then our discussions have characterised A as follows: Put

p=p(s-1)+o0, v=pt-1)+r7,



ON RINGS OF OPERATORS 5

wheres,t=1,...,9;,0,t=1,...,p (remember n = pq), then

0, s #t,
a‘Ll_,V = .
a function of o, T alone, s =*t.

If we replace the index u (= 1,...,n) by the two indices ¢ (= 1,...,p) and s
(=1,...,9),and similarly v by 7 and ¢, then we have

A = {aglslf,t}o,f'[:l,“_,p With aO-,S,T,t - 6S,tb(7,’l" (S)

Here 0, is the Weierstrass—Kronecker symbol, and b, ; is arbitrary.
Conversely: If M consists of all

{5s,tba,7}o,1=1 ..... pr
s,t=1,...q

then it is a ring, M’ consists of all

{60,Tcs,t}a,1:1 ..... pr

and so M - M’ of all {6,,:05 +a} = al. Thus (S) gives the general solution of (Ds)
for H = €,,.

In other words: The general solution of (Ds) obtains, by replacing the one
coordinate index u =1,...,n in = ¢, by two independent coordinate indices
o=1,...,pands =1,...,9 (n = pg), and collecting in M all linear operators A
which operate on o alone, while M’ consists of all those which operate on s alone.

This is the effect of the application of the classical Burnside-Frobenius-I. Schur
theory of unitary group representations. Thus the solving of (Ds) connects directly
with the fundamental facts about unitary representations.

If the analogous situation held in Hilbert space, we would be led to expect that
if $ is Hilbert space, the solutions of (D5) can be brought in the following form: $
is isomorphic to the functional space of all functions f(x, y) in two independent
variables x, y, ( f/ |f (x, y)I> dx dy finite); the ranges of x and of y are continuous
or discrete, in the latter case f -+~ dx resp. f ---dy is meant to indicate a sum.
(Ct. (16, pp. 69 and 108-111).) M consists of all operators which operate on x
alone, and M’ of all those which operate on y alone. (Cf. §3.2, where this is more
precisely discussed.)
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The essentially different character of Hilbert space, compared with the spaces
¢, n=1,2,... isreflected in the fact that this is not so. We will see that if $ is
Hilbert space, (Ds) has further solutions. (Cf. in particular §8.6 and §13.2.) Their
properties seem to be of great importance for the general theory of operators.

The general importance of the solutions of (Ds) for operator theory follows
from this fact too, that their knowledge allows a characterisation and classification
of all rings of operators. This will be discussed in a subsequent paper of the second
author.

4. Another interpretation of (Ds) is suggested by quantum mechanics. The
operators of $ correspond there to all observable quantities which occur in a
mechanical system &. (Cf. (6, pp. 55-60), and (20, p. 167). We restrict ourselves to
bounded operators, which correspond to those observables which have a bounded
range. Thus B corresponds to the totality of these observables.) Now if S can be
decomposed into two parts S, S, and if we denote the set of the operators which
correspond to observables situated entirely in S; or in S, by Mj resp. M, then
we see:

(1) M;, M; are rings, and 1 (which corresponds to the “constant” observable 1)
belongs to both M1, M».

(2) If A € M1, B € M, then the measurements of the observables of A and B do
not interfere (being in different parts of S); therefore A, B commute (cf. (6,
pp- 11-14 and 76), or (20, pp. 117-121)). Thus M, C Mj.

(3) As Sis the sum of &1, &, therefore R(M;, M) = B.

(1)—(3) describe the problem of “factorising” B which is discussed in more detail
in §3.1; it leads to our old problem: As M| > M; therefore

R(M;,M}) > R(M;, M) = B,

so R(My, Mi) = B, that is precisely (54), which, as we know, is equivalent to (55).
Conversely: If M fulfills (D) (that is (Ds)), then M; = M, M, = M’ satisfy (1)-(3).
(Cf. §3.1 for more details.)

Thus our problem of solving (Ds) corresponds to the quantum mechanical
problem of dividing a system & into two subsystems &1, S,; and in particular the
solutions M of (Ds) correspond to the complete rings of all observables of suitable
quantum mechanical systems.

This interpretation of (Ds) suggests of course strongly the surmise formulated
at the end of §2.2: It should be possible to describe $ as (isomorphic to) the space
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of all two variable functions f(x, y), ( ff |f (x, y)]> dx dy finite), M operating on x
only, and M’ on y only. In this case &1, S; would be explicitly given: S; being
described by the coordinate x, and &, by the coordinate y.

The fact that the surmise of §2.2 is not true, is therefore the more remarkable;
particularly so because certain features of the “exceptional” rings M seem to make
them even better suited for quantum mechanical purposes than the customary B.
We will now discuss these properties of M.

5. The full system of solutions of (Ds) will be discussed in §8.3-§8.4. While we
refer to those sections for a complete discussion, we would like to call attention
here to the following: If the surmise formulated at the end of §2.2 holds, then M
is obviously isomorphic to the ring of all operators on x. That is, according to
whether x has a finite or infinite range, M is isomorphic to the ring B of either
a finite dimensional Euclidean space €¢,, n = 1,2, ..., or of a Hilbert space %’.
In the systematic notation used in §8.4 these possibilities are labeled as cases
(In),n =1,2,..., respectively, (I.,). (In the last case the range of x may be either
continuous or discontinuous, but it is well known, that this does not affect the
character of the Hilbert space $’ at all.) As we mentioned, these cases do not
exhaust all possibilities for M: further cases, labeled (II;), (Il), (Ill.) may occur.
(All of them, except (Ill.) certainly exist; while the existence of (Ill.) is as yet
undecided. Cf. §13.3.)

The cases (I,),n = 1,2, ..., are of course the simplest ones, and they are the ones
on which our notions as to what operators should look like have been developed.
This is true for general operator theory as well as for quantum mechanics. It is
therefore of particular importance to compare the other cases (I.)-(Ills) under
the following aspects: Which one has the most properties in common with (I,,),
the ring of all matrices of n rows and #n columns, and which one can be considered
as the limiting case of (I,;) for n — c0? The investigations of operators in Hilbert
space have always been carried on with the idea that the B of Hilbert space, that is
(L), is the natural limiting case. We think however that our results indicate that
there is more point in assigning this role to (II;). There are two chief reasons for
this assertion: The existence of a trace, and the behavior of unbounded operators.
Chaps. XV and XVI of this paper have been devoted to the purpose of deriving
these common features of (I;) and (II;). In what follows we will make a few
qualitative remarks on the subject.

The cases (I,) and (II;) are characterised by this property: It is possible to define



8 F.J. MURRAY AND J. v. NEUMANN

for all Hermitian operators A € M a function T(A) with finite real values, which
has the formal properties of the trace (cf. §15.4-§15.5), and there exists only one
such function T(A). In the cases (I,), where the operators A € M correspond to

matrices {a,,, }u,v=1,...,n, Obviously

1 n
T(A) =~ ; By

(the “normalising factor” 1/n is necessary, because we require T(1) = 1), and
it is well known, that in case (I) (that is: for all bounded infinite matrices
{auv}yuv=12,.) no such function T(A) can be defined. (The expression which is
formed in analogy to (1/n) Zzzl a,,, will not converge in general.) Now we proved,
as mentioned above, that the only further case where such a T(A) exists and is
unique, is (IIy).

Considering the immediate applicability of T(A) to quantum mechanics (it is
the “a priori” expectation value of the observable A, which is correctly normalised
here, but cannot be in (1), cf. (20, pp. 165, 169)), it is significant that its existence
and uniqueness is a characteristic of (IIy).

A more general problem which will be discussed by the second named author in
a forthcoming paper arises now from the following motive: It would be desirable
to characterise those abstract algebras, in which one and only one function T(A)
with the properties of the trace (as discussed above) exists. (They should be
abstract, that is no connection with the operator rings should be postulated.) The
result is, that all algebras which meet these requirements are isomorphic to an
operator ring M in a (Euclidean or Hilbert) space $, which solves (Ds) and belongs
tocases (I,),n=1,2,...,or (IIY).

Returning to case (II;) let us point out, that the analogy with (I,) goes so
far, that theorems of the following type hold: Every system of linear equations
(which can of course be written as one operatorial equation Af = 0 where A € M
is the “coefficient matrix,” and f € $ represents the variables) has a rank. In
case (I,) this is a number 0,1,...,n — 1,1, but we replace it by its n-th part:
0,1/n,...,(n = 1)/n,1. Now in case (II) it is any number o, 0 < a < 1. Two
adjoint systems of equations Af = 0 and A*f = 0 (cf. §16.1) have the same
rank. (Observe the analogy with (I,), and the contrast with (I)!) Similarly a
dimensionality for subspaces of $ (linear, closed sets) can be defined, which has
the values0,1/n,...,(n—1)/n,1 (in the customary normalisation 0,1, ...,n—1,n)
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in case (I,;), and all values a, 0 < a < 1 in case (II;).

With this notion of dimensionality even the “minimax principle” (cf. (5, pp. 26—
29)) can be proved, which thus labels the proper values of all Hermitian operators
(in M), even in continuous spectra! So it makes sense to speak about the “proper
value No. «a of the operator A (from below)” for any a > 0, @ < 1, even for
irrational ones! (Cf. §15.2.)

6. Let us now consider the unbounded operators. While M consists prima facie
of bounded operators only, there is a natural way to extend it, so as to include
unbounded ones too: An arbitrary (not necessarily bounded) operator X is said to
belong to M, if it is invariant under all unitary transformations U’ € M’; we denote
the set of all those linear, closed operators X with an everywhere dense domain
which belong to M, by U(M). (Cf. §4.2 and §16.4; as to the notions of linearity and
closure cf. (16, p. 70). The bounded elements of U (M) form precisely M.)

While in general Hermitian operators possess a resolution of unity if and only
if they are hypermaximal (cf. (16, p. 92), or (15, Theorem 9.3, p. 339)) this is
much simpler in cases (I,) and (II;): Here every Hermitian operator A € U(M) is
hypermaximal, and has therefore a (unique) resolution of unity. (In case (I,,) this
is due to the trivial reason, that every linear operator is bounded in that case. But
in case (II;) unbounded operators exist, in the same way as they do in (I.)!)

The operators in U(B) ($ a Hilbert space) behave very pathologically from the
point of view of operator algebra: Thus if A, B € U(B), then A + B and AB cannot
be formed in general, and the entire mechanism of replacing operators by their
extension leads to very paradoxic results. (Cf. (17, pp. 230-234), where these
conditions are discussed in detail.) This applies, of course, to every U(M), M in
case (I). In cases (I,) and (II;) again it is not so: The algebra of U(M) works
without any difficulties, and if A is an extension of B, A, B € U(M), then A = B.
(Ct. for details §16.3 and §16.4.)

7. A detailed account of the content of this paper is given in the table of contents
which follows. The main results are summed up in the Theorems I-XV, while the
essential problems are formulated as Problems. It will be pointed out after each
problem to what extent it is solved and where the solutions are to be found. The
auxiliary considerations, which lead to the Theorems, are grouped into Lemmas.

The notations are explained in §1.1, where the chief references too are given.
These, as well as all other quotations, refer to the bibliography, which follows after
the table of contents.
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Various continuations of the investigations begun in this paper, which we
propose to undertake in several subsequent papers, are indicated throughout the
text. (Cf. also note at the end of this paper.)

Here however we would like to mention that very similar methods to those used
in this paper permit us to discuss the corresponding problems in the non-separable
analogues of Hilbert space (cf. (11, 13)). The analogy to Cantor’s theory of alephs,
which we stress in Chapters VI and VII, becomes then even more apparent. This
subject, too, will be treated at a later occasion.
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PART I: PREPARATORY CONSIDERATIONS

CHAPTER I: NOTATIONS

1.1. In what follows we will have to assume that the reader is familiar with
the unitary—orthogonal-geometrical discussion of the elementary properties of
Hilbert space, as contained in the treatise (16, particularly pp. 63-78) or in the
remarkable exposition of the subject in (15, Chapter I). Besides we will have to
make frequent use of some other papers of one of us, namely (18), (21) and (22),
which is a variant to a theorem of (18).

Certain notations will be used on this account subsequently, without further
references to their meaning. They are as follows:
(a) x € S means that x is an element of theset S,S C T or T O S means that S is a
subset of T, (including S = T). The set of all elements x with a certain property
€(x), will be denoted by (x; e(x)); the set of all f(x) with x having the property
€(x), by (f(x); e(x)); the set theoretical sum of the sets S, T, . . ., plus the elements
X0, Yo,-.-by (S5, T,...,x0,Yo,...). The set theoretical product (common part) of
thesets S, T,...isdenoted by S-T ---.

A symbol 1, such that x 1 S has a meaning similar to that of x € S, will be
defined in §4.2, Definition 4.2.1.
(b) A linear space with a linear product, and which is separable and complete,
will be denoted by . (We will use affixes and suffixes if more than one such
space occurs.) In other words: $ is a space in which operationsa - f, f + g, (f, )
satistying the conditions A, B, C, E, of (16, pp. 64-66) are given. Condition D (loc.
cit.) is explicitly excepted. Thus $ is either a Hilbert space or a finite dimensional
Euclidean space accordingly as D is fulfilled or not. We only consider 1,2, ...,
dimensional Euclidean spaces, excluding explicitly the O-dimensional case where

$ =(0).
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(c) We denote complex or real numbers by «a,€,a,x,C,D; integers by
i,j,k,m,n,p,q,s,t,u,v and N. Elements of $ are denoted by f,g, ¢, 1,
sometimes (in direct products) by @, W.

(d) Arbitrary subsets of $ are denoted by S, linear subsets by ¥, linear and closed
subsets by €, &, M, N, P, Q. As the latter are again spaces of the type of $, their
symbols sometimes replace 9.

The smallest linear and the smallest closed linear set containing certain sets or
elements are denoted by (...) and [...] respectively (instead of (.. .), cf. (a)). The
set of all elements of 9t which are orthogonal to Mt is denoted by It — .

(e) Operators in an $ will be denoted by A, B, X, Y. For certain special kinds of
operators, the following letters will be used: E, F, G and P for projection operators,
U,V,and W for unitary and partially isometric operators (cf. (16, p. 70)).

(f) The ring of all bounded, everywhere defined, linear and closed operators in $
is B, its subrings are M, N, (cf. (18, p. 388)).

Arbitrary subsets of B are S, the smallest ring containing S is R(S), the ring of
all A which commute with X and X" for every X € Sis S’.

(g) As discussed in (18, pp. 378-388), two different topologies can be used in 9,
and four in B, “Strong” and “Weak” in $ and B, “uniform” in B and finally there
is the “strongest” topology in B. If nothing in particular is said, we always mean
the “strong” topology in $; otherwise the topology to be used will be specified.
The properties of these topologies are not all of the customary type and they are
of some importance. Details are given in (18) and (22) loc. cit.

(h) In part IV, a group ® and a space S, will be considered, where ® consists of
one-to-one mappings of S on itself. We will denote the elements of ® by a,b, and
c; those of S by x, y; the unit, the inverse induced by a € ® in S are 1, a~1. These
notations will however only be used in Part IV.

The results of operator theory which we will use most frequently (apart from the
general theory of Hilbert space and the spectral form of hypermaximal operators)
are these: Theorems 1, 5,9 in (18), Theorems 5, 6, in (19), and Theorem 7 in (21).

Cuarter II: DirecT PrODUCTS

2.1. An operation which generates a new space $ with the help of n given ones,
D1, ..., Dn is the direct multiplication. As it is one of the essential elements of the
situations which we are going to discuss, and as a general abstract treatment (valid
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for Hilbert spaces too and not using special coordinate systems) of this notion
does not occur in the literature, we will give a systematic discussion.

Definition 2.1.1. Letn = 1,2,... spaces 91,..., 9, be given. Consider all
functionals @(fi, ..., f4), which are defined for all systems

fie9i, i=1,...,n,
and have complex values, and which are conjugate linear in each f;:
i o(..,afi,...)=ad(...,fi,...),
() oC..,fi+8i,..)=PC.., fi,..)+D(..,qi,...)
Call their set []}_; ®9;.

Definition 2.1.2. If a system fl.O €9, 1=1,...,n,is given, form the functional

O(fi - ) = | [F2 A0
i=1

Clearly @ € []_; ®9;. Define
. n
5-[Josi= o050
i=1

Definition 2.1.3. Consider all finite linear aggregates of the form

n

p
o=>[efl, r=01..., fes.

v=1 i=1
Call their set ]_[’?:1 ®9;. (Clearly ]—['?:1 ®9; C [, ®9i.)
Lemma2l11. If® Ve ]_[’?zl ®%;, that is

n

p q9 n
53 [Tesss 7= [Tost,
=1

v=1 i u=1 i=1

then form

p 9
@W) =) > | [ )
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This expression depends on @, ¥ only, but not on the particular decomposition
used.

Proof: Owing to the linearity it suffices to consider the case when @ = 0 or ¥ = 0;
and owing to the symmetry in @, ¥, we may assume W = 0. We will show that
each addend of the sum Zzzl in (@, V) vanishes separately. Indeed:

9

Z 1—[( zv’gi,y) = @(flo,v""/f;?,v) =0

u=1 i=1

Lemma2.1.2. If®e[]" i=1 ®9;, then (P, D) > 0 for ® # 0.
Proof: Consider first any @ € []'".; ®%;. Then

5= 5 [,

w,v=1i=1
For any complex x1, ..., xp,
2
P P p p
0 £0\. — _ 0 0 |_ 0 )
2 i P = D xufie ) off | = | D xufl| 20
pv=1 u=1 v=1 =1
therefore each matrix (( f 0 )) uv=1,..p (p dimensional!) is semidefinite. Thus

it is the sum of (at most p) sem1def1n1te matrices of rank 1, that is of the form

((06;1045))#,1/:1 ..... p. Thus (@, @) is a sum of terms

p n . P n n
i i i i
a, x, = a, - (04
2| [aei= D0 | Jaie| |
w,v=1i=1 w,v=1i=1 =1
2
P n P n P n
ST ST =[S T =0
p=1i=1 v=l i=1 u=1i=1

So we have (@, D) > 0.
From this, Schwarz’s inequality

@, 9)| < \@,B)- (T, )
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follows literally as in (16, p. 64). Thus (@, ®) = 0 implies (®,¥) = 0 for every
Ve [T, ®9;. Put W = [T, ®fi, then

D(f1,..., fn)=|®

ﬂ@ﬁ) -

and so @ = 0. Thus @ # 0 implies (D, D) > 0.

Lemma 2.1.3. With the above definition of (®, W), []'/.; ®9; is a linear space
with an inner product, that is, it satisfies the conditions A, B, in (16, p. 64). Thus it
can be metrized by defining

Distance(®, V) = |® — V||, where |D|| = \/(5, D).

Proof: This follows immediately from Lemmas 2.1.1 and 2.1.2, remembering (16,
pp. 64-65).
Lemma 2.1.4. We have

and for every @ € [, ®%;,

(D(fl,..

H@ﬁ), B(fi, ..., )l < Bl T AL
i=1

Proof: The first equation follows directly from the definition of ||- - -|| in []'/—; ®%;;
while the second is obvious, and the third results from Schwarz’s inequality:

n n
o, | |ef 1= 1@l ] [i
i=1 i=1
Definition 2.1.4. Consider those functionals @ € ]_[ _1 ®9;, for which a sequence

Dy, Dy, ... I i—1 ®9; exists, so that

(1) }i_)n(}oar(flz---/fn):q)(flz---/fn) forallfiegi,
(i) Lim [, — Dl =0

[D(fr - Sl = < |||
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We write for this briefly ® ~ (D1, Dy, .. .). Call their set

ﬁ®55i=551®"'®55n,

i=1

the direct product of H1,..., Hn.

Lemma 2.1.5. Every sequence @y, Dy, ... from ]_['? 1 ®9; satistying (ii) in Defini-
tion 2.1.4 belongs to precisely one @ € [];_; ®%; in the sense of (i), (ii) eod.

If ® ~ (Pg, Dy, .. .), then all other sequences with @ ~ (W1, ¥,,...) are charac-
terised by lim, o] |®r = P, =0
Proof: We have (by Lemma 2.1.4)

B (frreves fid = Ds(fr s Sl <10 =Dl U
i=1

Thus lim; s—e0 [P/ (f1, -+, fu) = DPs(f1,---, fu)l = 0,50 lim,e0 O, (f1, ..., fn) exists.
Call it ®(fi, ..., fu). Clearly ® € []’_; ®9;. Thus (i), (ii) hold; therefore ® €
[T, ®9i; ® ~ (D1, Dy, ...). Dis unique by (i).

As to the second statement, we can assume, owing to the linearity, that ® = @; =

Dy = --- = 0. If lim,_,o||¥,|| = 0 then we find, as above, 0 = lim,_,co ¥ (f1, N )
And ”\I]r \I]s” < ”\I]r” + ”\ys” thus lim,, s—>c><>||\yr \I]s” =0. Thus 0 ~ (\Illl \I]Z/ o)
Assume conversely 0 ~ (¥, Wy, ...). If we did not have lim, _|[¥,| = 0, we

would have |[¥,|| > a > 0 for a fixed a > 0 and infinitely many r’s. Considering
a suitable subsequence, we obtain it for all #’s. Now lim, e W;(f1,..., fn) =0

— —0 —0 —0 —
implies lim, ,o(W;, ¥ ) = 0 for any fixed ¥ € [T, ®9;. Put¥ = W,,, where r
is so great that 7, s > ro imply ||V, — W;|| < a/2. Then we have for r > r

(W, W)l 2 (P, Tl = (W, = P, W )|
> W [P = Wy, = W] - [l

> Wl = SVl = (1Tl - ) I

- (e-3)e=%
= 2)" 27

contradicting lim, —oo(\P,, Wm) =0
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Lemma 2.1.6. If ®, WV €[]\, ®9,, thatis

n
(D ~ (61162/ .. -)/ \I] ~ ($1/$2/ . ')/ WT’IET’ € l_[ ®551/
i=1

then lim, o (®,, ¥,) exists. Denote it by (@, V). This quantity depends on ®, ¥
only, and not on the particular representation used. If D,V e H,;z:l ®9;, it agrees
with the previous definition.

Proof: limr,s_>oo||57 —,|| =0, limrls_>oo||$r ~Y,|| =0 imply by Schwarz’s inequality
lim; 50 (D, ¥,) — (D, V)| = 0, thus lim,_,eo(D,, ¥,) exists. If further ® ~
(5;, 5;, ), (W;, @;, ...), then we have by Lemma 2.1.5 1im, oo | Dy —E;H =0,
lim, e[ ¥; — 7| = 0 and so

lim (@, ¥,) = lim (D, 7).
r—00 r—00

IfD,We ], 89, then® ~ (®,D,...), ¥ ~ (¥,V,...)show that the new (®, W)
agrees with the old one.

Lemma 2.1.7. If ® € [[7_; ®9;, then (D, D) > 0 for ® # 0.
Proof: (®,P) > 0 follows by continuity from Lemma 2.1.2. If (®, @) = 0, then for
D ~ ((Dll (DZI .- -)/ q)i’ € H’?:l ®g)l'/ hmr—)oo(q)rz CDI’) = O/

lim ||, || = 0,
r—00

and thus by Lemma 2.1.5 ® = 0. So ® # 0 implies (P, ®) > 0.

Lemma 2.1.8. With the above definition of (®, W), []}_; ®9; is a linear space with
an inner product, that is it satisfies the conditions A, B in (16, p. 64). Thus it can be
metrized by defining.

Distance(®, W) = |® - V|,  where  ||®| = (D, D).

Proof: This follows immediately from Lemmas 2.1.6 and 2.1.7, remembering (16,
pp- 64-65).

Lemma 2.1.9. []7_, ®f; is a continuous function of the f; € ;. (We use now the
metric, strong, topology in all these spaces.)
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.....

[ [eri-]|ef
i=1 i=1

=1> 1—[®ﬁ®n®f° ﬂ@f,@n@fo

j=1 i=j+1

-1 n

efie(fi- e || ef

i=1 i=j+1

I
= ~.
i M:
—_

j-1 n

‘_'®fi®(f, e '®fi0

i= ]+1

IA

~.
Il
[y

=

j-1

IA

AR EAR ]_[||f°||

1 =1 i=j+1

~.

S |l

(a+eylea" =(a+e) —a".
=1

—.

Lemma 2.1.10. Lemma 2.1.4 holds for @ € [];_; ®%; too.
Proof: Follows by continuity.

Lemma2.1.11. If® € H _1®9i, Dy, Dy, ... € ]_[’?:1 ®$; then
~ (D, Dy, ...)

is equivalent to lim, o ||® — D,=0

Proof: If lime||P — @,|| = 0, then Lemma 2.1.10 gives Definition 2.1.4, (i), and
|®, — D] < ||® — @, || + || — Ds|| gives Definition 2.1.4, (ii). Thus @ ~ (D1, Ds, .. .).
Conversely, if ® ~ (D1, D>, .. .), then by definition, ||® — (ID | = Limy—o0||@; — sl
Thus lim, s _eo||®, — @s|| = 0 implies limg_,e||® — Dl =

Lemma 2.1.12. [['; ®%;, [T, ®%; are both separable spaces, that is they satisfy
condition D in (16, p. 65).

Proof [T, ®9; is dense in [1;_; ®9; by Lemma 2.1.11, so it suffices to show that
[1'/=; ®%; is separable. By Definition 2.1.3 the separability of the set of all [T/, ®f;,
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fi € i, suffices; and this follows, by Lemma 2.1.9 from the separability of the
spaces 91,..., Dn.
Lemma 2.1.13. []7, ®%; is topologically complete, that is it satisfies condition E
in (16, p. 65).
Proof: Assume @1, D, ... € []iL; ®9D;, im, 50| P —Ds|| = 0. For each @, choose a
—0 —0 —0 —0
®, € [1'7, ®9; with |®, — @, || < 1/r; thus lim,_,||®, — D, || = 0. So lim, s ||P, —
— —0 —0 —0
<1)2|| =0, and for @ ~ (P, Dy, ...), lim,,o||® — D,|| = 0 (by Lemma 2.1.11), and
thus lim, _,||® — ®,|| = 0, too.

This discussion can be summed up as follows:

Theorem I. The direct product of $1,..., Dn, ]_[?:1 ®9;, arises by the topological
completion of the set []'i_; ®9; of all finite linear aggregates of expressions
[T, ®fio, fl.O € $;. Itis a set of functionals ® = ®(f, ..., f,) in the sense of

Definition 2.1.1, thus
n n
l_[ ®9; C l_[ ®9i
i=1 i=1

and it is a space satistying conditions A, B, C, E of (16, pp. 64-65) (cf. our §1.1, (b)).
Further essential properties are given in Lemmas 2.1.1,2.1.4,2.1.9, 2.1.10, 2.1.11.

If n =1, [17_, ®9; coincides not only in our notation with $;, but in reality too.

In this case we may write f; for []_; ®f, or even better f°. The linear
aggregates of f¥’s are f"’s again, so []'j—; ®9; coincides with $;. Thus already
]—['?:1 ®9; is complete, and []}_; ®9; contains no further elements.

Note that in this correspondence of the one-variable functionals ® to the
%€ 9, O(f) becomes simply (f°, ). A well known theorem of M. Fréchet and
F. Riesz implies therefore, that in this case the @ € ]_[?=1 ®%; are characterised by
|O(f)Il < C -||f|| for a suitable constant C. (Cf. for instance (16, p. 94).)

This latter point is remarkable, because for n > 1 the condition

©(f, - Sl <C- ] IA
i=1

is necessary (cf. Lemma 2.1.10) but not sulfficient for the ® € []}_; ®9;, as we will
show after Lemma 2.2.2.

2.2. Itis of interest to discuss the relationship between []}_; ®%; and a set of
complete normalised orthogonal sets in each ;.
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Lemma 2.2.1. Let a complete normalised orthogonal set ¢; 1, @i 2, ... be given in
each 9;,i=1,...,n. Then the [[_; ®pi, t1,t2,...,t, =1,2,... form a complete
normalised orthogonal set in []}_; ®9;.

Proof: By definition

(ﬁ ®Pi t;s ﬁ ®(Pi,ui) B ﬁ((Pi,ti/ Qi) = ﬁ Ot u;
i=1 i=1 i=1 i=1

proving the normalised and orthogonal character. The linear aggregates of the ¢; ;
are dense in $;, thus those of the [T, ®¢; ;, are dense in []'j—; ®9; (by Lemma
2.1.9), and therefore in []/_; ®9;. This proves the completeness too.

Lemma 2.2.2. In order that an n-variable functional ® € []'_; ®9; (cf. Definition
2.1.1) should belong to [, ®9;

©(fi, o )l < C [ I
i=1

(for a suitable constant C) is necessary. If this is the case, ® is completely
characterised by the numerical values

(D((Pl,tll"'/(f)ﬂ,fn)zatl ,,,,, tn fora11t1,...,tn=1,2,....

o0

The finiteness of 3;° , _; lay,,...s,I* is then characteristic for @ € [T\, ®%9;. With
this restriction the a;,, . ;, can even be prescribed arbitrarily, and a ® € []'_; ®9;
with these ay,, ¢, will exist.

Proof: The necessity of the first condition follows from Lemma 2.1.10. It implies,
owing to the linearity, that ®(fi, ..., f,) is continuous in the fi,..., f,. Thus
the values @(@1 4, ..., Pny,) determine D(fy, ..., f,) if every f; is a limit of linear
aggregates of ¢; 1, @i, ...; thatis always.

By Lemma 2.1.10,

D, ﬁ QP t;
i=1

tn|2 must be finite, by Lemma 2.2.1 and (16, p. 66). Con-

¢, with a finite fo f=1 lag, ... tn|2 is given, then

= ®(§01,t1/ ceey @n,tn) = Aty by r

therefore 3.;° , _ lay,

.....

versely if a system ay,

.....
.....

.....

o0

n
D = Z at by, tnl_[@’@i,ti
i=1
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exists and is € []_; ®%; by Lemma 2.2.1 and (16, p. 67), and for the same reason

o, ﬁ QPi,t;
i=1

We now see that in the case n = 2, the preliminary condition on @,

[(f1, 2l < ClLAI- £,

means that the matrix (ay, ¢, )t t,=1,2,... associated with @ is bounded in the sense of

Jooe

Hilbert's theory; while ® € []7_; ®9; means the finiteness of

(o)
Z |at1,f2|2/
1

f1,t2=

D(P1try s Pruy) =

= atl ..... tn.

that is that the matrix belongs to E. Schmidt’s class of matrices. Thus while the
preliminary condition is already characteristic for n = 1, it is not for n = 2. If
D1 = 9 = 9 is a Hilbert space, and I a conjugation (passing to the complex
conjugate, cf. (15, p. 357)) in 9, then @(f1, f») = (If1, f2) is an example for the
opposite; because with ¢1; = @o; we obtain a, ¢, = 64,1,

Lemma 2.2.3. If in the notation of Lemma 2.2.2 ®, ¥ € []7_; ®%; corresponds to
t,, then

..........

the series being absolutely convergent.
Proof: The last formula of the proof of Lemma 2.2.2, together with Lemma 2.2.1
and (16, p. 66), give this.

Lemmas 2.2.2 and 2.2.3 show that the dimension of []7_; ®9; is the product of
the dimensions of all §;, thatis: 0 if at least one of them is 0; oo if none of them is 0
but at least one oo; the finite product if all are finite. From now on we assume that
all $; have dimensions # 0, that is that $; # (0).

2.3. We define now certain operators in []}_; ®%;. We will denote the ring of all
bounded, everywhere defined, linear and closed operatorsin ; by B;,i =1,...,n
the same in [[7_; ®%9; by B®. (Cf. (17, p. 370).)
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Lemma 2.3.1. If an operator A; € B; and a ® € []}_; ®9; is given, then a unique
@ € [1L, ®9; with

O (f1,.-es fireo s fr) =9(f1, ..., Alfis o) fu)

exists. (A7 is the adjoint of A;). If [|A; fi|| < D||fi|| for all f; € $;, then ||®*|| < D||D]|.
Proof: We may assume i = n. The uniqueness of ®* and its existence in []7_; ®9;
are obvious.

A C with |D(f1, ..., fo)* < CPTTL,|Ifill* exists, therefore there exists for any

given fi,..., fua—1an fO= fO(f1, ..., fus1) € On With @(f1, ..., fu) = (f°, fu), and
£l < C TSI (cf. (16, p. 94)). Now

O (fi, .o f) = O, A fa) = (FO, AL f) = (A £O, f).

Furthermore A, is bounded, therefore a D with [|A, f|| < D|| f|| exists. So we have:
D (fr, s Sl = (A, Sl < AL N ful
n
<DIfl-Ifull <D | JI£,
i=1

and
(o0)
* 2
Z 1D (1,41, s Pty
t1,..., t,=1
(o0)
2
= Z |(Anf0((Pl,t1/ 7 (Pn—l,tn_l)r (Pn,tn)|
t,...tn=1
[oe]
2
= DL AP @i Pucs
t1,..., th-1=1
[ee)
2 0 2
<D* 3 f%pu, s Puoip )
t1,..tn-1=1
o0
2
<D? 3 AU @rns s Prtbs) P,
t,..,tn=1
o0

= D? Z |D(@14y,---, (Pn,tn)|2-
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Thus @ € [[7_; ®%9; implies O* € []_; ®%9; (by Lemma 2.2.2), and we have ||®*]| <
D||®|| (by Lemma 2.2.3).

Lemma 2.3.2. If we define an operator Agi) by Agi)(l) = @" in the sense of Lemma
2.3.1, then A" € B®.

Proof: Agi) is everywhere defined and linear by Lemma 2.3.1; and if we choose
D with [|A; f|| < D||f]|, then ||AY®|| < DJ|®|| by the same Lemma. Thus A'" is
bounded and therefore it is closed, too.

n i—1 n
AV Nefi=] |efieaifie | | of.
j=1 j=1

j=i+1

Lemma 2.3.3.

Proof: Follows immediately from the definition.

Lemma 2.3.4. The correspondence A; ~ Agi) is a (one to one) isomorphism for

the operations aA;, A:" A; + B;, and A;B;.

Proof: This is obvious for aA; and A; + B;; for A} and A;B; it follows by applying

these operators to the []/_; ®f; as the limits of linear aggregates of []}_; ®f; cover
That A; = B; implies Agi) =B Ei), is clear; the converse is again seen by considering

the [17_; ®f;.

Definition 2.3.1. Call the set of all Agi) if A; runs over all B;, Bf.i).

Lemma 2.3.5. .
B! = (B);j #iy;

that is: Bgi) is the set of all operators in B® which commute with all elements of all
B'sj#i

Proof: It is obvious that for j # i, Ag.i)Aﬁ.j ' = A;j )Agi)CD if ® = [];_; ® fx. Thus this
holds for all @ € [];_, ®9x, A;j ) and Agi) commute. In other words: Bgi) C (B;j ); j#*
i).

Assume now A° € (Bj.] ) ;i # i). Then A’ commutes with every AE.] ), j # 1.
Introduce again the complete normalised orthogonal systems ¢; 1, ¢;2,...in 9;,
j=1,...,n. The projection Pie;4 (cf. (16, p. 74)) belongs to B, it transforms ¢; ,
()

011] € BE.]) transforms ]_[’,Z=1 Ry t, Into 6tj,t ]_[’,z=1 ®@k t,; and

into 6,+¢j,. Thus P
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(/)

[pi] is the
.t

as this is a complete normalised orthogonal system, this means that P

n
l_[®<pk,tk, = t}

(the smallest linear and closed set containing all [];_; ®px ¢, with t; = t). Now

A® commutes with P[(] ) Therefore P[(] : o=@ implies P(] AOCD A%D. The
Pt

former is the case for

projection of

—_

i—

D= ®(pktk®fl®n®(pktk

1 k=i+1

=~
Il

and t = t;. Thus A% when written as a szl QP u, series, uy, ..., uy, =1,2,...
has terms with u; = t; only. As this holds for every j # i we have

A0 = l_[®q0ktk®f ® 1_[ Pty -

k=i+1

Thus f is determined uniquely by f; and the t, k # i. Consideration of the
(7)
[(Pj,t"'(Pj,s]I
same. So the value of t; does not matter. Thus f* = A; f; for a fixed operator A;
in ;. It is clear that A; is everywhere defined and linear; and ||A’®|| < D||@||
implies ||A; fi|| < D||fi|| so that A; is‘bounded and therefore closed. So A; € B;.
The definition of A; gives A% = AEZ)CI) for all ® = []_; ®i,, thus for all ®. So
we have AY = Agl) € BEZ).
This proves BEZ) ) (BE.]);]' # i)', completing the proof of BEZ) = (BE.]);]' #1i).

operator P j # i, t # s, shows however, that t; = t and t; = s give the

Lemma 2.3.6. Bgi) is a ring and contains the operator 1.
Proof: This follows from (18, p. 397), because BEI) has the form S’ (by Lemma 2.3.5).

Lemma 2.3.7. Let S; be a set C B;, and Sl(.i) the set of all Agi), A; €S, Sl(.i) C B®.
Then S; is a ring if and only if SZ@ is one.

Proof: Define a ring by its characteristics established in (22, §3). The only notions
entering there are the operations oA, A*, A + B, AB, and the strongest topology,
as defined in (22, §2). Now all these are invariant under A; ~ Agi): the algebraic
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operations by Lemma 2.3.4, and the strongest topology by (22, §4). Besides closure
in B( i) and in B® is the same thing, because B( D) is a ring by Lemma 2.3.6, thus
weakly closed in B®, and a fortiori in the strongest sense. This completes the proof.
Lemma 2.3.8.

RBY,...,B!")=B®.

Proof: We could prove this by a direct construction, but the following indirect
proof is quicker: The same considerations as the ones we made in the proof of
Lemma 2.3.5 (but now without the exceptional i) show that

(B;j);j =1,...,n) = (al).
So
RBY,...,BYy =®BY,...,BlY = (a1),
and by (18, p. 397),
RB,...,BY) = (al) =B
We will frequently use the above quoted Theorem 8 from (18, p. 397): That if M
is a ring which contains 1, then M = M”. No particular references will therefore

be made to it.
The results of the foregone discussion can be summed up as follows:

Theorem II. The sets Bgi), i=1,...,n,defined in Definition 2.3.1, are rings which

contain 1; Bgi) being isomorphic to B;. Any two Bgi) commute, and
RBY, ..., B =B®.

Further essential properties are given in Lemmas 2.3.5, and 2.3.7.

2.4. The asymmetric aspect of the case n = 2 is of importance.

Form ]_[12=1 R = D109y, and introduce a (finite or infinite) complete normalised
orthogonal system in $1: @1, @2, .... Now define
Definition 2.4.1. If ® € $1 ® H,, form the fO(¢p;) € H,,t =1,2,... asin the proof
of Lemma 2.3.1. Denote them by f(t), t=1,2,...resp., and write

D ~ <f(1)/ f(Z)/ .. > = <f(t)>t=1,2,...-

Lemma 2.4.1. The f®,t =1,2,... determine ® ~ (f, @ ) uniquely. If
dimension $; is finite, the f ) can be prescribed arbitrarily; if it is infinite, then
the only restriction is that 35> || f||> must be finite.
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D~ (fD, @, 3, W~ (gM, ¢?, ) then (®,W¥)=3,f?, ¢®). The sum
is absolutely convergent, if infinite at all.
Proof: Let ¢1,1, ... be a complete normalised orthogonal system in $,; form, as
in Lemma 2.2.2,

Dy, Y1) = (FD, ¢1,) = a1,

@ is uniquely determined by the a;, ;, and so by the f1). For given a;, ;,"s ® exists
if 3y, 1, |an, 1| is finite; but if the a;, 4, are defined by the F8: gy, = (F®),44)

then
Sl = IO,
t2

therefore the condition is, that }; || f (1)]12 is finite.

If the dimension of $; is finite, the number of the t;’s is, and the condition is
void. If the dimension of $; is infinite, we obtain the condition: };"_,||f (1)]12 is
finite. Finally Lemma 2.2.3 gives:

(@,9) = > (fM, )8, i) = D (FM, g™,

all sums being absolutely convergent.
The operators in $1 ® H2 can be expressed in a simple normal form, in which
only operators from $, occur:

Definition 2.4.2. If A? is an operator in B® (for 1 ® 9,), then form
AO(O, ...,0,£,0,...0=(f{, f,,...) (the f stands in place no. t).
Every f; defines an operator A; s by f; = A¢ s fr. Write
A% ~ (A s=12,..

Lemma 2.4.2. All A;; belong to By (for $,), they determine A uniquely. If
dimension of $ is finite, the A; s can be prescribed arbitrarily; if it is infinite, they
cannot.

Proof: A is clearly everywhere defined and linear. A° is bounded, so a C with
|A°®|| < C||®@|| exists. Then

lAs fIP < D lIAns fIP = 14%0,0,....,0, £,0,.. )IP
S/

< CHKO, ..., 0, f,0,.. )P = CAIfIP,  NAwsfll < CIIfIL.
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Thus A; s is bounded and closed too. It is clear from Definition 2.4.2, that the A; s
determine A° uniquely forall ® =(0,...,0, f,0,...), and therefore for all .
If dimension of $; is finite, say p, then the formula in Definition 2.4.2 certainly

defines an operator A% which is everywhere defined and linear. Each A; is
bounded, say ||A¢s f|| < Ci sl f||. Then

p p
ANfi, ., fo) = <2At,1ﬁ,...,ZAt,pft>.
t=1 t=1

p 2

IACDI? = A% fr, ..., f)IP =)

s=1

< ) p ) MAsfill

D D
D= 1D

<

14
p > CEAAIP < C? Y IIfilR = CHlolf?,
t=1

1]
—_

t

where C? = pmax;1,._, Zle tz,s’ and so ||JA’®|| < C||®@||. Thus A° is bounded
and closed too.

It would be easy to formulate the restrictions arising if the dimension of £ is
infinite, but they are of a very implicit type. In fact, even if §, is one dimensional,
they express that the numerical matrix (a; s); s=1,2,... is bounded in the sense of
Hilbert’s theory.

The rules of computation for this representation AV ~ (Ats)t,s=1,2,.. are very
similar to those of common matrix-algebra.

Lemma 2.4.3. If A%, B%,C° € B®, and A® ~ (A;¢)is=12,.., B ~ (Bt s)ts=12,..,

geee

CO ~ (Ci s)t,5=12,... then the following rules of computation hold:
(1) If CO = OKAO, then Ct,s = OéAt,s.
(i) If C° = (A%)", then Ci s = A7 .

(111) If CY =A% + BO, then Ct,s = At,s + Bt,s-

(iv) If C® = A°B®, then Ct s = Yo Ay sBi . The Y, converges in the sense of
the strong topology of By, irrespectively of the order in whichthen =1, 2, ...
are gone through.

Proof: (i), (iii) are obvious. Denoting (0, ...,0, f,0,...) (the f stands in place no.
t)by £, we see: (A’ f), ¢8)) = (A; 5 f, g). Therefore in case (ii) we have on one

1]
—_

S
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hand (C°f®), ¢©)) = (C; s f, ) and on the other

(COFW, g)) = (A% 1), D) = (As g, f) = (AL, f,8)

thus proving C; s = A ;.
Consider finally case (iv). We have COf() = (C; s f)s=12
On the other hand

yooe

Cof(t) = AOBOf(t) = A0<Bt,nf>n:1,2,... = AO Z(Bf,ﬂf)(n)
n=1

where the ;7 ; is strongly convergent, irrespectively of the order in which the
n=1,2,...are gone through. So we have further (as A is continuous):

[ee]

COFD =" A%(Byu )™ = > (AusBinflsmia,.
n=1

n=1
= <Z An,th,nf>
n=1

with the same kind of convergence. This proves C; ¢ = Z,f’:l Ay sBt n. We now

s=1,2,...

investigate the correspondences A; ~ Agi).
Lemma 2.44. If A € B, then A® € B® is

A ~ (54 AN 5210,

Proof: Obviously p:® f ~(0,...,0, f,0,...)(f inplaceno. t), therefore by Lemma
2.3.3
A®0,...,0,f,0,...)=(0,...,0,Af,0,...).

Thus A;s =0if s # t and = A if s = ¢, in other words A; s = 6; sA.
Lemma 2.4.5. If S is a set C By, then the set $© of all A®, A? € S, consists of all

yooe

Jeoe

Proof: The first statement follows immediately from Lemma 2.4.4. As to the second,
observe that

<6t,sA><At,s> = <AAt,s>; <At,s><6t,sA> = <At,sA>}
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thus (A; s) commutes with A ~ (0¢,sA) if and only if every A; s commutes with
A. Furthermore A®* = A*® (by Lemma 2.3.4, (65 ;A)*) = (6;sA*)). These facts
together establish the equivalence of (A; ;) € S@ and of all A; s € S’.

Lemma 2.4.6. Bgz) is the set of all A? ~ (8; At s=12
generates an AY!); Bgl) is the set of all A? ~ (@; 1) s=12,...

, A € By (every A € By

Jeoe

Proof: Follows from Lemma 2.4.5 by putting S = B,, considering that B(zz)’ = Bgl)
(by Lemma 2.3.5).

In those applications in which the aspect of this § will be used, the important
object will always be $,, while $; will only play a réle in so far as its dimension
may be prescribed. If dimension of $1is N =1,2,..., o0, and if we write $ for ,,
we will use the abbreviated notation N ® $ for $H1 ® 9.

Cuaprrtrr III: FacTtorISATION OF B

3.1. We now formulate the two notions which play the central role in all our
discussions (chiefly the second one). We consider a space $ and the ring B of
everywhere defined, bounded, linear and closed operators in $).
Definition 3.1.1. A system of n(=1,2,...) subrings My, ..., M,, # (0) of B is
called a factorisation, if

(i) M; C M;., that is every element of M; commutes with every element of M;,

fori # j,

(ii)) RMy, ..., M,) =B.

Definition 3.1.2. A subring M of B is called a factor, if
M-M = (al),

that is, if the center of M (the set of all those elements of M which commute with
every element of M) consists of the numerical multiples of 1 alone.
The connection between these two notions is given by the following Lemmas:

Lemma 3.1.1. IfMy,..., M, is a factorisation, then every M; is a factor.
Proof: We have

n n
MM || M |-m = [ M) =my, . My
j=1 j=1
j#i
= (R(My,...,M,)) =B = (al).
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By (18, p. 393), M, - M; contains a projection Eg; thus Eg = a1, thatis Eg = 0 or
1. Ep = 0 would imply M; = (0) (cf. eod.: if A € M;, then AEy = A), thus Ep = 1.
Therefore M; - M’ = (al).
Lemma 3.1.2. M is a factor if and only if M, M’ is a factorisation.
Proof: 1t M, M’ is a factorisation then M is a factor by Lemma 3.1.1. If conversely
M is a factor, then 1 e M- M’, and so M, M’ # (0); further 1 e M c R(M, M’), and
soM =M" and R(M,M’) = (R(M,M’))”. Now

(R(M, M')) = (M,M’) =M’ -M” = M’ -M = (a1).

R(M,M’) = (al1) = B. Finally M and M’ commute. Thus M, M’ is a factorisation.
These Lemmas prove that if M is a factor, then M’ is one too. If M is a factor
then it is a ring and 1 € My; thus My = MY’; therefore M; = M, implies M;, = M.
Therefore we can define:
Definition 3.1.3. If M, M; is a factorisation, then M; and M; are called coupled
factors if M} = M or (which is equivalent to it) M, = Mj. The following problem
arises immediately:
Problem 1. Is every factorisation My, My made up of coupled factors?
We will see that the answer is affirmative in a certain special case (cf. Lemma
3.2.4) but negative in general (cf. §13.4). This problem is of some interest in the
case n > 2 too, because if My, ..., M,, is a factorisation, then

R(Ml,...,Mk), R(Mk+1,...,Mn), 1<k<n-1,

is one too.

3.2. A simple example of a factorisation is this one: If

55=]£[®55i=551®---®55n,

i=1

then B(ll), el B;") form a factorisation by Theorem II. Thus every Bgi) is a factor.
This suggests the following definitions:

Definition 3.2.1. A factorisation My, ..., M, is a direct factorisation, if $ is isomor-
phic to a direct product 1 ® - -- ® Hy,, so that My, ..., M,, becomes Bgl), cee, B;”)
resp.
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Definition 3.2.2. A factor M is a direct factor, if § is isomorphic to a direct product
D1 ®'--®55n,sothathecomesaB§i), i=1,...,n.

The following remarks lie near:
Lemma 3.2.1. We can restrict ourselves in Definition 3.2.1 to the case where n = 2,
i =1 (orjustaswell i =2).
Proof: Lemmas 2.2.2 and 2.2.3 show, that []}_; ®9; is isomorphic to

n n
sio|[ [#9] andto |]]e9;|e9:
j=1 j=1
j#i j#i

Lemma 3.2.2. IfMy, ..., M, is a direct factorisation, then every M, is a direct factor.
Proof: Obvious.
Lemma 3.2.3. M is a direct factor if and only if M, M’ is a direct factorisation.
Proof: 1f M, M’ is a direct factorisation, then M is a direct factor by Lemma 3.2.2.
If conversely M is a direct factor, then we may assume by Lemma 3.2.1 that
H=99099 M= Bgl). Then by Lemma 2.3.5 M’ = (Bgl))’ = Béz), proving the
statement.

Lemmas 3.2.2 and 3.2.3 are perfect analogs of Lemmas 3.1.1 and 3.1.2. We now
solve Problem 1 for direct factors.
Lemma 3.2.4. If M1, My is a factorisation, and either My or My is a direct factor, then
both are it, they are coupled, and My, My is a direct factorisation.
Proof: Owing to the symmetry we may assume that M; is a direct factor, and thus

that $ = $1 ® 92, My = B{". Now M, c M} = (B!"Y = B, Besides
4 2 l4 l4 l4 4 l4
M; - By = Mj - M| = (M1, M)’ = (R(My, M2))’ = B’ = (al).

Now consider the mapping A® « A, of B(Zz) on B, (belonging to $,). It carries
the ring M, C B(zz) into a ring N C B, by Lemma 2.3.4 and the ring Mé . Bgz) into
N’ by Lemma 2.3.7. So N’ = (a1), and therefore N = (a1)’ = By, M, = B(22). Thus
M; =M}, M; = B(ll), M, = Bgz)’ proving all statements.

We have thus a general picture of the formal properties of factorisations and
factors, general, direct, and coupled. A further point which is of interest in this
connection will be elucidated by Lemma 5.4.1.
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The decisive question is now this:

Problem 2. Is every factorisation direct? Is every factor direct?

We will see in §8.4 and §13.2, that the answer to the second and therefore (by
Lemma 3.2.2) to both questions is no. We will therefore have to investigate and
characterise the non-direct factors.

CuAPTER IV: AuxiLiaArRY THEOREMS

4.1. The theorem which follows has some interest of its own. We therefore prove
it in its general form, although we will mostly need its extremely special Corollary
only.

Theorem III. Let M be a factor and let operators Ay, ..., Ay €M, A’l, LA EM

be given. We have
n
D AAL=0,
i=1

if and only if a matrix (a;j); j=1,..n exists, such that

n n
i1 j=1

n

Proof: The condition is obviously sufficient: If it is valid, Zi,jzl ai,]-AiA;. gives,

when first summed over 7, 0; and when first summed over j, 2?21 AiA;. In order
to prove its necessity, assume }.;_; A;A’ = 0.
Form the space n ® $ of all systems (fi, ..., f,) in 9, with the inner product

(Froeees fudi (81 80)) = D (i 81)
i=1

(cf. §2.4). Let @be the set of all those (f1,..., fu), fo_r which Z?:l AiXfi =£ch
every X € M. M is obviously linear and closed. Let E be the projection of M. E

.....

Assume now (fi,..., fn) € M. If Xp € M, then for every X e M

n
D AXXofi =0,
i=1
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thus (Xof1,..., Xofn) € Mm. If X € M/, then for every X € M,

n n
D AXX(fi=X§ ) AXfi =0,
i=1 i=1

thus (X(f1,..., X[ fu) € M. Thus ® € M and Xy € M or M’ imply for X(()z) =

EXPEo = XPEo,

that is EX(()Z)E = X(()Z)E. Replacing X by X}, and thus X(()z) by XS(Z) = X(()Z)*,
and applying * gives EX(()Z)E = EX(()Z). Thus X(()Z)E = EX(()Z), or in other words
XoE; s = E; s Xo. Thus E, s commutes with every Xo e Mor M, E, s e M- M" =

M’ -M = (al), thatis E, s = a, s1.
Consider (A} f, ..., A} f) for an arbitrary f € 9. If X € M, then

n n
D AXAf =) AAXS =0,
i=1 i=1

Thus (Al f,..., A, f) €M,

E(A\f ..., ALf) = (AL, .. AL ).

That is:

n n

n
Aif = Z EijAlf = Z ai jA%f, Z a; jA% = Aj.
j=1

j=1 j=1
Consider next (A} f,..., A} f) for an arbitrary f € $. Further choose an
(fi,- - fn) € M. Then

n

(AL oo A0 (oo, ) = D JATE ) = ) (FL Af)
i=1

i=1

%ﬂZ&ﬁ
i=1

=0.
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Thus (A}f,..., A} f) is orthogonal to M, and therefore

E(ALf,..., AL f)=0.

That is:

n

0= i Ei/jA;f = i ai,]-A’]ff, Z ai,]'A; = 0.
=1 '

Applying * gives Z}Ll a;jA;=0. E is Hermitian, this implies obviously E} s =Es,,
ars = ds,. Thus the last equation becomes 27:1 a;jiAj = 0. So the proof is
completed.

Corollary: For A e M, A’ € M’ we have AA’ = Qifand only if A =0o0r A’ = 0.
Proof: Putn =1,a11 = a: AA’ = 0means aA =0, (1 — a)A” = 0. This means for
a=0,a=1a#0,1, that A” = 0resp. A =0 resp. both.

4.2. We define

Definition 4.2.1. Let M be a ring which contains 1. A subset © of $ or an
arbitrary operator Z in $ (not necessarily € B!) are said to belong to the ring M
in symbols S n M resp. Z n M (we use the 1 in order to distinguish this from
the element-relation €), if they are invariant under every unitary U € M’: that is,
UGS =Cresp. UZU ! =Z forallU € M'.

The relationship between 1 and € is easily established.

Lemma 4.2.1. If Mt is a linear closed set, then M n M is equivalent to Pyy € M (cf. (16,
p.74)). If Z € B, then Z n M is equivalent to Z € M.
Proof: M n M means UPywU™! = Pyan = Pap, UPay = PoyU if U is unitary and € M,
thus Poy 1 M. Thus it suffices to prove the second statement.

If Z € Bthen Z n M means UZ = ZU for all unitary U € M’ thatis for U € M"*
(cf. (18, p. 392)). That is:

Z e (M™) = (R(IM™)) = M” = M.

Lemma 4.2.2. The conditions of Definition 4.2.1 can be replaced by US C & and
UZ c ZU. The latter means that Z commutes with U in the sense of (18, p. 404).
Proof: Replacing U by U~! (which is unitary and € M’ too, U~! = U*) and
multiplying left resp. on both sides with U gives © c US and ZU c UZ. Thus
S=UGandUZU'=Z,UZ = ZU.
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4.3. We will now define a class of operators which is a generalisation of the
unitary ones.

Definition 4.3.1. An operator U € B is partially isometric if it maps a linear closed
set € isometrically on another linear closed set ¥, while it maps $ — € on 0. That is:
f eCimpliesU f € Fand ||Uf|| = ||f|], therange of U is all §, f € H — € implies
Uf =0. €and & are the initial resp. final sets of U.

A unitary operator U is obviously such a partially isometric one, with $ as
initial and final set.

Lemma 4.3.1. P¢ = U"U, Py = UU", U" is partially isometric too, with interchanged
initial and final sets: §, €; as a mapping of § on €, U is the inverse of the mapping of €
ong, U.

Proof: 1f f, g € €, then substitution of h = (f + ¢)/2, (f £ig)/2 into ||Uh|? = ||k
gives (Uf,Ug) = (f,g), thatis (Uf,Ug) = (Pcf,Pcg) (cf. (16, p. 71)). If f or
g € 9 — €, the latter equation remains valid, as both sides vanish. Owing to the
linearity, it holds therefore for all f, g. We can write itas (U*Uf, g) = (Pcf, g)-
So U*U = Pg. If the character of U” were already established, substitution of U*
would give UU* = Pg. So we need only to discuss U".

For f e €, U'Uf = Pgf = f, so U" maps & to € inversely to U. Thus this
mapping is isometric in §. Assume now f € H — §. Then (f,Ug) = 0 whenever
Ug € &, but this is the case for ¢ € € and for g € $ — € (then Ug = 0), thus for
all g. So(U*f,g)=(f,Ug) =0,U"f =0. This completes the proof of U*’s being
partially isometric with the initial and final sets §, € resp., and its being inverse to
U there.

Lemma4.3.2. Any of the four following conditions is characteristic for partially isometric
operators. UU*U = U, U*UU" = U*, U*U is a projection, UU" is a projection.

Proof: Owing to the symmetry between U and U* it suffices to consider the first
and the third conditions. If UU*U = U then U*UU*U = U*U, (U*U)?* = U*U, thus
U*U is a projection; so we need only to prove that the first condition is necessary,
and that the third one is sufficient.

If U is partially isometric, we have always U f € §,so PgU f = U f, PgU = U;
but UU" = Pg, so UU*U = U.

If U*U is a projection, put U*U = Pg. Thus for f € €, |Uf|? = (UUf, f) =
(Pef, f) = |IfI?, U f is isometric in €. The image & of € is therefore isomorphic to
€, thus a linear closed set (that is: a linear and topologically complete space) too.
For f € 9— G, |Uf|? =UUSf, f) = (Pef, f) = 0. Thus U is partially isometric.
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Lemma 4.3.3. Let U1, Uy, ... be a (finite or infinite) sequence of partially isometric
operators, with the resp. initial sets €1, €y, ... and the resp. final sets &1, &2, . . .; let the
€; be mutually orthogonal and let the §; be mutually orthogonal. Then the sum ».; U; is
strongly convergent (if infinite at all), it is partially isometric, and its initial and final sets
are [€;;i=1,2,...]and [§;;i=1,2,...].

Proof: The strong convergence of }; U; means the same thing as that of each > ; U; f .
As U; f € &i, the addends are mutually orthogonal, thus the above convergence is
equivalent to the finiteness of >;||U; f|I* (cf. (16, p. 67)). Now

DMUfIF = ) (WUif, £ = 3 (Pef, ) = (Piesizi2..f ),

i i
and thus finite. Replacing U; by U, we see that }; U is strongly convergent too.

Zui >u =Zu;Zuj:Zu;uj.
t J L

i i

Ifi#j,thenU;f € F C $—F;, UU;f =0, U:U; = 0. So our above expression is

equal to
Z u:u; = Z Pg, = P(g;;i=1,2,.]
; i

Thus }; U; is a partially isometric operator by Lemma 4.3.2 and its initial set is
[€i;i=1,2,...], by Lemma 4.3.1. Replacing U; by U7, we see that the final set is

[3;i=1,2,...].

*

4.4. A construction which is described in (21, Theorem 7, p. 307), will be of
importance in all our discussions. This Theorem applies to all linear, closed
operators A with an everywhere dense domain, and leads to some operators of
which we will consider B and W. B is self adjoint, and definite, and W is obviously
partially isometric, its initial and final sets being

[Range Bl =9 —(f;Bf =0)=9—-(f;Af =0) = [Range A"]

and
H—-(f;A"f =0) = [Range A]
resp. We have
A=WB, A'=BW',  B?>=AA.
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Cf. loc. cit. (21).
We define:

Definition 4.4.1. If A is linear, closed, and has an everywhere dense domain,
then the above described W, B are its canonical decomposition.
We are interested in the relation between rings and the canonical decomposition.

Lemma4.4.1. IfMisaring containing1, A n M, and W, B the canonical decomposition
of A, then W € M, B n M.
Proof: W, B are uniquely determined by their properties which follow:

B is self adjoint and definite; B2 = A*A.
A=WB; Bf = 0implies W f = 0.

In fact: The two first properties determine B (cf. (21, p. 303)); and the two last ones
determine W on Range B and on (f; Bf = 0), therefore on

[[RangeB], (f;Bf =0)] =[5~ (f;Af =0),(f;Af =0)] =

that is they determine W completely.

Now if U is unitary and W, B is the canonical decomposition of A, then
UWU™1,UBU™ is the one of UAU™!. Thus UAU™! = A implies UWU ™ = W,
UBUl'=B.IfA n M then let U run over all M/, this gives W,Bn M. As W € B,
we even have W € M.

CuAPTER V: DIrRecT FacTORS. RING IsoMORPHISMS

5.1. We define
Definition 5.1.1. If M is a ring containing 1, denote [Af; A € M| by iml}/['. Write

EM for Py
f 0y

Lemma5.1.1. f € imf 1 M; whenever f € M7 Mthen‘;ml}’[' c M.
Proof: A =1gives f € EUEI}’I'. If U € M/, then

UAf;,AeM)=(UAf;AeM')c(Bf;BeM);

that is UEIRI}’[' C ﬁnl}’['. Thus Eml}’[' n M (by Lemma 4.2.2). Conversely: Assume
f €9tn M, and consider those A for which A f and A* f both € M for all f € M.
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They clearly form a ring (use the strong topology; for instance by (22, §3)), and
contain all unitary U € M’, that is all (M’)*. Thus they contain all R(M")*) = M’
(ct. (18, p. 392)), and so

(Af;,AeM’)c M, [Af;AeM']c M, sml}d c M.

Definition 5.1.2. Mt n M is minimal (with respect to M), if M # (0), and N n M,
I C M implies N = (0) or M. Replacing M, N by E = Pyy, F = Py we can say (cf.
Lemma 4.2.1 and (16, p. 76)): projection E € M is minimal (with respect to M), if
E # 0, and if for every projection F € M, F < E implies F =0 or F = E.

Lemma 5.1.2. I n M is minimal if and only if M # (0), and for every f € M, f # 0,
MY = M.

Proof: Assume first that Mt n M is minimal. Then Mt # (0). If f € M, f # 0, then
MY 1 M; as f e M, MY £ 0and as f € M, MY € M. Thus MY = M by

definition.
Assume now conversely that our condition is fulfilled. If 9%t C M, N n M, then
either Nt = (0), oran f € N, f # 0 exists. Then MM - N but as feMm f+0,

f
sm}M’:sm;sosmcmcim,mﬂﬁ.

Lemma 5.1.3. If M is a factor, then EUEI}’Y is minimal if and only if f # 0 and
MY = ().

Proof: Assume tirst that f # 0 and EUEI}’[ EUEI}’[ (af). Assume that EUEI}’[ is not

minimal. As f # 0, EUE?/I/ # (0), there must exist an 9t n M with Nt C mM’

N £0, EIRIJY['. Put P = Em?’[' — I; then N, *P are orthogonal, both C MM’ both # 0.

Thus for F = Py, G = Py wehave: F,Ge€M, FG=0,F,G #0. As EM

¥ :Psmjl\ﬂe

M’ and # 0 too, the Corollary to Theorem III gives

So M - EUE?’[ and ‘3 - EIRM are both # (0). But they are C EUE?’[ EUEM (af), so they are

both = (af). Thus f eMN- ED?JIYI and P - YUEM and a fortiori f € Jtand P. As N, P
are orthogonal, this would imply f =0, contradicting our original assumption.
Assume now conversely that EIJEI}’[' is minimal. As iml}/[, # (0), we have at any

rate f # 0.
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PutE=EM EM_-FE' AsEc M, E’ € M/, therefore E, E’ commute; therefore

froy
the E-image of iml}/[ is EUE?’[ . Eml}/[ Thus (remember E f = f!)

smlj‘ﬂ 9331}4 [EAf,AeM]=[EAEf,A e M]
= Bf,BeM],

where M is the set of all B € M with EB = BE = B (M is obviously a ring, thus
M= R(Mp) (cf. (18, p.392))). F’' € M’ means: F’ is a projection, and € M, and so
EFF=FE=F,FF eM.SoF €M, F <E,and as E is minimal, F" =0 or E. So
M = R(0, E) = (aE). Therefore

sm;“’ smM [Bf,B € (aE)] = [aEf] = [af] = (af).

Lemma 5.1.4. If M is a factor, then 9Jt1}4 is minimal (with respect to M) if and only if

EIRI}’I is minimal (with respect to M’).

Proof: The criterium of Lemma 5.1.3 is obviously symmetric in M and M’, as
M=M".

Definition 5.1.3. An f # 0 is minimal (with respect to M, M) if its ™', or, which
is equivalent, its Em?/[ is minimal.

Lemma 5.1.5. If M is a factor, and if f is minimal, then every ¢ # 0, § € im?’[ or ED??’[
is minimal.

Proof: EUE?’I' is minimal, and since ¢ # 0, ¢ € EUE?/I' implies by Lemma 5.1.2,

‘Jﬁg’ll = ‘;UEfM', gistoo. g #0,9 € iml}/[ is taken care of by symmetry.

5.2. Various sorts of ring isomorphisms are possible. They are defined as follows:

Definition 5.2.1. Let $; and $;; be two spaces, By and By their operator rings,
M; C By and My C By rings in $1 resp. 9y which contain 1. If V is any set of
operations and properties defined in both B; and Byj, then Mj and M are called
V-ring-isomorphic, if a one-to-one mapping of Mj on My exists which leaves the
operations and properties of V invariant.

If V =(aA, A", A+ B, AB, strongest closure), we speak of full ring-isomorphism;
it V =(aA, A", A + B, AB), of algebraic ring-isomorphism.

It is clear that every isomorphism of the spaces 91, H1i1 generates full ring
isomorphisms (in particular one between B; and Byy). But the really interesting
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cases are such ring isomorphisms between an M; and an My, which do not
originate from spatial isomorphisms.

As our methods are invariant with respect to the spaces $, all notions we
considered are invariant under spatial isomorphisms. But it is not so with ring
isomorphisms. For instance the operation M’ is not invariant even under full ring
isomorphisms. (Let 91, H11 be two finite dimensional Euclidean spaces of different
dimensions. Put My = My = (a1), then M; = B, Mj; = By;; thus My, M are fully
ring isomorphic, while Mj, My, are not.) It is therefore of importance to show that
some fundamental notions are invariant under certain types of ring isomorphism.

Lemma 5.2.1. Every (A*, AB)-ring-isomorphism leaves the following notions invariant:
To be 0; to be 1; to be a projection; to be partially isometric; for two operators: to commute;
for two projections E, F: F < E; for a projection: to be minimal.

Proof: A = 0 means AX = A for all X € M;; A = 1 means AX = X for all
X € My; Ais a projection if A* = A, AA = A; A is partially isometric if AA*A = A;
commutativity means AB = BA; F < E means EF = F; minimality can be expressed
as a combination of the foregoing statements.

Lemma 5.2.2. Every (0 A, A*, AB)-ring-isomorphism leaves the notion of a factor (as
applied to the rings My, My themselves) invariant.

Proof: As the rings M under consideration contain 1, being a factor means M-M’ =
(al), thatis: If A € M is such that for every B € M, AB = BA, then A = al. The
first half is invariant under (A", AB)-ring-isomorphisms, and so is the 1 (cf. Lemma
5.2.1), while the equation A = a1 is then invariant under (aA)-ring-isomorphisms.

5.3. We are now able to give a simple criterium for direct factors.

Lemma 5.3.1. The three following conditions are equivalent for a factor M:

(i) M contains a minimal projection E (with respect to M).

(ii) M’ contains a minimal projection E” (with respect to M’).
(iii) There exists a minimal f € $ (with respect to M, M’).
Proof: (iii) implies (i). (i) implies (iii) by Lemma 5.1.2. Similarly (ii) and (iii) are
equivalent.
Lemma 5.3.2. The conditions of Lemma 5.3.1 are fulfilled for every direct factor M.
Proof: If M is a direct factor in the B of $ then § is isomorphic to $H1 ® 9, so
that M becomes B(ll). Bgl) is algebraically (even fully) ring-isomorphic to B1 of $;
by Lemma 2.3.4 (resp. (22, §4)); and the condition of Lemma 5.3.1, in its form
(i), invariant under algebraic ring-isomorphisms by Lemma 5.2.1. Thus we need



46 F.J. MURRAY AND J. v. NEUMANN

only to consider By in $;. Now if ¢ is any element # 0 of $1, then P|,, € By and
obviously minimal.

We begin now to discuss the sufficiency of these conditions.
Lemma 5.3.3. If a factor M fulfills the conditions of Lemma 5.3.1, then every It n M,
M # 0, contains a minimal f with || f]| = 1.
Proof: A minimal fj exists, of course fy # 0. Thus E%[ # 0; besides E
Poy # 0, Payy € M, so by the Corollary of Theorem III,

M e M’. Now
fo

Pyy; - E%[ *0, 9)?1}0/[ - M £ (0).

Thusan f € EUEI}O’I -Mwith f # 0 exists, multiplying it with 1/||f|| makes || f|| = 1.
As f € EUEI}’OI, f # 0 this f is minimal by Lemma 5.1.5; and besides f € 9.

Lemma 5.3.4. Ifa factor M fulfills the conditions of Lemma 5.3.1, then a finite or infinite
normalised orthogonal system @1, @2, . . . exists, such that
(1) every @, is minimal;

(i) MM, MY, ... are mutually orthogonal;
(i) [N, MDY, ] = 9.

Proof: Let Q be the first uncountable Cantor ordinal number. Define for all a < 3,
a @, as follows: If a < (), and all g, B < a are already defined then form

$—[Mmg; B < al.

As this is obviously n M, it will contain a minimal f with || f|| = 1 if it is # (0). Let
then ¢, be some such f; otherwise let ¢, (and all ¢,, y > a) be undefined.
Let the first @ for which ¢, is undefined, be @ < Q. If & < Q, we must have

S-[my; p<al=0, [ p<al=9.

Consider now all ¢,, @ < @. Always |lp.|| = 1. If @, < @, assume a > f.
Then A’, B € M" imply A”B’ € M/, A”B’¢@g € 932% orthogonal to ¢, thus B’ ¢g
orthogonal to A’ ¢, (because (A”B’@g, po) = (B"pp, A’¢a)). So (A'pa; A" € M') is
orthogonal to (B'@g; B" € M’), [A’¢pa; A" € M'] to [B'@g; B” € M’] and so 9)?1(}/5 to
ED?%. This is symmetric in &, § so it holds for a < f too, that is whenever a # f.

Thus ¢,, pp are orthogonal if « # g, that is the ¢,, @ < &, form a normalised
orthogonal set. It must therefore be finite or countably infinite (cf. (16, p. 66)),
thus excluding @ = Q. Thus @ < (), and so [EUE%’; a<al=>9.
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If & is finite, H # (0) excludesa =1,soa=n+1,n=1,2,..., and a runs over
1,...,n. If @ is infinite then @ < & has the same aleph as @ < @, and may therefore
(by a re-indexing of the ¢,) be replaced by it; so we may assume that a runs over
1,2,....

This completes the proof.

Lemma 5.3.5. If a factor M fulfills the conditions of Lemma 5.3.1 then a complete
normalised orthogonal set f, ,, m =1,2,...,n=1,2,... exists (both ranges for m and
for n may be finite or infinite), such that:

(i) every fm n is minimal,

(ii) imM/ [ f, fn2r -], f =[fin, fon, -]
Proof: If We replace M by M’, Cond1t10n (i) of Lemma 5.3.1 becomes (ii), so M’
tulfills it too. Apply therefore Lemma 5.3.4 to M and to M’, obtaining the two
normalised orthogonal systems @1, ¢, ... and ¢1,12,.... As E%Z € Mand # 0,
E}Z’i € M’ and # 0, we have by the Corollary to Theorem III

Choose an f;;,, € ED?I(ZI”; : 93% which is # 0; multiplying it with 1/|| f, »|| makes

”fm,n” =1
m #p, fun €My, frg € MG n #q, fun € MY, f,q € MY both imply

(fmns fp,q) = 0. Thus the f;, , form a normalised orthogonal system.
E)Jil(;’[m is minimal and f,, , belongs to it and is # 0, therefore Lemma 5.1.5 applies:
fm,n 1s minimal too, and UﬁM MM Similarly W?fn =MM | As fm,n is minimal,

fm n fm,n
Lemma 5.1.3 gives EIRI}’I . EUE = (@ fm,n), thatis

fm n
Mr - MY = (& fon)-

Thus

Zp[fmrn]:ZEM’ EM —ZE%ZE% =1-1=1;
n

m,n m,n m

that is: the normalised orthogonal system of all f,, , is complete.
fmn € EIJEM' = SUEM' and if p # m, then f, , € i)ﬁlq\o’g is orthogonal to i)ﬁlq\o/[n; This

proves ‘JJtl(\P/[ = [ fm, 1,fm 2,...]. Similarly EIRM [fin, fon, -]
Thus all parts of our Lemma are proved
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Lemma 5.3.6. If a factor M fulfills the conditions of Lemma 5.3.1 we can choose the fy, »
of Lemma 5.3.5 so that we have:
Thereis a unique partially isometric operator U € M which has the initial and final sets

[fn,1s fn2s .- dresp. [fpa, fp2,-..1and for which U fo n = fpu, Ufrn =0, if r # m.
Denote it by Um,p.
If an A € M has the properties

then A = ally, p.
Proof: Assume first A € M and

Pify1 fon A = AP1f 1 frn,] = A

and the same for B. Then applying a * gives:

P[fm,l;fm,bm]B* = B*P[fp,lrfp,b'--] = B*

and so
fml fm2 B A B AP fml fmZ B*A'

Now B*A € M and Py, , f.,,..] = EJIYI is minimal with respect to M, so the

m,n

argument made at the end of the proof of Lemma 5.1.3 applies

B*A = BP(f, ., fua ]

Put first A = B, then B*'B = B1Py, | 1.,,.]- As the left side is Hermitian and
definite, 1 > 0. If B # 0, then even 1 # 0 and we have

-1/2 -1 2
BBy (B7*B) = Pisyy o)

Thus [3;1/ ’Bisa partially isometric operator with the initial set [ fi 1, fm2, - - -]
(cf. Lemmas 4.3.1 and 4.3.2). Replacing B by B* we interchange m and p, so
,821/ B* is partially isometric with the initial set [ f, 1, f;2,...] and 521/ B with the
final set [f, 1, fp2,...]. As ﬁ_l/zB 521/2
|[5_1/2| = |5_1/2| thatis [31 B2. So [3_1/ B has the initial and final sets [ fu 1, fm 2, - - -]
resp. [ fp,1, fp2,---]-

B are both partially isometric, we have
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Return now to the pair A, B. If B # 0, then we have

1 p p
A = P[fp,lzfp,z A = _BB A ﬁl BP[fm,lzfm,Zz---] =

B
b1 B1
So we see: either B=0or A = aB.
Consider now f, , and f, . As iTtM =[fin, fon,...] wehave f, , € EIRI}: . So
an A € Mwith ||f, n = Afuull <1 ex1sts A fortiori

“P[fp,lrfp,zm-]fp,n =P a1 A fmn
or as
Pif, 1 fondfon = fons Plpr, fund fin = frnn
we have || f, » — Ao fu,nll <1, where

Ao = P[fp,l/fp,Z/'-']Ap[fm,lzfm,Zrm]'

By what we prove above Ayg = 0 or Ag = BoU, Where Po # 0 and U is partially
isometric with the initial resp. final set [ .1, fim2, . . .] resp. fp 1, fp 7,...]. Now
| fp,nll = 1 implies Ag fu,» # 0 and so the latter alternatlve holds.

AsAgeM, Ao fun € iD?fm o= 9ﬁf ,as Ag = Py, £,5,..140 therefore

Aofun € Lo, foa, 1=

Thus AOfm n € Smlj\c;[, EIRM (afp ) AOfm n = aOfp s ufm n = (a'O/ﬁO)fp ne

| fn,ull = | fp,ull = 1and fm n is in the initial set of U, we have |ag/So| = 1. Replacmg
U by (Bo/ao)U does not affect its other properties, but makes U fi, , = fp,n. So we
have:

P[fp,llfp,Zr-"]u = up[fm,lrfm,z/'--] =U, ufm,n = fP,n'

As U depends on m,n,p write U = U,(;)p The first equations determine

it uniquely up to a constant factor, the last one makes this factor equal to 1.

Comparing LI,S1 )p, U(q) we see that the first equations still make them agree up to

a constant factor: ) )

sy = ol
and 6( q) is obviously of absolute value 1. On the other hand the uniqueness
property gives
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Replace every fpq, p # 1, by lei’f) fp,q- This makes every 6?}’9‘7) = 1. Now
obviously

(1n) g _ 40q)
Ql,p .Gl,p _Gl,p 4

therefore Qﬁnp’q) = 1. Furthermore it is easy to see, that
(n,q)  alng) _ Hn.q)
Ql,m ) Gm,p - 61,p ’

therefore 8,(;,’;’ )= 1. Thus U,Sf)p does not depend on n, U,Sf)p =Up,p.

Uyp is partially isometric, its initial and final sets are [ fi,1, fu,2,...] resp.
[fo1, fp2r---], and Uy fun = fou. If r # m, then f,, is orthogonal to
[fn1, fnz2,--.], and so Uwpfrn = 0. Uy is uniquely determined by these
properties, because already the U,(,f)p were.

Thus we have proved the first statement of our Lemma. The second results by
replacing in our result on A, B at the beginning of this proof A, Bby A, Uy, ».
Lemma 5.3.7. If a factor M fulfills the conditions of Lemma 5.3.1, then we have with the
Uy,p of Lemma 5.3.6

M = R(Up,p;m,p=1,2,...).

Proof: As all Uy, € M, we have R(Uyp;m,p = 1,2,...) C M. Assume now
conversely A € M. Put

Amp = Prp 1 o dAP o fns -
Then Ay, € M,

p[fp,lzfp,2r~~~]Am/P = Amlpp[fm,1,fm,2,...] = Am,pr

so by Lemma 5.3.6 Ay, p = ap,pUp,p. Thus Ay, p € R(Uyy p;m’,p’ =1,2,...). But

Z Amp = Z Pron, £ dAP gt fin 2]
m,p m,p

- (Z P[fp,lzfp,Zr---] Z P[fm,lzfm,Zr---])
p m

=1-A-1=A.

A
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If these sums are infinite at all, they are strongly convergent, cf. (16, pp. 77-78), so
A€ R(Uyp;m’,p"=1,2,...). This holds for any A € M, so
M C R(Uy,p;m,p=1,2,...).

So we have proved
M = R(Up,p;m,p=1,2,...).

Lemma 5.3.8. If a factor M fulfills the conditions of Lemma 5.3.1, then it is a direct
factor.

Proof: Consider the f;, , and the Uy, , of Lemma 5.3.7; m, p have the same finite or

infinite range, n has another finite or infinite range. Take two spaces $1 and $,

with the same dimensions as there are elements in the resp. ranges of m and n;

and let go%, m=1,2,... and 17091, n=1,2,..., becomplete, normalised orthogonal

sets in $1 resp. H2. Then (p% ® 1#2, m=1,2,...n=1,2,...,isonein H1  Hy. If

we let correspond ¢Y, ® V9 to f,, », we obtain an isomorphism of $; ® $, and $.
Define in $1 operators V;, , by

Vm,,g(pg1 = (pg, Vm,p(p9 =0 ifr #m.
Then (cf. Lemma 2.3.3)
Vi @S ® 92 = 0 ® ¢?,
V,S/L(p?@(pg =0 ifr#m.

Thus the above spatial isomorphism, of $1 ® $H2 and $ transforms Vrfqll)p into Uy, p,
and thus R(Vrg,)p;m,p =1,2,...)into R(Uypp;m,p=1,2,...) =M
Now consider any A; € B;. Then

P[ ]A1P (Al(Pm/ (Pp)vm p = Qm me pe

So P[@?]Alp[cp,on] € R(Vrn’,p’}m/lpl =1,2,...). But

ZP%Alp (ZP% ZP ):1-A1-1:A1,

(if the sums are infinite at all, they are strongly convergent), so

Aq

Ay € RVipim,p=1,2,...).
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Thus R(Vip;m,p = 1,2,...) = B;. Now Lemmas 2.3.6 and 2.3.7 give
R(Vngl)p ;m,p=1,2,...)= Bgl) . Thus our special isomorphism transforms Bgl) into
M, proving that M is a direct factor.

The results of Lemmas 5.3.1, 5.3.2 and 5.3.8 give together:

Theorem IV. A factor M is direct if and only if it fulfills the (equivalent) conditions of
Lemma 5.3.1.

The condition (i) in Lemma 5.3.1 gives, together with Lemmas Lemma 5.2.1
and Lemma 5.2.2, the

Theorem V. Every algebraic ring-isomorphism leaves invariant the notions of a factor
and of a direct factor (as applied to the rings My, My themselves).

5.4. Theorem V makes it possible to prove the following Lemma, which belongs
naturally to §3.2.

Lemma 5.4.1. IfM;,..., M, is a factorisation, and at least n — 1 of its factors M; are
direct, then the factorisation is a direct one too.

Proof: For n =1, R(M;) = B means M; = By, thus M; is a direct factor: Put $; a
one dimensional space, > = 9; then the results of §2.4 show that

MOM=H=9, B§2)=B2=B=M1.

So the case n =1 is settled, and we must only prove the Lemma forn = 2,3, ..., if
it is already established for n — 1.

There is an i such that all M;, j # i, are direct. As a permutation of all M;’s
does not matter, we may assume that this i is # 1, that is, that M; is direct.

Then $isisomorphic to $18%9,, so that M becomes Bgl). LetMy, ..., M, become
No,...,Ny. If j # 1, then M; ¢ M| so N; C (B(ll))’ = B(Zz). The correspondence
A® & A maps therefore the N;’s on rings N? C By (cf. Lemma 2.3.7). The N;’s
are algebraically (even fully) ring-isomorphic to the resp. N (cf. Lemma 2.3.4,
resp. (22, §4)). Now all My, ..., M, are factors, and at least n — 2 of them direct,
so the same holds for Ny, ..., N, and, by Theorem V, for NY, ..., N?I.

As the Nj, Ny commute, the Ng, ...,N? do too; as R(Np,...,N,) = B(z),
R(NY,...,N%) = B, by Lemma 2.3.7. Thus NJ,...,NY is a factorisation in B,
of 552.

So our Lemma for n — 1 applies: N9, ..., NY is a direct factorisation in By of $».
So $, is isomorphic to 95 ® - ® H;, and NJ, ..., N become B;(z), .., B;(n) resp.
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Now it is obvious, that $ is isomorphic to $1 ® H; ® --- ® 9; and that
M, M,, ..., M, become B(ll), B;(Z), e, B;(”) (the n — 1 last ones have to be taken
now in the product $1 ® H,® 9,!) resp. Thus Mj,..., M, is a direct
factorisation.

Note that now Lemma 3.2.2 shows, that all M;’s are direct. Note furthermore,
that our Lemma would even then not have been obvious, if all n factors M; had
been known to be direct. n —1 can not be replaced in our Lemma by n —2: Because
this would give for every factor M, that the factorisation M, M’ (n = 2) is direct,
and thus M is direct; and then by our Lemma every factorisation My, ..., M,
would be direct. Thus the answer to both parts of Problem 2 at the end of §3.2
would be affirmative, which is not the case (cf. there and §8.4 and §13.2).

Part II: THE GENERAL PROBLEM

CHAPTER VI: RELATIVE DIMENSIONALITY

6.1. In what follows M will always denote a factor in B of the space . Thus M’
is a factor too.
Definition 6.1.1. We write Mt ~ N (---M), and for E = Pyy, F = Py, E ~ F (--- M),
if a partially isometric U € M exists, the initial and final sets of which are 9 resp.
N. (If no misunderstanding is possible we will omit the (- - - M).) We say that 9, 9t
have the same relative dimension (with respect to M).

In discussing this notion ~, we have always the choice to speak about the linear
closed sets 9, or their projections E = Pyi. We will mostly use the first mentioned
terminology, remembering however the equivalence of the two.

Lemma 6.1.1. 9t ~ 9t implies M, 9t n M. If M, N, B n M then we have:

N~ M,
M~ N implies N ~ M,
M~ N, N~P imply N ~ P.

Proof: 1f U is the partially isometric operator in question, we have Pyy = U*U € M,
Py =UU* € M, and so I, 9t n M.
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N ~ N results by putting U = Poy; N ~ I gives N ~ M by replacing U by U*;
M ~ N with U and N ~ P with V gives M ~ P by considering VU.

Thus ~ is naturally applied to linear closed sets it n M, and has there the
properties of an equivalence. We may say: Two linear, closed sets I, 9t which are
invariant under all unitary elements of M’, are of the same dimension in the usual
sense of the word, if an isometric mapping U of 9t on N exists, that is a partially
isometric operator U with the initial and final sets i resp. 9. But they have the
same relative dimension, if even the mapping U can be chosen so as to be invariant
under all unitary elements of M’. (Cf. Definition 4.2.1 and Lemma 4.2.1.)

We now prove two Lemmas, the first of which expresses an additivity property
of our ~, while the second one is the analogon of the Cantor—Bernstein “equivalence
theorem” of general set-theory. (In fact, it is a special case of the Kuratowski-Tarski
generalisation of that theorem.)

Lemma 6.1.2. Let My, Ny, ... and Ny, Ny, ... be two (finite or infinite) sequences of

the same length; let the IN; be mutually orthogonal and let the W; be mutually orthogonal.
If we have M; ~ N; for all i, then

[Dy, Ma, ... ]~ [N, N, ... ].

Proof: Let U; € M be the partially isometric mapping of M; on N;, then U = >; U;
does the desired thing for [ t;, My, ... ] and [y, Ny, ... ] by Lemma 4.3.3.
Lemma 6.1.3. IfM ~ N C Nand N ~ N C M, then M ~ N.

Proof: Our relations imply 9t, 0, ", N’ n M. Now let U € M be the partially
isomorphic mapping of 9t on M’; it maps N’ C I on some M” C M'. Then
consideration of U Py proves that 9t ~ M”, and so M ~ MN"".

Let V € M be the partially isomorphic mapping of 9t on 9t””. Form for every
n=20,1,2,...the V"-images of M and of I, and call them Mm@ resp. (2n+1)
(O, M, M coincide with M@, MD, 9> resp.). We have MO > MD > M), thus
(apply V"))

E):R(Zn) 5 gﬁ(Zn+1) 5 EUE(ZVH—Z),

therefore
MO 59D 5 97@ 5 ...

V" is partially isometric with the initial and final sets M© resp. M@, V" Py
similarly with MD and M+ Thus all M®) nM,n=0,1,2,..., and

w0 gm(ZH), gD - §m(2n+1)’
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that is: MP) ~ M or M if p is even resp. odd.
V maps MP) on MP+2) IM|E+D on MP+3) | therefore MP) — MP+D on MP+2) —
MP+3), Using V(Pypp) — Popp+1)) shows therefore, that

@) — g+ L gpp+2) _ gi(p+3).
Now apply Lemma 6.1.2 to the sequences

MO @D @ ... 9@ 9@ 9@ — 9@ 9p@ _ 9
Mme —m@, .,

and

DO D 9@ ... 9j@ — 9B 9p® _ 9@ 9p@® _9n®)
M — @,

It gives MO ~ MO, that is M ~ M’, and thus M ~ N.

6.2. [Range X] ~ [Range X*]. Comparability theorem The following Lemma is an
important means of establishing equality of relative dimension.

Lemma 6.2.1. If X is a linear, closed operator with an everywhere dense domain, and
X nM, then
[ Range X | ~ [ Range X" ].

Proof: Form the canonical decomposition of X in the sense of Definition 4.4.1.
X nMimplies by Lemma 4.4.1 W € M. W is partially isometric its initial and final
sets being [ Range X" | resp. [ Range X ]. So

[ Range X | ~ [ Range X |, [ Range X | ~ [ Range X" |.

We now prove in two steps the analogue of the “comparability theorem” of
general set-theory.

Lemma 6.2.2. If M, n M and # (0), then two P, Q # (0), T c M, Q c N, with
P ~ Q exist.
Proof: Choose an f € I, f # 0. Then EMecM and #0, P € M and # 0, so by the

f
Corollary to Theorem III.

Pyt = Pp-EY #0,  MF-9N £ (0).
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Choose g € 9311}4 -M, ¢ # 0, multiplying with 1/||g|| makes ||g|| = 1. As g € MM,

therefore an A € M with ||g —Af|| < 1 exists. So ||Ppg —PaAf|| < 1. Now Ppg = g,
Pyr f = f have the effect that

lg — PrAPy f|| < 1.

As ||g]| = 1 this implies PR APqy f # 0, PR APay # 0.
Now apply Lemma 6.2.1:

[ Range PnAPgy | ~ [ Range(PnAPay)" |.
As Py APgy # 0 and so (PpAPgy)* # 0, both above sets are # (0). Furthermore
[ Range PR APgy | C [ Range Py | = N,

[ Range(PyAPqp)" | = [ Range PiA*Py | € [ Range Poy | = .

So
B = [Range(PrAPw)" |, Q = [Range Pp APy |

meet our requirements.

Lemma 6.2.3. If I, 9t n M, then either M ~ M’ C N or N ~ RN C M.
Proof: Let Q be the first uncountable Cantor ordinal number. Define for all a < Q
a pair My, N, as follows: All M,, N, will be linear, closed sets, nM, # (0), and

N, Cc I, N, C N, M, ~ N,
If « < Qand all Mg, Ng, B < a are already defined, then form
M—[Mg, p<a] and N-[Ng, p<a]

As M, 9, Nig, g all 1M, these two sets are nM too. If both are # 0, then there exist
two B, Q # (0) with

‘BCSUE—[EIRﬁ,,B<a], Qcﬁt—[‘ﬁﬁ,ﬁ<a], BT~ Q.

Let them be M, = P, N, = Q for some such pair P, Q. As we see M,, N, # (0),
M, I, N, R, M, ~ N, are maintained. If the above condition is not fulfilled,
let M,, N, (and all M, N, ¥ > a) be undefined.
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Let the first a for which 9t,, 9, are undefined, be @ < Q. If @ < Q), we must
have
M—[M,, a<al]=0) or NM—[N,, a<a]=(0).

Consider now all M,, N, @ < @. Always M, # (0). If a,f < @ assume a > f.
Then
My CM =[Ny, B/ <a],

so M, is orthogonal to M. This is symmetric in &, B, so it holds for a < B too, that
is whenever o # . Thus all M,, @ < @, are # (0) and mutually orthogonal. The
same is of course true for the %t,, a < a.

Choose an f, € My, fo # 0, multiplying with 1/|| f,|| makes || f|| = 1. So the f,,
a < a form a normalised orthogonal set. It must therefore be finite or countably
infinite (cf. (16, p. 66)), thus excluding a = Q.

If & is finite, we havea = n+1,n =0,1,2,...,and a runsover 1, ...,n. If
@ is infinite, then a < @ has the same aleph as @ < @ and may therefore (by a
re-indexing of the M,) be replaced by it; so we may assume that a runs over
1,2,....

Writing i for a, we see that we have a finite or infinite sequence of pairs t;, 9;,
i =1,2,...; where the Mi; are mutually orthogonal, the %; are mutually orthogonal;
N C I, I CIG MG ~ N, and either

[, i=1,2,...]=M or [N, i=1,2,...]=9%
Now Lemma 6.1.2 applies:
[, i=1,2,...]~[N,i=1,2,...].

Thus if we define W = [N;, i =1,2,... Jresp. M =[M;, i =1,2,...] we will
have Mt ~ ' C N resp. N ~ N’ € M. So the proof is completed.

6.3. Now we are in the position to define:

Definition 6.3.1. We write 9t < N or N > M, if M ~ N’ C N. We write M < N or
N> I, if M < N but not MM ~ N. (As to replacing I, N by E = Py, F = Py, and
the explanatory symbol (- - - M), cf. Definition 6.1.1.)

And we can prove:

Lemma 6.3.1. If 9, N, B, Qn M, then the following statements hold:
(i) M < N means M < N or M ~ N.
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(ii) If M ~ P, N ~ Q, then M < N is equivalent to P < Q.
(iii) One and only one of the three relations I 3 N holds.
(iv) M <N, N <P imply M < *B.
Proof: We prove the statements in a somewhat changed order.
Ad (i): Obvious.
Ad (iv): M <N, N < Pimply M ~ N N, N ~ P’ < P. If U € M is the
isometric mapping of )t on P’, and P’ the U-image of N’, then we have

§m~m,~‘13"C‘B,C‘B,

so M < P.

Now if we had M ~ B, then we could write P ~ M C I, thatis P < I; together
with M < N this gives P < N. N < P and P < N gives by Lemma 6.1.3 N ~ P,
contradicting 9t < ®¥. Thus we must have M < P.

Ad (ii): Assume Mt < N. AsNV ~ P, N ~ Q, wecanwriteP < N, M <N, N < Q,
implying B < Q (cf. the beginning of the proof of (iv)). B ~ Q would imply
M~ P, P ~Q,Q~INsoM~ N, contradicting N < N. Thus we must have P < Q.
In the same way P < Q implies Mt < 9.

Ad (iii): By Lemma 6.2.3 we have It < 9t or N < M, by (i) this means N 2 .
~and > at once imply M < M by (ii); < and ~ similarly; < and > imply again
N < M by (iv). Now M < N is impossible as M ~ M. So precisely one of the three
relations holds.

Summing up Lemma 6.1.1 and Lemma 6.3.1 we have:

Theorem VI. The notions M ~ N and M < N (that is | > M) for M, N n M (cf.
Definition 6.1.1 and Definition 6.3.1) have the properties of an equivalence and of a
complete ordering.

Further essential properties are given in Lemma 6.1.2 and Lemma 6.3.1.

Some immediate consequences:

Lemma 6.3.2. Assume M, N n M. Then we have:
(i) MM C N implies M < N.
(i) Always (0) <M < 9.
(iii) M ~ (0) implies M = (0).
Proof: Ad (i): Write It ~ 9t C N.
Ad (ii): By (0) c M c H and (i).
Ad (iii): M is the image of (0) by some linear U so M = (0).
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Cuarter VII: FiNiTE AND INFINITE SETS

7.1. We continue along the lines which are familiar from set-theory:
Definition 7.1.1. An Mt n M is finite if M ~ N C N implies N = IN; it is infinite, if
this is not the case. (As to replacing M by E = Py, and the explanatory symbol
(--- M), cf. Definition 6.1.1.)
Some immediate consequences:

Lemma 7.1.1. Assume I, N n M. Then we have:

(i) If M < N and M is infinite, then N is too; if N is finite, M is too.

(ii) (0) is finite.
(iii) If infinite M's exist at all, then $ is infinite.
Proof: Ad (i): The second statement follows from the first one, so we consider the
tirst one only. As 9t is infinite, a ‘P with M ~ P & N exists. Then

[gﬁ/gﬁ_gﬁ] ~ [%/%_gﬁ] - [gﬁlm—gﬁ]/

So M is infinite too.
Ad (ii): 9t C (0) alone implies N = (0).
Ad (iii): If M is infinite, M < $H implies by (i), that $ is infinite too.
We now begin the preparations for a quantitative comparison of sets 9t, 9t 7 M.

Lemma 7.1.2. Assume M, NnM, M # (0). Then there exists a finite or infinite sequence
B, Bo, ... (its length can be 0 too) and a Q, such that we have:
By, Bo, ..., Qare mutually orthogonal linear, closed sets, all nM,

[%1,%2,...,3]2%, iIRNSBl'V%ZN'“/ D<EIR/

and if the sequence is infinite, we may even assume Q = (0).
Proof: Let Q) be the first uncountable Cantor ordinal number. Define for all o < Q)
a ‘B, as follows: All B, will be linear, closed sets,

gBa’)M/ %acm/ Em“’%a-

If « < Qand all Pg, f < a are already defined, then form N - [Bg, f < a]. As
9, P all M, this set is nM too. If it is > I, then there exists a ‘P n M with

PCR-[Pg, p<al, M~P.
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Let then B, be some such PB. If the above condition is not fulfilled, let %3, (and all
B, ¥ = @) be undefined.
Let the first a for which B, is undefined, be @ < Q. If @ < Q), we must have

N—[PB,, a<a] <M.

We see in the same way as in the proof of Lemma 6.2.3, that the *,, a < a, are
mutually orthogonal; and as B, ~ M # (0), therefore P, # (0). This implies, as
above, that their set is finite or countably infinite, thus excluding a = Q.

If @ is finite, we have @ =n+1,n =0,1,2,...,and a runsover 1,...,n. If
a is infinite, then @ < & has the same aleph as a < w, and may therefore (by
a re-indexing of the B,) be replaced by it; so we may assume that @ runs over
1,2,....

Writing i for a we have a finite or infinite sequence B;, i = 1,2, ...; where the
B; are mutually orthogonal; M ~ P; ~ Py ~ ---; and

QZm—[%1,$2,...]<§Iﬁ.

Thus B4, Bo, ..., Q are mutually orthogonal and

N=[P1,P2,..., Q]

So the case of a finite sequence is completely settled. In the case of an infinite
sequence we must still get rid of Q. Assume therefore that the %, Po, ... form an
infinite sequence.

We have Q < M ~ Py, so Q ~ Q" C PBy. Apply Lemma 6.1.2 to the two
sequences Q, P, Py, ... and Q, Py, B3, .. .. It gives

N = [Ql%lr‘B?_/ﬂ-] ~ [Q,/%Z,EB?,,...]
C[PB1,P2,...1C[Q B, P,...] =N

So
N<S[Br,Po,... ] SN, [B1,Bo,...]~ N

Let U € M be an isometric mapping of [ By, Bo,... ] on N, ‘B; the U-image of ;.
Then the P’ are mutually orthogonal and [ 7, B, ... ] = N. Using U Py, shows
B; ~ %;; so M ~ ‘Bi ~ gBé ~ ---. Thus we can replace

P, PB2,...,Q by PL,PBPS,....(0).
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This completes the proof.

Lemma 7.1.3. Assume I, N n M, M # (0), N finite. Then the sequence P1, P, . ..
from Lemma 7.1.2 must be finite, and its length is uniquely determined by I, N. Call this

number
n
—|=0,1,2,....
li):rt] OI V4 V4

Proof: If the sequence 1, Py, ... was infinite, we could apply Lemma 6.1.2 to
PB1,%B2,... and Bs, Ps, ..., giving

in:[EBllsle.”],\,[%2’5133’.”]% [g‘Bl/;‘BZ/"']:th

(G because P # (0), as Py ~ M # (0)), thus N infinite, contradicting the assump-
tion.
Assume now we had two representations

N = [%1/-“/;13711/‘&] = [GBiIIEB;'WD’]

in the sense of Lemma 7.1.2, with m # n. Owing to the symmetry we may assume
m<n,m+1<n.
Now Q <M ~ P’ ,s0Q~Q" P’ ,and Q" # P’ .. Soby Lemma 6.1.2,

m+1’/ m+1’

iR: [gBl/"-/gBml'g] ~ [EB;II;’B;”/D*]
G B, BB, 1B, B, R =9,

and again 9t would be infinite, contradicting the assumption.

7.2. We are now in the position to determine the chief characteristics of infinity.

Lemma 7.2.1. Assume M, N n M, Ninfinite. Then N < N.
Proof: We have 9t ~ 3’ & 9. Let U € M be the partially isometric mapping of %t
on . Form for everyn =0,1,2,... the U"-image of %, and call them N (I, N
coincide with %©, R resp.). We have NO 5 ND thus (apply U™!) N0 5 gln+l),
therefore

RO 5RwD 5R0@ ...

U" is partially isometric with the final set %" therefore N n M. U maps RN on
N+ R+ on NE+2) therefore R — NI+ on R+ _ gy(n+2) Using

U(Pm(n) - Psﬁ(n+1))
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shows therefore, that

m(n) _ m(n-l—l) N m(n+1) _ m(n-‘rZ)-

Put B3, = N0 — RO+ then we see: The P71, B, ... form an infinite sequence, are
mutually orthogonal, all C NO = 9N and P~ P~ As

P =NO —ND =N -N" £ (0),

all B;, # 0.

Apply now the construction of Lemma 7.1.2 to %;, N (for N, N) and choose P,
fora=1,2,...equal to ‘B’i, ‘B;, ... resp. Then an infinite & will result, which will
be replaced, as described in the proof of Lemma 7.1.2, by & = w. And then the Q
will be eliminated. So

N = [g‘Bllg‘BZ/---]/

where the sequence is infinite, and ‘B’i ~ P~ Py ~ -
Apply next the result of Lemma 7.1.2 to ‘B’i, M (for M, N), then

W= [P, B, Q]
where the sequence is finite or infinite, and
PI~ P ~Py~, Q<P
If it is infinite, we may put Q" = (0), and so, using Lemma 6.1.2,
W= [, Bg, ]~ [P, By, ] =
If it is finite, we have
M=[P,.... B, Q] and Q <P]~Byy1, QV~Q" Py
Thus Lemma 6.1.2 gives

mb: [EBi""’%;l/Q,]N [g‘Bl/"'/%n/Q”]
- [%1/---/$n/$n+1] - [%1,%2,...] Zm.

So we have M < N in any event.
Lemma 7.2.2. There are two possibilities:
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(a) An M n M is infinite if and only if It ~ $ and finite if and only if M < .
(b) All M n M are finite. In this case M ~ & implies M = .
Proof: If $ is finite, every M is so, by Lemma 7.1.1, (iii). If M # H, then M & $, and
9 ~ M would imply that $ is infinite. Thus if $) is finite, case (b) holds.

If $ is infinite, then M ~ $ implies that M too is infinite by Lemma 7.1.1, (i). If
conversely 9t is infinite, Lemma 7.2.1 gives if applied to $, M (for N, R) H < M.
By Lemma 6.3.2, (i), M < H, so M ~ H. And as we have always M < 9 (cf. as
above), therefore Wi < © is characteristic for finite M’s. Thus case (a) holds.

A convenient characterisation of infinity is this:

Lemma 7.2.3. An M n M is infinite if and only if M # (0) and an N c M with
M~ I~ M — N exists.
Proof: The condition is sufficient: If 9N is such, then

M—N~M#£(0), M-N#£©0), NN,

so M ~ N & .
It is necessary: If M is infinite, then the proof of Lemma 7.2.1 shows that an
infinite sequence P, Py, . .. exists such that all P, are mutually orthogonal, # (0),

M =[P, PBo,...], PBi~Po~ Pz~

Now Lemma 6.1.2 gives

[B1, Bo, ... ]~ [P, P3,... ]~ [P2, By, ... ]
sofor M =[P1,Pjs,...], N D, M ~ N ~NM-N. As By # (0), necessarily M # (0).

7.3. Continuing our discussion along the lines which are customary in general
set-theory, it is natural to establish the additivity of the notion of finiteness. We
will prove it in five successive steps, the first Lemma having a certain interest of its
own.

Lemma 7.3.1. Assume M, N, P n M; N, N orthogonal; P c [IN, N]. Then P can be
represented in the following form (all sets which follow being linear and closed):

There exist two orthogonal sets M, NM"" n M and C IN; two orthogonal sets N, N n M
and C N; and a linear, closed operator A n M, with the following properties; Domain A is
a part of and dense in M”’; Range A is a part of and dense in W'; Af = 0 implies f = 0.
The set B of all f + Af (f € Domain A) is linear, closed, and nM.

%X— ~ wt// ~ m//’
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N, N, B* are mutually orthogonal and

B = [0, N, P
Proof: Put M = M - P, N =N - P, then N, N n M, M C NN, W C N, thus N, N’
are orthogonal; and M, N C PB. Thus we can form P* = P — [N, N’], then P*n M;
B~ is orthogonal to both M, N and P = [N, N, B~]. Thus we must only give now
the characterisation of *f* given in our Lemma in terms of M”’, N/, and A.

An f e Pis f € [I,N], thus f = g+h, g €M, h € N(ct. (16, p.76)), g, h being
clearly uniquely determined. If in such a decomposition g =0, then f = h € N,
fePCcP,sofeh-P =N cCP-P*. As f € P~ this implies f =0, h = 0.
Similarly & = 0 implies ¢ = 0. Owing to the linearity this means, that ¢ determines
h uniquely and conversely (as far as they belong to any f € P* at all). Thus we
can define a one-valued operator A with a one-valued inverse A™! by Ag = &,
whenever g, h belong to an f € B in the above way. Thus B~ is the set of all
f +Af. Asitis nM, linear, and closed, the same is true for A.

Put now M” = [Domain A], M = [Range A]. All we must prove is, that
M is € M and orthogonal to N’; that N C N and orthogonal to N’; and that
Pro~ N7~ M.

If ¢ € DomainA, then f = g+ h, f € P, g €M h e SogeNM fis
orthogonal to M, and h € N is orthogonal to M, so to M’ too. Thus g = f — h is
orthogonal to M’, g € M — M’. Thus Domain A C N - M’, N” = [Domain A] C
M — . Similarly N7 C N - N.

Consider now the operator A1 = (1 + A)Py~ (the linear operator, which agrees
with 1+ A in M” and with 0in H — IMN"’). A, is clearly nM, linear, and closed, and
its domain is everywhere dense. Now [Range A1] = [Range(1 + A)] = P*. On the
other hand

[Range A1 =9 —-{f; A1 f =0}
=9—-{f,;A+A)Pyw f =0}
=9-{f; P f=0}
=9H—(H-W) =Mm".

Now Lemma 6.2.1 gives, applied to Ay, P* ~ " Similarly P* ~ N”.
Thus all parts of our Lemma are proved.

Lemma 7.3.2. Assume M, N, B n M; M, N orthogonal; P c [IN,N]. Then either
T <M, or [M,N] —P <N
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Proof: Apply Lemma 7.3.1 to M, N, P obtaining the sets N', M, N, N, P* and
the operator A; and to M, N, [M, 9] — P obtaining the sets ﬁ/, ﬁ”, ﬁl, %ﬂ, ﬁ* and
the operator B. As 8, [, 9t] —*P are orthogonal, N = - P, m = M- ([90¢, N]—B)
are too; similarly ', ﬁ/. Form

MO =M — [, M], RO=¢N—[W,N]

If f € Domain A then f+Af € B* C P is orthogonal oM C [, N]-P. Af € Nis
orthogonal too to M c M. Thus f is orthogonal to 9. Thus all M” = [Domain A
is orthogonal to 9. Besides we know that it is orthogonal to 9, and C 9t; so
M M — [V, M | = MO, Similarly M c MO. Similarly N7, N~ < RO

Now consider I/, M . We have N’ = m (by Theorem VI), that is either N’ < ﬁ,,
N ~ M C ﬁ/, or N > @I, M ~ M* € N’. In the first case (by Lemma 6.1.2)

P o= [, 9, B ~ [, M, M7] < [, , M0] = Mm;
in the second case (as above)
[0, %] B = [, 0, ] ~ [0, 0, W] < [, 9, 0] =R,

Thus B < N resp. [M, N] - P < N
Lemma 7.3.3. Assume M, 9t n M; I, N orthogonal. If M, N are finite, then [IN, N] is
finite too.
Proof: Assume that [, 9] is infinite. Then there exists by Lemma 7.2.3 a P C
[, 9] such that [M, N] ~ P ~ [N, N] — PB. By Lemma 7.3.2 we have P < M or

[V, N] =P < N, soNor N > [, N]. By Lemma 7.1.1, (i), then I or N must be
infinite, contradicting our assumption.

Lemma 7.3.4. IfI, N n M, then [, N] — N < .

Proof: [, 9N] — N is obviously the set of all Pg_ f where f runs over [, N]. So it
is equal to

[Po-aif; f € [M, 9]

= [Py-n(g + h); g €M, h € N

= [Ps-ng; g € M, 1 e N|

= [Ps-ng; g € M]

= [Pg-nPmg’; ¢’ € H] = [Range Pg_sPa].
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At the same time

[Range(Pg-5Pan)*] = [Range PypPg-n] C [Range Pyi] = M.
Now applying Lemma 6.2.1 to Pg_g: Py gives:

[, N] — N = [Range Pg_5Pop| ~ [Range(Pg—xnPor)| € M

and therefore [, N] — N < IN.

Lemma 7.3.5. IfMy,..., M, n M, and all I; are finite, then [My, ..., M, ] is finite
too.
Proof: The statement is obvious for n = 1. Consider now n = 2. By Lemma
7.3.4 and Lemma 7.1.1, (i), [Pt1, Mp] — I, is finite. As [Py, V] — My and I, are
orthogonal, Lemma 7.3.3 applies: [[Pt;, Miz] — Ny, My ], that is [Ny, My ], is finite.
Thus the statement holds for n = 2, too.

Assume now n = 3,4, ..., and that the statement is already established for
n —1. Then [Mq,...,M,_1] is finite, and as our statement holds for n = 2,
[Py, ..., Myq], M, ], thatis [Py, ..., M, ], is finite too. This completes the proof.

CuarTER VIII: NUuMERICAL DIMENSIONALITY

8.1. We will use the information obtained in the foregoing about the relative
dimensionality to define a quantitative measurement for it. We will do this by
refining the number [%] in Lemma 7.1.3, which gave an integral and therefore
only approximate measure of the ratio of the sets.

Our task is identical with that one which has to be met if one desires to pass
from the purely geometrical calculus with intervals to the analytical one with
numerical lengths: the problem which was solved by Euclid’s famous algorithm.
Our Lemma 7.1.3 is indeed the first step in this algorithm.

It is, however, technically preferable to use a somewhat different procedure. We
will have to distinguish for a short time between the two possibilities that there
is or is not a minimal 9t n M. The first case is not really interesting, because if a
minimal 9 7 M exists, we possess already the complete characterization of M (as
a direct factor) by Theorem IV. But as it makes no difference for the possibility of
a quantitative measurement of the relative dimensionality, we will preserve the
completeness of our discussion by including this case.
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Definition 8.1.1. Assume 9, %t n M, finite, and # (0). If we have

m: [g‘Bl/“'/%nID]l

where n = 0,1,2,... (finite!); By, ..., B,, D are mutually orthogonal; B; ~ N;
then we use the abbreviated notation

N2noM#D.

If © = (0), we omit it.

Lemma 8.1.1. If M n M, finite, # (0), and not minimal, then an 9t n M, finite, # (0),
with

exists.
Proof: As Mt is not minimal, an 9t n M, N C M, N # (0), M exists. So N, N — N £ (0).
We have 9t 2 M — N, that is N = M — N or N 3 M — N. In the second case replace
9t by It — N, so we have at any rate 9N < Nt - N.

9t C Mt implies the finiteness of N. As N ~ N’ C N —N, and N, N’ are orthogonal
and C i, we have with 1 =N, P, = N, D = M — [N, N’'], obviously

M=20N#D.
Apply now Lemma 7.1.3 to 9, D;
DxpoN#?, p=012.., D <%

Then
M=2+p)ON#D, D <N,

andso [¥]|=2+p>2.
Lemma 8.1.2. Every minimal 9t 7 M is finite and # (0).
Proof: M # (0) is part of the definition. I infinite would imply M ~ N & M, so
9tnM, and as M is minimal, N = (0). Then Nt ~ (0), M = (0) which is contradictory.
Definition 8.1.2. Certain (finite or infinite) sequences S = (ﬁl, m,.. .) of
elements which are nM, finite, # (0), will be called fundamental sequences. They are
these:

(a) Any minimal 9t 7 M is a fundamental sequence by itself (length one!).
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(B) Any infinite sequence My, My, ... of nM, finite, # (0) elements is a funda-
mental sequence if
ﬁz'+1

Lemma 8.1.3. If sets 9t M which are finite and # (0) do exist at all, then there
exists at least one fundamental sequence.
Proof: If a minimal 9t n M exists, put M; = M. By Lemma 8.1.2 this meets the
requirements of case («). If no minimal i n M exists, choose a finite N n M,
M # (0), and put M; = M; and obtain M;,1 from M, by means of Lemma 8.1.1.
This meets the requirements of case (B).

We now prove two important evaluations.

Lemma 8.1.4. Assume M, N, P n M finite, and # (0). Then

EEERERIER
and, if M, *P are orthogonal,
[, P] N

Mm ] < lﬁ + 1.

N
i
M

>2 fori=1,2,....

B

Mm

B

* m

< +

Proof: First put

[%] =m, N=moM#AM', I <M,

and [%]:n, PrnoRN#EN, N <N

This clearly implies ¥ ~ mn © M # N”, from which [%] > mn follows as at the

end of the proof of Lemma 8.1.1.
If we had however [%] > (m + 1)(n + 1) that would mean

B

P~ lﬁ] OMH#FM” ~(m+1D(n +1) oM#MY,
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where

MY ~ (l%l —(m+1)(n + 1)) OMH#M” .

Or (n +1)©MN° ~ P° c P where N° ~ (m + 1) © M. Now clearly
N=moM#M 3 N°,

so we may as well write (n + 1) @ 9t = P°° C P° C P, that is
Pxn+1)oNRN#N".

This gives, as above, [%] > n + 1, contradicting [%] = n. So we must have

mn <

<(m+1)(n+1),

which is the first set of inequalities.
Next assume that 9t, ¥ are orthogonal, and put

%=m, N=moM#AM', M < I;

and

% —p, Bapom#m¥, M¥<m.
Then [, B] = (m + p) © M # [, MV] and so, as above,

[ET;,J;B]] >m+p.

If we had, however, [[mﬁ ] > m + p + 2, that would mean

—

1%, %]
M

[gﬁ,%]:[ ](Dfm#imwz(m+p+2)@§m#§m\’ﬂl

where

MV ~ (l%] — (m +p+2))®im#sm“.

69
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Thus [N, B = [92 B, MVI] where N, P, MV are mutually orthogonal, and N ~
(m+1)0oM, B =~ (p +1) ©M. This implies N ~ N SN, P~ B C P, and so

[, 8]~ [N, F 1< [,B]c [X,B, M = [%,B],

contradicting the finiteness of [, B ], which follows from the finiteness of 9t and
of p (by Lemma 7.3.3 or Lemma 7.3.5). So [[J;J? ] < m + p + 2 and therefore

RORY
M

m+p < <m+p+1,

which is the second set of inequalities.
These evaluations put us in position to establish the quantitative ratios of
relative dimensionalities as follows.

Lemma 8.1.5. If © = (@1, %2, ...) is a fundamental sequence, and M, 9t n M are

finite and # (0), then
n
lim —[ﬁl] _ (2
=m).

i
W
exists. (In case (I) we mean by lim the value at i = 1, in case (II) we mean by it

lim;_,e.) Itis a finite and positive real number.

Proof: In case (I) we must only prove that [ ] [ll] are both # 0. [_i] =0
Ny Ny _ 0Ny
would imply %t ~ D < Dy so N ~ N € My excluding W = My. As N’ n M and
9Mi; minimal, this necessitates M’ = (0), N ~ N’ = (0), N = (0), thus contradicting
R imi Rl
9t # (0). Therefore [%] # 0, similarly [ﬁl] # 0.

Consider now case (II). We have by Lemma 8.1.4

e R E

so either always [ ;; ] =0, or lim; e [%] = c0. The former would mean N < M;

foralli=1,2,.... Now Lemma 8.1.4 gives

[_ﬁf } . [_ﬁ ] [”*_} .o,
My M1 My

M,

Emi+1
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and so in particular [%] > 2i=1 (write 1,i -1 for i, j). So My ~ 20 LM #IM, and

a fortiori My ~ 211 © N # 9. This would imply, as we frequently concluded in the

proofs of Lemma 8.1.1 and Lemma 8.1.4, [%] > 21 foralli=1,2,... whichis

impossible. So we have proved

. . . )
similarly lim;_,c [%] = 0.

Another application of Lemma 8.1.4 gives

<(|z|+1)

ﬁi-ﬁ—j - ﬁi _ﬁiﬂ' ’

N

My

N

M

SO

N Mm;
= N = +1 N ,
lfmiﬂ‘ - [ﬁl] +1 Mij < [@1] + 12] +1
wm | [@] w | [&] 21
My i My W

Now j — oo gives

that is

For a sufficiently large i, [%] # 0, so the expression on the right side is finite, and

thus the lim sup;_, , on the left side is finite too. Now i — oo gives, considering
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lim; e [%] = 00,
2] & +1
lim sup AL < liminf 2 = lim inf

" ]l ]
n; n; R
Thus the limit exists and is finite. It is non negative by its nature, and interchanging
N, N proves that it cannot be 0. This completes the proof.

Lemma 8.1.6. If © = (ﬁl,ﬁz, ...) is a fundamental sequence, and i, N, P n M
are finite and # (0), then the following statements hold:

() 169 ~ B, then (35 = ()

(i) If M ~ N, then (;‘%)~ - (%)~

(i) () =1 (w)e = (%1)@; (%)e = (

(iv) If |, P are orthogonal, then

()= (). ().

Proof: We prove these statements in a somewhat changed order:
Ad (iii): Obvious from the definition.
P
Ad (i): Clearly [gﬁ ] = [gﬁ ] this implies (%)(5 ( )6
Ad (ii): Follows from (i), (iii).
Ad (iv): Consider first case («). Then

N ~ I_E] oMy #N, N < M.
Nty

SoN ~ N c My, excluding M = My. As N’'nMand 9y minimal, this necessitates
N =(0), N ~N" =(0), N =(0). So
€ ~ [_ﬁ

] 6@1,
Ny

similarly P =~ [%] © My, and therefore
1

wa-([2][2] o5
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Thus

El|+

This means

—
2
=

S

§I|£ |

—

Ells

oy

&
and under the conditions of case («),
(52,2, o5
Mmoo\ \M o
Consider next case (f). Then Lemma 8.1.4 gives
E R Ea e el
& & [%

Now if i — oo this becomes, considering lim; [%] = oo (cf. the proof of Lemma

wl,
S|S=
-
_|h
[E—'
~

8.1.5),
(). + ).« (5. = (5. - ).
M/ \W) < M) M/ \M) <
that is
BB _(R) (%
mo. M s\ 6'

8.2. We introduce the numerical relative dimensions by an implicit definition.

Definition 8.2.1. A real-valued function D (M), which is defined for all linear,
closed sets Mt n M, is a relative dimension function, if it has the following properties:
(i) D) is 0 if M = (0); it is finite and positive if M is finite and # (0); it is oo if
I is infinite.
(i1) If M ~ N, then D) = D(MN).
(iii) If M, N are orthogonal, then D([M, 9t]) = D(M) + D(N).
(As to replacing M by E = Pyy, and the use of the explanatory symbol (- - - M), cf.
Definition 6.1.1. If we want to make the relationship between M and the function
D (M) explicit, we will write Dp().)
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The results of §8.1 make it possible to deal exhaustively with the existence
question.

Lemma 8.2.1. There always exists at least one relative dimension function D ().
Proof: If no finite Mi n M, M # (0), exists, put

0 for M =(0),

oo otherwise.

D) = {

This meets all requirements. If finite Mt n M, M # (0) do exist, choose one, say Nip.
Furthermore choose a fundamental sequence © by Lemma 8.1.3. Now define

0, Nt = (0),
M
00, It infinite.

) , M finite and # (0),
S

Remember that [, N] is infinite if and only if M or N is infinite, by Lemma 7.1.1,
(i), and Lemma 7.3.3 or Lemma 7.3.5. Now (i) is obviously fulfilled, and (ii), (iii)
follow from Lemma 8.1.6, (i), (iv), resp.

Lemma 8.2.2. If D(M) is a relative dimension function and G a fundamental
sequence, then we have, whenever M, % n M, finite and # (0) the relation

DM _ (%

D) M -

Proof: Distinguish the two cases () and () of Definition 8.1.2.
In the case (o) we have (cf. the proof of Lemma 8.1.6, (iv)),

n=|Elom,  w=|L|om,
Ny Ny
therefore by Definition 8.2.1

D) = [_3] D@), D)= [gl D@),
m m

1 1

and D(M,) finite and positive, so

I

|
|

DY) _ |
D(M) [

=

5}

EE
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In the case () we have

m:l§1 M #N, N < My;
N

m| —
M =~ [:] OM; #M, M <M.
M
So N ~ N C M, implying (using Definition 8.2.1 here and below as we did

above)
D) = DY) + DN, = NY) > D(RY) = D).

Therefore
DM) = [%] DO%;) + D) < ( — | + 1) D)),
D(M) = l%] DO%;) + DY) > g DO%;),
and so

= oo from the proof of Lemma 8.1.5,

by _ & (=
DR =8|~ (3.
m;

Interchanging 9, N gives, considering Lemma 8.1.6, (iii), that > holds too; so we
have equality again.
Lemma 8.2.3. All relative dimension functions D (M) are obtained by taking one
of them, say Dy(t), and forming all aDy(9), for all finite and positive constants a.
Proof: It is clear, that every aDy(M) is a relative dimension function, along with
Do(9MN).

Consider now two relative dimension functions Dy(9t) and D (9t). If no finite
M M, Nt # (0) exist, we have Dy(M) = D(M) = 0 resp. oo for M = (0) resp. # (0),
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so we have D(Mt) = aDy(M) with a = 1. Let us therefore assume, that finite Mi n M,
M # (0) do exist, and choose a fundamental sequence © by Lemma 8.1.3. Then
Lemma 8.2.2 gives for I, 9t n M, finite and # 0,

D) Do) (E )
D) Do) (M)’

M

that is
D) — DM

Do(%) ~ Do(M)’
Thus D(Mt)/Do(M) is, for these M, independent of M; therefore it is a finite, positive
constant a. So we have D(IM) = aDy(M) for every M n M which is finite and # (0).
But this holds too, if M is = (0) or infinite, as then both sides become = 0 resp.
= 00. So the desired relation holds without exceptions. This completes the proof.
We may remark, on the other hand, that Lemma 8.2.2 shows too, that (%) .
is independent of the choice of the fundamental sequence €. It is nevertheless
dependent on its existence, whereas D () is not.

8.3. The connection between the ordering and the relative dimension functions is
given by this Lemma.

Lemma 8.3.1. If D(M) is a relative dimension function and M, N n M, then the
relations M ~ N, M < N, M > N are equivalent to D(M) = D(N), DM) < D(N),
D(M) > D(M), respectively.

Proof: M ~ It implies D) = D(N) by Definition 8.2.1, (ii). Consider now M < N.
Then 9t is finite, because M infinite would imply Mt = N; so D(M) is finite too.
Now It ~ N C N, and N’ = N is excluded. So N — N’ # (0), DYt —N’) > 0. (Use
both times Definition 8.2.1, (i).) Now Definition 8.2.1, (ii) and (iii) give

D) = DOV) + DM — ') > D) = D(M),

D) < D(M). Interchanging M, 9t shows that Nt > N implies D(IMN) > D(N). As
we have complete disjunctions on both sides, the converse is true too.
Summing up Lemma 8.2.1, Lemma 8.2.3, and Lemma 8.3.1, we have:

Theorem VII. A relative dimension function D () as characterized by Definition
8.2.1, does always exist, and it is unique, except for an arbitrary constant (real, finite,
and positive) factor a. A particular choice of D(IM), that is of 4, is a normalization
of the relative dimension.
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If 9,9 n M then the relations I ~ N, M < N, M > N are equivalent to
D) = D(M), D(M) < D(M), D(Mt) > D(N), respectively.
We will use D () to obtain a detailed characterization of M itself. But first we
establish some continuity properties of D(9t).

Lemma 8.3.2. Let 9t;, 9, ... be a (finite or infinite) sequence, all M; n M and
mutually orthogonal. Then

D[y, My, ... ]) = ) D).

Proof: Those M; which are = (0) have no effect on either side of this equation, and
we can omit them. So we may assume that all 9t; # (0), D(M;) > 0.

Assume first that the sequence is finite, say My,...,M,. For n = 0,1 the
statement is obvious, for n = 2 it coincides with Definition 8.2.1, (iii). So we need
only to consider n = 3,4, ..., assuming that the statement is already proved for

n —1. Now as
[g‘]tll LI /g‘ni’l] = [[g‘nll e /gﬁn—l]/gﬁn]

and as the statement holds for n — 1 and for two addends, it holds for n too.
Assume next that the sequence is infinite. Then we have

[%1/%2/ .. ] = [E):Rll e /SIRTZ/ [EIJEH+1/EIIEH+2/ .. ]]/

SO

D[y, Mo, ...]) = ) DER) + D([Mys1, My, .. 1) = D DERy).
i=1 i=1

Thus )/, DO%;) < D([My, My, .. .]) for every n = 1,2, ..., and therefore

> D) < D[y, My, ....]).
i=1

Assume now, that < does hold. Then };;2; D(M;) is finite. Therefore
lim; .o D(M;) = 0. So there exists for every € > 0 a finite 9t n M (in fact an ;)
with 0 < D(M) < €. Choose such an 9t for

e = D([My, My, ...]) - Z D(%;) > 0.
i=1
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Consider the expression

D([My, My, ...]) - Z D(M;).
i1

It is equal to

(D) + DM, Ms, ...} = Y D) = DM, Ms,...])) = > DORy).
i=1 i=2

Thus it is unchanged if we replace Ny, My, ... by My, N3, .... Applying this i
times, we see, that it is unchanged even if we pass to M +1, Mip+2,.... Now
22y DMig+i) = 2501 D) is arbitrarily small if i is sufficiently great. So we
can make it < D(9t). Now write again iy, My, . .. for M; 11, Mij+2, . ... Then we
see: Y7oy D(M;) < D(M) and still

D) < D([M, My, ...]) = »_ D(My),
i=1

and a fortiori D(M) < D([My, My, . . .]).

We will now construct a sequence %, 9y, . . . of mutually orthogonal sets 9; 1 M,
N; C N with NM; ~ N;. We proceed by induction. Assume that forani=1,2,...
all My, ..., N1 have already been constructed fulfilling these conditions, then we
construct N; as follows. D(‘Jt]-) = D(Em]-),j =1,...,i—1,1is finite, so

i—1 00
DO~ [y, ..., Ria]) = DW) = ) DR;) =} D)) = DAy
j=1 j=i
Thus M; 2 N —[Nq,...,N1], and thus D; ~ N; € N - [Nyq,...,N-1]. This
definition of N; meets all requirements.

Now M; ~ N;, all M; are mutually orthogonal, and all N; are too, so Lemma
6.1.2 applies:

[, My, ...] ~ [, Ny, ...] CN, [, My, ... ] I N,

D([M, My, ...]) < D). But on the other hand we had D(M) < D([Mty, My, ...])
which is a contradiction. So our original assumption concerning the < must have
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been wrong, and there must be for the original sequence

2, DOy = D(My, My, ... )).
i=1

This completes the proof.

Lemma 8.3.3. Let 9t;, My, ... be an infinite sequence, all N; n M and My € My C
-++. Then
lim D(M;) = D([My, My, ....]).

1—00

Proof: Put My =My, N; =M, —M;_ fori =2,3,.... Then all N; n M and they are
mutually orthogonal. So Lemma 8.3.2 applies to them and gives

D D) = D([%, %y, ...]).
i=1
Now [, ...,9;] = M and so [Iiq, Ny, . ..] = [Py, My, .. .] and furthermore
o] n
ZD(mi) = lim ZD(%) = lim D([Ny,...,N,]) = lim DM,,).
1:1 n—0o0 l:1 n—0oo n—ooo

Therefore we have lim;_,o., D(M;) = D([Mi1, My, .. .]).
Lemma 8.3.4. Let Miy, My, ... be an infinite sequence, all M; n M and Nt; O Ny O
-+« If not all 9; are infinite, then

lim D) = DM - Ny - N3 -+ ).

1—00

Proof: Assume that M, is finite. Put M = M;; — M;1;. Then all M’ n M and
M M) C---,s0 Lemma 8.3.3 applies to them and gives

lim D(EIR;) = D([M, M5, .. .]).
1—00
But
D(ED?;) = D(gﬁio) - D(g‘nioﬂ')
and
[Snti/ EIR;, .. ] = [Sntio - SUEiO"I‘lI EUtio - E):Rio-f-Zl .. ]
=My — Mige1 - Miga2---)
= My — Wy My ).
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Therefore we have
D) - l.h_{?o DM;y+i) = D(M;,) = DMy - Ny ---),

so that
lim D(Wjys;) = Dy - My-+-+),

or, which is the same thing, lim; .o D(Wt;) = D(Miy - My - --).

The following criterion is occasionally useful, because it contains a sufficient
condition for relative dimension functions which makes no explicit use of the
notions of finiteness and infiniteness for sets 9t 1 M.

Lemma 8.3.5. If a real-valued function D’(9t) which is defined for all linear,
closed sets 9t 1 M assumes only values > 0, < oo and if some of its values are
actually # 0, co then the conditions (ii), (iii) in Definition 8.2.1 are sufficient in
order that D’(9) be a relative dimension function.

Proof: We must derive (i) in Definition 8.2.1 from these conditions. Choose an
M n M with D’(M) > 0, < .

As (0) is orthogonal to M and [M, (0)] = M; (iii) gives D’(M) + D’(0) = D’ (M),
as D’(M) is finite, this means D’(0) = 0.

If any 9t is infinite, then $ is it, too, and M ~ $. Then by (ii) we must only prove
D’(9) = co. By Lemma 7.2.3 applied to $ we have 2D’(H) = D’(H), D’(H) =0 or
co. But

D'($) = D’(M) + D’($ ~ M) > D'(M) > 0,

so D’(9) = co. This disposes of all infinite M’s. B B
If M is finite and # (0) then apply Lemma 7.1.3 to M, N and to M, N (for its
N, N). Then (ii), (iii) give

Do < |2

+ 1) D’(M).

Thus D’(M) < oo necessitates D’ (M) < oo. Next

+1

D’'(M) < ( — D’(M).

Thus D’(M) > 0 necessitates D’ (M) > 0. So 0 < D’(M) < oo, completing the proof.
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8.4. We now undertake to find invariant characteristics of M in terms of its
relative dimension functions D(9)).

Lemma 8.4.1. The range A of D(I) (that is the set of all values of a given D (9)t)
for all Mt n M) has these properties:
(i) The elements of A are real numbers, > 0, < co.
(ii) 0 € A, A contains a greatest element a > 0.
(iii) a,p € Aand a > pimply o — 5 € A.
(iv) a1, a2,...€ Aand )72, a; < aimply 372, a; € A.
Proof: Ad (i): Obvious.

Ad (ii): D((0)) = 0; D(9) = a, H # (0) therefore D($) > 0.

Ad (iii): g must be finite. Choose i, 9%t n M with D(I) = a, D(MN) = B. Then
NIM, N~ I, D) =DM) = B finiteand so DN -N’) = D) -D(W') =
a—p.

Ad (iv): If any a; = oo then Z;’il Qaj = 09,580 Z;’il a; = a; € A, so we may assume
that all a; are finite. Define a sequence 9t;, My, ... of mutually orthogonal sets
M; n M, DOM;) = a; by induction. Assume that forani =1,2,..., My, ..., M
have already been constructed fulfilling these conditions, then construct i; as
follows.

i—1
D($—[My, ..., Miq]) = D(H) - > DER;)

=1

a]'ZZOCjZO(i.

j=i

i—1 0
=a—
i=1

]:
Choose an M’ n M with D) = a;; then M) 3 H — [y, ..., V], W ~ M; C

9 —[My, ..., M;_1]. This definition of N; meets all requirements. Now by Lemma
8.3.2

D([M1, My, ...]) = i D(M;) = i ;.
i1 i-1

Lemma 8.4.2. The only sets A which fulfill the requirements (i)—(iv) of Lemma
8.4.1 are the following ones (€, a are finite):

(I,) €e>0n=1,2,..;Aconsistsofallie,i=0,1,...,n.

(Io) € > 0; Aconsistsofallie, i =0,1,...,00.

(Iy) a > 0; Aconsistsofall ¢,0 < a <.
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(ITe) A consists of all @, 0 < a < 0.

(1) A consists of 0, co.

Proof: A contains 0 by (ii) and some element > 0 by (i), (ii). If it contains no element
> 0, < oo then it consists of 0, co which is precisely case (Ill.). Assume now that it
does contain elements > 0, < co.

Assume first, that this set contains a smallest element €. If a« € A and finite,
then there existsani =0,1,2,... withie < a < (i + 1)e. If ie # a then by (iii) all
a,a—¢,...,a—iebelongto A. But0 < a —ie < ¢, which is impossible. So a = ie.
In particular &« = ne, n =0,1,2,...if itis finite,and as @ > 0, n # 0. If a is infinite
we may write @ = oo€, so at any rate a =ne, n =1,2,...,00.

For all other « € A, @ < a so «a finite, « = icand asa < a,1 < n, i =
0,1,2,...,n —1. Conversely, ifi =0,1,...,n — 1, then ie < ne = a and (iv) with
a1 =--=a; =€, ai41 = ajyp = --- = 0 gives ie € A. Thus A consists of all ie,
i=0,1,...,n,whichiscase (I,)if n = 1,2, ..., and case (I) if n = co.

Assume next that there is no smallest element > 0, < oo in A. Let €’ be the
g.rlb. of the elements € > 0; if we had €’ > 0 then there would exist an a € A,
a > 0 with a < 2¢’ and as @ = €’ would imply that a is the smallest element > 0,
< ocoin A, therefore a > €’. Now thereexistsaf € A, >0withf <aand f > €.
Soa,peA a>pandby (iii)a—f €A buta->0,a—-p <2 —¢€ =¢€ which
is impossible. Thus €’ = 0 and so forevery e > 0ana € A, 0 < a < € exists.

Now assume 0 < 1 < 2 < a. Choose an a € A with 0 < @ < 2 — 1. Then an
i=0,1,2,...withia < 1 < (i + 1)a exists, so

(i+1)a:ia+a<,81+,82—[31=52.

As (i + 1)a < a, therefore (iv) witha; =+ = aj41 = @, @jp2 = @jy3 = -+ = 0 gives
(i + 1)a € A. So we see: There exists a p € A with 1 < < .

Now consider any @ with 0 < a < a and form a sequence f1, 52, ... with
0 < pf1 < P2 < -+ < a lim_wpi = a For each i choose a ﬁ; € A with
Bi <B; <Pi+1-So B>, Bi—PBi_€Ni=23,.... Putay =p], ai =B, - B,
fori =2,3,...,and apply (iv): X;2; a; =lim; e i = @ <@ and so @ € A.

Thus A consists of all @ with 0 < a < a which is case (II;) if a is finite, and case
(IIeo) if @ = o0. These considerations exhaust all possibilities.

We now apply Lemma 8.4.1 and Lemma 8.4.2 simultaneously, remembering
that we can normalise D(9) so as to make € = 1 (cases (I;) and (I)) resp. a =1
(case (II1)). Then we have:
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Theorem VIII. The range of D(9) (that is the set of all values of a given D (M)
for all 9t n M) is one of the following sets:

(I,) n=1,2,.... ThesetO,1,...,n.
(Io) Theset0,1, ..., .

(I1y) Thesetofalla,0 < a <1.
(Il) The setofall @, 0 < a < 0.

(Il) The set 0, co.

In the cases (I;), (I»), (II1) we have included a normalisation of D(), the
standard normalisation. Case (Il») is not normalised; in case (Ills) no normalisation
is needed, because 0, o are unaltered by multiplication with a finite positive
number.

We call the cases (I,,), (II1) the finite cases, the cases (), (IIe), (Ill), the infinite
cases. On the other hand we call the cases (I) (that is (I;;), (I)) the discrete cases, the
cases (II), (that is (II1), (Ils)) the continuous cases, and the case (III), (that is (Ill))
the purely infinite case.

The following problems arise immediately:

Problem 3. Which ones of the classes (1,,)—(I1ls) do really exist?

Problem 4. Which combinations of these classes do occur for coupled factors M, M’? For
general factorisations My, ..., M,,?

Problem 5. To which classes do the direct factors M belong?

Problem 6. Are all factors M belonging to the same class ring-isomorphic, or do there
exist further invariant characteristics?

Problem 7. Are all factorisations My, ..., M, in which each M; belongs to a given
class ring-isomorphic or even spatially isomorphic, or do there exist further invariant
characteristics?

We will be able to contribute considerable material to clarify these questions,
but the only one to which we can give a complete answer is Problem 5.

8.5. We establish the invariance of the subjects of the last §§ under ring-
isomorphisms.

Lemma 8.5.1. Replace the M, 9t n M by their E = Py, F = Py which are € M
(cf. Definition 6.1.1, Definition 7.1.1, and Definition 8.2.1). The notions E ~ F
(---M), finiteness and infiniteness of an E with respect to M, Dm(E) (apart from
its normalisation) are invariant under algebraic ring-isomorphisms.

Proof: E ~ F means thata U € M with UU*U = U, U"U = E, UU" = F exists.
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E is infinite, if an F € M with F> = F* = F, EF = F, F # E, F ~ E exists. D(E)
is characterised in Definition 8.2.1 by the sole use of the notions 0, finiteness,
infiniteness, E ~ F and E + F with EF = 0. Thus all these constructions are
invariant under algebraic ring-isomorphisms.

Now we can state, combining Lemma 8.5.1 and Theorem VIII:

Theorem IX. The cases (I,)—(Ill.) of Theorem VIII are invariant under algebraic
ring-isomorphisms. So is Dm(E) (we write E = Py € M for 0t n M), apart from its
normalisation, and even the standard normalisation (in the cases (I,,)—(II;)).

8.6. We now locate the direct factors in this classification.

Lemma 8.6.1. M is a direct factor if and only if it belongs to the discrete cases:
(In) or (I). If we then use the spatial isomorphism of $ with $; ® - -- ® H,, where
M becomes Bgi) then the corresponding $; will be an n-dimensional Euclidean
space resp. a Hilbert space. If E; = Pyy, is a projection in $; then DM(E?)) is, in the
standard normalisation, simply the common notion of dimension of ;.

Proof: In the cases (I) an M n M with D(IM) = 1 exists. If %t n M, N C M then
D) < DM), DM) = 0, 1. The former implies N = (0), the latter N ~ N and as
It is finite, it excludes 9t & M, so it implies N = . Obviously N # (0). Thus N is
minimal, and therefore M is a direct factor (cf. Theorem IV). So our condition is
sufficient.

All other statements assume that M is a direct factor, and thus algebraically
(even fully) ring-isomorphic to B;. Then we may replace (by Theorem IX) $, M, by
9i, B;; that is, we may assume M = B.

Every one-dimensional M = [¢], ¢ # 0 (now all M n M) is # (0) and finite
(M S M implies N = (0) excluding N ~ M) so De([@]) > 0, < oo. Besides [¢p] ~ [V]
so Dg([¢]) = Ds([¢']); Ds([@]) is a constant. Normalise Dg(Mt) so as to have
Dg([¢]) = 1. Then Lemma 8.3.2 gives Dg() = common notion of dimension of
In.

Thus if $ is an n-dimensional Euclidean space, this Dg(Mt) has the range
0,1,...,n; and if it is a Hilbert space, it has the range 0,1, ..., 0. This proves
that M is in the cases (I,) resp. (I), and that this normalisation of Dg(M) is the
standard one. This completes the proof.

Lemma 8.6.1 makes it possible to solve Problem 3-Problem 7 in the discrete
cases (that is for direct factors). The details are these:

The discrete cases (I,), for every n = 1,2,... and (I.) do occur; and for
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factorisations My, ..., M,, we can prescribe any combination of the discrete cases
(In) and (I) for the M;’s. We need only form $ = H1 ® - - - ® H,, where the H; are
the corresponding n-dimensional Euclidean or Hilbert spaces, and put M; = Bgi).
Furthermore if m — 1 of the factors M; are in discrete cases, then all are (Lemma
5.4.1); and so in particular two factors M;, M (and a fortiori two coupled factors)
are either both in discrete cases, or none of them is. The direct factors are identical
with those in discrete cases. If in a factorisation My, ..., M,, all M; are in discrete
cases, then they are all direct factors, so My, ..., M,, is a direct factorisation
(Lemma 5.4.1). Thus a spatial isomorphism carries $ into $1 ® - - - ® 9, and each
M; into Bgi) ; therefore $; is determined by the class of M; (cf. above). Thus if
two factors M, N have the same discrete class, they are fully ring-isomorphic
(Lemma 2.3.4 and (22, §4), compare the factorisations M, M’ and N, N’); and if in
two factorisations My, ..., M,, and Ny, ..., N,, the corresponding M;, N; have the
same discrete classes fori = 1,...,m, then we have even spatial isomorphism.

PARrT III: PAIRS OF FACTORS

’
CHAPTER IX: QUALITATIVE COMPARISON OF iIRJIYI AND mtl}‘

9.1. We need first a discussion of infinite sums of definite operators. The
considerations which follow are based on a construction of K. Friedrichs, (7,
pp- 472, 476). The situation which we will investigate is described as follows:

Definition 9.1.1. Let Aj, A, ... be a sequence of everywhere defined, bounded,
Hermitian, (semi-) definite operators. In other words; For eachi =1,2,... an «a;
exists, so that we have identically

0<(Aif, f) < aillfIP

for all f € § (cf. (16, pp. 73-74)).

Put Ap = 1. Define W as the set of f € $ for which } 72 ,(A; f, f) is finite. For any
two f, g € 9 for which }}72,(A;i f, g) is absolutely convergent, call this Q(f, g).
Lemma9.1.1. Wisalinear set. If f, g € A then Q(f, g) is defined. Withaf, f + g

as linear operations and Q( f, g) as inner product U fulfills the conditions A, B, E
of (16, pp. 64-66). (We may however have A = (0).)
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Proof: As (Ajaf,af)=|a*(Aif, f)therefore f € Aimplies a f € A. As

(Ai(f+8), f+8)<(Ai(f+8), f+)+(Ai(f-8), f—-8)
=2(Aif, f)+2(Aig, 8)

therefore f, g € Wimply f + g € A. Thus A is a linear set. We have

(Aif, Q) < 3(Aif, f) +3(Aig, 8),

(this is proved literally as Schwarz’s inequality cf. (16, p. 64)), thus if f, g € U then
Yico(Aif, g) is absolutely convergent, and so Q(f, g) is defined.

We now verify A, B, E, loc. cit. All parts of A, B are obvious, except B, 4. This
holds, as f # 0 implies

oo

QUf. )= D (Aif, ) = (Aof, ) = I fIF > 0.

i=0

Consider now E. We must prove: If f1, fo,... € Wand

im Q(fm— fu, fn— fu) =0

m,n— oo

then there exists an f € A with limy, e Q(fu — f, fu — f) = 0.

As Q(fm - fn/ fm - fn) 2 ”fm - fn||2 we have hmm,n—wo”fm - fn” = 0. So an
f € 9 with limy, || fn — f|l = 0 exists. As

lim Q(fm - fn/ fm - fn) =0

m,n— oo

there exists for every € > 0 an ny = ng(€) so that m, n > ng imply

Q(fm _fn/fm _fn) <€

and a fortiori '
j
DA fn = fu) fr = f) S €.
i=0

Let now n — oo; as all A; are continuous, this gives

j
DUAfu =) fu— ) <.
i=0
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This holds for every j = 0,1, 2, ..., therefore

D Ailfn = ) fu = f) <€
i=0

This proves fiu — f €U, f = fu— (fu — f) € U, and then Q(fu — f, fu — f) < €.
So we have f € Wand limy, 00 Q(fi — f, fm — f) = 0. This completes the proof.

Lemma 9.1.2. For every f € $ there exists one and only one f* € A so that

(f,g)=Q(f* g) for every g € A. We have || f*[| < || f]I-
Proof: Consider L(g) = (f, g) for g € A as a functional in A. We have obviously 1)

L(ag) = aL(g),2) L(g1 + g2) = L(g1) + L(g2). Furthermore we have

LI =1Cf, Ol < I8l < M FlVQ(g. &),

thatis 3) |L(g)| < a0/Q(g, §), where ag = || f||. Under these conditions the existence
of an f* € Wis certain, for which L(g) = Q(f~, g) for all ¢ € A and this f* is unique.
(Cf. (11, p. 11), and (13a, p. 34).) In other words: (f, g) = Q(f*, ), § = f~ gives in
particular:

QU )= ) <A

butas Q(f*, f*) > || f*|I* this implies || f*|| < || f]|-

Definition 9.1.2. Define an operator B by Bf = f*, in the sense of Lemma 9.1.2.
Lemma 9.1.3. B is everywhere defined, bounded, Hermitian, (semi-) definite (in
9); and Range B C .

Proof: B is obviously everywhere defined. (Bf, f) = (f*, f) = Q(f*, f*) and

0< QU ) <IFI-IFI < IFIR,

thus B is bounded, Hermitian, and (semi-) definite. As Bf = f* € U we have
Range B C .
Lemma 9.1.4. Form B'/2 in the sense of F. Riesz (cf. in the proof). BY/2 is
everywhere defined, bounded, Hermitean, (semi-) definite. Range B 1/2 = 91, For
fe$—[U],BY2f =0, while for f,g €[], (f,g) = Q(BY2f,B/2g).
Proof: As to the definition and character of B1/2 cf. for instance (16, p- 113).

BY2f = 0 implies Bf = BY?(BY2f) = 0; Bf = 0 implies |BV/2f|? =
(BV2f,BY2f)=(Bf, f) =0, BY?f = 0; Bf = 0 means that the f* of Lemma 9.1.2
is 0, thatis (f, g) = 0 for g € A. This means f € H — [A]. So we have:

(f;BY?f =0)=(f;Bf =0) = $ - [U].
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[Range B/?] = [Range B] = [U].

Consider an f € [U]. Then f is a condensation point of Range B'/? so a sequence
f1, f2, ... with limn_>oo||B1/2fn — fl| = 0 exists. Now all Bf, € A and

Q(Bfm - Bfnz Bfm - Bfn) = (fm - fn/ Bfm - Bfn)
— (Bl/me _ Bl/an’Bl/me _ Bl/an)
= [1BY2 fuu = B2 ful?,

so limy, n—co Q(B fiu—B fu, B fu —B f) = 0. But U fulfills the completeness postulate
E (for Q(...,...)cf. Lemma 9.1.1), so an f° € A with

lim Q(Bfu — f°,Bfu = f7) =0
exists. Now Q(g, g) = lIglP* so lim,—w||Bfy, — f° = 0. On the other hand the
continuity of BY/? implies
Lim ||B f, — B2 f|| = lim IBY*(B'2 f, = f)ll = 0.
So 0= BY2f, proving B2 f € . Besides we found

lim Q(Bfy — BY2f,Bfy — BY?f) = 0.

Consider two f, g € [%]. Then BY/2f, B'/2¢ € A and forming the above sequence
f1, f2, ... for f and its analogue g1, 2, . . . for g, the continuity of the inner product
of A in the metric of A (all Q(. .., ...) cf. (16, p. 65)) necessitates

Q(BY2f,BY/2g) = lim Q(B fu, Bgn) = lim (fu, Bgn)
= lim (B2 f,, BY?g,) = (£, g)-

Thus B'/? maps [2] on some subset A’ of A and this mapping is isomorphic, if
we use the inner product (f, g) in [U] but Q(f, g) in W’.

Therefore it is one-to-one. Now [U] is a closed subset in the topologically
complete set $ (topology of the metric ||f — gl = (f — g, f — )'/?), therefore A’
is complete too, and so it must be a closed subset of A (topology of the metric
[Q(f — ¢, f — 9)]Y?). In this sense U is a closed linear set in A. Consider
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therefore A — A’ (for the inner product Q(f, g)). f € A — A means f € A and
Q(f, g) = 0 for every g € W thatis Q(f, BY/2¢’) = 0 for every g’ € [U]. For every
g, ¢’ = B/2¢” € [U] so we have a fortiori Q(f,Bg”") = 0, (f,g”) = 0 for every
g”,and so f = 0. This proves A — A’ = (0). Now every f € W is the sum of an
element of A’ and one of A — A’ (this is the fundamental theorem on projections,
which applies to spaces which fulfill, like %, only A., B, E., by (11, p. 14), or (13a,
p- 34)); as A — A’ = (0) this means f € A. Thus we have proved A’ = A. We see
that B1/2 maps [A] on A. In H — [A] (we use again the inner product (£, g) of H)
however it is = 0. Therefore Range B!/ = .

Thus we have proved all statements of our Lemma.

Another essential property of B!/? is this:

Lemma 9.1.5. Let M be a ring which contains 1. If the above Ay, Ay, ... are
elements of M then B/?2 ¢ M.

Proof: A, € M, A, n M so A, is invariant under every unitary U’ € M’. Therefore
A and Q(f, g) are invariant under these and with them B, which was uniquely
characterised with their help. So B 7 M and by Lemma 4.2.1 B € M. This implies
B'/2 € M for instance by (19, p. 213).

9.2. Consider now the sets i)ﬁl}g/ of Definition 5.1.1.

Lemma 9.2.1. Let M be a ring which contains 1. If g9 € ‘Jﬁl}o/[' then two linear,
closed operators X', Y’ n M’ with everywhere dense domains can be found such
that go = XY’ fo. (Of course fy € DomainY’, Y’ fy € Domain X’. X’ is even
bounded.)

Proof: go is a condensation point of the set of all A’ f;, A” € M’. So we can find for
everyn =1,2,...an Aj, € M’ with [|A;, fo — gol| £ 1/2". Thus

|A/ +1f0 A/ fO” < 1/2n+1 + 1/211 3/2n+1’
and so

(2n(An+1 — A ) (An—i-l — A )f0' fo)
= (4], — AR < 2°3/27 = 020,

n+1

We now perform the construction of Definition 9.1.1 with 2"(A! ., —A})* (A’ ., —A})
in place of A,, n = 1,2,.... We thus obtain A and Q(f, g), and the B, B1/2 of
Definition 9.1.2 and Lemma 9.1.4, which we will denote by B’, B’ 172 Lemma 9.1.5
gives B’1/2 € M’. Note that our above evaluation secures f; € L.
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B’V/2 is a one-to-one mapping of [A] on A (even isomorphic! cf. Lemma 9.1.4).
Denote its inverse (in % only!) by Y. As B’Y/2 € M’ we have U = Range B'Y/2n M
and so Y] n M’; by its very nature Yj is linear and closed. But Domain Y = U is
only dense in [A]. If we put Y’ = Y Pjay, then Y’ is clearly 1M, linear, closed, and
has an everywhere dense domain.

Consider an f € $. Then BV/2f = B’l/ZP[m]f € Aand Q(B'V2f,BV2f) =
1P fI> < Il f1I*. But

Q(le/Zf B/l/Zf) ”B/l/Zf”Z + Zzn||(An+1 A;)B/1/2f||2

S
foreveryn =1,2,...;s0
’ 11/2
I(A;,,, = A)B2 £l < \/_Ilfll
Therefore
1Ay — ADBY2 ) < [—= oo+ ——] £
B T
+2
Vo
or, which is the same thing,
’ 4 ’ 2+\/_
1A, = AL)B 2 £ < ann
Thus lim,, ,wl|l(A,, — A’)B1/? fll = 0 and therefore a unique f* with

lim, ||A,BV2 f — £*|| = 0 exists. We define an operator X’ by X’ f = f*; then X’
is clearly the uniform limit of the sequence AiB’l/ 2, AéB’l/ 2,...(cf. (18, p. 384)),
thus bounded and € M’ too.

Now fo € U, therefore Y’ fo = Y| fo € [U] and B2y’ fo = fo; o is the limit of
the sequence A/, fo = A/, B'Y2Y’ fy, 50 go = X Y’ fo. This completes the proof.

Note that we cannot make much use of the operator-product X’Y” itself. It
is not closed in general, and it is uncertain whether it possesses a single valued
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closure (cf. (21, p. 300)). We will see in §§16.3-16.4 how the notion of finiteness
helps to bridge this gap; for the moment this is unimportant, because we are able
to deal with the X', Y’ separately.

9.3. We will compare the MM and the MM. From now on we assume that M is a
p f f

factor.

Lemma 9.3.1. If go = X’ fo where X’ n M’ is a linear, closed operator with an
everywhere dense domain, then

M M ’
MY LM (- M),

Proof: X’ n M’ means that X’ commutes with all unitary U € M” = M, that is with
all elements of M) (cf. (18, p. 392)); as it is linear and closed however, it will even
commute with those of R(IM™) = M (cf. (18, pp. 392, 405)). So we have

MY = [Ago; A € M] = [AX fo; A € M]
XAfO,AeM (X' f; fe(Afo,AeM)]

[X’f; f € Domain X’ im%l]

Put [Domain X" - EUE%[] = '; clearly W' C i)ﬁl}g and X’ n M/, DM n M’ imply 0’ n M.

fo
It is clear that X’Pyy is a linear, closed operator with an everywhere dense domain,

and nM’. Our above relation proves
imgg C [Range(X'Pyv)].
On the other hand

[Range(X'Pgv)*] = $ — (f; X"Pyw f = 0)
—(f;Pwf=0)
—(H-N)=N ciml}g.

Using Lemma 6.2.1 we obtain

iUIgg C [Range(X'Py)] ~ [Range(X'Py)] C EUEI}O/I,

(the ~is (---M’)), and so EIRM 3 iml}o’[( - M).

Lemma 9.3.2. MM 3 imy (---M) implies MY % sm%(. - M).
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Proof: imgg' 3 %El}o’[/(---M) means img’([)' ~N (M), N C EUEI}O’I'. So a partially
isometric U € M maps MY on N while U~ maps % on MY
Now Ugo € Nt C iml}o’[', so by Lemma 9.2.1 Ugo = XY’ fo, X', Y’ linear, closed,
and with everywhere dense domains. By Lemma 9.3.1
M M M _gpM /
M = My, o2 My, o= Mo, (---M).

But U*U go = go and so

MM = [Ago; A € M] = [AU"Ugo; A € M] C [BUgo; B e M] = MM

M M M , M M ,
So Mg, € My, 3 ML (--- M), and hence Mgy 3 M (--- M),
Lemma 9.3.3. gml\;l > gmgg'(, -+ M) is equivalent to EUEI\;I z gmg/g .. M), respectively.

Proof: ED?%I' . imgg'(, --M) implies ‘JJEI\O/[ = Emgg by Lemma 9.3.2. The converse

f
follows by replacing M by M’ (and so M’ by M”" = M); thus im%ll > smgg’(- - M)
and EIRI}O/[ % smgg ---M’) are equivalent. The same follows for < by interchanging fy
and go.

The same follows for ~ because it means that < and % both hold; it follows for <
because this means that 3 holds, but not ~; finally it follows for > by interchanging
again fp and go. Thus all statements of our Lemma are proved.

CHAPTER X: RaTIO OF DM(EUEI}/[’) AND Dy (EUEI}/[)

10.1. The last §§ give the basis for a quantitative comparison of ‘Jﬁl}d' with

EIRJIYI M, M’ will again be factors; Dy(I), Dy (M) arbitrarily normalised relative

dimension functions of M, M’ respectively; A, A’ their respective ranges. We
define:

Definition 10.1.1. Denote the range of DM(EIR?/I,) (for all f € ) by Ag and the
range of Dy (EUE?’I) (forall f € ) by Aj.

Lemma 10.1.1. If we let Dwy (iml}/[) correspond to DM(EUEI}’[') a one-to-one mapping
of Ag on Aj results. Describe this mapping by a’ = ¢(a), @ € Ag, a” € Al}. p(a)isa
monotone increasing function of a.

Proof: Lemma 9.3.3 can be formulated like this:

DM(EUE?/[’) = DM(EUIE/I,) is equivalent to D (ED?JIYI) = Dwr (‘.Uigl),
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respectively. This implies all parts of our Lemma.
We will now determine Ag, A}, ¢(a) and the set of all pairs MM’ M.

f
Lemma 10.1.2. If A€M, then [Ag; g € ﬁRl}/I/] = w}}f}
Proof: We have

[Ag;g € MY ] = [Ag;g € [B'f;B € M]]
=[Ag; g€ (B f;B e M')]

= [AB'f;B’ e M'] = [B’Af;B’ e M'] = smf}ff

Lemma 10.1.3. The necessary and sufficient conditions for the existence of
an f € 9 with iml}’y = I, EIRI}/I = J are these: M n M, Nt n M, D) € A,
D (%) = §(Daa(M)).

Proof: The necessity being obvious, let us consider the sufficiency. Our assumptions
imply the existence of a ¢ with DM(EIRg[’) = Dp(IM), DMr(ED?g[) = Dm (). So
ETRE/II ~M(---M), smy ~ N (---M’). Let U € M be partially isometric with the
initial and final sets imy’, M and U’ € M’ similarly with img’[, N.

Consider now ETJElZ[d,Ig. It is equal to [A'U’g; A’ € M’], thus certainly a subset
of [B'’g;B" e M'] = iml;,/['. But on the other hand for every B’ € M’ we have for
A'=B'U"eM AU ¢g=BU"U'g = B/Pgﬁlgvlg = B’g. So our set is equal to Emg’l'.
Now Lemma 10.1.2 gives

My, = [Uh;he MY ] = [Uh;h e MGF] =M.
M
uug

Lemma 10.1.4. a1, a2,... € Ay, Yo ai €A, Yioq d(a;) € A imply

Similarly 9t =N. Thus f = UU’g = U'Ug meets all our requirements.

Z a; € Ao, Z Pla;) = (Z Oéi) -
i=1 i=1 i=1
Proof: We wish to construct a sequence of mutually orthogonal

gﬁl,gﬁz,...T]M

so that Dym(9i;) = ;. We proceed by induction. Assume that My, My, ..., ;g
have already been constructed, fulfilling these requirements as well as

(o8]

DM($5 - [Eml,...,imi_l]) > Za]-,

j=i
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where i = 1,2,.... (For i = 1, this is the case, as Dm(9) > 2}21 aj, because
2]21 aj € A.) We then construct M; as follows: If a; = oo then Z;’ii aj = oo and
H — [y, ..., M_1] is infinite. Apply Lemma 7.2.3 to it, and put M; = N for the
resulting M which obviously meets all requirements. If «; is finite, choose an
D n M with Dy(M) = a;. Then

VW ZH-[Dy, ..., Miq], MM~ CH—[My, ..., Mi],
and use this 9i;. Then

Dm(%) = a;,
Dm(H— [M, ..., My]) = Dm(H - [y, ..., Mi—1]) — Dm(M;)

o o
ZZO(]‘—O(Z'Z Z aj,
j=i

j=i+1

and again all conditions are fulfilled.

Choose similarly a sequence 9i1, Ny, ... n M’ so that Dy (M) = ¢(a;). (Now
2ieq ¢(ai) € A’ must be used.) By Lemma 10.1.3 an f; € $ with

MY =M, mY =%

exists. As we can replace f; by any a' f;, we may assume || fi|| < 1/i.

As we see, the i)ﬁl}:[/, i=1,2,..., are mutually orthogonal and so are the EUEI};I,
i =1,2,.... So the f; are mutually orthogonal, and as Y ;0| fil]> < X2, 1/i% is
finite, we can form f = )7, fi (cf. (16, p. 67)).

As f; € ‘Jﬁl}:[', therefore f € [sm?f’ ;1 =1,2,...] and considering the mutual
orthogonality of the iml\:[', i=1,2,...,wehave f; = E%I' f. Similarly f € [iml\:[;i =

1,2,...]and f; =Ej¥f.

Now
MY = [Af; A e M] = Z;A’fi;A’ eM
1=
CllA f; A eM];i=1,2,...]= [&ml}f’;i =1,2,...]
and

S):Rl}/[’ — [A/f;A/ e M/] 3 [B/E?l/[’f;B/ E M/] — [B’ﬁ/‘B, E M,] = ﬂjtl}:[,
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Thus
iml]‘ﬂ’ = [iml}f’,-i =1,2,...],
similarly 9331}4 = [WfM;i =1,2,...]. So we have
Dm(M) = > DY) = )" a,
i=1 i=1
Dy (DY) = " Dy () = 3" ().
i=1 i=1

Therefore ;72 a; € Ag and X 5oy (i) = P(X 2 i)

Lemma 10.1.5. 0 € Ap; an a € Ag with a > O exists; if a € A, @ < f € Ap then
a € Ay.

Proof: For f =0, DM(sml}/") = Dm((0)) = 0; for f # 0, iml}/‘ # (0), DM(E)JEI}’I') > 0.
a < B € Ay, @ € A implies that an f with DM(EUE?’I') = B and an %t n M with

Dm(MN) = a exist. So N < MM R~ N C EUEI}/[', and by Lemma 10.1.2

EIR%J;]: = [Pgt/g;g € gﬁl}/l,] = SR’ ~ ER,

SO DM(ED?I%;J() = Dpy(M) = a.
10.2. Proof of DM/(‘;UEfM) =C DM(EUEI}/I') and of Ag = A or A = A’. Theorem X With
the help of Lemmas 10.1.4, 10.1.5 the discussion of Ay, A} and ¢(a) can now be
completed. We will use Theorem VIII, and discuss the three cases (I), (II), (III) for
M separately.

Assume first case (I) for M. Then we have case (I) for M’ too, by Lemmas 3.2.3,
3.2.4,and 8.6.1. Use Dy (M), Dy (M) in their standard normalisations. By Lemma
10.1.50 € Ap; and an o € Ag with a > 0, so a > 1 exists, which implies, as 1 € A,
that 1 € Ag. Similarly 0,1 € A}. As ¢(a) is monotone increasing (by Lemma 10.1.1)
and as 0 is the smallest element of both Ag and A/}, so ¢(0) = 0, and as 1 is the
smallest element # 0 of both Ag and A7, so ¢(1) = 1.

Denote the case of M more precisely by 1,,;, where m’ = 1,2, ... or co; similarly
M"’s by I, where n” = 1,2,...orco. If p =0,1,2,...,min(m’, n’), then apply
Lemma 10.1.4 with a1 = --- = ap = 1, apy1 = ap2 = -+ = 0 if p is finite, and
a1 = ap = --- = 1if p is infinite. Then p € Ay, P(p) = p obtains.
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If Ag had further elements, we would have
q € Ao, qg+0,1,2,...,min(m’, n’).

But g € A, g = 0,1,2,...,m’, therefore min(m’,n’) < q < m’. Thus
¢(min(m’, n’)) < ¢(q) (by Lemma 10.1.1), but ¢p(min(m’, n’)) = min(m’, n’) and
¢(q) € Ay € A, so min(m’,n’) < ¢(q) < n’. So min(m’,n’) < m’ and < n’,
which is impossible. Thus Ay is precisely the set 0,1,2, ..., min(m’, n’) and in
it ¢(a) = a; therefore A is the same set. We see that we have either Ag = A, or
Ay =N,

Assume next case (III) for M. A has precisely two elements: 0, oo, so that Ag = A
by Lemma 10.1.5. So Ag = (0, ), Aj = (¢(0), ¢(o0)) = (0, ¢p(o0)). Lemma 10.1.5
applied to M’ excludes the existence of an a’ € A” with 0 < a’ < ¢(c0). This
excludes case (II) for M’. Case (I) for M’ is ruled out as above (interchange M, M’),
so we have case (III) for M’ too. Now we have for the same reasons as in M,
Aj = A =(0,00), ¢p(c0) = 0. So we have again ¢(a) = a, but now Ag = A and
Ay =N,

Assume finally case (II) for M. The above arguments exclude cases (I) and
(IIT) for M’ (interchange M, M"!), so we have case (II) for M’ too. We have four
possibilities: M in a case (II,/) and M’ in a case (II,) with m’, n” =1, co.

Consider a pair a € Ay, a’ € Ajwitha’ = ¢p(a)andap =1,2,.... Then (a/p) €
Ao, (a’[p) € A}. Assume (a’/p) > ¢(a/p). Obviously p(a/p) = a € Ag. Further
pola/p) < a’ € Aj C A’; as we have case (II) for M’, this implies pp(a/p) € A'.
Thus Lemma 10.1.4 applies for ay = --- = a, = (a/p), aps1 = apr2 = -+ =0,
giving pp(a/p) = ¢(a) = a’, (a’/p) = P(a/p). This contradicts our assumption
(a’/p) > ¢(a/p). Interchanging of M, M’ excludes (a’/p) < ¢(a/p) too. So we
have proved a’/p = ¢p(a/p). In other words:

P(a/p) = (1/p)p(a).

Take now a g = 0,1,...,p. We have (g/p)a < a € Ay C A, so (owing to
case (II) for M and for M’) (g/p)a € A, qp(a/p) € A’. Therefore Lemma 10.1.4
applies for a1 = --- = a; = a/p, ag1 = agy2 = --- = 0, giving (q/p)a € Ay
and ¢((g/p)a) = qdp(a/p) = (q/p)P(a). In other words: If 0 < f < a then
o(B) = (B/a)p(a) if B/a is rational.

By Lemma 10.1.5 0 < g < a implies f € Ag so ¢(p) is defined in all this interval.
As it is monotone increasing (Lemma 10.1.1), we have ¢(8) = (8/a)¢(a) for all
these B, thatis ¢(a)/a = ¢(B)/p (assuming «,  # 0).
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Assume a, € Agand # 0. If « > fthen 0 < f < a and we know that
o(a)/a = P(B)/B. By symmetry this equation holds for @ < 8 too, that is, it holds
always. So ¢(a)/a is constant, say C. C is finite and positive by its nature. We
have ¢(a) = Ca if o € Ag, @ # 0 and of course for a = 0 too.

Let the Lub. of Ag be m”, and that of A}, n”. We have 0 < m” < m’,
0 <n” <n’,and of course n” = Cm". m” belongs to Ag: Choose a1, as, ... with
a; >0, Zi a; <m”, YT a; =m" (for instance a; = m” /2% if m” is finite, and a; = 1
if m” is infinite), and apply Lemma 10.1.4. Similarly n” belongs to A[.

Assume now m” < m’, n”” < n’. Then m”,n’ are both finite,anda d > 1, < 2
with 9m” < m’, dn” < n’ exists. Then (8/2)m” < m’ and so (8/2)m” € Ay while
2(9/2)m” =9m” <m’isin A, 2¢((8/2)m”) =2C(3/2)m"” = In” < n’isin A’. So
Lemma 10.1.4 applies for a1 = ap = (3/2)m”’, a3 = a4 = --- = 0 giving 9m”” € A,.
This is impossible, as 9m” > m".

So we have m” = m’ and n” < m’ and n” = n’/, and besides
n’" = Cm”. Let us now consider the four possible combinations of m’,n’ =1, co.

If m" =n’ =1then C > 1 necessitatesn”” =n’ =1, m"” =(1/C)n’ =1/C <1
so Aj = A’, while C < 1impliesm” =m’ =1,n"” =Cm” =C <1s0A¢ =A. As
both A, A’ (that is Dy(t), Dy (M) are normalised, C has an invariant meaning.
If m" =1, n” = oo then A’ is not normalised. So we can make C = 1. Now
obviously m” =m’ =1, n”" =m” =1 < oc0. So Ag = A. lf m" = 0o, n” =1 then
A is not normalised. So we can make C = 1 again. Now obviously n” =n’ =1,
m” =n" =1 <oo. So Aj = A’. If finally m” = n” = oo then both A and A” are not
normalised. So we can make C = 1 again, and then m”’ = n”” = co and thus Ag = A,
Ay =N

All these results together with those of Lemmas 10.1.1 and 10.1.3 give the

< n’" orm”

Theorem X. In a factorisation M, M’ the factors M, M’ must both belong to class
(I), or both to class (II), or both to class (III).

The function ¢(a) defined in Lemma 10.1.1 always has the form ¢(a) = Ca
where C is a finite, positive constant. In case (I), using the standard normalisations
of A, A’ necessarily C = 1; in case (II), if both M, M’ are in case (II;) and using the
standard normalisations of A, A’ the value of C is uniquely defined; in case (II), if
at least one of M, M’ is in case (Il) and if we normalise the corresponding A or
A’ suitably, then we can make C = 1; in case (III) the value of C is arbitrary (as
a =0, 00) so we can take C = 1.

Always either Ag = A or Aj = A’; details are given in the discussion above.
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An f with iUEI}’I' = M, EIRJIYI = N exists if and only if M M, N n M’ and if
Dnm(M) € Ao, D (M) € A7, Dy (1) = CDm(MN). (Owing to the last condition each
one of the two preceding conditions implies the other.)

This Theorem brings us nearer to the answers of Problems 4 and 7: It excludes
certain combinations of cases for M, M” and it shows that M, M’ possess a further
invariant, if M, M’ are both of class (II;), the number C. This latter statement is
of course only then of value, if such M, M’ both of class (II;), and with various
values of C, do really exist. We will see that this is the case, and besides get further
information on all these points in §§13.2 and 13.3.

CHAPTER XI: ComPrOosITION AND DECOMPOSITION OF FACTORS

11.1. A natural question to ask is this:

Problem 8. Under what conditions can two given M, N belong both to one
factorisation My, ..., M,,?

The following Lemma gives a necessary and sufficient condition but thereby
raises a new problem.

Lemma 11.1.1. M, N belong both to one (suitably chosen) factorisation if and
only if (i) M, N are factors, (ii) M, N commute (that is: M c N’), (iii) R(M, N) is a
factor.
Proof: 1f M, N belong to a factorisation My, ..., M,, thenM = M;, N = M;, i #j.
Thus (i) is fulfilled by Lemma 3.1.1; (ii) by definition; and (iii) by Lemma 3.1.1
again, as we may make i = 1, j = 2 by a permutation of Mj, ..., M, and then
remember (cf. the remark at the end of §3.1) that R(M1, M), R(M3, ..., M,;,) too is
a factorisation if n > 3 (for n = 2, R(M1, M) = B is trivially a factor). Thus our
condition is necessary.

Assume now that (i)—(iii) are fulfilled. (R(M, N))’ = M’N’ commutes with M
and N; M, N commute with each other; and

R(M,N, (R(M,N))’) = R(R(M, N), (R(M,N))’) =B

as R(M, N) is a factor. So M, N, (R(M, N))’ is a factorisation and it contains M, N.
Thus our condition is sufficient.

The new problem therefore is:
Problem 9. If M, N are two factors which commute, under what conditions will
then R(M, N) be a factor? How does the class of R(M, N) (in the sense of Theorem
VIII) connect with the classes of M and N?
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We will only succeed in giving a partial answer. This answer could be obtained
by using somewhat less formal machinery than we are going to use. But it seems
reasonable to make use of it, because it makes the algebraic side of these questions
clearer.

We define:

Definition 11.1.1. Let M, P be rings which contain 1. If M C P we define
M = P- M’ (Mj, too is a ring which contains 1 and C P).

This notion shares many formal properties with M’ with which it coincides for
P = B. As the decisive property of M’ is M” = M (cf. (18, p. 397)), it is reasonable
to define:

Definition 11.1.2. P is normal, if M C P implies My = M.

Lemma 11.1.2. If P is normal, then it is a factor; and every factorisation Q, P’ is a
coupled one.

Proof: Put M = (a1). Then M C P so Mg, = M; now (al), = P(al)’ = PB =P,
P, =P-P’. So we have P- P’ = (al). So P is a factor. That Q, P’ is a factorisation,
means Q C P” = P and R(Q,P’) = B, that is (R(Q,P’))’ = B’, Q;, = Q'P =
(R(Q,P")) =B’ = (al). So Q = Qp, = (al), = P.

Our notion of normalcy could easily be expressed in terms of the conditions
which characterise the “B-lattices” of G. Birkhoff (cf. (1, p. 445)) but we will not
enter on this aspect of the subject at present.

The connection with Problem 9 is established by the following Lemma:

Lemma 11.1.3. The factors M, N are commutative and R(M, N) is a factor too
(that is: the conditions of Lemma 11.1.1 are fulfilled), ifa PwithM c P, N Cc P’
exists, so that P, P’ are both normal.

This is in particular the case, if M, N commute, and besides M, M’ or N, N’ are
both normal.
Proof: M C P C N’ shows that M, N commute. We have

(R(M, M})), = P (R(M, M}))’ = PM'(M5) = M'MY,

and as M C P, Pnormal, thisis M’'M = (a1). Therefore, considering R(M, M) C P,
P normal, we have

R(M, Mj) = (R(M, Mj))p = (al), = P.
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Similarly R(N, N7,,) = P’. Therefore

R(R(M, N), R(Mp, Np,)) = R(M, N, M, Np,))
= R(R(M, M5),R(N, N},))
=R(P,P’) = B. (P is a factor!)

Now M commutes with Mi, because Mi, c M’, and with Ni,, because M C P, Ni,, -
P’. So M commutes with R(Mj, Np,). Similarly N commutes with R(Mp, Np,).
Therefore R(Mp, Ni,,) commutes with R(M, N). Thus R(M, N), R(Mj, Np,) is a
factorisation, and so (by Lemma 3.1.1) R(M, N) is a factor.

The second half of our Lemma obtains by putting P = M respectively P = N’.

11.2. We derive some properties of normalcy.

Lemma 11.2.1. The operation M}, (for M C P) and the normalcy of P are invariants
under (A*, AB)-ring-isomorphisms of P.

Proof: The first statement is obvious, the second follows immediately from the first
one.

Lemma 11.2.2. If P is a factor of class (I), then P, P’ are both normal.

Proof: As P’ is of class (I) too (by Lemmas 3.2.4 and 8.6.1, or by Theorem X)), it
suffices to consider P alone. Now Lemma 8.6.1 and Theorem II imply that P is
algebraically (even fully) ring-isomorphic to the B of some space $. Therefore
Lemma 11.2.1 permits us to assume P = B.

But then M, becomes My = M’ and as M"” = M (cf. (18, p. 397)) therefore
P = B is normal.

Note that Lemmas 11.1.2 and 11.2.2 give together the statement of Lemma 3.2.4
again: Every direct factorisation M, N is coupled (let M, N correspond to Q, P’
respectively).

As we will find non-coupled factorisations of class (II) (cf. §13.4), Lemma 11.1.2
implies that non-normal factors of class (II) do exist. We did not succeed however
in showing that no factor of class (II) is normal. Nevertheless the only non-normal
P’s we know are of class (II).

Thus the following question is only partially answered:

Problem 10. Which factors are normal?
The second half of Problem 9 remains to be discussed: Determining the class
of R(M, N) in terms of the classes of M and N. If M or N belongs to case (I) (by

symmetry we may assume that N does), then the results of the next two §§ permit
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us to solve this problem. In all other cases our information is incomplete.
11.3. We will now consider an operation which is in a certain sense inverse to the
“composition” R(M, N). It is based on the following Lemma:

Lemma 11.3.1. Let M be a ring which contains 1, E a projection € M. If A" € M’
then form EA” = A'E = A%. Then these A} are identical with those (bounded)
operators A for which EA = AE = A and which commute with all EBE, B € M.
Proof: The necessity is clear: If A” € M’ then A’ commutes with E € M so we can
define

EA"= A’E = A%; EA, =EEA’=EA' = A, ALE=A'EE = A'E = AL,
and if B € M then
EBEA, = EBA, = EBEA’ = A’EBE = A.BE = ALEBE.

Let us now consider the sufficiency. Assume therefore EA = AE = A and that
A commutes with all EBE, B € M.

As A is bounded, there exists an @ > 0 so that a? - 1 — A*A is (semi-) definite,
and then there exists a unique (semi-) definite C with C> = a2 -1 — A*A. (That is:
C = (a?-1-A*A)1/2, cf. (21, p. 303).) The EBE, B € M commute with A, therefore

with A%, A*A and C too. In particular E = EEE does so.
Assumenow By,...,B; €M, fi,..., f; arbitrary. We then form:

. 2 2
1 1

D BCEf|| +| > BAES;

j=1 =1

i i i i
= ZBjCE]cj/ZBkCEfk + ZBjAE]cj/ZBkAEfk
=1 k=1 =1 k=1

i
=| > {ECB;B;CE + EA'BB;AE}f;, fy
i k=1

i
=| > {CEB;B;EC + A'EB}B;EA}f;, fi
j k=1

i
_ Z {(EB.B,E(C? + A A)) f, fi
j k=1
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> {EBBE(a*1)}f;, fi

j k=1

. , , 2
1 1 1
= a? ZBjEf]-,ZBkEfk = a? ZB]'Efj ’
=1 k=1 j=1
and therefore

i i
D BAEf| < a|| > BEf]|.
=1 =1

Thus Z;’=1 B,E f; = 0 implies Z;::l B ]-AE fi = 0 and so, owing to the linearity,

— [ i
A ZlBjEf]- :ZIB]-AEfj
= =

(i=0,1, 2,..;BjeM, fi arbitrary forj=1,. i) defines a one-valued linear
operator A We can now write |A fll < allf]| so that A is continuous. Therefore we
can form the closure of 4, A This will be one-valued, again fulfilling ||A fll<allfll

and Domain A= [Domain A]. (All this results by direct application of the criterium
of (21, p. 300).)
If B € M then

— i [ i i
A BZ;B,-Efj = A Z;BBjEfj =Z;(BB]-)AEfj
J= J= J=

i [ i
= B Z;B]-AEfj - B|A Z;BjEfj ,
= =

so An M’ (cf. Lemma 4.2.2). Therefore A n M’ and iy = Domain A nM’. Thus
Fo = Py, € M’. Note that Domainj > Domain A D M, if E = Py (puti =1,
B1=1),s0Fy>E.

Our definition of Fo shows, that AFO is everywhere defined. It is bounded too,
and as A nM’, Fg € M, therefore AFy 11 M'. These facts imply together AFO e M.
Put A’ = AF().
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Now AEf = AEf (puti = 1, By = 1 in the definition), and so AE = AE = A.
Therefore A’E = AFgE = AE = A. In other words: EA’ = A’E = AL = A,
completing the proof.

We can now carry out the constructions which are necessary for our “decompo-

sition.”
Definition 11.3.1. Let M be a ring which contains 1 and Mt a closed linear set
# (0). Consider those operators A € M which are reduced by It and form their
parts in M, Ay (cf. (16, p. 78)). These are bounded operators in 9. Denote the
set of all these Agy) (A € M and reduced by It) by My).

Lemma 11.3.2. Let M be a ring which contains 1 and Mt a closed linear set # (0),
MnM, E = Py. Then (M)’ = M7,,... (These are rings of operators in the space
IN.)
Proof: An operator Ap in M is at the same time an operator in $ but its domain
is C M. If Ag is bounded, then AgE is everywhere defined in $ and so (being
bounded) € B. As its range is C M, E(AoE) = AoE. Obviously (AoE)E = AoE so
AoE commutes with E = Pyy and is reduced by M. Its parts in M, H — Nt are Ag, 0
respectively.

Thus Ay, By (in M) commute if and only if AgE, BoE (in $) commute. Ag €
(M)’ means therefore, that AgE commutes with every BoE, By € My).

The statement on By means By = Byy), B € M but then

/
DA

EBE = EB = BE = BoE.

(Note, that ByE differs in general from EBy = By, their domains being $ respectively
N.) So AoE must commute with every EBE where B € M, B commutes with E.
Replacing B by EBE (which commutes with E and leaves EBE unaltered) shows
that any B € M will do. Now Lemma 11.3.1 applies to AgE: AgE = EA’ = A’E for

some A’ € M. This means, Ag = (AoE)@gn) = Azgm), Ap € M&m).
Conversely: If Ap € ME‘JJ?)’ By € My then Ag = A&m), By = Bgp) where A" e M/,

B € M so A’, Bcommute, and Ay, By too. So Ag € M&m) implies Ag € (My))’. So

we have completely proved (May))" = M&m)'

Lemma 11.3.3. Let M, I, E be as above. Consider the correspondence X «—
X This is a one-to-one mapping and even algebraic ring-isomorphism of the
following rings on each other:

(i) At any rate of the ring of all A € M with EA = AE = A on all My).
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(ii) If M is a factor, of all M’ on all ME&U&)'
Proof: The invariance of A, A*, A+ B, AB is obvious, only the one to one character
must therefore be proved.

Ad (i): If Ag € Mgy), form the AgE from the proof of Lemma 11.3.2. If Ag = Agy),
A € M, then as we saw, AoE = EAE, so AgE € M too; and besides Ay = (AoE) ),
E(AoE) = (AoE)E = AE. Furthermore Ap and AoE determine each other uniquely.
This completes the proof.

Ad (ii): Every A” € M’ commutes with E = Pyy € M so it is reduced by It and
AE*JR) can be formed. AE‘JJE) = Bém) means that A’ f = B’ f for all f € I, that is for
all f = Egso A'E = B’E. By the corollary to Theorem III this implies A” = B” as
E # 0. This completes the proof.

Lemma 11.3.4. Let M, I, E be as above. If M is a factor then Mgy is one too.
Proof: Apply Lemma 11.3.2:

M) - (M) = M) - Mgy = (M- M')@ny = (aD)any = (@l an)

and 1y is the unity operator in I).

Lemma 11.3.5. Let M be a factor, i, E as above. Then we have:

(i) If F runs over all projections F € M, F < E (cf. (16, p. 76)) then Fy) runs
over all projections € May). Fan) ~ Gany(- - - Mawy), (F, G € M, < E), is equivalent
toF~G(---M).

(ii) If F’ runs over all projections F’ € M’ then F ém) runs over all projections
€ szm)' F&m) ~ G&m)(- . M&m)), (F’,G" e M), is equivalent to F/ ~ G" (---M’).
Proof: Ad (i): The first part is a restatement of Lemma 11.3.3, (i) as EF = FE = F
means F < E (cf. (16, p. 76)). As to the second part, note that F ~ G (- -- M) means
F=U"U, G = UU" for some U € M (cf. Lemma 4.3.1 and Definition 6.1.1) and

Fany ~ Gan)(- - - M(gr)) means similarly

Fany = (Uary) Ugan), Gany = Uany(Ugn))"

(cf. as above) for some U € M, EU = UE = U (cf. Lemma 11.3.3, (i)). The latter
equation means again F = U*U, G = UU" (by Lemma 11.3.3, (i), owing to the
algebraic ring-isomorphism), so that all we need to prove is that the U of the first
case fulfill automatically EU = UE = U. As the initial and final sets of that U have
the projections F, G < E they are both C 9t and this implies EU = UE = U.

Ad (ii): This follows immediately from Lemma 8.5.1 as M’ and M&m) are
algebraically ring-isomorphic.
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Lemma 11.3.6. Let M be a factor, M, E as above. Let Dy(F), Dw/(F’') (F € M
respectively F’ € M’) be relative dimension functions in M respectively M’. Then

M M ’
Dy (Faw) = Dm(F) and - Dy (Fiyy) = Dwe(F')

are relative dimension functions in Mgy respectively MZ*JR)’

Proof: Owing to Definition 9.1.1 this follows immediately from Lemma 11.3.5.
Lemma 11.3.7. Let M be a factor, I, E as above. Let

Dm(F), Dw(F’), DSY(F), DU(F)

be the relative dimension functions of Lemma 11.3.6 and A, A’, Aqy), AE*JJ’E) their
respective ranges. Then Ay is the set of all @ € A, @ < Dy(E) while AE*JJE) =A.

Proof: Ay is by Lemma 11.3.5, (i) and Lemma 11.3.6, the set of all Dm(F), F < E,
that is the set of all Dy(), 9t C M. Replacing these N by all N ~ N’ M, that is
by all 9t < M, obviously does not affect the set of their Dy(9t). In other words: we
have all Dyg(9) with Dy () < Dpm(M), that is all @ € A with a < Dy(I) = Dm(E).

AEJJE) = A’ follows immediately from Lemma 11.3.5, (ii), and Lemma 11.3.6.

11.4. The treatment of §11.3 was asymmetric, insofar as the 9t occurring in it
was assumed to be M. We will now obtain symmetric results by considering
simultaneously an Mt 7 M and an M’ n M’ and applying the preceding Lemmas
twice.

Lemma 11.4.1. Let M be a factor; i, M’ closed linear sets both # (0); N n M,
M nM’, E = Py, E’ = Pyy. Perform the operations of Definition 11.3.1 for the
closed linear set Nt - M. The correspondence X «— Xgpaw) is then a one-to-one
mapping and even an algebraic ring-isomorphism of the following rings on each
other:

(i) Of the ring of all A € M with EA = AE = A on all My.an).

(ii) Of the ring of all A” € M" with E’A’ = A’E’ = A’ on all Mzgﬁw,).

Besides we have

(iii) (Mnan))” = gﬁ ey M) being a factor.

(These are rings of operators in the space Mt - M’ # (0).)
Proof: As E € M, E’ € M’ therefore E, E’ commute, and so EE’ = Pygw. The
corollary to Theorem III gives, owing to E, E” # 0 that EE’ # 0, M - M’ # (0). As

E’ € M’ therefore Efsm) € M’ but E’gﬁ) = EE’ = Pongn, so N - M 11 Mgp).
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Now (i) results by applying first Lemma 11.3.3 (i) to M, M’, It and then Lemma
11.3.3 (ii) to M(wt), Mgy, V- M. (ii) follows from (i) by interchanging M, It with
M’, M. (iii) follows by applying Lemmas 11.3.2 and 11.3.4 first to M, M’, 9t and
then to M(fm)’ Mgy, V- N
Lemma 11.4.2. Let M, I, 9V, E, E’ be as above. Then we have:

(i) If F runs over all projections F € M, F < E then Fypgy) runs over all

projections € M.awy. If Dm(F) is a relative dimension function in M then
M
Dl(\/[ )(F(wzwt')) = Dm(F)

is one in Man.aw). Denote their ranges by A respectively A@p.ar), then Agpar) is the
setofall @ € A, @« < Dy(E).
(ii) If F’ runs over all projections F’ € M’, F’ < E’, then F E&m-il)’t') runs over all

f If Dy (F’) is a relative dimension function in M’, then

projections € M )’

?[Rim ’
(F(m g)y)) = DM'(F )

is one in Mzgm.gﬁ,). Denote their ranges by A’ respectively Azmgﬁ,), then AEm awy 1
thesetofall a’ € A’, a’ < Dy (E’).

Proof: (i) results by applying Lemmas 11.3.5 (i) respectively (ii), 11.3.6 and 11.3.7 first
toM, M’ , M and then to M(ﬁ’?)’ Mgy), M- . (ii) follows from (i) by interchanging
M, M with M’, M.

We see that the coupled factorisation M, M’ in $ generates a coupled factori-
sation M), Mzwt.sm,) in M- M # (0). Lemma 11.4.2 gives us the means to
determine the classes of the latter factors in terms of those of the former ones.
Lemma11.4.3. LetM, M’, 9, M, E, E’ be as above. Then May.an), M (im ) belong
to the same ones of the classes (I), (I), (III), as M, M’ (cf. Theorem X). In partlcular

(i) If M, M’ are in class (I), and if Dy(F), DMz (F’) are given in their standard
(W) ( % ). We

(M)’
have class (I,;) or (I) for M) (respectively Mzmm,)) corresponding to whether
M (respectively M) is finite-n-dimensional or infinite-dimensional.

(ii) If M, M’ are in class (II), then Mgy (respectively M are in class (I1y)

normalisations, that the same is true for D( )(F(gm M), D

o)
or (Il.) corresponding to whether It (respectively M’) is gﬁi]?e) or infinite. So if
N, P are both finite, the C of Theorem X (referred to the standard normalisations)
has an invariant meaning. If we then vary 9t, M’ then C will be proportional to
Dy(9%)/ Dy (NV).
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(iii) If M, M’ are in class (III), no further comment is necessary.
Proof: Let first M, M’ be in class (I). Let Dm(F), Dy (F’) be in standard normal-
isation. Put Dum(E) = m Dw/(E’) = nthenm,n > 0, thatism,n =1,2,...,0
So the ranges of D( (F(gﬁ ) and D(mE ) (F/ ) )are0,1,...,m respectively
0,1,...,n. Thus M(J)g.gﬁ/), M(mﬂﬁ, belong to class (I), and (i) is true.

Let second, M, M’ be in class (II). Choose Dm(F) and then Dy (F’) in any

normalisations. Put Dm(E) = ao, Dm(E’) = a, then ag, a > 0 and the ranges of

w ) (F(gﬁ ) and D(im w )(F ) ) consist of all @ with 0 < a < ag respectively
of all 2’ with 0 < a” < . Thus Mp.an), M&m.sm,) belong to class (II), and all parts
of (ii), except those referring to C are proved.

M,K I/
Concerning C (cf. Theorem X) observe this: f B for £ e M- M is
[Aanawy f; A € M],

thatis [AEE’ f; A € M, A commutes with E]. Then we may write as well EAEE’ f
and replacing A by EAE (this is € M, commutes with E, and leaves EAEE’ f
unaltered), we can admit all A € M. Now EAEE’f = EAf as f € M - M’ so we

have
[EAf;AeM]=[Eg;g €9 =[EEMh;h e $).

f f
ButE € M, EJIYI € M’ commute, so E - EM ;= Pmml}a ; therefore
MS M/ M,( an’
Sth W) _ g Em?/[, Ef ) _ (E?/I)(*JREIJV)-
Besides f € M’ n M’ implies MM c N, M - MM < M - M; therefore we may even
i P ¥ ) y
write
EMEﬂJth') _ EM
f = ( ¥ ) @)
Similarly
0.7 f—
E, - (E Demaw)-

This proves that Dﬁﬁ'my)(F(mwﬁ/)), D (F m smf)) have the same C as Dy(F),
Dy (F7). If M, I are finite, we must pass to the standard normalisations, that is
divide by

JJE M’ M-
(1(JJt ) = ( )(E(wt w)) = DMm(E) = Dm(IM),
JJE M) (JJt W) Di(E') = Dap ().

(1(sm ) = ) =
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This multiplies C by Dy(t) /Dy (M), proving the rest of (ii).

Let finally M, M’ be in class (III). Then Dm(F), Dy (F’) have both the range 0, co.
The ranges of Dl(\?lﬁ.gﬁl)(F(i]J?-wzf)), Dl(:‘,)lj,mt/)(l-" EE)R‘JJ?')) must therefore be 0 alone or 0, .
The former is impossible (because Mt - N # (0)), so we have 0, oo again, that is,
Manawy, ME‘J)?-EJJI’) are in class (III). (iii) is void.

Lemma 11.4.3 shows that if case (II) occurs at all, then combinations M, M’
of two cases (II;) with an arbitrarily prescribed C (cf. Theorem X) exist. In fact:
Choose M of class (II), then M’ is of class (II) too. Choose Dp(Mt), Dy (M) in such
a normalisation that Dy(9) > 1, Dw(9) = 1. Then Mt n M, M’ n M’ can be chosen
with arbitrarily prescribed Dm(M) = ag, D (W) = ajjifonly 0 < ag, a < 1. Thus
ao/a) can be prescribed arbitrarily, and with it C. Thus the invariant C exists
effectively, as discussed at the end of §10.2, if case (II) exists at all. That this is the
case will be seen in Chapter XIII.

11.5. We now return to the question formulated at the end of §11.2. We will
determine the class of R(M, N) if M, N are two factors which commute, N being
of class (I).

Lemma 11.5.1. Let M, N be two factors which commute, form the factor R(M, N).
Let ¢ be minimal with respect to N (cf. Definition 5.1.3). Then Emgl n N and so
nR(M, N), and

is an algebraic ring-isomorphism of M and (R(M, N))(gﬁ](zl’).
Proof: EIRg'nNis obvious;asN € R(M, N), N’ D (R(M, N))" itimplies iml(;]'nR(M, N).
So Eg' € N and R(M, N); thus it commutes with every X € M.

X X@ﬁgf) is an algebraic ring-isomorphism if it is a one to one mapping;
besides it is a one to one mapping of all Y € R(M, N) with Eg’Y = YEgI =Y
on (R(M, N))(Eml;") (by Lemma 11.3.3, (i)). So we must only prove this: The
correspondence

X(img’) = Y(smg')

generates a one to one mapping of all X € M on all Y € R(M, N) with Eg'Y =

YEgI =Y. If X € Mis given, then Y = Eg’X has the above properties, and

clearly Yy~ = X gy Besides if X is given, our correspondence determines Y
@) = Ao

uniquely, because such a Y is uniquely determined by its szg'y just because the
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correspondence Y «— Yy Y € R(M, N), Eg'Y = YEg' =Y is one-to-one (by
Lemma 11.3.3, (i)). So X(gﬁN’
part of the Y € R(M, N), Eg'Y = YEg' =Y. All we must prove now is that all these
Y correspond to some X, that is, that they all have the form Y = EE’X, X e M.

We may as well prove: If Y € R(M, N) then Eg'YEg' = Eg'X for some X € M.
Let P be the set of those Yy for which this holds for all Y = AYyB, A,B € N.
That is: For which these Eg/AYOBEg' € M(smg’)f cf. Lemma 11.3.3 (i). (Observe
Eg' € N ¢ M')) Clearly P is weakly closed (along with M(gﬁg’)) and Y1,Y, € P
imply aYy, Y, Y1 + Y2 € Pand V1Y, € P, the last one because

)= Y(;me) is a one-to-one mapping of all X € M on a

D EN AV, L EY - ENU, 1 YaBEY
p=1

NSRS

Eg’Aylul,,,P[ fin, fllz,___]up,lyzBEg’

N’ N’ N’ N’
EN' AP, 1., . 2BEN = EN AViY,BEN.

Il
—_

p

(Choose the Uy, ,, fm » by Lemma 5.3.6 for N with f11 = ¢.) So P is a ring.
pr Jm,p OY 1= g
IfYy=XZ,XeM,Z e NthenforA,BeN

N/ N _ pN N/
E, AXZBE, =E, AZBE, - X.

As Eg' is minimal with respect to N, the last part of the proof of Lemma 5.1.3
applies:
EN AZBEY = aEY

(replace there M, E = f "B by N, Eg , EN/AZ BEN') Thus the above expression

is = aEg'X € M(gmg/) So Yp = XZ € P. This implies P > M and N, and so
P 5 R(M, N). Application to Yy € R(M, N), A = B = 1 completes the proof.
Lemma 11.5.2. Let M, N be two factors which commute, N being of class (I).
Then R(M, N) belongs to the same class (I), (II), (III) as M. In particular:

() IfMisinaclass (I;),m =1,2,...,00,and Nisinaclass (I,),n =1,2,...,0
then R(M, N) is in class (I;;,)-
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(ii) If M is in class (II,;), m = 1,00 and N is in class (I,), n = 1,2,..., 00 then
R(M, N) is in class (II,), where p = 1if m, n are both finite, and p = co if m or n is
infinite.

(iii) If M is in class (III), no further comment is necessary.

Proof: As N is of class (I), minimal ¢’s (with respect to N) exist by Theorem
IV. Choose one, and put Mt = EIRI(;I/, then M is algebraically ring-isomorphic to
(R(M, N))@n) by Lemma 11.5.1. Thus it has the same class by Theorem IX. Now
Lemma 11.4.3 shows (replacing there M, 9t by R(M, N), M), that M and R(M, N)
belong to the same class (I), (II), (III).

Let us now consider (i)—(iii).

If 1 is infinite with respect to M then it is obviously so for R(M, N) too; the same
being true for N and R(M, N). This takes care of (i) and of (ii) if m = co or n = oo,
(iii) is void. So we need only to consider (i) and (ii) for m, n finite.

Construct for N the normalised orthogonal system ¢1, ¢, ... from Lemma
5.3.4, where all ¢; are minimal, MmN’ i)ﬁg;, ... are mutually orthogonal, and

P17
[smgl’, Emgzl, ...] = 9. We know by Lemmas 5.3.5-5.3.8 that as N is in the case (I,,),
the number of these ¢;’s is n: ¢1, ..., @, (n is finite!).

Lemma 11.5.1 applies to every ¢;. So (R(M, N))(mgl() is in the same case as M,
(L) resp. (II1) (for (i) resp. (ii)). By this, imgl has the (relative) dimension m in the
standard normalisation of (R(M, N)) () Tesp- a finite relative dimension in any
normalisation of (R(M, N))(gﬁgl;). The same is true by Lemma 11.4.3, (i) resp. (ii),

for smgl’ and R(M, N). As the sml(;{’ are mutually orthogonal and

(M5, ..., M 1=9,
the additivity of the relative dimension implies that it is mn (standard normalisa-
tion) resp. finite (any normalisation) for $ in R(M, N). Thus we have case (I;;,)
resp. (II;) for R(M, N).

This completes the proof.

Lemma 11.5.2 shows that if case (II) exists at all, then (Il) exists too. ((II;) has
been discussed in §11.4.) It suffices to take an My of case (II) in an $1, any Ny
of case (I») in an H, (for instance: $, a Hilbert space, Ng = B»), and then form
H=9HD9109 M= Mgl), N = Ngz). Then R(M, N) will certainly be of class (Il).
But all this will be settled exhaustively in Chapter XIII.



ON RINGS OF OPERATORS 111
Part IV: ExampLEs oOF cask (II)

Cuarter XII: ConsTrUCTION OF M, M’

12.1. The considerations at the end of §8.6 have established the existence of
all cases (I,), (Io) and of all their combinations for factors M resp. coupled
factorisation M, M’. We are going to do now the same for the cases (II1), (Il.,). We
will thus answer a great part of the questions raised by Problem 3 and Problem 4.

Our first objective is to construct certain coupled factorisations M, M’ which
belong to the classes (II1), (II1) (the C of Theorem X being = 1) or (Il»), (Ile). These
factorisations will contain many arbitrary parameters, and therefore represent a
rather wide variety of examples. In fact, further constructions based on them will
answer Problem 1 in the negative.

Definition 12.1.1. We will consider groups ® of the following kind:
(i) ® is a group, that is a composition rule ab, an inverse a~! and a unity 1
defined in ®, with the properties

(ab)c = a(bc), aa ' =ala =1, al =1a =a.

(So ab is associative but not necessarily commutative).
(ii) ® is finite or countably infinite.

Definition 12.1.2. We will consider spaces S of the following kind: A Lebesgue
outer measure is defined in S, that is, for every subset T of S a real number
p*(T) > 0, < oo is given, with the following properties:

(i)  CT implies [J*(Tl) < [J*(Tz).

(ii) For every (finite or infinite) sequence T3, T, . . .

ph+T+--) <)+ () +---

We now define measurability following Carathéodory (cf. (4, p. 246)):
(*) A subset T of S is measurable, if and only if, for every subset T’ of S,

W(T) = p(T-T') + (T =T - T).

We then write u(T) for p*(T) and call it the measure of T.
We now continue the enumeration of our postulates.
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(iii) If u*(T) < a then a measurable Tp with Ty O T, u(Tp) < « exists.

(iv) A (finite or infinite) sequence TW, T, .. of measurable sets with finite
measure exists, with the following property: If x,y € S, and if x € T is
equivalent to y € T® (foralli=1,2,...), thenx = y.

Observe the following consequences of Definition 12.1.2: y*(T) > 0, < oo and
conditions (i)—(ii) correspond to Carathéodory’s conditions (I)-(III), without (IV),
(cf. (4, pp. 238-239)). This omission however is natural, because (IV) makes
explicit use of the notion of distance, whereas we did not require that a distance
(or any sort of a topology) be defined in S. (iii) is, (remembering (i)) equivalent to
Carathéodory’s condition (V), (cf. (4, p. 258)), therefore our outer measure is a
regular measure function (cf. loc. cit.) if we disregard the topological condition
(IV). Closer inspection of Carathéodory’s deductions shows that in consequence,
all those results on outer measure, measurability, and measure loc. cit. remain
true which are not explicitly topological in their statements. This applies to the
considerations on pp. 246-250 loc. cit. (cf. the remark on p. 257 there). Thus 0 and
S are measurable; if T, T”” are measurable, then T’ — T'T” is too; if T’,T”, ... are
measurable, then T’ +T” +--- and T’ - T” - - - are too. Besides, the well known
convergence theorems on measure are valid.

As we see, the chief difference between the characteristics of the situation in
S and those of the one which exists loc. cit., is this: The sets which are known
to be measurable, and which serve as a basis for all constructions of measurable
functions (cf. below Definition 12.1.3) are there the Borel-sets (a topological notion)
while they are now the sets TD, T, .. from (iv).

In fact, this is essentially the meaning of (iv), which is the only one of our
postulates without an analogue on Carathéodory’s list: It serves to replace the
(absent or ignored) topology in S, and in particular the “topological separability”
of S.

Let us mention the following obvious examples of spaces S:

Example a). Let S be a (finite or infinite) sequence S = (x1,x2,...). Leta
corresponding sequence of real numbers &, > 0, < co be given. Define

H*(T) = Z ay.
x, €T
Then (i), (ii) are obviously fulfilled; (iii) is fulfilled because all sets T C S are
measurable; (iv) is fulfilled, because we may choose for TD, T, ... the set of all
one-element T C S.
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Example b). Let S be any measurable subset of a finite dimensional Euclidean
space. Let u*(T) be the common Lebesgue measure. Then (i)—(iii) are obviously
tulfilled; (iv) is fulfilled because we may choose for TO T@ . the sequence
Ss1,Ssy, ..., where s1, s, ... are all spheres with rational coordinates of the center
and a rational radius.

We now introduce Lebesgue integration in the customary way:

Definition 12.1.3. A complex valued function f(x), defined for all x € S is
called measurable if the sets (x; R(f(x)) < a), (x; I(f(x)) < a) (R =real part, I =
imaginary part) are measurable for every real a. The notions of summability and
of the (Lebesgue) integral fs f (x) dx of a measurable function f(x) are then defined
in any of the several equivalent customary ways. (The procedure of Carathéodory,
(4, pp. 418-427), which coincides with Lebesgue’s “geometrical” definition, (10,
pp- 116-120), would necessitate introducing first the notion of outer measure in
a product space. Lebesgue’s “analytical” definition, (10, pp. 112-116), however,
is directly applicable; another very convenient definition is due to Bochner, (2,
pp. 265-267)).
We now form three functional spaces:

Definition 12.1.4. Let H be the set of all complex valued functions f(a), defined
for all a € ® with a finite )., | f(a)]>. Define

(f, 86 = ), f@)g(a).

ae®

Let $s be the set of all complex valued functions f(x), defined for all x € S
which are measurable in x, and with a finite fs | (x)]> dx. Consider f, g asidentical
if f(x) = g(x) except for an x-set of measure 0. Define

(f,8)s = /S f(x)g(x)dx.

Let Hs be the set of all complex valued functions F(x, a) defined for all x € S,
a € ®, which are measurable in x (for every fixed a € ®) and with a finite
20c [S |F(x,a)]> dx. Consider F, G as identical, if F(x,a) = G(x, a) except for an
x-set of measure 0 (depending on a). Define

(F,G)ss = Z /SF(x, a)G(x,a)dx.

ae®
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a- and + are defined in the obvious way in all three spaces $6, 9s, Hs6.
By Definition 12.1.2 (iv), no two points x # y can have the property

x/y¢T(1)_i_T(2)_i_... .

S — (T(l) +T@ .. -) is measurable; and if its measure is finite, we can add it to
the sequence TD 7@ . thus forcing TO +T@ ... = 8. So the only case where
this is not possible is when

S-(TW+T? 4 ) =(x0),  p(xo)) = oo.

Then we must have f(x¢) = 0 and F(xp,a) = 0 for all f € s resp. F € Hss, so0 we
may omit xo from S. (If x € S, x # xo then x € T for somei =1,2,..., and so
1 ((x)) < wW(TY) < co. Therefore Definition 12.1.5, cf. below, excludes xoa # xg
that is, we have xpa = x¢. So the omission of xy does not affect the operation xa
either). In what follows we can thus assume

TO 7@ 1...=g.

If u(S) = 0, then $Hs and Hss would consist of 0 only. We therefore assume
explicitly that u(S) > 0.
Lemma 12.1.1. All three spaces e, 9s, Dse fulfill the postulates A, B, C, E of (16,
pp. 64—66); thus they are finite dimensional Euclidean or Hilbert spaces (and # 0).
Using the complete normalised orthogonal set of all functions

@ 1 fora =ay, cGinS
a) = a in He,
Pao 0 fora # ag, 0 o

and setting up the correspondence

F(x,a) ~(F(x,d1),F(x,az),...)

(a1, a, .. . is some enumeration of ®, so that the above ag runs over ay, az, ...), Hse is
isomorphic with H& ® Hs in the sense of Definition 2.4.1 and Lemma 2.4.1.
We will use in what follows the more symmetric notation

F(x,a) ~ (F(x,ap); a9 € ®).

Proof: 1If we use an enumeration 41,4y, ... of ®, and put f(a,) =x,, n=1,2,...
then f(a) ~ (x1, x2,...) and our definition coincides with the original definition
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of finite dimensional Euclidean or of Hilbert space (cf. (16, p. 69)). Concerning
9s it suffices to observe that the considerations of (16, pp. 108-111), on A, B, E
apply immediately to it; while those on C apply, if the system of neighborhoods
occurring there is replaced by TW, T®?, .. ..

As u(S) = w(TW + T 4 ...) > 0 some u(T®) > 0. At the same time it is < oo.

Then
1, xeT®,
X) = .
f@) {O, g

belongs to Hs and is # 0. So Hs # (0). The last part of our Lemma results
immediately by comparing our definitions with Definition 2.4.1 and Lemma 2.4.1.
As s is isomorphic with H5 ® Hs it must fulfill A, B, C, E, too. As Hs # (0),
therefore s # (0).

Heretofore the connection between S and & was merely formal, due to our
forming the space Hs5 = H ® Hs. An intrinsic connection is established by the
following assumptions:

Definition 12.1.5. © is an m-group in S, if for every a € ® there is defined a one
to one mapping x 2 xa of S on itself, with the following properties:
(i) If T c S and T is the x 2 xa image of T then u*(T) = u*(T;). (This implies
that the measurability of T is equivalent to that of T;.)
(ii) (xa)b = x(ab). (This implies that x - 1 = x and that x 2 xa~! is inverse to
X & xa.)

(iii) If a # 1 then xa = x holds only for x-sets of measure 0.

® is ergodic in S, if besides (i)—(iii) we have further:

(iv) If a measurable T C S differs from each T;, a € ® only by a set of measure 0
(but depending on a, this means u((T +1;) — (T - T;)) = 0) then either u(T) =0
or u(Ss-T) =0.

Observe that (iv) differs from the customary definitions of ergodicity in two
ways: First ® is not necessarily the simple translation group, not even necessarily
Abelian, second (which is essential if (S) = o) we did not restrict the validity of
(iv) to T’s with a finite u(T') only.

12.2. We introduce and discuss first some operators in $s.

Lemma 12.2.1. Let ® be an m-group in S. Define the operators:

(i) Usf(x) = f(xa) foranya € ©.
(ii) Ly f(x) = @(x)f(x) for any bounded and measurable complex valued function
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@(x) defined for all x € S. These operators are bounded, U, is even unitary.
Proof: We have

2 _ 2 _ 2
/S U (F ()P dx = /S )P dx = /S FPdx

so U, is bounded, and ||U, f|| = || f||. Now clearly U, U, = U,U,-1 =1so U, has
an inverse, thus it is unitary (cf. (16, p. 71)).
If |p(x)| < C forall x € S, then

/ Lo ()P dx = / PRI ()R dx
S S
<c? / F@Pdx, Lo fl < CIFI.
S

S0 Ly (x) too is bounded.

Lemma 12.2.2. Let ® be an m-group in S. Let L be the set of all operators Ly from
Lemma 12.2.1, (ii). Then L is aringand L = L’.

Proof: As L’ is necessarily a ring, it suffices to prove L = L’. As

Low) =Loay  Lewlyw = Lowy)

therefore every Ly ) commutes with every L) and (L x))* thus Ly € L’ and
so L C L'. So we must only prove L’ C L.

Assume therefore A € L’. Then A commutes with every L), that is
AL(p(x)f(x) = L(p(x)Af(x)° That is:

Alp(x)f(x)) = p(x)Af (x). ()

The assumptions are: ¢(x), f(x) are measurable, ¢(x) is bounded, fs | £ ()| dx
is finite, the equation holds with the exception of an x-set of measure 0. Such
exceptions, by the way, are admitted in all the equations we are going to derive.

Let TW,T®?, ... be the sets from Definition 12.1.2 (iv); assume (following the
remark before Lemma 12.1.1), that T + T® { ... = S. Define

1, xeT®W 4. 4T,
G =0 re T b T,

Apply now (x) to f = e;. Then A(ei(x)p(x)) = (Aei(x))@(x) obtains. For i > j,
ei(x)ej(x) = ej(x),so ¢ = e;j gives Aej(x) = (Ae;(x))ej(x). Thusif x € TOL...4T0),
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Aej(x) = Aei(x); in other words: for x € TW 4...4TW all Ae;(x),i > j,agree. Thus
for every x all Ae;(x) with a sufficiently great i have the same value. Call this value
Y(x)as P(x) = lim;_, Ae;(x) this is a measurable function. Now we have Ae;(x) =
P(x)ei(x). And our original equation becomes: Ae;(x)p(x) = P(x)e;i(x)p(x). That
is: Af(x) = ¢(x) f(x) where f(x) = ei(x)@(x). Thus this equation is proved if f(x)
isbounded and O forallx ¢ T® + ... + T® for somei = 1,2, .. ..

A is bounded, say ||A f|| < C||f||; therefore

/ PP dx < C? / F )P dx
S S

for these f’s. Now put

1, [Wx)|=C+1, x¢€ TO §... 47O
f) = ,
0, otherwise.

Denote the set of all x with [¢)(x)| > C + 1 by Tp. Then the above inequality gives:
(C+1)*u(Toy(TV + -+ + TV)) < C?u(To(TV +--- + TD)Y),

w(T(TW 4+ +T9)) =0

and passing to the limitas i — oo, u(Tp) = 0. So we have everywhere |p(x)| < C +1
(as Tp does not matter), that is: 1(x) is bounded. We can therefore write: Af = Ly f
if f(x) is as described above.

Now these f form an everywhere dense set in $s. If any f € $s is given, define

0, otherwise

) = {f(x), F@)<i, xeTW .. +TO,

fori =1,2,...; then every f; meets these requirements, and the f; converge for
i > ocoto f (in Hs). As A, Ly are both bounded, we have therefore Af = Ly f for
every f; thatis A = Ly € L. So we have established L’ C L too, thus completing
the proof.

Lemma 12.2.3. Let ® be an m-group in S. The equation Ly(y) = Lyx)U, holds if
and only if either a = 1, @(x) = P(x) (except for an x-set of measure 0) or a # 1,
@(x) = P(x) = 0 (except for an x-set of measure 0).
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Proof: The sufficiency of these conditions is obvious, so we need only to prove
their necessity. Assume therefore Ly (x) = Lyx)Us. So we have

P(x)f(x) = ¢(x) f (xa)

whenever /s | (x)|? dx is finite. This equation, and similarly all those we are going
to derive, holds with the exception of an x-set of measure 0. Use the ¢; from the
proof of Lemma 12.2.2, then we have: e;(x)@(x) = e;(xa)y(x), thatis ¢(x) = ¢ (x)
if xand xa € TW 4+ ... + T, Summing over alli = 1,2, ... we obtain ¢(x) = ¥(x)
for x € S. This settles the case 4 = 1. Assume now a # 1. Substituting ¢(x) = (x)
in our original equation gives @(x) f (x) = ¢(x) f(xa) and so

/S PRI (x) — f(xa)Pdx = 0.

Define now

) 1, xeT®,
el(x) = 0
0, xe¢TV,

then e/ € $s and we can put f = e. Then |f(x) — f(xa))? =1 for
x e (T +T19) - 7OTY
and so our integral formula becomes
/S lp@)Pdx =0, si=@0+10) -TOT,

Put now

§ = (D +1) - TOTY).
i=1
As the integrand above is |p(x)]* > 0, adding of the above equations over all
i=1,2,...gives

|(p(x)|2 dx = 0.
S/

Now x € S — S’ means x ¢ (T + Ta(f)l) — T(i)Ta(f)1 foralli=1,2,...;thusx €or ¢
both T and T"), that is both x and xa are € T®) or ¢ T?). By Definition 12.1.2, (iv),
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this implies x = xa. As a # 1, Definition 12.1.5, (iii) now necessitates u(S — S’) = 0.
Thus /S lp(x)[> dx = 0 too, and therefore ¢(x) = 0 (except for an x-set of measure
0). This completes the proof.
Lemma 12.2.4. Let ® be ergodicin S. Let L be as in Lemma 12.2.2 and let U be the set
ofallU,,a € ®. Then L-U’ = (al).
Proof: albelongsobviouslytoU’,andasal = L,, al € Lsoal € L-U’,L-U’" D (al).
So we need only prove L - U’ C (al). Assume therefore A € L-U’. Then A = Lyy)
and as A € U’ therefore U,A = AU,, A = U;'AU,, Loy = Loxa) for every a € ©.
By Lemma 12.2.3 this means ¢(x) = @(xa~!) except for an x-set of measure 0
(depending on a € ®).

Put T, = (x; R(¢p(x)) < a). The above relation proves that x € T, and xa~! € T,
are equivalent, except for an x-set of measure 0; so

H((sz + Taa) - (TaTaa)) = 0.
Therefore Definition 12.1.5, (iv) (the ergodicity) implies
uw(Ty) =0 or u(S-T,) =0.

Denote the set of all (real) a’s with u(T,) = 0by N. If « <  then T, C Tg so
p € N implies a € N. So if ay is the least upper bound of N, —co < ag < oo,
then a < ap implies a € N, that is u(T,) = 0, and a > ap implies a ¢ N, that is
[J(S —-Ta) =0.

So for every rational a < ap, u((x; R(p(x)) < a)) = 0 and adding over them
gives pu((x; R(p(x)) < ap)) = 0; for every rational a > ag, u((x; R(e(x)) = a)) =0
and adding over them gives: u((x; R(p(x)) > ap)) = 0. Adding again:

u((x; Rp(x)) # ap)) = 0.

Similarly we obtain: u((x; I(¢(x)) # Bo)) = 0 for a suitable By, and if we put
a1 = ap + 1fo then adding these two last equations gives:

u((x; p(x) # ay)) = 0.

So we have ¢(x) = a; except for an x-set of measure 0; and so A = L) = a11,
A € (al). Thus L-U’ c (al), completing the proof.

12.3. We pass now to constructions in Hse.

Lemma 12.3.1. Let ® be an m-group in S. Define the operators
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(i) UgoF(x,a) = F(Xﬂo,ﬂao)
(ii) V4oF(x,a) = F(x,ay 1a),
(iii) WF(x,a) = F(xa™,a™),
(iv) I_(p(x)F(x/a) = @(x)F(x, a),
(V) MpF(x,a) = p(xa™)F(x,a),
forany ag € ® and any bounded and measurable complex valued ¢(x) defined for all x € S.

— = — — —-1
These operators are bounded, U ,,, V ,,, W are even unitary. Furthermore W =W  and
WUW =V, WLpwW = My

in other words: F + WF is an involutory spatial isomorphism of ©se which interchanges
Uao, E(p(x) with Vao/ Mqo(x)'

Proof: The boundedness and unitarity are proved in the same way as in the proof
of Lemma 12.2.1. Wz = 1 results from direct computation, and implies W = W_l ;
the two last equations result from direct computation.

Lemma 12.3.2. Let & be an m-group in S. Let I be the set of all U ,, and all L(p(x) and |

the set of all V 5, and all M(p(x (cf. Lemma 12.3.1). Form for each bounded operator A in
956 (A € Bs) the decomposition from Definition 2.4.2,

Z ~ <Aa,b>a,be®

where every A, , € Bs. (Cf. the decomposition Hss = He ® Hs from Lemma 12.1.1. As
described there, we replace the indices t,s = 1,2, ... by indices a,b € ® as already the

complete normalised orthogonal set @y, ag € ® in He has been indexed in this way.)
Then A € 1" if and only if A, j, has the form

Aap =Ly b

and A € ]' ifand only if A,  has the form
Aa,b = LXa—lh(x)ub_lﬂ'

Here x.(x) must be a bounded and measurable function of x for every ¢ € ®. (We do
not determine for which systems x.(x), ¢ € ®, a bounded A, to which the given y.(x)
corresponds, actually does exist.)

Proof: Remember the definition of the A, (Definition 2.4.2, with our present
notations):

A(f(x)par(a);a € B) = (A f(x);b € B);
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that is (if we replace a’,a by a, b so that now x € S and b € © are the variables,
and a € ® is a parameter):

Zf(x)(Pa(b) = Aa,bf(x)-
Then the definitions of U,ZO, Z(P(x) and W give: If A= (Aap)abes, then
-1

—l—— /.
uﬁo Auao - <uﬂ0 Aaﬂal,baalua0>u,b€@ ’

WAW = (U Ag1p-1Ua) e o
E@(X)Z = <L(p(x)Aa,b>a,be(6/

ALg(x) = {AapLog())apes:

Now A € I’ means that A commutes with all Z(p(x), (Low))" = L@) and all U,,,

((Uﬂo)* = (an)‘l = aa61). This means A, € L’ thatis A, € L (by Lemma 12.2.2),
and
ucl_()lAaa61,baal Uy, = Aup.

The first statement means A, j = L,,, ,(x) Where @, 5(x) isabounded and measurable
function of x for every choice of a,b € . Now

-1 —17-1
Uy, Auaal,baal Uy, = Uy, quaal,baal(x)uao

waaal,baal (xaal)
so the remaining requirement is:
-1\ _
waa51,ba61(xa0 ) = a)a,b(x).

This equation, as the following ones, is valid with the exception of x-sets of
measure 0.

Put ag = b and x.(x) = w1(x) then w, y(x) = x4p-1(xb!) obtains. Conversely:
If this equation holds for a system of bounded measurable functions x.(x) then
the w, ,(x) are such too, and

-1
Wgq1 ba! (xay") = wap(x).

So the characterisation of the A € I’ is givenby A, = L,
statement concerning I’.

1 (b7 This proves our
a
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As t_he spatial iso_morphism F — WF_of s carries I into | it carries I’ into
J'. So B € ]" means B = WAW for some A € I. The above result concerning the
A € I’, together with our formula WAW gives therefore:

Ba,b = ul;lAa_1,b_1Ua = ub_lLXa—lb(Xb)uﬂ
- anflb(x)ub_lua = LXaflb(x)ub‘la-

This proves our statement concerning J’.

Lemma 12.3.3. Let ® be an m-group in S, and 1, | as above. Then R(I) = J', R(J) = I'.
Proof: For A = V4, Agp = 8,00p1 - 1 (define 6, = 1 forc =1, = 0 for ¢ # 1), and
for A = M(P(x), Aap = 0gp-1Lgp1y- SO Vao and M(p(x) € I’ (with xc(x) = 04y resp.
Ocp(x)), thatis ] C I’. As I’ is a ring, this implies R(J) € I".

If Ael’, B €] then we have

Aa,b = L)(ab_l(xb—l)/ Bay = Léﬂ_1b(x)ub‘1a'

Now put C = AB, D = BA then the formula (iv) of Lemma 2.4.3 gives:
Cap = ZAC,bBa,C
c
- Z Lch—l(Xb_l)Lga—lc(X)uc—la
c
- Z LXuC—lb—l (xb‘l)éc_l(x)uc,
c
(we replaced the summation index ¢ by ac™!) and
Dap = Z BepAa,c
c
- Z L‘Sc—lb(x)ub*lCLXacq(XC’l)
c
- Z Le o ox, 2 @o)Up-1c
c

= 2 Lipsr-ig o Ues
C

(we replaced the summation index c by bc, remember that the order of summation
in ). does not matter by Lemma 2.4.3 (iv)). So we have C = D, AB = BA. As
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BeJ implies B € J/, this means A € [; as A was an arbitrary element of I’ we
have I’ c J”. As 1 € ], therefore | = R(J) (cf. (18, p. 397)),s0 I’ € R(]).

Thus we have proved R(J) = I’. The spatial isomorphism F +— WF of $se
interchanges I with J, therefore we have proved R(I) = ]’ too. Thus the proof is
complete.

Lemma 12.3.4. Let ® be an m-group in S. Put M = R(I) = ] then M’ = R(J) =I'. If
® is ergodic in S, then M is a factor.
Proof: Clearly M’ = (R(I))’ =I'. If A € M- M’ then we have by Lemma 12.3.2

Aa,b = Lng—l(Xb_l) = Lga_lh(x)ub—la.

Soifa # b thatis b~'a # 1then Lemma 12.2.3 gives x,-1(xb™1) = &,-1,(x) = 0. That
is: xc(x) = &(x) = 0if ¢ # 1. For a = b, thatis, b~'a = 1 similarly x1(xb7!) = & (x)
obtains. This gives for b = 1, x1(x) = &1(x) and then in general x1(xb™!) = x1(x).
In other words:

Uy Lyy)Us = Lyyx)-

So we found the following conditions: x.(x) = &.(x) for all c € ®, if ¢ # 1 then
even=0;ifc=1thenL ) €L -U"

Now if ® is ergodic in S, then Lemma 12.2.4 gives L - U’ = (a1) so we have
Ly x) = a1, x1(x) = a. This means x.(x) = &.(x) = ad,, that is A = al. Thus we
have proved M - M’ = (a1) that is: M is a factor.

12.4. From now on we assume that ® is ergodicin S.
Lemma 12.4.1. Write foran A € M or € M’ that

A = [[xc(0)]]xes ce
if A~ (Agpb)abes and
Aap =Ly, sUp1, resp. Agp =1Ly )
(cf. Lemma 12.3.2). If now
A=[x™],  B=[E®],  C=[Mn()]l

then the following rules of computation hold:
(i) If C = aA then n.(x) = ax(x).
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(i) If C = A then ne(x) = xe1(xc™).
(iii) IfE = A + B then Ne(x) = xe(x) + Ec(x).
(iv) If C = AB then

Ne(x) = > Xa(*)Eeqr(xa™).

The 3., converges “en mesure” (cf. the precise description of this notion at the end of
the proof), irrespective of the order in which the a € ® are gone through.
Proof: Consider first A e M. (i), (iii) follow immediately from Lemma 2.4.3, (i),
(iii); (ii) follows from Lemma 2.4.3, (ii), by the following consideration:

Cap =Ly, ety Cap =4y, =1L

Xpa-1 (xa_l)’

Nap1(xb71) = Xpg1(xa™h),  1e(x) = xo1(xeh).

Finally (iv) results from Lemma 2.4.3, (iv):

Cab =Ly, @p-1),
Ca,b = ZAc,bBa,c
9

= Z Ly b nle, ixe)
C

= D L b6, a ey
C

and putting b = 1, and writing c, a for a, c,
Ly = Z Lyawe, 1 (xa )
a

is strongly convergent, irrespective of the order in which the a € ® are gone
through.
Let now T C S be a measurable set of finite measure, put

1, x€T,
er(x) = 0 xgT

so that ey € $s. Then if a1, a», . .. is an enumeration of ® we have

i
an(x)eT - Z L)(a—j(x)écﬁTl(xﬁjfl)eT —> 0 fori— oo
]':1 ]
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SO
2

/5 nc(x)eT(x) - Z Xaj(x)écﬁfl(xﬁjfl)eT(x) dx — 0,
=1

2

/T ne(x) — Z Xaj(x)écﬁj_l(xaj‘l) dx — 0.
j=1

This implies for every € > 0 that

p| (e = 3 X (e (x| 2 €) T | — 0
j=1

for i — co. Thatis: 27, )(gj(x)éjcﬁf (xc'z]._l) converges “en mesure” to 1.(x). As
a1, a,...was an arbitrary enumeration of ® this proves (iv). (Of course, if ® is
finite, the convergence considerations are unnecessary, the sum }’, being simply
equal to n.(x).)

Consider now A € M. The spatial isomorphism F WFin s carries [ into |
and therefore M’ into M. So we have A = WBW, B € M. This B [[xc(2)]]xes cew-
Now the computation at the end of the proof of Lemma 12.3.2 shows that then
A = [[xc(x)]]xes,ces with the same x.(x). Therefore, the rules of computation
established in M’ carry over immediately to M.

After these preparations we are in the position to take the decisive step:

Definition 12.4.1. Assume A € M or M’. Form the system of functions x.(x)
with A = [[xc(x)]] xeS,ce6 (cf. Lemma 12.4.1). Consider the two following cases:
(a) u(S)is finite. Then, as x1(x) is bounded and measurable, fs x1(x) dx exists,
and it is a finite complex number.
(B) xi1(x) = 0forall x € S. Then fs x1(x) dx exists again, and it is a real number
>0, < oo.
In both cases define

HA) = /S X dz.

In what follows immediately, we will really make use of case () only; case («) is
needed for later applications (§15.4).

Lemma 12.4.2. Assume A, B € M or M. Then we have:
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() t(aA) = at(A).

(i) t(A) = t(A).
(iii) #(A + B) = t(A) + t(B).
These equations are to be so understood, that whenever case () or (B) holds for the right
sides, it holds for the left sides too (for (i) with case (B) however, a > 0 is needed), and both
are equal. Finally we have (automatically with case (8) on both sides):
(iv) t(A A) = tH(AA ) > 0.
Proof: (i)—(iii) follow directly from Lemma 12.4.1, (i)—(iii) resp. In order to prove
(iv), put

Z*Z = [[a)c(x)]]xes,ce(ﬁl H* = [[Vc(x)]]xes,ce(ﬁ-
As A = [[xc(x)]]xes ce, we have

—_—

A = [[xe1(xeD]xes,ce

and

we(x) = ) Xea1 (xa™ )1 (xa )

= Z Xca(xa)xa(xa),
ve(®¥) = D XalX)Xgen (xe ).

(Use Lemma 12.4.1, (ii) and (iv). The sums converge “en mesure,” irrespectively of
the order.) Thus

(%) = ) Ixaxa)f, v = ol

We have case () for both, and

HA A) = /Swl(x)dx = Z/S|)(a(xa)|2 dx
=;AWWW%
(@A) =[x =Y, [ @iy
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proving our statements.

Lemma 12.4.3. If E runs over all projections in M or in M’ then t(E) is always
defined (case (B) holds), and it is a relative dimension function for M resp. M. In this
normalisation the C of Theorem X is = 1.

If T C S is measurable, define

1, x€T,
er(x) = 0 xeT

Then an E = [[6ceT(x)]]xes cew exists, in M as well as in M/, it is a projection, and
H(E) = p(T).

Proof: As EE=E =E for every projection E, therefore Lemma 12.4.2 (iv) secures
case (B) for E and t(E) > 0, < co. If T C S is measurable, then

LeT(x) = <6ab—1LeT(x)>a,be(Y)
= <L6ﬂb_1eT(x)ub—1a>a,be(f) = [[6ceT(x)]]xeS,ce(ﬁ

in M and

Me; () = (8ap-1Lep(xa-1))a bes
= <L6ab_1eT(xb—1)>a,be® = [[6cer(x)]]xes,ce®

_ - — 2 _
n M; So the E’s required at the end of our Lemma exist; clearly E = E,E =E so
that E is a projection; and

t(E) = /SeT(x) dx = /Tldx = u(T).

Thus the last statement of our Lemma is true.

As we observed in the proof of Lemma 12.1.1, there exists at least one element
of the sequence TD 7@ . from Definition 12.1.2, (iv), for which y(T(i)) > 0, < o0.
So we have for its E (cf. above) t(E) > 0, < co.

Now Lemma 8.3.5 implies that t(E) is a relative dimension function for M resp.
M’ if we can only establish for it the conditions (ii), (iii) in Definition 8.2.1. (iii)
follows immediately from Lemma 12.4.2, (iii), because under those assumptions
P o) = Pan + Py. (ii) follows from Lemma 12.4.2, (iv), because E~T (---M) resp.
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(---M’) implies the existence of a U (¢ M resp. € M’) with U*U = E,UU* =F (cf.
Lemma 4.3.1).

Our last task is to determine the C of Theorem X. IfE € M, E = [[x(x)]] x€S,ce6
then we saw at the end of the proof of Lemma 12.4.1 that WEW € M’, WEW =
[[xc(X)]]xes.cew. Thus t(E) = t{(WEW). Now, owing to the character of the spatial
isomorphism F +> WF it carries every EUEM into the corresponding EUEM therefore

l

WEy W = Epr.

This proves t(EP ) = t(EWF) and thus, if WF = +F, t(EF ) = t(EF ).
If be51des F # 0, then E r #0and (as t(E) is a relative Welght functlon for M),
t(E F ) > (. So the above relations imply, considering t(Er ) =C t(E F ) that C=1.

So we need only to find an F # 0 with WEF = +F. Choose any G # 0; as W =1we
have W(G + WG) = (G £+ WG) and as

= %((G +WG) + (G -WG))

therefore both G + WG cannot be = 0. So either F = G+ WG or F = G — WG meets
our requirements.

Thus all parts of our Lemma are proved.

We restate the results obtained thus far:

Theorem XI. Let ® be a finite or countably infinite group (Definition 12.1.1), S a space
with a Lebesgue outer measure (Definitions 12.1.2 and 12.1.3). Let $H, Hs, Hse be the
spaces derived from them (Definition 12.1.4). Assume that ® is ergodic in S (Definition
12.1.5).

Form the operators Uao, Vao, W, Z(P(x), M(P(x) in Hse (Lemma 12.3.1) and with their
help the rings M, M’ (Lemma 12.3.4).

F + WF is an involutory isomorphism of $se which interchanges M with M’.

Certain systems of bounded and measurable x-functions x.(x), ¢ € ® are in a one-to-
one correspondence with all A € M and at the same time with all A € M’. We denote both
correspondences by

A = [[xc(x)]]ves cew
(Lemma 12.4.1). Using these correspondences, the computation rules in M as well as those

in M’ can be expressed in terms of the x.(x); we get in both cases the same rules (Lemma
12.4.1, (i)—(iv)).
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M, M’ are coupled factors. Relative dimension functions Dwm(E), Dm(E) for M resp.
M’ (E a projection € M resp. € M) can be defined as follows: Write

E = [[xc(0)]les cew

then
Dwm(E) resp. Dw (E) = / x1(x)dx.
S

(We have x1(x) > 0 for all x € S, therefore the integral on the right hand is always defined;
it represents a real number > 0, < 00).

In this normalisation the C of Theorem X is = 1.

If T C S is measurable, and

1, xeT,
er(x) = 0 x&T

then we have for both projections E = ZET(,C) eMand E = MeT(x) e M’ this: Dm(E)
resp. Dy (E ) = u(T).

CuarteR XIII: PrROPERTIES OF M, M’

13.1. The characterisation of M, M’ by Theorem XI makes the determination of
their classes easy. This determination is the object of the discussions which follow.
If we wanted to use these M, M’ solely to obtain an example of case (II), then it
could be shortened considerably: the examples (a)—(y) after Lemma 13.2.1 could
be obtained in a few lines, together with Lemma 13.1.2 for that special case, while
Lemma 13.1.1 would be entirely unnecessary. But owing to the general interest of
these M, M’ we prefer to give an exhaustive discussion.

In what follows we use throughout the notations and the assumptions of
Theorem XI.

Lemma 13.1.1. Case (I) holds for M, M’ if and only if a point x € S with u*((x)) > 0
exists. If this is the case, S can be characterised, after the omission of a subset of measure 0,
(which therefore is unessential), as follows:

Every one-point set (x) in S (x € S) is measurable, and u((x)) has a value independent
of x: u((x)) = € >0, < oo, ® is simply transitive in S, that is if xq is any fixed element of
S, then a 2 xoa is a one to one mapping of ® on S.
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If ® and S have n = 1,2,..., 00 elements, then M, M’ are both in case (1,). The

Dm(E), Dwm(E) of Theorem XI go over into the standard normalisation, if both are
multiplied by 1/e.
Proof: Assume first that case (I) holds. Then all values of Dy(E) are integer
multiples of an €9 > 0 and so all u(T), T C S and measurable, are so. Now a T with
p(T) > 0, < oo exists (cf. the beginning of the proof of Lemma 12.4.3), therefore
for one of these T C S, u(T) assumes a minimal value. Denote it by Ty. Thus for
any measurable T C Ty we have, owing to 0 < u(T) < u(Tp) either u(Tp) = u(T) or
w(T) =0.

Now consider the TV, T@, ... of Definition 12.1.2, (iv), assuming that TD 1
T@ f... = S (cf. the remark before Lemma 12.1.1), and that 0 is one of them (it
can be added to their system without altering its character). Consider an x € S.
Denote those n’s for which x € T by my, my, ... and those for which x ¢ T by
ni, ny,.... Owing to Definition 12.1.2 (iv), we have

(x) = T0m) . Tm) (g — )y (g —Tm)y...

Asx € T £ TO 1 ... the sequence mi, My, ... is not empty; as 0 is a T™ the
sequence 711, 1, . . . is not empty either; by repeating m or n infinitely many times
we can secure that both sequences are infinite. So we see: For every x € S there
exist two infinite sequences mj,my, ... and ny, ny, ... so that

[ee]

(x) = l—[ Tm) . (5 — Ty,

i=1
Now assume x € Tp and p*((x)) = 0. Put
j
Ui=Tp- l_l T(mi) (S - T(”i)).
i=1
Then we have Ty D Uy D Uz D -++, (x) = Uylz-++. So lim; e p(Uj) = p((x)) = 0
(all U; are measurable along with Ty and the T™), and so a j with u(lU;) < u(To)
exists, (remember that (1(Tp) > 0). By our assumptions on Ty this implies p(U;) = 0.
Now consider all sets U of this form:
j
U=T,- l_[ Tm) . (5 — Ty,
i=1
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j=12,..;,my,...,mjny,...,nj =1,2,... for which u(U) = 0. Their set is
countable: UV, U@, ... So y(U(l) + U2 + +++) = 0. Thus an x € Ty with
xg UY +UD ;... exists. By what we proved above, this excludes u*((x)) = 0. So
an x € S with p*((x)) > 0 exists.

Assume now conversely the existence of an x € S with p*((x)) > 0. As

(x) = 1—[ Tm)(S — T(”i))
i=1

(cf. above), (x) is measurable, u((x)) > 0. Besides (x) € T, u((x)) < w(T"™)) < oo.
Put € = p((x)) > 0, < oo then u((xa)) = u((x)) = € for every a € . Form now

= (xa;a € ©), Sy is exactly invariant under every transformation x +— xb, b € ©.
Thus the ergodicity of ® in S (cf. Definition 12.1.5, (iv)) requires p(S1) = 0 or
(S —S1) = 0. But p(S1) = pu((x)) = € > 0so u(S —S1) = 0. Omit the set S — 53
from S, then we have S; = S, thatis S = (xa;a € ®). So we have for every xp € S,
p((xp)) = €. By Definition 12.1.5 (iii), a # 1 implies x¢ # xoa, so a # b implies
xoa # xob. Thus all statements of the second section of our Lemma are established
for this case.

Choose an xp € S and define

1, x=xo,
e(xo)(x) = {

0, x # xp.

Then L, o) € M, itis a projection, and Dwy (fe(x (x)) = 4((x0)) = €. We claim that
Le(x (x) 18 minimal in M. This is the case, if for every F with Le( e oF=F #0,

E = Le( () ) (cf. Lemma 5.1.2, obviously Le( o F 0). Now Le( )(x)P F means
exo(x)F(x a) F(x,a) thatis F(x, a) = 0if x # x9. We must show: One such F, say
Fo, gives if it is # 0 by application of operators A € M all others. As Fy # 0 but
Fo(x,a) =0 for x # xg an ag € ® with Fy(xg, ag) # 0 exists. Now

1 —
2 eM

Fo(xo, ao) Cigaph' ™) Mg

and it transforms Fy(x, a) into

F (x,a) = 1, x= xo,fl =a,
0, otherwise
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and all desired F(x, a) are linear aggregates of these.

Thus Ee(xo)(x) is minimal in M and therefore case (I) holds for M, M’ (cf. Theorem
IV). So the necessary and sufficient character of our condition is established.

As the second section of our Lemma has already been verified, all we need
to consider is the last one. As ZE(xO)(x) is minimal in M and Dyy (Ze(xo)(X)) = ¢ the

standard normalisation of Dy (E ) obtains by multiplying it by 1/€. As the spatial
isomorphism F + WF interchanges M, Dwm(E) with M, Dy (E’) the same is true
for Dm(E).

Finally, if S (thatis ®) hasn =1,2,..., 0 elements, say x1,...,x, (if n = oo
omit x,,), then

DM/(l) = DM’(Il) = DM'(Ee(xl)(x)‘*‘"""e(xn)(x))
= DM’(Ze(xl)(x) +-e Ze(y(n)(x))
= DM’(Ze(xl)(x)) +---t DM’(Ze(Xn)(x)) = ne.

In the standard normalisation this gives 1, so we have case (I,;) for M’. The spatial
isomorphism gives the same for M.

Lemma 13.1.2. Case (II) holds for M, M’ if and only if there is for every x € S,
w((x)) = 0. If u(S) is finite, then case (111) holds for both M, M’ and the Dwm(E), Dwr (E’)
of Theorem XI go over into the standard normalisation, if both are multiplied by 1/u(S). If
w(S) is infinite, then case (Il) holds for both M, M’.
Proof: As an E’ € M’ with DMz(E/) > (0, < oo exists (cf. the beginning of the
proof of Lemma 12.4.3), case (III) cannot hold. So either case (I) or case (II) holds,
and therefore Lemma 13.1.1 implies that our present condition is necessary and
sufficient for case (II).
As

Du(1) = Dn(M1) = Dyt(Meqo)) = p(S)
and

Dwr (1) = Dwr(L1) = D (Leg(x)) = 1(S),

the other statements of our Lemma follow immediately.

The two preceding Lemmas characterise M, M’ completely. We see (using the
terminology of Theorem VIII): The M, M’ as constructed in Theorem XI are always
of the same class; this class is finite or infinite if p(S) is finite resp. infinite; it is
discrete or continuous if the measure p(T), T C S is discrete resp. continuous (that
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is, if an x € S with p*((x)) > 0 does resp. does not exist); it is never purely infinite.
And the difference between the discrete and the continuous cases corresponds
to that one between effective transitivity of ® in S, and ergodicity without such
transitivity.

13.2. Examples of case (I), based on Lemma 13.1.1, are so obvious that we need
not be concerned with them. (Owing to the one-to-one correspondence between
S and ® we may even put, without any loss of generality, S = ®. Then we can
make € = 1 and then uy*(T), T C S becomes u*(T) = (number of elements in T).)
We wish however to give effective examples of case (II), based on Lemma 13.1.2.
These examples will be of a very special type, as we will only consider Abelian
groups ®, and even those highly specialised.

Lemma 13.2.1. Let S be either the set of all real numbers, Se, or the set of all real
numbers > 0, < 1, which can be (and in what follows will be) looked at as the set of all real
numbers (mod 1), S1. Use the common Lebesgue measure in S. Let ® be a module of real
numbers, that is a finite or countably infinite set with these properties: 0 € ®, a,b € ®
imply —a € ®,a +b € 6. © is a group, if we define unit =0,a™' = —a, ab =a + b.

® is an m-group in S, if we define xa = x + a. For S = S; we insist that 1 € ©.

Excepting & = 0and ®& = (...,—2a9,—ao,0,a9,2ay,...) (for a fixed ag > 0, if
S =S4, then necessarily ag = 1/n,n =1,2,...), ® is always ergodic in S.
Proof: ® satisfies obviously Definition 12.1.1. S satisfies Definition 12.1.2 because
it is a special case of Example b) given after it; it is easy to verify Definition 12.1.5,
(i)—(iii), for ® and S, that is the m-group character. It remains for us to decide
about Definition 12.1.5 (iv), that is ergodicity.

Every T C S is invariant under ® = (0) and the set

T=(x; pag<x< (p+%)a0, p=0,+1,£2,...)CS
(for S = 1 take it (mod 1)) is invariant under
® = ( cey —2L10, —ay, 0, ap, 2a0, .. )

Thus these ® are not ergodic.

Assume now that ® is not of this form. If S = S, and some 4y # 0isin ® we can
map S and ® by the one-to-one transformation x «— (1/agp)x, a «— (1/ap)a.
This is an isomorphism for everything that is important now and it carries a9 into
1. For this reason we may assume 1 € ® originally. If 1 € ®, then all sets T which
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are invariant under ® can be looked at (mod 1); then we can do this for S = S,
that is we obtain S = 5§1. So we need to discuss S = S; only.
Now u(S) = u(S1) = 1is finite, so every

1, x€eT,
er(x) = 0 xeT

is et € Hs. Ergodicity means: U,(er) = er for all a € ® means er = 0 or 1 or more
generally: f € s, U, f = f forall a € ® means f = constant.

The ¢, (x) = e2minx 4y =0, +1,+2,... forma complete normalised orthogonal
setin Hs, U, @, = e?™ "¢, Put

f= i XnPn, i |an|2 finite;

n=—o0o n=—0o

/4

this orthogonal expansion in the space $s is numerically the “in the mean’
convergent Fourier expansion of f, then

Ugf — Z eZninaangon_

n=—oo

U,f = f means a;, = e2minay.  thatis ay, =0, except if na is an integer for every
a € ©. If this happens for any n # 0 then it is the case for |n| > 0 too, so we may
assumen =1,2,....

Denote the set of all na, a € ® by ®’. ®’ then consists of integers. 0 € 6';
p,q € & imply —p,p + g € ®'. Thus ®’ consists of all multiples of a fixed
g=1,2,.... Asle€ ®,n e ®’, qisadivisor of n,say n = gm. Thus

2 2
6 = ...,__q,_i,o,i,_q,...):(...,_E,_l,o,l,i,... ,
n° n n on m- T m m

contradicting our assumption concerning ®.

So a, = 0 whenever n # 0 and therefore f = appo = ap = constant. This
completes the proof.

Now as (S«) = o0 and p(S1) = 1 we see by Lemma 13.1.2 that every ergodic
® gives an example of M, M’ in class (Il) resp. (II1). Some simple &” which are
obviously ergodic by Lemma 13.2.1 are these:
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(a) © is the set ®g of all m + n0, m,n = 0,+1,+2,... where 0 is any given
irrational number.

(B) ® is the set O, of all rational numbers.

() G is the set Grat. p of all rational numbers of the form

m
P_n/
where p is any given number 2,3, ... (not necessarily a prime!).

13.3. The above examples (with S = S.) show that factorisations M, M’ of the
classes (Il), (Ilo) exist. Then Lemma 11.4.3, (ii) and the remarks after this Lemma
show that the combinations of classes (II), (Il); (Il), (IT1); (II1), (II;) exist too,
and that in the last case the C of Theorem X can be prescribed arbitrarily. That
any combination of cases (1), (I,), m,n = 1,2, ..., exists, has been remarked at
the end of §8.6. All other combinations, except (Ill), (Ill), have been excluded

by Theorem X. By Theorem X again (Ill.), (IIl) exist if and only if factors in case
(IIT) exist at all. So we have:

m=0,+1,£2,..., n=0,1,2,...

Theorem XII. Factorisations M, M’ belonging to the following classes do exist: (1), (I,),
m,n=1,2,...,00;,(IL,), (IL,), m,n =1, 0o, and in case m, n = 1 even the C of Theorem
X can be prescribed arbitrarily. (Ill), (Ill) exists if and only if factors in case (I11) exist,
a problem as yet unsolved. All other combinations of classes do not exist.

This answers Problem 2, negatively (considering Lemma 8.6.1), and answers
Problem 3, Problem 4 as completely as it is possible at the present state of our
knowledge.

13.4. We can use our M, M’ to construct a factorisation in which the factors M
and N are not coupled (M # N’), and thus answer Problem 1 negatively. This
leads to the partial answer to Problem 10 discussed in §11.2.

In what follows we use throughout the notations and the assumptions of
Theorem XI.
Lemma 13.4.1. Let G° be a proper subgroup of ® which is ergodic in S. Every A € M/
is A = [[xc(¥)]]xes, cew, consider those for which x.(x) = 0 whenever ¢ ¢ GY. Denote
their set by N. Then N isaring, N G M, M’ - N’ = (al).
Proof: N ¢ M’ is obvious. As V,, € M/,

tho = [[6(:[161]]X€S, ce®,

therefore V,, € N if and only if a9 € 6, s0 6° & ® implies N & M.
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The computation rules of Lemma 12.4.1 show that A, B € N imply aA, A*, A +
B, AB € N. So we must only prove that N is weakly closed in order to show that it
is a ring. As M’ is weakly closed (being a ring) even relative weak closure of N in
M’ sulffices.

Now an A € M’ belongs to N if and only if ag ¢ ®° implies x,,(x) = 0 for
A = [[xc(0)]]xes, ces; thatis if ab! ¢ G0 implies A, , = 0for A ~ (Ag pYa pew. SO we
need only to prove: If two a, b € & are given, then the set of all A ~ (Ay p/Var prew
with A, ; = 0is weakly closed. Now

(Aapf,g) = (Afla1, glthy,

where hldl(x,d) = Ocah(x) (h € 9s, hlel e $ss) and so our condition is
(Aflal, gltly = 0 for every pair f, g € $s. This describes obviously a weakly closed
set. Thus Nisaringand N & M.

Assumenow A € M’ - N'. As Mx(x) e M/,

M () = [[6cx(0)]]ves, cew

and as ¢ ¢ ®° implies ¢ # 1, 6, = 0 so we have MX(X) e N. So A must commute
with every Mx(x) and (cf. above) with every Vao, ap € 6°. Now A € M/,
A = [[E:(0)]] xeS, ce® SO our requirements are (by Lemma 2.4.3, (iv))

éc(x))((xc_l) = Ec(x)x(x), éaalcao(xQO) = &c(x).

The first equation reads

Le.wx = Le,Uen X
for all bounded x € $s. Thus it is for all

1, xeT
x)=er(x)=1{" ’ T CS, T) finite;
x(x) = er(x) {O, caT, w(T) fi

and for their linear aggregates and their condensation points; that is for all xy € $s
(cf. the second section of the proof of Lemma 12.1.1). So L¢,(x) = L, (x)U.-1» which
implies by Lemma 12.2.3, that &.(x) = 0if c # 1 (and so ¢! # 1).

The second equation reads:

ug_olLél(x)uao = Lél(x)‘
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Denote the set of all Uy, a9 € 6° by U°. Then we have Lg,y) € € - U%). As G°
is ergodic in 5, Lemma 12.2.4 applies: L¢,(r) = al = Ly, &1(x) = a. So we have
Ee(x) = d0ca, A = al. This completes the proof of M’ - N’ = (al).

Lemma 13.4.2. Let 69, N be as above. Then M, N is a factorisation, but M, N are not

coupled factors.
Proof: As N ¢ M’ and

R(M,N) = (RIM, N))” = (M’ -N'Y = (al) = B,

therefore M, N is a factorisation. As N & M’ they are not coupled.

It is easy to give examples of groups ®, 6° as required by Lemma 13.4.1 and
Lemma 13.4.2: We use the examples («)—(y) at the end of §13.1. So ®& = G,
Y = Gy, O irrational, k = 2,3, ..., will do; or ® = G, 6° = (Y)(r)at.,q, g=2,3,...
or ® = Grat.p, 60 = ®rat..q, P, 9 =2,3, ..., q such a divisor of p no power of which
is divisible by p (that is: g does not contain all prime factors of p, for instance
p=064q=2).

Thus Lemma 13.4.2 implies that the M, M’ of Theorem XI are not normal
for ® = Gg, Orat., Orat. p if p is not the power of a prime. (For M’ this results
directly, for M it follows then from the spatial isomorphism F +— WF in $ss which
interchanges M with M’.) So we have now the examples of not normal factors of
class (II) we wanted. The question whether all factors of class (II) are not normal,
remains nevertheless open; we can even not decide whether M, M’ for 6 = Grat 5,
p power of a prime, are normal. (Cf. note at end.)

This is the extent to which we can answer Problem 10.

PART V: THE FINITE CASES

CHaPTER XIV: THE GENERALISED ADDITIVITY OF Dy (1)

14.1. The object of the chapters which follow is the investigation of the finite cases
(cf. Theorem VIII), thatis, of all factors M which belong to cases (I,),n = 1,2, ..., or
(IT1). The outstanding fact is that they all behave very similarly. This is remarkable,
because an M in a case (I,,) is ring-isomorphic to the ring of all (bounded) operators
of an n-dimensional Euclidean space and therefore completely elementary; while
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an M in case (II;) lies in a Hilbert space $, unbounded operators can be nM,
operators in M can have continuous spectra, etc.

All our results will be valid for all finite cases, that is, both for (I;) and (II;).
The really interesting application is of course (II1), while most of our results are
void or trivial or well known facts from linear geometry, when applied to (I,;). Our
reason for including the (I;) too in all our statements is only the desire to stress
the analogy between (I,,) and (II;), and to put every result concerning (II;) at once
in the right light by showing what it would mean for ().

Our notations will be these: $ is a space; M a factor in $ belonging to a finite
case, (I;,),n =1,2,...,or (II); Dpm(M) a relative dimension function for M with the
normalisation Dp(9) = 1. For (I,,) this is the standard normalisation multiplied by
1/n; for (II;) it is the standard normalisation itself. In the next § (and only there)
however these assumptions will not be used, the class of M and the normalisation
of Dm(9) being arbitrary.

14.2. We discuss the behavior of Dy(9) for such 9t’s which need not to be
orthogonal, nor comparable (Mt C N), thus generalising the statements of Definition
8.2.1.

Lemma 14.2.1. Assume I, N n M. Then
Dm ([, N] =) < Dm(M).

Proof: This follows immediately from Lemma 7.3.4.
Lemma 14.2.2. Assume M, N n M and Dpy(0) > Dv(N). Then Mt - (H — N) # (0).
Proof: We have, using Lemma 14.2.1,
Dm([9, = M- M) = Dm([N, H = M] = (H—M))
< Dm(M) < Dm(M),
so [J, O —M] - M # M. But [N, H— M| - WVt € I, therefore M — [N, H—Ni] - MVt # (0).

Now
M—[I,H-M-DM=D-(H—[N,H-M])

= M(H = NS - (9 -M))

= M- (H =) - M =M~ (H-N).
So we proved M - (H — N) # (0).
Lemma 14.2.3. Assume I, N n M. Then

Dm([9%, N]) < Dpm(M) + Dpm(N),
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and equality holds if M - N = (0).
Proof: Put " = [, N] —N. Then MN' n M, I, N are orthogonal, [, N] = [M, N],
and so Definition 8.2.1(iii) applies. Thus

Dm([M, 9]) = Dm([M, N]) = Dm(M) + Dum(N)
< Dm(M) + Dm(M),

considering Dy (M) < Dy(I) by Lemma 14.2.1.

We see that we have equality if Dy(0t') = Dp(M). If this is not the case,
then Dpy(I) < Dpm(9), and so Lemma 14.2.2 applies: Mt - (H — ') # (0). Now
feM-(H—-I)means f € M and the orthogonality of f to M’ = [N, N] — N. But
as f € M c [M, N], the second statement means

£ e [M,R] — (M, N] —N) = <.

So we have f € M - N, and therefore the above result states M - N # (0). This
completes the proof.

Lemma 14.2.4. Assume I, It n M. Then
Dm([M, %)) + Dm(M - N) = Dm(IM) + Dm(N).

Proof: PutMt; = M — Nt - N. Then Niy, M - N are orthogonal, [Ny, N - N] = I, so by
Definition 8.2.1(iii),
Dm(IM) = Dm(M) + Dm (D - N).

Furthermore [y, V- N, N| = [M, N], and if f € My - N, then f € Ny - M- N, but
9y is orthogonal to M - N, so f = 0, which proves My - N = (0). So Lemma 14.2.3
applies:

Dm([M, 9t]) = Dm([My, N]) = DmM) + Dm(N).
Adding Dy(Mt - M) to both sides gives, considering our previous equation, the
desired formula.
Lemma 14.2.5. Let My, My, . .. be a (finite or infinite) sequence, all M; n M. Then

Dw([91, My, ...]) < > Dma(My).

The equality holds if and only if one of these two conditions is satisfied:
(i) Dm([9ty, My, .. .]) is infinite.
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(i) Dm([My, My, .. .]) is finite, and [y, ..., Mi_1] - M; = (0) fori =2,3,.. ..
In case (ii) there is even

[gﬁmlrgﬁmzr .. ] : [gﬁngﬁnz/ . ] = (0)

if my, my,...and ny, ny,...areany two sequences without common elements.
Proof: We can assume that the sequence 9i;, My, ... is infinite, as we could
otherwise insert infinitely many terms = (0).

Lemma 8.3.3 can be applied to

My C [My, o] € [Miy, Vo, Ms] € - - -

and it gives
Dum([M, Mo, ...]) = }g?o Dm([My, ..., M]).

Now Lemma 14.2.3 can be applied to [y, ..., M;_1], M;, and it gives
Dm([My, ..., M]) < Dm([My, ..., Mi—1]) + Dm(D),
with an equality if (ii) holds; therefore
i
Dw([y, ..., M) < D" Dua(My),
=1

again with an equality if (ii) holds. So we have proved the relation with < in
general, and the sufficiency of (ii) for the equality. (i) too implies equality, because
if Dp([Miy, My, . . .]) is infinite, then ; Dy (M) is infinite too.

The necessity of (i) or (ii) means that if

Dw([1, My, ... ]) = ) Dra(My)

and is finite, then (ii) holds. We prove that in this case
[Sntmyg‘nmz/ . ] : [Sﬁnygﬁnz/ . ] = (0)

if my, my,... and ny,ny,... have no common elements. This proves (ii) (put
mp =1,...,mi1 =i—-1and n; = i), and at the same time it justifies the last
statement of our Lemma too. As we can add to the sequence n1,ny,... all
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i =1,2,... which differ from mj, my, ... and ny,ny,..., we may assume that
ni, ny,...1s the complementary set to mq,mp,...in1,2,....
Now we have

Dv([ Dy, My, - D < D D), D[y, My, ) < ) D),

and so by Lemma 14.2.4

Da([Mi, My, ... 1) + D[Py, My, -] [Py, My, - ])
= DM([[ED?mllgﬁmzr . ']r [mtnwgﬁnz/ e ]]) + DM([EIle,EUEmZ, <. ] : [mtnlri):nnz/ <. ])
= DM([SﬁmUEDtmzr .- ]) + DM([EUEmISIan/ .- ])

< ) Dmy) + ) Du(My) = ) Du(W) = Dya([B, Mz, . ).

As Dm ([, My, . . .]) is finite by assumption, this implies that the dimension of the
intersection is < 0, so it is 0, and therefore the intersection is (0). This completes
the proof.

CHAPTER XV: THE RELATIVE TRACE

15.1. From now on we make the assumption of §14.1: M is a factor in a finite case
(In),n=1,2,..., 0or (II1)), and Dpm(M) is normalised by Dm(H) = 1.

We define an analogue of the trace of common (finite dimensional) matrix
theory, more precisely: We define a notion which shares most essential properties
of the trace, and coincides with it in the discrete cases (I,;), n = 1,2,.... The
importance of this notion lies of course in its validity in the continuous case (II;).

Definition 15.1.1. Let A € M be Hermitian. Form its resolution of unity E(A),
—00 < A < oo, (Cf. (16, p. 92). As A is bounded this coincides with Hilbert’s
spectral form. The description which we will use is discussed in (18, pp. 389-390,
footnote 42, and p. 418).) It is characterised and uniquely determined, as discussed
loc. cit., by the following properties:

(a) E(A) is a projection, defined for all —co < A < o0,

(B) A < uimplies E(A) part of E(u).

(y) A > Ap, A = Ag implies E(A) — E(Ap) in the strong topology.

(6) There existsa c sothat E(A) =0if A < —c,and E(A) =1if A > c.
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() Forall f,g€9,
“f= [ rdEwS ).

(This is a numerical Stieltjes integral, certainly convergent, because we can replace
f_ O:o by f_ CC owing to (0); and (E(A)f, g) is of bounded variation owing to (f), cf.
(16, p. 93).)

This equation may be written symbolically as

A =/ AdE(A). *)
As1 e M, therefore A € M has the consequence that all E(1) € M (cf. (18, p. 390)).
Therefore all Dyv(E(A)) are defined, and we can form the numerical Stieltjes integral

() = [ AdD(EQ) )
(This integral is convergent, because we can replace /_ O:o by f_ CC owing to (0), as
Dm(E(A)) = 0resp. =1if A < —cresp. A > ¢, and Dm(E(A)) is monotone owing to
().

We call this Tyi(A), which is thus defined for all A € M, the relative trace of A.
It is clear how the symbolic equation (*) suggests the definition (**). We shall see
in §15.2, after Lemma 15.2.2, that in the discrete cases (I;,), n = 1,2, ..., our Tym(A)
is 1/n times the trace of A taken in the usual sense for matrices of degree .

15.2. An alternative definition of the trace can be obtained by using an extension
of the “Minimax principle” (cf. (5, pp. 26-29)). This extension is as follows:

Lemma 15.2.1. Let A € M be Hermitian, and E(A), —co < A < oo, its resolution of
unity. Form the quantity

e(a) = glb. {lub.(Af, f) 0
MM | FeM
Dm@)za \IfII=1

for every a > 0, < 1. Then at the same time

e(e) = glb. A ()
[Dm(E(A))=al
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Proof: Consider the set of all A with Dm(E(A)) > a. As it contains A = ¢ it is not
empty; as it does not contain A = —c it is not the set of all real numbers; it contains
with A every A’ > A by Definition 15.1.1 (); it contains its g.L.b. Ag by Definition
15.1.1 (y). Thus it is the set of all A > Ag. So we must prove e(a) = Ay.

Define iy by Pay, = E(Ap), Mo n M because E(1g) € M, and Dy(Mp) =
Dm(E(Ag)) = a. For f € Mowehave E(Ag)f = f,andso E(A)f = fif A > Ag. Thus

Ao

(Af, f) = / AAEWNF, f) = / LAENF, )

—C

Ao
< / Mo d(EN)F, )

[

= M((EQAo)f, )= (E(=0)f, ) = Ao(f, ) = AdllfI,

and so 1-u~b'[fe‘mo, ||f||:1](Af,f) < Ag. As Iy nM, Dm(M%) > a, this proves
6(06) < Ap.
Assume now e(a) < Ag. Then by (1) a M n M, Dpm(M) > a, with

lL.u.b.(A
flég}%( f,f)<Ao
IflI=1

must exist. Choose a

">1lub.(A ’ .
A > _]}Jéim ( f/ f)/ A< AO
llf1I=1

By the definition of A, the relation A’ < A has the consequence Dy(E(1')) < a.
Define M’ by Poyr = E(A); then M’ n M because E(A’) € M. We have

Dm(O') = Dm(E(A)) < a < Dy(M),

so by Lemma 14.2.2 M - (H — M’) # (0). Therefore an fy € M- (H-I'), fo # 0,
exists.
Now as fop € H — I, we have E(A1") fo =0, and so E(A) fo = 0if A < A’. Thus

> / N AEN fo, o)
/\’
=AM ((E() fo, fo) = (EA) fo, fo)) = A (fo, fo) = Al fol >

Af fo= [ raEwf, f= [ AaEnh 5
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Multiplying fo with 1/|| fo||, we can obtain || fo|| = 1. But at the same time f, € M
too, therefore we have

Lub.(A >\
flés]ﬁ( f.f)=A,

I£1I=1
contradicting our original assumptions on A’. Thus there must be e(a) = Ag, and

the proof is completed.
Lemma 15.2.2. Let A € M be Hermitian, and e(«) as in Lemma 15.2.1. Then

1
TM(A):/O e(a)da.

Proof: We have Ty;(A) = f_ o; A d(Dm(E(A))). It suffices to remember the definition
of the Riemann-Stieltjes integral in order to see that this coincides with the
Riemann integral

1
/ ( glb. A)da (cf. (19, p. 198)).
o \[

Dm(E(A))za]

But this is, by formula (f}) of Lemma 15.2.1, equal to fol e(a)da.

Observe that in the case (I,;), Dpm(Mt) assumes no other values than 0,1/n,2/n,
..., (n=1)/n,1; therefore e(a) is constant in each interval (p —1)/n < a < p/n,
p=1,...,n. Thus Lemma 15.2.2 gives

n

TM(A)zfole(a)da:%Ze(%),

p=1

and one verifies easily that e(p/n) is the proper value No. p (from below) of A.
Thus Tm(A) is 1/n times the trace of A. A more direct proof is given in §15.4,
after Theorem XIII. In the case (IIy), /01 e(a) da becomes an integral with a really
continuous domain. Owing to the analogy with the case (I,,), it seems natural to
introduce the following terminology:

Definition 15.2.1. Let A € M be Hermitian, and e(a) as in Lemma 15.2.1. Then
we call e(a) the proper value No. a (from below) of A, on the continuous scale
O<ac<l

The immediate application of our new way to express Tm(A) is this:
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Lemma 15.2.3. Let A, B € M be Hermitian, and A — B (semi-)definite. Then

Tm(A) = Tm(B).

Proof: Form the e(a) of Lemma 15.2.1 for A and for B, denoting it by e(a) resp.
n(a). As the definiteness of A — B means (A—-B)f, f) >0, (Af, f) > (Bf, f) for
every f, therefore (1) of Lemma 15.2.1 gives e(a) > n(a). Now Lemma 15.2.2 gives
Tm(A) > Tm(B).

Note that Ty (A) > 0 for definite A is obvious, and that this would imply directly
our Lemma, if we knew that Tp(A — B) = Tm(A) — Tm(B). But this relation is only
established at present if A, B commute (cf. Lemma 15.3.4 and the remarks after it),
and this makes the above simplification impracticable.

15.3. We derive now the main formal properties of Ty (A).
Lemma 15.3.1. Let E € M be a projection. Then Ty (E) = Dm(E).

Proof:
E, A>1,
E(A) =
0, A<l1
is E’s resolution of unity, as conditions («a)—(e) from Definition 15.1.1 are easily

verified for it. So

Dm(E), A>1,
DM<E<A>>={OM” Az 1

and so -
T(E) = / A dDy(E(L)) = 1- Dy(E) = Du(E).

Lemma 15.3.2. Let A € M be Hermitian, and a, b two real numbers. Then
TM(ﬂA +b1) = EZTM(A) +b.

Proof: We first prove Tm(—A) = —Tm(A), because this will permit us to restrict
ourselves afterwards to the case a > 0.

Let E(A) be A’s resolution of unity. Then 1 — E(—A) fulfills for —A all conditions
(a)—(e) of Definition 15.1.1 except (). The function

Ei(A) = Eg}\ (1-E(-A")
AM—A
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fulfills, as a simple argument shows, all of them. So E{(A) is —A’s resolution of
unity. Now Eq(A) # 1 — E(—A) only in the points of discontinuity of E(—A), that is
in the points —A where A runs over all point proper values of A. This is a countable
set. A fortiori Dm(E1(A)) # Dm(1 — E(—A)) holds only in a countable set. Therefore
we can, by the definition of Riemann-Stieltjes integrals, replace d(Dm(E1(A))) by
d(Dm(1 — E(—=A))) in every Riemann-Stieltjes integral in which it occurs. Thus

oo

Tu(-A) = / " ) dD(E: (1)) = / A dDy(1 — E(=))

(o¢] —00

= [ oo(—/\) dDm(E(-A)) = / _mAdDm(E(A))

- / AdDm(EL)) = —Taa(A).

Assume now a > 0. Denote the e(a) of A and of aA + b1 by e(«) resp. n(«). For

1fll=1,
(@A +b1)f, f)=a(Af, f)+b(f, f) =a(Af, f) +],

and as a > 0, this formula can be used when forming g.1.b.’s and l.u.b.’s. Therefore
(1) of Lemma 15.2.1 gives n(«) = ae(a) + b, and then Lemma 15.2.2 gives Typ(a A +
b1l) = aTm(A) + b. This completes the proof.

Lemma 15.3.3. Twm(A) is a continuous function of A if the uniform topology for operators
(cf. (18, p. 384)) is used.
Proof: We will show: If ||(A — B) f|| < €||f|| for every f € 9, then

[Tm(A) — Tm(B)| < €.
Under the above assumption we have
(A =B)f, Al <IA=B)fIIIFIl < ell I,

(Af, f) < Bf, f)+elfIP = ((B+el)f, f).

So (B+e€1)—A is definite, and by Lemma 15.2.3, Tm(B +€1) > Tm(A). Butby Lemma
15.3.2, Tm(B + €1) = Tm(B) + €, so we have Tm(A) — Tm(B) < €. Interchanging
A, B (the assumption was symmetric in A, B), we obtain Ty (A) — Tm(B) > —€. So
ITm(A) — Tm(B)| < €, completing the proof.

We will prove elsewhere considerably more about the continuity of Ti(A). (Cf.
note at the end of this paper.)
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Lemma 15.3.4. Let A, B € M be Hermitian, and commute with each other. Then

TM(A + B) = TM(A) + TM(B).

Proof: Let E(A) and F(A) be the resolutions of unity belonging to A, resp. B. By
(18, pp. 390-391, in particular footnote 43), A, B are limits of uniformly convergent
sequences of linear aggregates of the E(A), resp. the F(A). Therefore it suffices, by
Lemma 15.3.3, to prove

Tw| D aE(A) + > biF(u)) | = Tu (Z aiE(/\i)) +Tv| > biF () |-
i=1 j=1 i=1 j=1

Observe that if A, B commute, all E(1), F(u) commute with each other (cf. (16,

p. 115)).
So it suffices to prove this:

p p

p
Tu| D (cp+dp)Ep | =Twa| D cpEp |+ Tm| Y dpE,
p=1 p=1 p=1

if Eq, ..., E, are commutative projections. (Substitute p = m +n, E(A1), ..., E(An),
F(u1),...,F(un), a1,...,am,0,...,0, and O,...,0,b1,...,b, for p,Eq,...,Ep,
C1,...,Cp,d1,...,dp.)

This would follow immediately from

p

P
Tu| D cpEp|= D coDm(Ey) (#)
p=1

p=1

(for all choices of ¢y, ..., c,, provided that Eq, . .., E, commute).
Consider the 27 terms arising when computing

(E1+(1=Eq))-- (Ep +(1- Ep))-

They are products of commutative projections € M, thus projections € M; their sum
is 1, and the sum of those which arise from the term E,, in the factor E, + (1 - E)
is E,. Denote them by E7, ... ,E:I, q=2P;asEj +---+ E:; = 1, they are mutually
orthogonal. Write

- , o o 0 ,
E, = ETP’1 + -+ E%p‘
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We claim: If (#) holds for E/, .. ., E;I (and all ¢, ..., c;]), then it holds for Eq, ..., E,
too. Indeed:

Sp

’
Cp Z ETW

o=1

3
g
Kg
bm

|

3

1=

ie)
Il
—_
o)
I
—_

q

=Tu| ) | >, c|E

t=1| p.0
Tp,0=T

M=

> o | Dm(EY)

=1 [2Y
Tp,0=T
p Sp p
= o | D DmE, )| = D cpDm(Ep).
p=1 o=1 p=1

In other words: We may assume in (#) that Ey, ..., E, are mutually orthogonal,
and E; +---+E, = 1.
If now two c,’s in (#) are equal, say ¢, = ¢, for some p # ¢, then E,, E; coalesce
to E, + E; in both sides of (#). So we may assume that all ¢,’s are different. As a
permutation does not matter, we may even assume thatci <y <--- < Cp-
Define now

0, A<y,
GA)=<E1+---+E,, cp<A<cp1, p=1,...,p-1,
1, A>cp.

One verifies immediately the conditions («)—(€) of Definition 15.1.1 for these G(A)
and ZZ _, ¢pEp; therefore it is the resolution of unity which belongs to ZZ _1 ¢pEp-
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Now Definition 15.1.1 gives

p 00
Tu| D coEy | = [ A dDp(G(A))

p=1

CP(DM(E1 +-- 4+ Ep) - DM(El +-ee+ Ep—l))

DM TV

i
=

This completes the proof.

Observe that we should expect from the analogy of the trace of finite dimensional
matrices, that the additivity of Ty (A) expressed in Lemma 15.3.4 holds even without
assuming the commutativity of A, B. We will come back to this question at the
end of §15.4, Problem 11.

15.4. The relation M ~ N can be expressed in a new way, owing to Dm(9) = 1.

Lemma 15.4.1. I ~ N (nM) is equivalent to M, N n M and the existence of a unitary
V' € M which maps M on N.
Proof: If MnM and such a V € M exists, then U = V Py is € M, partially isometric,
with the initial and final sets 9, resp. N, so N ~ N (nM).

Conversely: If Mt ~ N (nM), then

Dm($ — M) = Dm(H) — Dm(M)
= Dm(9) — DMN) = Dm(H - N)

(this step is possible because Dm($) = 1 is finite), and so H — M ~ H — . Let
U1, Uy be € M, partially isometric, and have the respective initial sets ¢, § — M
and the respective final sets 9, $ — 9i. One verifies easily that V = U; + Uy € M is
unitary, and that it maps 9t on 9. M, N n M is obvious.

This proof was based on the finiteness of Dm($), that is, of $ (with respect to
M). In fact the finiteness of $ is necessary and sufficient for the Lemma itself:
Because if $ is infinite, then $ ~ M (M) for some M & H, and no unitary U maps
Honan M # H.

We now state the essential invariance property of Ty(A):
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Lemma 15.4.2. Let A € M be Hermitian and U € M be unitary. Then

Tm(UTAU) = Tm(A).

Proof: If A has the resolution of unity E(1), then U AU has clearly U 'E(A)U.
Put E(A) = Pyyr), UTTE(A)U = Pyyy; then N(A) is M(A)’s image by UL, So
M(A) ~ NA) (MM), Dm(M(A)) = Dm(R(A)), Dm(E(A)) = Dm(U'E(A)U). Now
Definition 15.1.1 gives Tym(A) = Tm(U L AU).
We are now able to characterise the relative trace by inner properties:
Lemma 15.4.3. Assume that a (real and finite) numerical function T'(A) is defined for
Hermitian A € M, and that it has the following properties:
(i) T'(1) = 1.
(ii) T"(aA) = aT’(A) if a is real.
(iii) T'(A + B) =T'(A) + T'(B) if A, B commute.
(iv) T'(A) = 0 if A is (semi-)definite.
(v) T"(UTAU) = T'(A) if U € M is unitary.
This is the case if and only if T'(A) is relative trace: T'(A) = Tm(A) for Hermitian A € M.
Proof: Tm(A) has the properties (i)—(v) by Lemma 15.3.2, Lemma 15.3.4, Lemma
15.2.3, and Lemma 15.4.2. Therefore only the converse problem remains: to
determine T'(A) if it fulfills (i)—(v). Assume therefore that such a T’(A) is given.
If E is a projection € M, then, as E is definite, we have T’(E) > 0 by (iv). If
E ~ F (nM), then by Lemma 15.4.1 a unitary U € M with F = U™'EU exists, and
so by condition (v) T'(E) = T’(F). If E, F are orthogonal, that is EF = FE = (,
then they commute, and therefore T’(E + F) = T'(E) + T'(F). So the conditions
(ii), (iii) of Definition 8.2.1 are fulfilled, and as T’(1) = 1 > 0, < oo, therefore
Lemma 8.3.5 applies: T'(E) is a relative dimension function (with respect to M).
So T’(E) = ¢cDm(E) with a suitable constant c; but as T’(1) = Dm(1) = 1 by (i),
therefore ¢ = 1, thatis: T’(E) = Dm(E).
Thus if Ey, ..., E, are mutually orthogonal projections, Ey +---+ E, = 1, and
c1 < c2 < -+ < ¢p, then we have: If p # o, then E,E; = E;E, = 0, so E,, E;
commute, and so by (ii), (iii)

P p
T'[ Y coEp|= > cpT'(Ep) = Y coDmlEy),

p=1 p=1 p=1

and this, by the considerations at the end of the proof of Lemma 15.3.4, is
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TM(ZZ _1¢pEp). So the desired equation T'(A) = Tm(A) holds for all A’s of the
above form Zzzl cpE,.

(i)—(iii) imply in general T'(a A + b1) = aT’(A) + b. (iii), (iv) imply T’(A) > T’(B)
if A — B is (semi-)definite and if A, B commute. Thus the argument of the proof of
Lemma 15.3.3 applies to T’(A) too, if we restrict ourselves to some commutative
set of operators: Then T’(A) is a continuous function of A, if the uniform topology
for operators is used. We know from Lemma 15.3.3 that this holds for Ta(A) too.

Now form the operators mentioned in (18, pp. 390-391, in particular footnote 43):
They were denoted by

n

AR = 3" A (E(A) = E(y1)).

v=1

As we pointed out there, they are uniformly convergent with the limit A; and as
all E(1) commute with each other and with A, the same is true for the AX¢. Thus
T’(A) = Tm(A) follows, if we can prove T'(AX€) = Ty (AK€). But this equation holds,
because AX€ has the above discussed form. Put p=n,c,=Ay, E, =E(A)—E(Ay—1).
Thus the proof is completed.

We restate the results obtained thus far:

Theorem XIII. Let M be a factor of a finite class ((1,,), or (II1)). Then there exists one
and only one (real and finite) numerical function T’(A), defined for all Hermitian A € M,
which has the following properties:
(i) T"(1) = 1.
(ii) T"(aA) = aT’(A) if a is real.
(iii) T'(A + B) =T'(A) + T'(B) if A, B commute.
(iv) T'(A) = 0 if A is (semi-)definite.
(v) T"(UTAU) = T'(A) if U € M is unitary.
This unique T'(A) is the relative trace of A, Tm(A). Further essential properties of
this T'(A) are given in Lemma 15.2.3, Lemma 15.3.1, and Lemma 15.3.3. Equivalent
definitions are contained in Definition 15.1.1 and in Lemma 15.2.2.
In particular we have (this follows from Lemma 15.3.1, so from (i)—(v)):
(vi) For a projection E € M, T’(E) = 0 implies E = 0.
In case (I,;) we obtain by this unicity theorem an easy determination of Ty (A):

M in case (I;) means = H1 @ H, M = B(ll), 91 has dimension n. Now Lemma
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2.4.6 shows that, using the symbolism

.....

of Definition 2.4.2, the A’ € M are characterised by

A ~ (ar st s=1,...n,

and thus correspond to the numerical matrices {at s}t s=1,..,n. Now

n

, 1
T (AO) = g Z at ¢

t=1
tulfills (i)-(v), as one verifies easily; therefore

n

1
Tm(AY) = - Z Af .

t=1

The examples of case (II;) given in Theorem XI, considering Lemma 13.1.2, can
be discussed too. If A € M or A € M/, write A =~ [ x(x)]xes cet, and form

HA) = /5 @) d

(cf. loc. cit. and Lemma 12.4.2). Then T’(A) = (1/u(S))t(A) fulfills (i)—(iii), as one
verifies easily with the help of Lemma 12.4.2(i)—(iii).

As to (iv) observe, that every definite operator A has the form B2, where
B = a(A), a(x) = |x['/2. Thus B belongs to our ring (M, resp. M’) and is Hermitian.
A fortiori A = B*B, and now t(A) = t(B*B) > 0, T'(A) > 0, follow from Lemma
12.4.2(iv).

(v) is proved as follows: As

A=LA+A)+ixE(A-A"),
it suffices to consider Hermitian operators A; and as
2 2
A=(3(A+1) - (3(A-1)7,
we may even assume A = B2, B Hermitian. So we must prove

T'(U™'B*U) = T'(B?),
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that is t(U~!B2U) = t(B?). This coincides with Lemma 12.4.2(iv), if we put there
A = BU.

In all these cases, (iii), that is Tm(A + B) = Tm(A) + Tm(B), holds even without
the restriction that A, B commute. This raises the following problem:

Problem 11. Is Tp(A + B) = Tm(A) + Tm(B) always true, without further restrictions
on A, B?

The answer is certainly yes in case (I,;), and for all known examples of case (II;).
(Cf. also note at the end of this paper.)

15.5. The statements of Theorem XIII concerning the unique determination of
T’(A) by the properties enumerated there can be formulated and discussed, even
if M is not assumed to be a factor, but only a ring with 1 € M.

So if M is a ring with 1 € M, we may ask: When do the conditions (i)—-(vi) of
Theorem XIII have a unique solution? This is the case if M is a factor and in a
finite case. Let us now consider the converse problem. Assume that M is a ring
with 1 € M, and that (i)—(vi) have a unique solution, say T°(A).

Consider M - M. This is a ring, and therefore it is the ring generated by all
projections E € M - M’ (cf. (18, p. 392)). Consider a projection E € M- M’. If
A € M, then A and E commute, as E € M’, and so AE = AEE = EAE. Thusif A is
Hermitian, resp. (semi-)definite, AE is too. Besides A,E € M, so AE € M. Now
take two constants a1, a> > 0, and define

T'(A) = ;T°(A) + a,TY(AE).

Then T’(A) behaves with respect to the conditions (i)—(vi) of Theorem XIII as
follows: (i) holds if a1 + a,T%(E) = 1. (ii) holds at any rate. (iii) holds, because
E € M’ commutes with the A, B € M, so if these A, B commute, then AE, BE do
too. (iv) holds, because AE is (semi-)definite along with A. (v) holds, because
E € M’ commutes with the U € M, so (U 'AU)E = U™ (AE)U. (vi) holds, because
if F is a projection, therefore (semi-)definite, then FE is it too; thus T(F) > 0,
TO(FE) > 0, and T’(F) = 0 implies T°(F) = 0, F = 0.

Under these conditions our assumption necessitates T’(A) = T°(A) for each
Hermitian A € M. So in particular T’(E) = T°(E), but the definition gives
T'(E) = (a1 + a)T(E). Therefore (a1 + az — 1)T°(E) = 0. Thus we have proved:

a1,a; >0, a;+aT°(E)=1 mustimply (a3 +ax—1)T°E)=0.
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This is clearly not the case if T°(E) # 0, 1; therefore we have either T°(E) =0, E = 0
(by (vi)),or T%E) =1, T°(1-E)=1-T%E)=0,1-E =0, E = 1 (by (i), (iii), (vi)).

Thus M- M’ = R(0,1) = (al), and so M is a factor.

Now the argument made at the beginning of the proof of Lemma 15.4.3 shows,
remembering Lemma 8.3.5, that T°(E) is a relative dimension function with respect
to M (E runs over all projections E € M); T%(1) = 1 (by (i)) being finite, 1 is finite
with respect to M, and so is $. Therefore M is in one of the finite cases: (I,),
n = 1,2, ..., 0r (Hl).

Consequently we have proved this:

Theorem XIV. Let M be a ring with 1 € M. The conditions (i)—(vi) of Theorem XIII
admit a unique solution if and only if M is a factor, and belongs to one of the finite cases:
(I,),n=1,2,..., 0r(IIy).

Note that while (i)—(v) imply (vi) if M is a factor, they may not imply it if M
is merely a ring with 1 € M, and therefore the unicity of their solution may not
guarantee the factor character of M. This is the reason why (i)-(v) were sufficient
in Theorem XIII, but (i)—(vi) were needed in Theorem XIV. In fact there exist rings
M with 1 € M for which (i)-(v) have a unique solution, and which nevertheless are
not factors. Easy considerations, which we will not detail here, show in fact that
the ring M = (P[,))" ($ any space of co dimensions, ¢ € 9, |l¢|| = 1) is such; the
unique solution of (i)~(v) being T°(A) = (A, @), and M is not a factor, because
P (o] eEM-M'.

We have not attempted in this chapter to give anything like a complete theory
of the trace. We wanted to give only a brief summary of the most characteristic
features.

Many further problems could be handled with our present methods. For
instance, Lemma 15.3.3 could be strengthened so as to apply even to the strong
topology of operators (cf. (18, p. 381)); connections could be established between
Tm(A) and the (Af, f), etc. We propose to come back to this subject, as well as to
Problem 11, in subsequent papers.

CuArTER XVI: UNBOUNDED OPERATORS

16.1. M is assumed throughout this chapter too to be a factor in a finite case ((I,,),
n=1,2,...,0r (Il})), and that Dy(9M) is normalised by Dm(9) = 1.

The following Lemma is a consequence of Lemma 6.2.1, valid in the finite cases
only:
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Lemma 16.1.1. If X is a linear, closed operator with an everywhere dense domain, and
XnM, then (f; X f =0)and (f; X*f = 0) are linear closed sets nM, and

Dm((f; X f =0)) = Dm((f; X" f = 0)).

Proof: X*f = 0 means (X*f,g) = (f,Xg) = 0 for all ¢ € Domain X, that is,
that f is orthogonal to Range X. So (f; X*f = 0) = $ — [Range X], therefore
(f;X*f=0)nM, and

Dm((f; X" f =0)) = Dm(9) — Dm([Range X]) = 1 — Dm([Range X]).
Replacing X by X*, we see that (f; X f = 0) 7 M, and
Dw((f; X f = 0)) = 1 - Dy([Range X°]).
Now Lemma 6.2.1 states
Dm([Range X]) = Dy([Range X*]),

therefore
Dm((f; X f =0)) = Dm((f; X" f =0)).

In the cases (I,), n = 1,2, ..., this is the statement that the number of linearly
independent solutions of a linear equation X f = 0 coincides with the one for
the adjoint equation X" f = 0. We see now, that owing to our notion of relative
dimension, it is true in the case (II;) too. Observe, that these are the only cases
where it holds: In any infinite case $ is infinite, so $ ~ M & H, and if U € M is the
partially isometric operator which maps $ on I, then

(f;Uf =0)=(0), (U f=0)=9-M=+(0).

16.2. The key to the deductions which follow is contained in this definition:

Definition 16.2.1. Let A be an arbitrary linear set in § (U is not necessarily closed,
and not necessarily nM). If a sequence My, My, . . . of linear closed sets exists which
has the following properties:

(i) M; n M.

(i) My My Cc--- W
(iii) [Py, My, ...]=9.
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then A is called essentially dense.

We prove:
Lemma 16.2.1. Every essentially dense U is everywhere dense too.
Proof: AsallM; C A, and as A is a linear set,

‘Jﬁl,imz,...cﬂlcﬁ, 55:[9321,21122,...]C[QI]C35,

[A] = H. As Uis linear, [A] consists of its condensation points only, therefore A is
everywhere dense.
Lemma 16.2.2. If Ay, Ay, ... is a (finite or infinite) sequence of essentially dense sets,
then WAq - Wy - - - is essentially dense too.
Proof: We can assume that the sequence 2y, 2y, . . . is infinite, as we could otherwise
insert infinitely many terms A; = $.

Form the sequences from Definition 16.2.1: M; 1, M; 5, ... forA;,i =1,2,.... By
Lemma 8.3.3,

plgrc}o Dv(M; ) = Dm([M,1, Mip, ... ]) = Dm(H) =1,

and so we can form a sequence p; 1 < p;2 < ---, with

1

Dit+v :

DM(EUEi,p,-,V) >1-

Dm(9H =M p,,) = Dm(H) = DMt p;,) <

i+v ’

Form M, = My,p,, - Mo, , -+ Clearly M, is a closed linear set, and M, n M.
As piy < piv+1, therefore M; o, CM; 5., and so M, € M,4q; a8 M; 5, , € Aj, s0
M, C Ay - Ay ---. Finally we have

Dm($ = D) = Dm([H = Dy, ,, H = Do, - ])

[ee]

S Z DM(@ - g‘Ri/pi,v) < Z 2i+1/ = 2_1/
i=1

i=1

by Lemma 14.2.5, and so

1

DM(‘@ - [ﬁllﬁ21 .. ]) < DM(@ _ﬁv) < 2_1/

This holds for every v =1, 2, . . ., therefore
Dm(H—[M1, My, ... ) =0, H—[My, My, ...]=(0), [V, My,...]=9.
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Thus the sequence M1, My, .. . fulfills all conditions (i)—(iii) of Definition 16.2.1 for
the linear set Aj - Ay - - -; therefore Aq - Ay - - - is essentially dense.

Lemma 16.2.3. Let A be an essentially dense set, and X a linear closed operator with an
everywhere dense domain, and X n M. Then the set

(f; f € Domain X, X f € A)

is essentially dense.

Proof: Let W, B be the canonical decomposition of X: B self adjoint and definite, W
partially isometric, W € M, Bn M, and X = WB (cf. Definition 4.4.1 and Lemma
4.4.1).

Let E(A), —o0 < A < o0, be the resolution of unity which belongs to B. This
means, as B is not necessarily bounded, that E(A) fulfills the conditions («)—(y) of
Definition 15.1.1 unaltered, but instead of (0)—(€) these modifications:

(0") If A = —oo, resp. +oo, then E(A) — 0, resp. 1, in the sense of strong operator
convergence.
(¢’) f € Domain B if and only if f_O; A2 d||E(A) f]1? is finite, and then

Bf,9)= [ AdENLg) (. (15,p.92)
The (semi-)definiteness of B means that E(A) = 0 for A < 0 (cf. (21, p. 302)). Put
E(A) = Panp).-

As B 1M, B is invariant under every unitary transformation U’ € M’, and
so is E(A); thus E(A) € M, M(A) n M, and E(A) and Mi(A) obviously reduce B. If
feMA), thenEA)f = f,s0

£, A=A,

EW)f = { e

Therefore (6’) shows that Bf is defined, and (¢’) that 0 < (Bf, f) < A||f|[>. Thus
the part of B in M(A) is bounded and everywhere defined (in (1)), or: BE(A) is
bounded and everywhere defined (in ).
We know that (1) c M(2) C - -+, and as lim;_,, E(i) = 1, we have [Mi(1), Vi(2),
..] = 9. Thus by Lemma 8.3.3,

lim Dm(Mi(i)) = Dm(9) =1,
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ih_{?o Dm($ - M(7)) = l,li_)rglo(DM(@) — Dp(M(7))) = 0.

Choose next the sequence My, My, ... from Definition 16.2.1 for A. Then
Ny CVy - C W, My, My, ...] =9, therefore as above,

lim Dp($H — M;) = 0.
100
Form now the set
MO = (f; f € M(i), WBE() f € M,).

As BE(i) is everywhere defined and bounded, M) is linear and closed. As f € (i)
implies WBE(i)f = WBf = X f, we have

MY c (f; f e Domain X, Xf € M;) € (f; f € Domain X, X f € N).

Finally f € M implies f € M(i + 1), and E(i + 1)f = f, and so MO c M+,
Thus we have

MDY cM® c ... c (f; f e Domain X, X f € A).

The definition of M makes it obvious that it is invariant under all unitary
transformations U’ € M’, therefore M) 1 M.

Now :
MO = (f; f € M(i), WBE(i) f € M)

=) - (f;WBE(Q)f € M;)
= W(i) - (f; Ps-am, WBE() f = 0).
Now by Lemma 16.1.1,

Dm((f; Po-amWBE(i) f = 0)) = Dm((f; (Pg-am; WBE(i))" f = 0))
= Dm((f; (BE(D))'W P, f = 0)),

and
(f; (BE(i))W*Pg-an, f =0) D (f; Pg-an, f =0) = M;.
So
Dm((f; Po-a; WBE(i) f = 0)) > Dm(M;),

Dm($ = (f; Ps-a;WBE(i) f = 0)) < Dm($H — ).
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Now we obtain, using Lemma 14.2.3, or Lemma 14.2.5, this:

Dm(H — M) = Dm([9 — M), S — (f; Ps—am, WBE(i) f = 0)])
< Dm($ = M(i)) + Dm(D — (f; Po-a, WBE(i) f = 0))
< Dm($ — M(i)) + Dpm(H — My).

Thus
lim Dp($ - M(i)) =0, lim Dm($H —M;) =0
1—00 1—00
give ‘
lim Dp($H — M) = 0.
100
By Lemma 8.3.4,

D ($ — [P, P, . ]) = Dm((H - MD) - (H - MP) - (5 - ME).-.)
= lim Dm($ - M?) =0,

1—00

- [V, M, 1=, [mOmD, . ]=9.

Thus MD, M, .. fulfill the conditions (i)—(iii) of Definition 16.2.1 for ( fi;f €
Domain X, Xf € ). Therefore this set is essentially dense, and the proof is
completed.

Putting A = H, we see that Domain X itself is essentially dense. This, of course,
could have been easily proved directly too.

The considerations of this § are special cases of a generalisation of the notion
of relative dimensionality (which was only defined for linear closed sets 1M so
far) to all linear sets. A theory very similar to that of Lebesgue’s interior measure
results. We do not go into the details of this subject here, but it will be dealt with
in subsequent papers.

16.3. The Lemmas 16.2.1-16.2.3 have an interesting application to unbounded
operators.

Definition 16.3.1. Let x1, y1, X2, 2, . . . be a (finite or infinite) sequence of symbolic
variables. By a (non-commutative) monomial we mean an expression of the form
z1-+-zp, wheren =0,1,2, ..., and each z, is some x; or y;. If n = 0, we use the
symbol 1. The order in which the factors z1, ..., z, occur is essential; the number
n is the degree of the monomial. By a (non-commutative) polynomial we mean a
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finite linear aggregate of non-commutative monomials, that is, an expression of

the form
: () ( )
p(x1,y1,...) = Zapz pr.. p
p=1
wherep =0,1,2,..;a , 4y are complex numbers, and each z(p) is some x; or

yi. If p =0, we use the symbol 0. Monomial terms of the form 0 - z; - - - z,, cannot
be omitted, but two terms a - z1---z, and b - z1 - - - z,, can be contracted to one, and
the order of the additive terms does not matter. We consider monomials as special
cases of polynomials. If

|4
p(x1,y1,...) = Zapz(m, (p)
p=1

is a polynomial, then (’)p(xl, Y1,...), the reduced polynomial of p(x1,y1,...),
obtains from it by omitting all terms with a, = 0 (that is, of the form 0 -z - - - z).
If p(x1, y1,x2, Y2, ...), 9(x1, Y1, X2, Y2, . . .) are two polynomials, then

ap(x1, y1, X2, Y2, -.), p(x1,y1,%2,Y2,...) +q(x1, Y1, %2, Y2, .. .),

p(xll Yi,%2,Y2,.. ) : 5](351/ Yi,%X2,Y2,.. )

are those which result by carrying out the indicated operations term by term, but
without reducing (if the process (") is not explicitly indicated).
The symbol * is defined as follows, in successive steps:

x| =Yi, y; = xi; (z1-zn)" =25 2]
+
: (p) (p) : (p) -
p=1 p:l

Obviously
(DpGer,y1,-- )" = D (pGea, yr, 32, 92,27

Definition 16.3.2. Let x1, y1, X2, 2, . . . be a (finite or infinite) sequence of symbolic
variables; Xi, X», ... a corresponding sequence of linear, closed operators, each
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one having an everywhere dense domain, so that to every pair of variables x;, y;
one operator X; corresponds. If

p
p(xlr Yi,xX2,Y2,... Zﬂpz(p) 27(’1‘[;)
p=1
is a polynomial, we mean by
p(X1, X{, X2, X5,...)

the operator which arises if we replace in

p
Z ﬂngp) Z,(f;)

p=1
every x; by X;, and every y; by X:. Here the domain and the values of p(X1, X]
X5, X5,...) are to be determmed with the help of the following rules (cf. (18
p- 404)).

Of and 1f are everywhere defined and have the values O, resp. f. (aX)f
is defined if and only if X f is defined (even for a = 0), and its value is a(X f).
(X +Y)f is defined if and only if both X f and Y f are defined, and its value is
Xf+Yf.(XY)f is defined if and only if both Y f and X(Y f) are defined, and its
value is X (Y f).

Variables x;, y;, resp. the corresponding operators X;, X*, which do not occur

in the expression
p

p(x1,y1,%2,Y2,--) Z apz(p) . (p)
=1

can be omitted in the expression p(x1, y1, x2, Y2, - . .), resp. p(Xy, Xj,...). (So we
can write p(x1) for p(x1, y1) = x1, but not for p(x1, y1) = x1 +0- y1.) p(X1, X}, ...)
and (r)p(Xl, Xj,...) are not identical in general. Thus if p(x1) = 0 - x1, (r)p(xl) =0,
then p(X7) =0 X; and (’)p(Xl) = 0, and these differ, because they have different
domains, if X;j is not everywhere defined. In this particular case, however, we
can obtain equality by forming the closure [ | of all operators concerned (cf. (16,
pp- 70-71), where a ~ is used to denote closure): As X; has an everywhere dense
domain, therefore [0- X;] =0, and so [p(X1)] = [(r)p(Xl) ]. But in general this
procedure too breaks down: Define

p(x1,x2) =0-x1+0-x2, Wp(x1,x2) =0,



162 F.J. MURRAY AND J. v. NEUMANN

and let X;, X, be two operators for which Domain X; - Domain X, = (0) (cf. (17,
p- 230)). Then p(Xi, X2) has the domain (0), and there of course the value 0. Thus
the same is true for [ p(Xj, X2) ], while (r)p(Xl, X5) =0, [(r)p(Xl, X5)] = 0. Thus
[ p(X1, X2) | has the domain (0), while [ (r)p(X1, X3) | has the domain $, and so they
are different.

Another “pathological” possibility is that (X;X>)* may not be XJX7. In fact
it can happen that X; X, has no closure at all, and therefore no adjoint with an
everywhere dense domain (cf. (21, pp. 296 and 300); our statement means that
X1X» is not a *-operator, cf. loc. cit.); or again (X;X»)* may exist and be a proper
extension of X]X7. We will not go presently into the details of this matter.

For X1, X5, ...nM, where M is a factor in one of the finite cases ((I,),n = 1,2, ...,
or (II1)), as we now always assume, nothing of this sort happens, and the algebra
of the [ p(Xj, X1, X2, X5, . .) ] works perfectly smoothly. This is the main result
of the considerations which follow. For the cases (I,), n = 1,2, ..., these things
are obvious (then even the [ | is superfluous, because every linear operator is
closed), and the essential content of our results is that it is the same way in case
(IT1). So while the usually considered case (I) (including M = B for a Hilbert
space 9) is highly pathological in this respect, (II;) turns out to be the appropriate
generalisation of the (I,).

16.4. We prove first two Lemmas which have considerable interest of their own.
In particular the first one proves that the “spectral problem” (the existence of a
“resolution of unity” for every linear, closed Hermitian operator X n M) has always
a satisfactory solution. (Cf. (16, p. 92); observe the contrast with (I).)

Lemma 16.4.1. Every linear, closed, Hermitian operator X 1 M is maximal and self
adjoint (cf. (16, p. 88)).
Proof: Let U be the Cayley transform of X, €, ¥ the connected linear, closed sets (cf.
(16, p. 80)). Then U, €, §§, E = Pg are invariant under every unitary transformation
U’ € M’ along with X, so they are all M. Thus UE n M, and it is obviously
partially isometric, with the initial and final sets €, resp. &, so UE is bounded, and
therefore UE € M. Similarly E € M.

We know that [Range(U —1)] = $, and as U f is only defined if f € €, we may as
well write [Range(UE—E)] = . Now UE-E = (UE-E)E,(UE-E)' = E(UE-EY’,
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and so [Range(UE — E)*] c [Range E] = €. So by Lemma 6.2.1,

Dm(€) > Dm([Range(UE — E)*]) = Dm([Range(UE — E)))
=Dm(9) = 1.

Considering the properties of the partially isometric operator UE, we have further
Dm(C) = Dm(E). Therefore Dm(H — €) = Dm(H — &) = 0, that is 0, and so
H-C=9-3=(0). So X is maximal and self adjoint by (16, p. 88).

Lemma 16.4.2. Let X,Y be linear, closed operators, with everywhere dense domains,
X, Y n M. If Y is an extension of X (that is: whenever X f is defined, Y f is defined too,
and Xf =Y f;cf. (15,p.70)), then X =Y.

Proof: Let W, B be the canonical decomposition of Y: B self adjoint and (semi-
)definite, W partially isometric, W n M, BnM, and Y = WB (cf. Definition 4.4.1
and Lemma 4.4.1). At the same time B = W*Y (cf. (21, p. 306)),so Y = WIW*Y, and
as Y is a continuation of X, so X = WW?*X too.

W*Y = B is self adjoint, so it is Hermitian, and so W*X is too; besides it is linear,
closed, and has an everywhere dense domain along with X. As W*X 1M, therefore
Lemma 16.4.1 applies: W*X is maximal. But W*Y is a Hermitian continuation of
W*X,so WX = WY, WN*X = WIN*Y, X =Y. Thus the proof is completed.

We pass now to the discussion of the (non-commutative) polynomials of
operators.

Lemma 16.4.3. Let X1, Xp,... be a (finite or infinite) sequence of linear, closed
operators, each one having an everywhere dense domain. Assume that all X; n M. Let
DB be the common part of the domains of the operators p(Xi, X1, X2, X5, .. .), where
p(x1,y1,x2, Y2, ...) runs over all (non-commutative) polynomials of x1, Y1, X2, Y2, . .
Then DY is essentially dense and everywhere dense.

Proof: It suffices, by Lemma 16.2.1, to prove the essential density. It suffices
furthermore, obviously, to let p(x1, y1, x2, y2,...) run over all monomials only.
These are countable in number, say p(a)(x1, y1,...),0=1,2,..; therefore

DY = l—[ Domain p(a)(xl, Yi,...).

o=1

By Lemma 16.2.2, we need only to prove that every Domain p(Xl,XI, ...) is
essentially dense. That is: That for every monomial p(x1,y1,...) = z1--- 2, (cf.
Definition 16.3.1), Domain p(X1, X7, . . .) is essentially dense.
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We prove this by induction on the degree n. For n = 0, the operator in
question is 1, its domain is $, and so our statement is obvious. Assume now
that it is already established for n —1, n = 1,2,..., and let us consider n. Let
p(x1,y1,...) = z1-- -z, be a monomial of degree n. Put q(x1,y1,...) =21 241,
and write p(X1, X],...) = A, q(X1,X],...) = B. z, is a variable x; or y;; put
correspondingly Y = Xj, resp. Y = X*. Now A = BY, so

Domain A = (f; f € DomainY, Y f € Domain B).

Domain B is essentially dense by our induction assumption (the degree of
q(x1,y1,...) = z1---zp—1 is n — 1); Y is linear, closed, and has an everywhere
dense domain (for X; this was assumed, for X it follows from (21, p. 301)). There-
fore Lemma 16.2.3 applies, and Domain A is essentially dense too. Thus the proof
is completed.
Lemma 16.4.4. Let X1, Xp,... be a (finite or infinite) sequence of linear, closed
operators, each one having an everywhere dense domain. Assume that all X; n M. Let
p(x1,y1,%2,Y2,...), q(x1,y1,%2,Y2,...), r(x1,y1,%2,Y2,...) be (non-commutative)
polynomials of the symbolic variables x;, y;, corresponding to X;, i = 1,2, .... Then we
have:

(i) [p(X1, X7, X2, X5, .. .) | can be formed; it is linear, closed, has an everywhere dense

domain, and it is nM too.

(11) If(r)P(xll Yi1,%X2,Y2,.. ) = (r)q(xlr Y1, X2,Y2,.. ')/ then
[p(X1, X5, X, X0 . )] = [g(X0, X0, Xa, X2 )

that is, [ p(X1, X3, X2, X5, .. .) | depends on (r)p(xl, Y1,X2,Y2,...) only.
(iii) If p(x1, y1, %2, ¥2,...)" = q(x1,y1, X2, y2,...), then

[p(X1, X2, X0, X5 )] = [9(X0, X, X2, X5, .. ) ]
(iv) If ap(x1, y1, %2, Y2, --.) = q(x1, Y1, X2, Y2, . . .), then
[a[p(Xll X;/ XZ/ X;/ .. ) ]] = [Q(Xlr XI/ XZ/ X;/ . ) ]

(If a # O, then the first [ ] is obviously unnecessary.)
@) If p(x1, Y1, X2, Y2, .- -) + 4(x1, Y1, X2, Y2, . . .) = (X1, Y1, X2, Y2, . . .), then

[[p(XLXl/XZ/ 27 )]+[‘1(X1/X1/X2/ 27 )]]_[r(XLXl/XZ/XZ/"')]'
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(vi) If p(x1, Y1, %2, Y2,...) - q(x1, Y1, X2, Y2, ...) = (X1, Y1, X2, Y2, . . .), then
[ [p(Xlr XI/ XZ/ X;/ .- )] ) [ Q(Xll XI/ XZ/ X;/ .- ) ] ] = [r(Xll X;/ X2/ X;/ .- ) ]

Proof: Ad (i): p(X1, X7,...) and p(X1, X],...)" have everywhere dense domains
by Lemma 16.4.3. One verifies immediately that

(X1, X3,..0f,8) =(f, p(X1,X],..)78)

forall f € Domainp(Xy, Xj,...), g € Domainp(Xy, Xj, .. ), and so p(X3, X3,
is an extension of p(X1, X7, ...)". Therefore p(X1, X7, ...)" hasan everywhere dense
domain, and so we can form [ p(X1, X7, ...) | (cf. (21, p. 300)). [p(X1,X],...) ] is
invariant under every unitary transformation U’ € M’, along with X;, X», ..., so it
is nM.
Ad (ii):
Np(X1, X5, X2, X5, .. .)

is obviously an extension of
p(Xll XI/ XZ/ X;/ .. )/

therefore [ p(X, Xi,...)]is one of [ p(X1, X],...) ]. By (i), both operators are
linear, closed, have everywhere dense domains, and are M. So by Lemma 16.4.2,

[(T)p(Xl,XI,. . )] = [p(Xl,XI,Xz,XE,. . )]

Applying this to both p(x1, y1, x2, y2,...) and q(x1, y1, X2, Y2, . . .) gives the state-
ment of (ii).

Ad (iii): As we saw in the proof of (i), p(X1, X],...)" is an extension of
p(X1, X3, .. .)*, that is, of q(X1,X7,...). The first operator is obviously equal
to [p(X1,X],...)]", and as it is linear, closed, it must even be an extension of
[q9(X1,X],...)]. As these are both linear, closed operators with everywhere dense
domains, Lemma 16.4.2 applies again: They must be equal.

Ad (iv)—(vi): All these statements are proved in the same way; therefore it
suffices to consider one of them, say (vi):

Clearly

[p(Xl, XI, Xz, X;, .. )] . [q(Xl,XI, Xz, X;, .. )]

is an extension of

p(Xl,XI,XLX;,. . ) . q(Xl,XI, Xo, X;,) = T(X1,XI,X2,X;,. . )
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The first mentioned operator is linear closed, and therefore it is an extension of
[7(X1, X}, X2, X5, . ..) ], too. Now we can infer

[[P(XLXI/ XZ/ X;/ .. )] ) [q(XLXI/ XZ/ X;/ .- ) ]] = [T(Xl,XI, XZ/ X;/ .- )]

from Lemma 16.4.2, completing the proof.
Of course (iv) for a = 0 is trivial, even without the first [ |.
We restate the results of this §.

Theorem XV. Let M be a factor of a finite class ((1,), n = 1,2, ..., or (II1)). Denote by
U (M) the set of all linear, closed operators with an everywhere dense domain, which are
NM. Then for X,Y € U(M) the operators [ aX | (coinciding with aX fora #0), [ X +Y ],
[ XY ] can be formed, and are € U (M) again. These operations satisfy all customary laws
of matrix algebra:

[X+Y]=[Y+X], [[X+Y]+Z]=[X+[Y+2Z]]
[a[ X +Y]]=[a][X]+D[Y]]; [(@a+D)X]=[aX+bX].
[[XY]Z]=[X[YZ]];  [[aX]Y]=[alXY]];  [albX]]=[(ab)X].
[[X+Y]Z]=[[XZ]+[YZ]]; [XIY+Z]]=[[XY]+[XZ]].
[aX ] =[aX"]; [X+Y]'=[X"+Y"]; [XY ] =[Y'X"].

More generally: The (non-commutative) polynomials
[p(Xq, X}, X2, X5,.. ) ]
(cf. Definition 16.3.1 and Definition 16.3.2) are € U(M) again;

[P(XL X1/ X2/ 2/ . )]

depends only on the reduced form (’)p(xl, Y1, X2, Y2,...)of p(x1,y1,x2,Y2,...), and the
laws of matrix algebra hold for the

[P(Xlr XI/ XZ/ X;/ .. )]

(cf. Lemma 16.4.4(iii)—(vi)).

Every Hermitian X € U(M) is maximal and self adjoint, and thus it has a unique
resolution of unity (cf. (15, p. 92)).

For X,Y € UM), whenever Y is an extension of X (cf. (15, p. 70)), then X =Y that
is: proper extensions do not exist in U(M).

(Added in proof, Jan. 29, 1936.) The authors have since succeeded in establishing
the following further facts concerning the finite cases:
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(i) Tm(A + B) = Tm(A) + Tm(B) unrestrictedly. (Cf. Problem 11.)
(ii) Tm(A) is weakly continuous in A. (Cf. Lemma 15.5.5.)
(iii) If C =1, then an f exists, for which identically Tm(A) = (Af, f).
(iv) In the same case certain isomorphisms between M, M’, and $ exist.
(v) Several examples of CaseIl, thus («)—()’) on page 134, are spacially isomorphic.
(This answers the question at the end of §13.4.) The proofs will appear in a
subsequent paper.
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